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SMALL GRAPHS WITH EXACTLY TWO NON-NEGATIVE EIGENVALUES

TAJEDIN DERIKVAND AND MOHAMMAD REZA OBOUDI*

Communicated by M.A. Iranmanesh

ABSTRACT. Let G be a graph with eigenvalues A\1(G) > - -+ > A\p(G). In this paper we find all simple
graphs G such that G has at most twelve vertices and G has exactly two non-negative eigenvalues.
In other words we find all graphs G on n vertices such that n < 12 and A\ (G) > 0, X2(G) > 0
and A3(G) < 0. We obtain that there are exactly 1575 connected graphs G on n < 12 vertices with
M (G) > 0, A2(G) > 0 and A3(G) < 0. We find that among these 1575 graphs there are just two

integral graphs.

1. Introduction

Throughout this paper all graphs are simple, that is finite and undirected without loops and multiple
edges. Let G be a graph with vertex set {vi,...,v,}. The adjacency matrix of G, A(G) = [ay,], is
an n x n matrix such that a,; = 1 if v; and v; are adjacent, and a,;; = 0, otherwise. Thus A(G) is a
symmetric matrix with zeros on the diagonal and all the eigenvalues of A(G) are real. By the eigenvalues
of G we mean those of its adjacency matrix. We denote the eigenvalues of G by A\ (G) > --- > A\, (G).
By the spectrum of G that is denoted by Spec(G), we mean the multiset of eigenvalues of G. The
characteristic polynomial of G, det(A\] — A(G)), is denoted by P(G,\). An integral graph is defined
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as a graph whose its spectrum consists entirely of integers. For a graph G, V(G) and E(G) denote
the vertex set and the edge set of G, respectively; G denotes the complement of G. The order of G
denotes the number of vertices of G. The closed neighborhood of a vertex v of G which is denoted by
N[v], is the set {u € V(G) : wv € E(G)} U{v}. For every vertex v € V(G), the degree of v is the
number of edges incident with v. By §(G) we mean the minimum degree of vertices of G. For two
graphs G and H with disjoint vertex sets, G + H denotes the graph with the vertex set V(G) UV (H)
and the edge set E(G) U E(H), i.e. the disjoint union of two graphs G and H. In particular, nG
denotes the disjoint union of n copies of G. The complete product (join) GV H of graphs G and H
is the graph obtained from G + H by joining every vertex of G with every vertex of H. For positive
integers n1,...,ng, Ky, . n, denotes the complete multipartite graph with ¢ parts of sizes nq,...,n,.
Let K,,,nK, = K,,,C,, and P, be the complete graph, the null graph, the cycle and the path on n
vertices, respectively.

It is well known that A;(G) + -+ + A\, (G) = 0 and \3(G) + --- + A2(G) = 2m, where m is the
number of edges of G. Thus if G has at least one edge, then G has at least one positive eigenvalue. One
of the attractive problems is the characterization of graphs with a few non-zero eigenvalues. In [i] all
bipartite graphs with at most six non-zero eigenvalues have been characterized. The another interesting
problem is the characterization of graphs with a few positive eigenvalues. In [5] Smith characterized all
graphs with exactly one positive eigenvalue. In fact, a graph has exactly one positive eigenvalue if and
only if its non-isolated vertices form a complete multipartite graph. Let G be a graph with eigenvalues
M(G) > -+ > A\ (G). In [@] Petrovi¢ has studied the characterization of graphs with exactly two
non-negative eigenvalues. Recently in [?] the author find all graphs G with exactly two non-negative
eigenvalues. In other words all graphs G such that A1 (G) > 0, A\2(G) > 0 and A3(G) < 0. It is proved
that every graph G with exactly two non-negative eigenvalues and with at least thirteen vertices has
specific structure [2]. In this paper using computer we find all graphs G such that G has at most
twelve vertices and G has exactly two non-negative eigenvalues. More precisely we show that there are
exactly 1575 connected graphs G of order n < 12 such that A1(G) > 0, A\2(G) > 0 and A\3(G) < 0. We
investigate the integral graphs among these graphs. We find that among these 1575 graphs there are

exactly two integral graphs.

2. Graphs with exactly two non-negative eigenvalues

In this section we state the structure of graphs G that have exactly two non-negative eigenvalues.
In other words the graphs G with A\3(G) < 0. First we recall some definitions that are important for

characterizing these graphs, see [2].

Definition 1.[2] For every integer n > 2, let G,, be the graph of order n such that G, is obtained from
disjoint complete graphs K nqy and K|z as following: Let V(Ka1) = {v1,..., vz} and V(K |n)) =
{wi,...,wz}. Then add some new edges to K»1 + K| | such that the following hold:
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(i) N[v1] C -+ C Nfvfnq] and Nlwi] C -+ C Nw = ].

) [N N V(K2))| =i—1fori=1,...,[%].

j—1, ifnis even;
(iii) |N[w;] V(K7 =4 ~ o forj=1,...,[2].
7 if n is odd
In Figure O, the graphs Gs, G3, G4, G5 and Gg have been shown. In addition in Figure B one can
see the complement of G7,...,G12. We remark that for every n > 3, G,, is connected. We note that
Gor = Bor(1,...,1;1,...,1) and Gogy1 = Bops1(1,...,1;1,...,1;1), where Boy and Bgiiq are the

graphs that have been defined in [4].

U1
U1 U1 v1 U1
[ )
U3 (%)
V2 V2 U3 V2
) w2 w3
w1 wi w1 w2 wi w2
w1
Ga Gs G4 Gs Gs

%%%

Wy W3 W2 wy w3z w2 wy
Gy Gy Gy
Wg W3 W2 Wy W3 W2
GIO Gll G12

FIGURE 2. The complement graphs of G7, Gg, Gg, G19, G11 and Gis.

In fact A\2(Gyp) > 0 and A\3(Gp) < 0 if and only if 4 < n < 12, see [7].

Definition 2.[2] Let G be a graph with vertex set {vi,...,v,}. By G[Ky,,..., K, ] we mean the
graph obtained by replacing the vertex v; by the complete graph K; for 1 < j < n, where every
vertex of Ky, is adjacent to every vertex of Ky, if and only if v; is adjacent to v; (in G). For example

KoKy, Ko = Kpyq and KoK, K] = K, + K.
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One of the main results of [?] is the following.

Theorem 1.[2] Let G be a graph with eigenvalues Ay > --- > )\,. Assume that A3 < 0. Then the
following hold:

(1) If Ay > 0 and Ay > 0, then G = K, + K|, for some integers p, ¢ > 2 or there exist some positive
integers s and t1,...,ts sothat 3<s<12and t; +---+t; =n and G = G,[Ky,,..., K]

(2) If Ay > 0 and Ay =0, then G 2 K; + K,,_1 or G 2 K,, \ e, where e is an edge of K.

(3) If Ay > 0 and Ay < 0, then G = K,,.

The first part of Theorem O shows that to complete the characterization of the graphs with A3 < 0

it suffices to find all positive integers of s and ¢1,...,ts so that 3 < s <12 and

(1) Al(Gs[Ktla---aKt ]) > 0, )\Q(Gs[Ktlyn-,Kt ]) > O, and Ag(Gs[Ktl,...,Kt ]) < 0.

s s s

We note that for s > 3, G4[Ky,, ..., K] is connected. Also the number of its vertices is ¢ + - - - + ts.
In [?] the author has found all values of t1,...,ts implicitly such that the Equation (0) holds. In fact
in [2] it has been shown that every graph G with at least thirteen vertices has special pattern. Here we
study those graphs with at most twelve vertices. In fact we determine all positive integers 3 < s < 12
and t1,...,ts such that t; + --- +¢; < 12 and the Equation (O) holds. In other words we find all
connected graphs G with at most twelve vertices such that Ao > 0 and A3 < 0.

One can use the following result to compute the characteristic polynomial of G4[Ky,, ..., K, ], the

polynomial P(G,[K3,,..., K |, \).

n

Theorem 2.[B] Let n > 2. Suppose that {v1,...,v,} is the vertex set of G,, and A = [a;;] is the
adjacency matrix of G, with respect to {v1,...,v,} (a;; =1 if and only if v; and v; are adjacent and

a;j = 0, otherwise). Let ti,...,t, be some positive integers and M = [m;;] be a n X n matrix, where

ti—1, ifi=j;
mij =
aijtj7 if 4 7& ]
Then
P(Gp[Ktyy. .o K [, A) = (A + 1)t Finm g()),
where g(A) = det(A] — M). In addition, the multiplicity of —1 as an eigenvalue of G,,[Ky,, ..., K; | is
equal toty +---+1t, —n.

3. The list of all connected graphs with Ay >0 and A3 <0

In this section we investigate the converse of the first part of Theorem 0. We use Petrovié’s nota-
tion [d] that is very similar to the notation of Definition B. We note that in Definition B, the graph
G[Hq,...,H,] is dependent to the labeling of the vertices of G while in the next definition first we fix

a labeling for the vertices of G,, (see Definition M), and then use the operation of Definition B. For
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instance we consider the labeling vq,...,vs and wy, ..., ws for the vertices of G55 and then apply the

operation of Definition B.

Definition 3.[2] Let s > 1 be an integer and nj,...,n2s41 be some positive integers. Let
Bos(ni,...,Ng;Nst1,-..,Nas) denote the graph obtained from Ga4 by replacing the vertices vy by K,

vy by K,,..., and vs by K,,, and w; by K, wy by K

Nsy19 Nst29 *°

19

., and w, by K,,,_ (see Definition ).

In other words
BZs(nh' ces Mgy M1,y -+ ')nQS) = G23[Kn17 o '7Kn25}7

where the ordering of the vertices of Gog is V(Gas) = {v1,...,05,w1,...,ws}. Similarly, by

Bysi1(na, ... ngiNgy1,. .., Nas; Nogy1) We mean
B23+1(TL1, R L7 ns-‘rl? sy N2, n23+1) - G23+1[K71,1a ey Kn25+1]3
where the ordering of the vertices of Gas11 18 V(Gast1) = {v1,. .., Vs, W1, ..., Ws, Vs41},(see Figure B).
Remark 3.1. [?] For every positive integers s and ny,...,nas4+1, one can easily see that
B2s(n17 ey Mg Mgy 1y - - ,7’LQS) = BZs(nerh sy N2 My e ans)7
and
Bogy1(n1, .. Nsi N1y - -+ s N2 N2541) = Bosp1 (Msg1s -+ N2si N, - -+, Ng3 N2g 1)

For avoiding the repeating, using the dictionary ordering on (ng,...,ns) and (nsy1, ..., nas) we just cite
one of the graphs Bags(n1,...,Ns; Nst1, ..., Nas) OF Bog(Ngt1,...,Nes; N1, ..., M) in our characterization.
Similarly for the graphs Bogy1(n1,...,Ns; Nst1, ..., Nas; Nast1) and

Bosi1(Nst1y .-+, N2s; N1, - .y Mg N2s11) We only consider one of them. For example since by dictionary

ordering (4,3,2) > (4,3,1) we use Bg(4,3,2;4,3,1) instead of Bs(4,3,1;4,3,2). As another example
we use Br(5,3,2;5,2,4;8) instead of Br(5,2,4;5,3,2;8), since (5,3,2) > (5,2,4).

B4(]‘a 2547 2)

FIGURE 3. The graphs B3(2;2;4) and By(1,2;4,2).

Now we are in a position to state the main result of the paper. Using Theorem B and computer one

can check the the following.

Theorem 3. Let G be a connected graph of order n < 12. Then A\ (G) > 0, A\2(G) > 0 and A\3(G) <0
if and only if G is isomorphic with one of the 1575 following graphs:
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(1) B3(2;1;1).

(2) B3(2;1;2), B3(2;2;1), B3(3;1;1).

(3) Bs(2;1:3), B3(2;2;2), B3(3;1;2), B3(3;2; 1), Bs(4; 1; 1).

(4) B3(2;1:;4), B3(2;2;3), B3(3;1:3), B3(3;2;2), B3(3; 3; 1), B3(4; 1, 2), B3(4;2; 1), B3(5; 1; 1).

(5) Bs(2;1;5), B3(2;2;4), B3(3; 1;4), B3(3;2;3), B3(3; 3;2), B3(4; 1;3), B3(4; 2;2), B3(4; 3; 1).

(6) Bs(5;1;2), B3(5;2;1), B3(6; 15 1).

(7) B3(2;1:6), B3(2;2;5), B3(3;1;5), B3(3;2;4), B3(3; 3; 3), B3(4; 1;4), B3(4;2; 3), B3(4; 3; 2).

(8) Bs(4;4;1), B3(5;1;3), B3(5;2;2), B3(5;3; 1), B3(6;1;2), B3(6;2; 1), B3(7; 1;1).

(9) Bs(2;1;7), B3(2;2;6), B3(3; 1;6), B3(3;2;5), B3(3; 3;4), B3(4; 1;5), B3(4;2;4), B3(4; 3; 3).
(10) Bs(4;4;2), B3(5;1;4), B3(5;2;3), B3(5;3;2), B3(5;4; 1), B3(6; 1; 3), B3(6;2; 2), B3(6;3; 1).

(11) B3(7;1;2), B3(7;2;1), B3(8;1;1).

(12) B3(2;1;8),Bs(2;2;7), B3(3;1;7), B3(3;2;6), B3(3; 3;5), B3(4; 1, 6), B3(4; 2; 5), B3 (4; 3; 4).
(13) B3(4;4;3), B3(5; 1;5), B3(5;2;4), B3(5; 3; 3), B3(5;4; 2), B3(5; 5; 1), B3(6; 1;4), B3(6;2; 3).

(14) Bs(6:3;2), B3(6;4;1), B3(7;1;3), B3(7;2;2), B3(7;3;1), B3(8;1;2), B3(8;2; 1), B3(9; 15 1).

(15) Bs(2;1;9), B3(2;2;8), B3(3;1;8), B3(3;2; 7), B3(3;3;6), B3(4;1; 7), B3(4;2; 6), B3 (4; 3; 5).
(16) Bs(4;4;4), B3(5;1;6), Bs(5;2;5), B3(5;3;4), B3(5;4; 3), B3(5;5; 2), B3(6;1;5), B3 (6;2;4).

(17) Bs(6;3;3), B3(654;2), Bs(6;5; 1), B3(7;1;4), B3(7;2;3), B3(7;3; 2), B3(7;4; 1), B3(8; 1;3).

(18) Bs(8;2;2), B3(8;3;1), B3(9;1;2), B3(9;2; 1), B3(10;1;1).

(19) By(1,1;1,1).

(20) By(1,2:1,1), B4(2,1;1,1).

(21) B4(1,2;1,2), B4(1,3;1,1), B4(2,1;1,2), B4(2,1;2,1), B4(2,2;1,1), B4(3,1;1,1).

(22> B4(1’ 35 17 2)v B4(1747 17 1)a B4(27 17 1a 3)7B4(27 27 15 2)7 B4(2a 25 27 1)

(23) B4(2a 3; 1, 1)7 B4(37 1 ]-7 2)) B4(37 ]-7 23 1)7 B4(37 27 1; 1)7 B4(4a ]-a 1, 1)

(24) B4(1,3;1,3), B4(1,4;1,2), B4(1,5;1,1), B4(2,1;1,4), B4(2,2;1,3), B4(2,2;2,2), B4(2,3; 1,2).

(25) B4(25 37 27 1)v B4(2747 1a 1)a B4(37 17 1a 3)7B4(3a 17 2; 2)7 B4(3a 17 37 1)7 B4(3a 2a 17 2)v B4(37 27 2a 1)

(26) B4(3ﬂ 3; ]-7 ]-)a B4(4’ ]-7 ]-7 2)3 B4(47 ]-7 23 1)7B4(47 27 1; 1)7 B4(5a 1; 17 ]-)

(27) B4(17 4;1, 3)7 B4(]-7 91, 2)7 B4(]—7 6; 17 1)7 B4(27 1; 1, 5)7 B4(27 2; ]-74)7 B4(27 31, 3)7 B4(273; 2, 2)

(28) B4(2)47 17 2)’ B4(2?47 2a 1)a B4(27 57 17 1)7B4<3a 17 1) 4)7 B4(37 17 273)7 B4(3a 21 17 3)a B4(37 27 2a 2)

(29) B4(35 2; 37 1)’ B4(373; 17 Z)v B4(37 3; 2a 1)7B4(374; 1, 1),B4(4, 1; 173)7 B4(4, 1 27 2), B4(47 1; 3a 1)

(30) Bu(4,2:1,2), B4(4,2;2,1), B4(4,3;1,1), B4(5,1;1,2), B4(5,1;2,1), B4(5,2; 1,1), B4(6,1; 1, 1).

(31) B4(1=4; 174)7 B4(1> 51, 3)u B4(17 6; 1, 2)>B4(17 7; 1, 1)7 B4(27 1; 176)7 B4(27 21, 5)7 B4(2>3; 174)

(32) B4(2) 37 27 3)’ B4(2?47 1a 3)7 B4(2747 2a 2)7B4(2a 57 1) 2)7 B4(2a 57 27 1)7 B4(25 61 17 1)a B4(37 17 1a 5)

(33) B4(35 1) 274)a B4(37 27 174)3 B4(37 27 2a 3)7B4(37 37 15 3)7 B4(3a 3a 27 2)7 B4(35 3; 37 ]-)a B4(3747 17 2)

(34) B4(3a 4;2, 1)7 B4(37 5; ]-7 1)7 B4(47 L; 174)7 B4(47 17 2, 3)7 B4(47 1;3, 2)7 B4(4a 1; 47 ]-)7 B4(47 2; ]-7 3)

(35) By4(4,2;2,2), B4(4,2;3,1), B4(4,3;1,2), B4(4,3;2,1), B4(4,4; 1,1), B4(5,1;1, 3), B4(5,1; 2,2).

(36) B4(53 15 37 1)’ B4(57 27 17 2)3 B4(57 27 2a 1)7B4(57 37 1) 1)7B4(6a 17 17 2)7 B4(65 15 27 l)a B4(67 27 1’ 1)
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By(7,1;1,1).

By(1,5:1,4), B4(1,6:1,3), B4(1,7:1,2), By(1,8:1,1), B4(2,1;1,7), B4(2,2; 1,6), B4(2, 3; 1, 5).
Bu(2,4;1,4), B4(2,4:2,3), B4(2,5:1,3), B4(2,5:2,2), B4(2,6;1,2), B4(2,6;2,1), B4(2,7; 1, 1).
By(3,1;1,6), B4(3,1:2,5), B4(3,2:1,5), B4(3,2:2,4), B4(3,3;1,4), B4(3,3:2,3), B4(3,4; 1, 3).
By(3,4;2,2), B4(3,4:3,1), B4(3,5:1,2), B4(3,5:2,1), B4(3,6; 1,1), B4(4, 1; 1,5), B4(4,1; 2, 4).
Ba(4,1;3,3), B4(4,2;1,4), B4(4,2:2,3), B4(4,2:4,1), B4(4,3;1,3), Bs(4,4; 1,2), By(4,4;2,1)
Bu(4,5:1,1), B4(5,1:1,4), B4(5,1:2,3), B4(5,1:3,2), B4(5,1;4,1), B4(5,2; 1, 3), B4(5,2; 2, 2).
By(5,2:3,1), B4(5,3:1,2), B4(5,3:2,1), B4(5,4:1,1), B4(6,1;1,3), B4(6,1;2,2), B4(6,1; 3, 1).
Ba(6,2;1,2), B4(6,2;2,1), B4(6,3:1,1), B4(7,1;1,2), B4(7,1;2,1), B4(7,2;1,1), B4(8,1; 1, 1).
Bu(1,5:1,5), Ba(1,6:1,4), B4(1,7:1,3), B4(1,8;1,2), B4(1,9; 1,1), B4(2, 1; 1,8), B4(2,2; 1, 7).
Bu(2,3:1,6), B4(2,4:1,5), B4(2,4:2,4), B4(2,5:1,4), B4(2,5:2,3), B4(2,6;1,3), B4(2,6:2,2).
By(2,7:1,2), B4(2,7:2,1), B4(2,8:1,1), B4(3,1:1,7), B4(3,1:2,6), B4(3,2; 1,6), B4(3,2; 2, 5).
Ba(3,3;1,5), B4(3,3;2,4), B4(3,4:1,4), B4(3,5:1,3), B4(3,5;2,2), B4(3,5;3,1), B4(3,6;1,2)
Bu(3,6:2,1), B4(3,7:1,1), B4(4,1:1,6), By(4,1;2,5), B4(4,2; 1,5), B4(4,2;2,4), B4(4,3; 1, 4).
By(4,4;1,3), B4(4,5:1,2), B4(4,5:2,1), B4(4,6:1,1), B4(5,1;1,5), B4(5,1;2,4), B4(5,1; 3, 3).
By(5,1;4,2), B4(5,1:5,1), B4(5,2:1,4), B4(5,3:1,3), B4(5,4:1,2), B4(5,5;1,1), B4(6,1; 1, 4).
By(6,1;2,3), B4(6,1:3,2), B4(6,1:4,1), B4(6,2;1,3), B4(6,2;2,2), B4(6,2;3,1), B4(6,3; 1, 2).
By(6,3:2,1), B4(6,4:1,1), B4(7,1:1,3), B4(7,1:2,2), B4(7,1;3,1), B4(7,2; 1,2), B4(7,2; 2, 1).
Ba(7,3;1,1), B4(8,1;1,2), B4(8,1;2,1), B4(8,2;1,1), B4(9,1; 1, 1).

Bs(1,1;1,1;1).

Bs(1,1;1,1;2), B5(1,2;1,1:1), B5(2,1; 1,1; 1).

Bs(1,1;1,1;3), B5(1,2:1,1;2), Bs(1,2;1,2; 1), Bs(1,3; 1, 1; 1), B5(2, 1;1,1; 2), B5(2,1;1,2; 1).
Bs(2,1;2,1:1), B5(2,2:1,1;1), B5(3,1;1,1; 1).

Bs(1,1;1,1;4), B5(1,2;1,1;3), Bs(1,2; 1,2;2), Bs(1,3;1,1;2), B5(1,3:1,2; 1), Bs(1,4; 1, 1; 1).
Bs(2,1;1,1:3), B5(2,1;1,2;2), Bs(2,1;1,3; 1), B5(2,1; 2, 1;2), B5(2,2; 1,1;2), B5(2,2:1,2; 1).
Bs5(2,2;2,1;1), B5(2,3;1,1;1), Bs(3,1;1,1;2), B5(3,1; 1,2; 1), B5(3,1;2,1; 1), B5(3,2; 1, 1; 1).
Bs(4,1;1,1;1).

Bs(1,1;1,1;5), B5(1,2; 1, 1;4), Bs(1,2; 1,2;3), B5(1,3;1,1;3), B5(1,3:1,2;2), Bs(1,3; 1, 3; 1).
Bs(1,4;1,1;2), Bs(1,4;1,2;1), Bs(1,5;1,1; 1), B5(2,1; 1, 1;4), B5(2, 1;1,2; 3), B5(2,1; 1, 3; 2).
Bs(2,1;1,4;1), B5(2,1:2,1;3), Bs(2,2;1,1;3), B5(2,2;1,2;2), B5(2,2;1,3; 1), B5(2,2; 2, 1; 2).
Bs5(2,3;1,1:2), B5(2,3:1,2;1), B5(2,3;2,1; 1), B5(2,4; 1,1; 1), B5(3,1;1,1; 3), B5(3,1; 1, 2; 2).
Bs(3,1;1,3;1), B5(3,1;2,1;2), B5(3,1;2,2; 1), B5(3,1;3,1; 1), B5(3,2:1,1;2), B5(3,2; 1,2; 1).
Bs(3,2;2,1;1), B5(3,3;1,1,1), Bs(4,1;1,1;2), B5(4,1;1,2; 1), B5(4,1;2,1; 1), B5(4,2;1,1; 1).
Bs(5,1;1,1;1).

Bs(1,1;1,1;6), B5(1,2; 1, 1;5), Bs(1,2; 1,2;4), B5(1,3;1,1;4), B5(1,3:1,2;3), Bs(1, 3; 1, 3; 2).
Bs(1,4;1,1;3), Bs(1,4;1,2;2), Bs(1,4;1,3,1), B5(1,5; 1, 1;2), B5(1,5;1,2; 1), Bs(1,6:1,1; 1).
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Bs(2,1;1,1;5), B5(2,1;1,2;4), B5(2,1;1,3;3), B5(2,1;1,4; 2), B5(2,1;1,5; 1), B5(2,1; 2, 1; 4).
Bs(2,2;1,1:4), B5(2,2:1,2;3), B5(2,2; 1,3 2), B5(2,2; 1, 4; 1), Bs(2,2:2, 1;3), Bs(2,3; 1, 1; 3).
Bs(2,3;1,3;1), B5(2,3:2,1;2), Bs(2,4:1,1:2), B5(2,4:1,2:1), Bs(2,4:2,1:1), B5(2,5; 1, 1; 1).
Bs(3,1;1,1;4), Bs(3,1;1,2;3), Bs(3,1;1,3: 2), Bs(3, 1: 1,4: 1), Bs(3, 12, 1; 3), Bs(3, 152, 2; 2).
Bs(3,1;2,3;1), B5(3,1:3,1;2), Bs(3,2:1,1:3), B5(3,2: 1,2 2), Bs(3,2: 1,3: 1), B5(3,2; 2, 1;2).
Bs(3,2:3,1;1), B5(3,3:1,1;2), B5(3,3: 1,2: 1), B5(3,4: 1, 1;1), Bs(4, 1: 1, 1:3), Bs(4, 1; 1, 2: 2).
Bs(4,1;1,3;1), B5(4,1;2,1;2), Bs(4,1:2,2: 1), Bs(4,1:3,1:1), Bs(4,2:1,1:2), Bs5(4,2; 1,2; 1).
Bs(4,2;2,1;1), Bs(4,3;1,1;1), Bs(5,1;1,1;2), Bs(5,1: 1,2 1), Bs(5,1:2, 1;1), Bs(5,2; 1, 1; 1).
B5(6,1;1,1;1).

Bs(1,1;1,1;7), Bs(1,2; 1, 1;6), Bs(1,2:1,2;5), Bs(1,3; 1, 1;5), Bs(1,3; 1,2;4), Bs(1,4;1,1; 4).
Bs(1,4;1,2;3), Bs(1,4:1,3;2), Bs(1,4:1,4: 1), Bs(1,5: 1,1;3), Bs(1,5: 1,2: 2), Bs(1, 5; 1, 3; 1).
Bs(1,6;1,1;2), Bs(1,6;1,2;1), Bs(1,7:1,1;1), Bs(2,1;1,1;6), Bs(2,1:1,2: 5), Bs(2, 1; 1, 3; 4).
Bs(2,1;1,4;3), B5(2,1;1,5;2), B5(2,1;1,6; 1), B5(2,1; 2,1;5), B5(2,2; 1,1;5), B5(2,2; 1, 2; 4).
Bs(2,2;1,4;2), B5(2,2:1,5;1), B(2,2:2,1:4), B5(2,3:1,1;4), Bs(2,3: 1,4: 1), B5(2,3; 2, 1; 3).
Bs(2,4;1,1;3), Bs(2,4:1,3; 1), Bs(2,5:1,1;2), Bs(2,5: 1,2 1), Bs(2,5:2, 1 1), Bs(2,6; 1, 1; 1).
Bs(3,1;1,1:5), B5(3,1;1,2:4), B5(3,1;1,3: 3), Bs(3, 1; 1, 4;2), Bs(3, 1; 1, 5; 1), Bs(3, 1;2, 1; 4).
Bs(3,1:2,2:3), B5(3,1;2,3;2), Bs(3,1;2,4; 1), B5(3,1;3, 1;3), B5(3,2; 1, 1;4), B5(3,2: 1,2: 3).
Bs(3,2:1,3;2), Bs(3,2:1,4: 1), Bs(3,2:2,1:3), Bs(3,2:3,1:2), Bs(3,3: 1,1 3), Bs(3,3; 1, 3; 1).
Bs(3,5;1,1;1), Bs(4,1;1,1;4), Bs(4,1;1,2; 3), Bs(4,1;1,3; 2), Bs(4,1;1,4; 1), Bs(4, 152, 1; 3).
Bs(4,1;2,2:2), B5(4,1:2,3;1), B5(4,1;3,1;2), Bs(4,1;3,2; 1), Bs(4, 134, 1; 1), Bs(4,2; 1, 1; 3).
Bs(4,2;1,2;2), B5(4,2:1,3; 1), Bs(4,2:2,1:2), Bs(4,3:1,1;2), Bs(4,3:1,2: 1), Bs(4,4; 1, 1; 1).
Bs(5,1;1,1;3), Bs(5,1;1,2;2), Bs(5,1;1,3; 1), Bs(5,1:2,1;2), Bs(5,1;2,2; 1), Bs(5, 153, 1; 1).
Bs(5,2;1,1;2), B5(5,2:1,2; 1), Bs(5,2:2,1:1), Bs(5,3: 1, 1;1), Bs(6, 1 1, 1:2), Bs(6, 15 1,2; 1).
Bs(6,1;2,1;1), B5(6,2;1,1; 1), B5(7,1:1,1; 1).
Bs(1,1;1,1;8),B5(1,2;1,1;7), B5(1,2;1,2;6), B5(1,3;1,1;6), B5(1, 3;1,2; 5), B5(1,4; 1, 1; 5).
Bs(1,5;1,1;4), B5(1,5;1,2;3), B5(1,5;1,3;2), B5(1,5;1,4; 1), B5(1,6; 1,1;3), B5(1,6; 1,2; 2).
Bs(1,6;1,3;1),B5(1,7;1,1;2), B5(1,7;1,2; 1), B5(1,8;1,1;1), B5(2,1;1,1;7), B5(2,1; 1, 2; 6)
Bs(2,1;1,3;5), B5(2,1;1,4;4), Bs(2,1;1,5; 3), B5(2,1; 1,6; 2), B5(2,1;1,7; 1), B5(2,1; 2, 1; 6).
Bs(2,2;1,1;6), B5(2,2;1,2;5), B5(2,2;1,5;2), B5(2,2;1,6; 1), B5(2,2;2,1;5), B5(2,3; 1, 1; 5).
Bs(2,3;1,5;1),B5(2,3;2,1;4), B5(2,4;1,1;4), B5(2,4;1,4; 1), B5(2,6; 1,1;2), B5(2,6; 1,2; 1).
Bs(2,6:2,1:1), B5(2,7:1,1;1), B5(3,1;1,1;6), Bs5(3,1;1,2; 5), Bs(3, 1; 1, 3;4), Bs(3, 1; 1, 4; 3).
Bs(3,1;1,5:2), Bs(3,1;1,6; 1), Bs(3,1;2,1;5), B5(3,1;2,2:4), B5(3,1;3,1;4), B5(3,2:1,1;5).
Bs(3,2;1,5;1), Bs(3,2:2,1;4), Bs(3,2:3,1:3), Bs(3,3: 1, 1;4), Bs(3,3; 1,4; 1), B5(3,6; 1, 1; 1).
Bs(4,1;1,1:5), B5(4,1;1,2;4), B5(4,1;1,3; 3), Bs(4, 1; 1, 4;2), Bs(4, 1; 1, 5; 1), Bs(4, 1;2, 1;4).
Bs(4,1;2,2;3), B5(4,1:2,3;2), Bs(4,1:2,4: 1), Bs(4,1:3,1;3), Bs(4, 1:4,1:2), Bs(4,2; 1, 1; 4).
Bs(4,2;1,2;3), Bs(4,2;1,3:2), Bs(4,2:1,4: 1), Bs(4,2:2,1;3), Bs(5, 1; 1, 1;4), Bs (5, 1; 1, 2; 3).
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(

(
5(6,1;2,1;2).

(

(109) Bs(5,1;1,3;2), Bs(5,1;1,4; 1), B5(5,1;2,1;3), Bs(5,1;2,2; 2), Bs(5,1;2,3; 1), B

(110) Bs(5,1;3,2;1), Bs(5,1;4,1;1), B5(5,2; 1,1:3), B5(5,2:1,2;2), Bs(5,2; 1,3; 1), B

(111) Bs(5,3;1,2;1), B5(5,4;1,1;1), B5(6,1;1,1:3), Bs(6,1; 1,2;2), B5(6,1;1,3; 1), B

(112) Bs(6,1;2,2;1), Bs(6,1;3,1;1), B5(6,2;1,1;2), B5(6,2:1,2; 1), Bs(6,2;2,1;1), B

(113) Bs(7,1;1,1;2), Bs(7,1;1,2; 1), B5(7,1;2,1;1), B5(7,2;1,1; 1), Bs5(8,1; 1, 1; 1).

(114) Bg(1,1,1;1,1,1).

(115) Bg(1,1,2;1,1,1), Be(1,2,1;1,1,1), Bg(2,1,1;1,1,1).

(116) Bg(1,1,2;1,1,2), Bs(1,1,3;1,1,1), Bs(1,2,1;1,1,2), B(1,2,1;1,2,1), Bs(1,2,2; 1,1, 1).
(117) Bg(1,3,1;1,1,1), Bs(2,1,1;1,1,2), Bs(2,1,1;1,2,1), Bs(2,1,1;2,1,1), Bs(2,1,2; 1,1, 1).
(118) Bg(2,2,1;1,1,1), Bs(3,1,1;1,1,1).

(119) Be(1,1,3;1,1,2), B(1,1,4;1,1,1), Bs(1,2,1;1,1,3), Bs(1,2,2; 1,1,2), Bs(1,2,2; 1,2, 1).
(120) Bg(1,2,3;1,1,1), B(1,3,1;1,1,2), Bs(1,3,1;1,2,1), Bs(1,3,2; 1,1,1), Bs(1,4,1;1,1,1).
(121) Bg(2,1,1;1,1,3), Bs(2,1,1;1,2,2), Bs(2,1,1;1,3,1), Bs(2,1,2;1,1,2), Bs(2,1,2; 1,2, 1
(122) Bs(2,1,2:2,1,1), Bs(2,1,3;1,1,1), Bs(2,2,1:1,1,2), Bs(2,2,1; 1,2, 1), B(2,2,1:2,1,1).
(123) Bg(2,2,2;1,1,1), B(2,3,1;1,1,1), Bs(3,1,1;1,1,2), B(3,1,1; 1,2, 1), Bs(3,1,1; 2,1, 1).
(124) Bg(3,1,2;1,1,1), Bs(3,2,1;1,1,1), Bg(4,1,1;1,1,1).

(125) Bg(1,1,3;1,1,3), Be(1,1,4;1,1,2), Bs(1,1,5:1,1,1), Be(1,2,1; 1,1,4), Bs(1,2,2:1,1,3).
(126) Bg(1,2,3;1,1,2), Bs(1,2,3;1,2,1), Bs(1,2,4;1,1,1), Bs(1,3,1;1,1,3), Bs(1,3,1; 1,2, 2).
(127) Bg(1,3,1;1,3,1), Bs(1,3,2;1,1,2), Bs(1,3,2;1,2,1), Bs(1,3,3; 1,1,1), Bs(1,4,1;1,1,2).
(128) Bg(1,4,1;1,2,1), Bs(1,4,2;1,1,1), Bs(1,5,1;1,1,1), Bs(2,1,1; 1,1,4), Bs(2,1,1; 1,2, 3).
(129) Bg(2,1,1;1,3,2), Bs(2,1,1;1,4,1), Bs(2,1,2:1,1,3), Bs(2,1,2; 1,2,2), B(2,1,2:1,3,1).
(130) Bg(2,1,2;2,1,2), Bs(2,1,3;1,1,2), Bs(2,1,3;1,2,1), Bs(2,1,3;2,1,1), Bs(2,1,4; 1,1, 1).
(131) Bg(2,2,1;1,1,3), Bs(2,2,1;1,3,1), Bs(2,2,1;2,1,2), B(2,2,1;2,2,1), Bs(2,2,2;1,1,2).
(132) Bg(2,2,2:1,2,1), B(2,2,2:2,1,1), Bs(2,2,3;1,1,1), Bs(2,3,1;1,1,2), Bs(2,3,1; 1,2, 1).
(133) Bg(2,3,1;2,1,1), B(2,3,2;1,1,1), Bs(2,4,1;1,1,1), B(3,1,1; 1,1,3), Bs(3,1,1; 1,2, 2).
(134) Bg(3,1,1;1,3,1), B(3,1,1;2,1,2), Bs(3,1,1;2,2,1), B(3,1,1;3,1,1), Bs(3,1,2; 1,1, 2).
(135) Bg(3,1,2;1,2,1), Bs(3,1,2;2,1,1), Bs(3,1,3;1,1,1), Bs(3,2,1; 1,1,2), Bs(3,2,1; 1,2, 1).
(136) Bs(3,2,1;2,1,1), Bs(3,2,2;1,1,1), B(3,3,1;1,1,1), Bs(4,1,1; 1,1,2), Bg(4,1,1;1,2,1).
(137) Bg(4,1,1;2,1,1), Bs(4,1,2;1,1,1), Bs(4,2,1;1,1,1), B(5,1,1;1,1,1).

(138) Bg(1,1,4;1,1,3), Bs(1,1,5;1,1,2), Bs(1,1,6;1,1,1), Bs(1,2,1;1,1,5), Bs(1,2,2;1,1,4).
(139) Bg(1,2,3;1,1,3), Bs(1,2,4;1,1,2), Bs(1,2,4;1,2,1), Bs(1,2,5;1,1,1), Bg(1,3,1;1,1,4).
(140) Bg(1,3,1;1,2,3), Bs(1,3,2;1,1,3), Bs(1,3,2:1,3,1), Bs(1,3,4;1,1,1), B(1,4,1:1,1,3).
(141) Bg(1,4,1;1,2,2), B(1,4,1;1,3,1), Be(1,4,2;1,1,2), B(1,4,2; 1,2, 1), Bs(1,4,3;1,1,1).
(142) Bg(1,5,1;1,1,2), Bs(1,5,1;1,2,1), Bs(1,5,2;1,1,1), Bs(1,6,1; 1,1,1), Bs(2,1,1; 1,1, 5).
(143) Bg(2,1,1;1,2,4), Bs(2,1,1;1,4,2), Bs(2,1,1;1,5,1), Bs(2,1,2; 1,1,4), B(2,1,2:1,2,3).
(144) Bg(2,1,2;1,3,2), Bs(2,1,2;1,4,1), Bs(2,1,3;1,1,3), Bs(2,1,3; 1,2, 2), Bs(2,1,3; 1,3, 1).

5(5,1;3,1;2).
5(5,3;1,1;2).

5(6,3;1,1;1).
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Bs(2,1,3;2,1,2), Bs(2,1,4;1,1,2), B(2,1,4;1,2,1), Bs(2,1,4;2,1,1), Bg(2, 1,5, 1,1,1).
Bs(2,2,1;1,1,4), Bs(2,2,1;1,4,1), B(2,2,1;2,1,3), Bs(2,2,2; 1, 1,3), Bs(2,2,2; 1,3, 1).
Bg(2,2,2:2,1,2), Bs(2,2,3:1,1,2), Bg(2,2,3; 1,2, 1), Bs(2,2,3:2,1,1), Bg(2,2,4; 1,1, 1).
Bs(2,3,1;1,1,3), Bs(2,3,1;1,3,1), B(2,3,1;2,1,2), Bs(2,3,1; 2,2, 1), Bg(2,3,2;2,1,1).
Bs(2,3,3;1,1,1), Bs(2,4,1;1,1,2), B(2,4,1;1,2,1), Bs(2,4,1;2,1,1), B(2,4,2;1,1,1).
Bg(2,5,1;1,1,1), Bs(3,1,1;1,1,4), B(3,1,1;1,2,3), Bs(3,1,1;1,3,2), Bg(3,1,1; 1,4, 1).
Bg(3,1,1;2,1,3), Bs(3,1,1;2,2,2), Bg(3,1,1;2,3,1), Bs(3,1,2;:1,1,3), Bg(3,1,2; 1,2, 2).
Bs(3,1,2;1,3,1), Bs(3,1,2;2,1,2), B(3,1,2;2,2,1), Bs(3,1,3;1,1,2), Bs(3,1,3; 1,2, 1).
Bs(3,1,3;2,1,1), Bs(3,1,4;1,1,1), B(3,2,1;1,1,3), Bs(3,2,1; 1,3, 1), Bg(3,2,1;2, 2, 1).
Bg(3,2,1;3,1,1), Bs(3,2,2:1,1,2), Bg(3,2,2; 1,2, 1), B(3,2,2:2,1,1), Bg(3,2,3; 1,1, 1).
Bs(3,3,1;2,1,1), Bs(3,3,2;1,1,1), B(3,4,1;1,1,1), Bs(4,1,1; 1, 1,3), Bg(4, 1, 1; 1,2, 2).
Bg(4,1,1;1,3,1), Bs(4,1,1;2,1,2), B(4,1,1;2,2,1), Bs(4,1,1;3,1,1), Bg(4,1,2; 1,1, 2).
Bg(4,1,2;1,2,1), Bs(4,1,2;2,1,1), Bg(4,1,3;1,1,1), Bs(4,2,1;1,1,2), B(4,2,1;1,2,1)
Bg(4,2,1;2,1,1), Bg(4,2,2:1,1,1), B(4,3,1;1,1,1), Bs(5,1,1;1,1,2), Bg(5,1,1; 1,2, 1).
Bg(5,1,1;2,1,1), Bs(5,1,2;1,1,1), B(5,2,1; 1,1,1), Bs(6,1,1;1,1, 1).

Bg(1,1,4;1,1,4), Bs(1,1,5;1,1,3), Bg(1,1,6;1,1,2), Bs(1,1,7;1,1,1), Bg(1,2,1;1,1,6).
Bg(1,2,2;1,1,5), Bg(1,2,3;1,1,4), Bg(1,2,5;1,1,2), Bg(1,2,5:1,2,1), Bg(1,2,6; 1,1, 1).
Bgs(1,3,1;1,1,5), Bg(1,3,2;1,1,4), B(1,3,5;1,1,1), Be(1,4,1;1,1,4), Bg(1,4,1; 1,2, 3).
Bs(1,4,1;1,3,2), Be(1,4,1;1,4,1), B(1,5,1;1,1,3), B(1,5,1;1,2,2), Bg(1,5, 1; 1,3, 1).
Bgs(1,5,2;1,1,2), Bs(1,5,2;1,2,1), Bg(1,5,3;1,1,1), Bs(1,6,1;1,1,2), Bg(1,6,1;1,2,1).
Bg(1,6,2;1,1,1), Bg(1,7,1;1,1,1), B(2,1,1;1,1,6), Bs(2,1,1;1,2,5), Bg(2,1,1; 1,5, 2).
Bs(2,1,1;1,6,1), Bs(2,1,2;1,1,5), Bs(2,1,2;1,5,1), Bs(2,1,3;1,1,4), Bg(2,1,3; 1,2, 3).
Bs(2,1,3;1,3,2), Bs(2,1,3;1,4,1), B(2,1,3;2,1,3), Bs(2,1,4; 1, 1,3), Bg(2,1,4; 1,2, 2).
Bg(2,1,4;1,3,1), Bs(2,1,4;2,1,2), B(2,1,5:1,1,2), Bs(2,1,5; 1,2, 1), Bg(2,1,5:2,1,1).
Bs(2,1,6;1,1,1), Bs(2,2,1;1,1,5), B(2,2,1;1,5,1), Bs(2,2,1;2,1,4), Bs(2,2,2; 1,1, 4).
Bs(2,2,2;1,4,1), Bs(2,2,2;2,1,3), B(2,2,3:2,1,2), Bs(2,2,4;1,1,2), Bs(2,2,4;1,2,1).
Bg(2,2,4;2,1,1), Bs(2,2,5;1,1,1), B(2,3,1;1,1,4), Bs(2,3,1;1,4,1), Bg(2,3,4; 1,1,1).
Bg(2,4,1;2,1,2), Bs(2,4,1;2,2,1), Bg(2,4,2;2,1,1), Bs(2,5,1;1,1,2), Bg(2,5,1; 1,2, 1).
Bs(2,5,1;2,1,1), Bs(2,5,2;1,1,1), B(2,6,1;1,1,1), Bs(3,1,1; 1, 1,5), Bg(3,1, 1; 1,5, 1).
Bs(3,1,1;2,1,4), Bs(3,1,1;2,3,2), B(3,1,1;2,4,1), Bs(3,1,2; 1,1,4), B(3,1,2; 1,2, 3).
Bs(3,1,2:1,3,2), Bs(3,1,2;1,4,1), B(3,1,2:2,1,3), Bs(3,1,2;2,2,2), Bs(3,1,2;2,3,1).
B(3,1,3;1,1,3), Bs(3,1,3:1,2,2), Bg(3,1,3;1,3,1), Bs(3,1,3:2,1,2), Bg(3,1,4; 1,1, 2).
Bs(3,1,4;1,2,1), Bs(3,1,4;2,1,1), B(3,1,5;1,1,1), Bs(3,2,1;1,1,4), Bs(3,2, 1; 1,4, 1).
Bs(3,2,1;2,3,1), Bs(3,2,1;3,2,1), B(3,2,3;1,1,2), Bs(3,2,3; 1,2, 1), Bg(3,2,3; 2,1, 1).
Bg(3,2,4;1,1,1), Bg(3,3,1;3,1,1), Bg(3,3,2;2,1,1), B(3,3,3; 1,1, 1), Bg(3,4,1; 2, 1, 1).
Bs(3,5,1;1,1,1), Bs(4,1,1;1,1,4), B(4,1,1;1,2,3), Bs(4,1,1;1,3,2), Bg(4, 1, 1; 1,4, 1).
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181) Bg(4,1,1;2,2,2), Bs(4,1,1;2,3,1), Bs(4,1,1;3,2,1), Bs(4,1,2; 1,1,3), Bs(4,1,2; 1,2, 2).
182) Bg(4,1,2:1,3,1), Bs(4,1,2;2,2,1), Bs(4,1,3;1,1,2), Bs(4,1,3;1,2,1), Bs(4,1,4; 1,1, 1).
183) Bg(4,2,1;2,2,1), Bs(4,2,2;1,1,2), B(4,2,2;1,2,1), Bs(4,2,2;2,1,1), Bg(4,2,3; 1,1, 1).
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185) Bg(5,1,1;2,2,1), Bg(5,1,1;3,1,1), Bs(5,1,2;1,1,2), B(5,1,2; 1,2, 1), Bs(5,1,2; 2,1, 1).
186) Bg(5,1,3;1,1,1), Bg(5,2,1;1,1,2), Bs(5,2,1;1,2,1), B(5,2,1;2,1,1), Bs(5,2,2; 1,1, 1).
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B7(2,1,2;1,1,1;3), B7(2,1,2;1,1,3;1), B7(2,1,2:1,2,1;2), B7(2,1,2; 1,2, 2; 1).
B7(2,1,2;1,3,1;1), B7(2,1,3;1,1,2;1), B7(2,1,3:1,2,1; 1), B7(2,1,4; 1,1, 1; 1).
B7(2,2,1;1,1,1;3), B7(2,2,1;1,2,1:2), B7(2,2,1:1,3,1;1), B7(2,2,1;2,1,1;2).
B7(2,2,1;2,2,1;1), B7(2,2,2;1,1,1;2), B7(2,2,2:1,2,1; 1), B7(2,2,3; 1,1, 1; 1).
B7(2,3,1;1,1,1;2), B7(2,3,1;1,2,1;1), B7(2,3,1;2,1,1; 1), B7(2,3,2; 1,1, 1; 1).
B7(2,4,1;1,1,1;1), B;(3,1,1;1,1,1;3), B7(3,1,1:1,1,2;2), Bz(3,1,1; 1,1, 3; 1).
B7(3,1,1;1,2,1;2), Bz(3,1,1;1,2,2:1), B7(3,1,1:1,3,1; 1), B7(3,1,1;2,1,1;2).
B7(3,1,1;2,2,1;1), B7(3,1,2;1,1,1;2), B7(3,1,2:1,1,2; 1), B+(3,1,2; 1,2, 1; 1).
B7(3,1,3;1,1,1;1), B7(3,2,1;1,1,1;2), B7(3,2,1:1,2,1; 1), B(3,2,2; 1,1, 1; 1).
B7(4,1,1;1,1,1;2), B7(4,1,1;1,1,2:1), B7(4,1,1:1,2,1; 1), By(4,1,1;2,1,1; 1).
Br(4,1,2;1,1,1;1), B;(4,2,1;1,1,1;1), B7(5,1,1;1,1,1; 1).

B7(1,1,1;1,1,1;6), B;(1,1,2;1,1,1;5), B7(1,1,2:1,1,2;4), B7(1,1,3; 1,1, 1; 4).
B7(1,1,3;1,1,3;2), By(1,1,4;1,1,2:2), Bz(1,1,4:1,1,3; 1), Bz(1,1,5;1,1,1; 2)
B7(1,1,5;1,1,2;1), Bz(1,1,6;1,1,1:1), B;(1,2,1:1,1,1;5), By(1,2,1; 1,1, 2;4).
B:(1,2,1;1,1,5;1), B;(1,2,1;1,2,1;4), B7(1,2,2:1,1,1;4), B+(1,2,2; 1,1,2; 3).
B7(1,2,2;1,1,4;1), B7(1,2,2;1,2,1;3), B7(1,2,3:1,1,1;3), Bz(1,2,3; 1,1,2; 2).
B7(1,2,3;1,1,3;1), Bz(1,2,4;1,1,2:1), B7(1,2,5:1,1,1; 1), By(1,3,1; 1,1, 1;4).
B:(1,3,1;1,2,1;3), Bx(1,3,1;1,3,1;2), B7(1,3,2:1,1,1; 3), B+(1,3,2; 1, 1,2; 2).
B7(1,3,2;1,2,1;2), B7(1,3,3;1,1,1;2), B7(1,4,1;1,1,1;3), B7(1,4,1; 1,1,2; 2).
Br(1,4,1;1,1,3;1), By(1,4,1;1,2,1;2), B7(1,4,1:1,2,2; 1), B7(1,4,1; 1,3, 1; 1).
Br(1,4,2;1,1,1;2), B7(1,4,2;1,1,2:1), B7(1,4,2:1,2,1;1), By(1,4,3;1,1,1; 1).
B:(1,5,1;1,1,1;2), B;(1,5,1;1,1,2;1), B7(1,5,1;1,2,1; 1), B7(1,5,2; 1,1, 1; 1).
B7(1,6,1;1,1,1;1), B;(2,1,1;1,1,1;5), B7(2,1,1;1,1,2;4), B7(2,1,1; 1,1,5; 1).
B7(2,1,1;1,2,1;4), B7(2,1,1;1,2,2:3), B7(2,1,1:1,3,1;3), B7(2,1,1;1,3,2;2).
Br(2,1,1;1,4,1;2), B7(2,1,1;1,4,2;1), B7(2,1,1;1,5,1; 1), B7(2,1,1; 2,1, 1; 4).
B7(2,1,2;1,1,1;4), B7(2,1,2;1,1,4; 1), B7(2,1,2:1,3,1;2), B7(2,1,2; 1,3, 2; 1).
B7(2,1,2;1,4,1;1), B7(2,1,3;1,1,3;1), B7(2,1,3:1,2,2; 1), B7(2,1,3; 1,3, 1; 1).
B7(2,1,4;1,1,2;1), B7(2,1,5;1,1,1:1), B7(2,2,1:1,1, 1;4), B7(2,2,1;1,2,1; 3).
B7(2,2,1;1,3,1;2), B7(2,2,1;1,4,1;1), B7(2,2,1;2,1,1; 3), B7(2,2,1;2,2,1; 2).
B7(2,2,2;1,1,1;3), Br(2,2,2;1,2,1;2), B7(2,2,2:1,3,1; 1), B7(2,2,4; 1,1, 1; 1).
B7(2,3,1;1,1,1;3), B7(2,3,1;1,2,1:2), B7(2,3,1:1,3,1; 1), B7(2,3,1; 2,2, 1; 1).
B7(2,3,2;1,1,1;2), B7(2,3,3;1,1,1:1), B7(2,4,1:2,1,1; 1), B7(2,4,2;1,1,1; 1).
B7(2,5,1;1,1,1;1), B7(3,1,1; 1,1, 1;4), B7(3,1,1;1,2,1; 3), B+(3,1,1; 1,3, 1; 2).
B7(3,1,1;1,4,1;1), B7(3,1,1;2,1,1;3), B7(3,1,1:2,3,1; 1), B7(3,1,2; 1,2, 1; 2).
B7(3,1,2;1,2,2;1), B7(3,1,2;1,3,1:1), B7(3,1,3:1,2,1;1), B7(3,2,1; 1,1, 1; 3).
B7(3,2,1;1,2,1;2), B7(3,2,1;1,3,1;1), B7(3,2,2:1,2,1; 1), B+(3,2,3; 1,1, 1; 1).
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Bs(2,1,1,2;2,1,1,1), s
Bs(2,1,2,1;2,1,1,1),
B
B
B
B
B
B
B
B
B
B
B
B
B
B

2,1,2,1;1,1,2,1

y Ly 4y by Ly Ly 4y, 1), 8 )

$(2,2,1,1;1,2,1,1),
$(2,3,1,1;1,1,1,1),
$(3,1,1,1;2,1,1,1)
s(4,1,1,1;1,1,1,1).
s(1,1,1,5:1,1,1,1),
s(1,1,2,3;1,1,2,1),
(1,1,3,2:1,1,1,2),
s(1,1,5,1;1,1,1,1),
$(1,2,1,3:1,1,2,1),

8 2;2,171;2317171 )
8 3517171;1717172 )
» D8 3517172;1a17171 )
8 1717271;1u171747
1,1,2,4:1,1,1,1

) ) ) b ) ) )

s(1,1,4,1;1,1,1,2

1,1,2,2;1,1,2,2

y Ly 4y 4y Ly Ly 4,4), 8 )

)

8 1a2,171;13171,47

1,2,2,1;1,2,1,2

,2,2,1:1,2,1,2), Bg(1,2,2,3:1,1,1,1), Bg(1,2,3,1; 1,1, 1,2),
(1,3,1,1;1,2,2,1),
$(1,3,2,2:1,1,1,1),
o(1,4,1,2:1,1,1,1

8 2517171;1a17372 )

)

) )

8 1a37271;172a171 )
o(1,4,1,1:1,2,1,1
2,1,1,1;1,1,1,4

3 ) ) ) ) 3 )

) ) )

)
); Bs(
); Bs(
): Bs(
); Bs(
); Bs(
)s Bs(
): Bs(
): Bs(
); Bs(
): Bs(
); Bs(
); Bs(
); Bs(
): Bs(
2,1,1,2;1,2,1,1), Bg(
); Bs(
); Bs(
); Bs(
); Bs(
); Bs(
): Bs(
)s Bs(
); Bs(
); Bs(
); Bs(
); Bs(
); Bs(
); Bs(
); Bs(
); Bs(

)
)
5(1,3,1,1;1,2,1,2)
)
)
)

8 ) 8\4, 4, L, Ly 4,

2,1,1,1;1,1,1,1).

) ) ) bl 9 ) )

Bs( ), Bs(
Bs( ), Bs(1,1,2,1;1,1,2,1).
Bs( ),Bs(1,2,1,1;1,1,2,1).
Bs( ), Bs(1,3,1,1;1,1,1,1).
Bs( ),Bs(2,1,1,1;2,1,1,1).
Bs( ),Bs(3,1,1,1;1,1,1,1).
Bs( ),Bs(1,1,2,2:1,1,1,2).
Bs( ), Bs(1,1,3,1:1,1,2,1).
Bs( ), Bs(1,2,1,1;1,1,3,1).
$(1,2,1,2:1,2,1,1), Bs(1,2,1,3;1,1,1,1), Bs(1,2,2,1;1,1,1,2).
Bs( ), Bs(1,3,1,1;1,1,1,2).
Bs( ), Bs(1,3,2,1;1,1,1,1).
Bs( ),Bs(2,1,1,1;1,1,3,1).
Bs( ),Bs(2,1,1,2:1,1,2,1).
Bs( ), Bs(2,1,2,1:1,1,1,2).
Bs( ), Bs(2,1,3,1;1,1,1,1).
Bs( ), Bs(2,2,1,2:1,1,1,1).
Bs( ), Bs(3,1,1,1;1,1,2,1).
Bs( ), Bs(3,1,2,1;1,1,1,1).

Bs( ),Bs(1,1,2,2:1,1,1,3).
Bs( ), Bs(1,1,3,1:1,1,1,3).
Bs( ), Bs(1,1,4,1;1,1,2,1).
Bs( ),Bs(1,2,1,1;1,1,4,1).
Bs(1,2,1,4;1,1,1,1), Bs(1,2,2,1;1,1,1, 3).
Bs( ), Bs(1,2,3,2:1,1,1,1).
Bs( ), Bs(1,3,1,1;1,3,1,1).
Bs( ), Bs(1,4,1,1;1,1,1,2).
Bs( ), Bs(1,4,2,1;1,1,1,1).
Bs( ), Bs(2,1,1,1;1,1

13
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Bs(2,1,1,1;1,2,3,1), Bs(2,1,1,1;1,4,1,1), Bs(2,1,1,2; 1,1,2,2), Bs(2,1,1,2; 1, 1,3, 1).
Bs(2,1,1,2:1,2,2,1), Bs(2,1,1,2;2,1,1,2), Bs(2,1,1,3;1,1,1,2), Bs(2,1,1,3;1,1,2,1).
Bs(2,1,1,3;1,2,1,1), Bs(2,1,1,3;2,1,1,1), Bs(2,1,1,4;1,1,1,1), Bg(2,1,2,1;1, 1, 1, 3).
Bs(2,1,2,1;1,1,2,2), Bs(2,1,2,1;1,1,3,1), Bs(2,1,2,1;2,1,1,2), Bs(2,1,2,2; 1, 1,2, 1).
Bs(2,1,2,2:2,1,1,1), Bs(2,1,2,3;1,1,1,1), Bs(2,1,3,1;1,1,1,2), Bs(2,1,3,1; 2,1, 1, 1).
Bs(2,1,4,1;1,1,1,1), Bs(2,2,1,1;1,1,3,1), Bs(2,2,1,1;1,2,2,1), Bs(2,2,1,1;1,3,1,1).
Bs(2,2,1,1;2,2,1,1), Bs(2,2,1,2;1,1,2,1), Bs(2,2,1,3;1,1,1,1), Bs(2,2,2,1;2, 1,1, 1).
Bs(2,2,2,2:1,1,1,1), Bs(2,2,3,1;1,1,1,1), Bs(2,3,1,1;1,2,1,1), Bs(2,3,1,1; 2,1, 1, 1).
Bs(2,3,2,1;1,1,1,1), Bs(2,4,1,1;1,1,1,1), Bs(3,1,1,1; 1,1,2,2), Bs(3,1,1,1; 1, 1,3, 1).
Bs(3,1,1,1;1,2,2,1), Bs(3,1,1,1;2,1,2,1), Bs(3,1,1,1;2,2,1,1), Bs(3,1,1,2: 1,1, 1, 2).
Bs(3,1,1,2:1,1,2,1), Bs(3,1,1,2;1,2,1,1), Bs(3,1,1,2;2,1,1,1), Bs(3,1,1,3; 1,1, 1, 1).
Bs(3,1,2,1;1,1,2,1), Bs(3,1,2,2;1,1,1,1), Bs(3,2,1,1; 1,1,2,1), Bs(3,2,1,1; 2,1, 1, 1).
Bs(3,2,1,2:1,1,1,1), Bs(3,2,2,1;1,1,1,1), Bs(4,1,1,1;1,1,1,2), Bs(4,1,1,1;1,1,2,1)
Bs(4,1,1,1;1,2,1,1), Bs(4,1,1,1;2,1,1,1), Bs(4,1,1,2:1,1,1,1), Bg(4,1,2,1;1,1, 1, 1).
Bs(4,2,1,1;1,1,1,1), Bs(5,1,1,1;1,1,1,1).

Bo(1,1,1,1:1,1,1,1; 1
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By
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(2,

(2,
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(2
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(3
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(

( 1,1,1,2;1,1,1,1;1
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(

(

(

(

(
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(1

(

(

(

(

(

) ) ) ) ) b ) b

2,1,1,1;1,1,1,1; 1).

0(1,1,1,2;1,1,1,1;2
0(1,1,2,1;1,1,1,1;2
0(1,1,3,1;1,1,1,1; 1
1,2,1,1;1,1,2,1;1

0(1,2,2,1;1,1,1,1;1
0(2,1,1,1;1,1,2,1;1
2,2,1,1;1,1,1,1;1

0(1,1,1,2;1,1,1,1;3

( ,Bo(1,1,2,1;1,1,1,1;1).
(
(1,
(1,
(
(
(
(
(
(
o(1,1,1,4;1,1,1, 151
(
(
(
(1
(
(
(
(1,
(

9

)

9

0(1,1,1,2;1,1,1,2;1).
o(1,1,2,1;1,1,1,2;1).
1,2,1,1;1,1,1,1; 2).

1,2,1,1;1,2,1,1; 1).
0(1,3,1,1;1,1,1,1;1).
0(2,1,1,1;1,2,1,1;1).
0(3,1,1,1;1,1,1,1;1).
0(1,1,1,2;1,1,1,2;2).
0(1,1,2,1;1,1,1,1;3).

( )
( )
( )
( )
( )
( )
( )
( )
(1, )
0(1,1,2,2;1,1,1,2; 1).
( )
( )
(1 2)
(1, )
( )
( )
( )
( )

Bo(1,1,1,3;1,1,1,1;1), ,
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By

By(1,2,1,2:1,1,1,1;1),
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) ) ) b 9 ) ) ) ) )
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4y Ly Ly by by by, 4y 1), D9 » D9

Y

B9 25171717171517172 )
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Bo(2,1,1,2;1,1,1,1;1

)
), B
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), B
), B
), B
), B
), B
), B
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B
B
B
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B
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Bo(1,1,2,1:1,1,1,3; 1), B
By(1,1,2,3:1,1,1,1; 1), B
Bo(1,1,4,1;1,1,1,1; 1), B
By B
By B
By B
By(1,3,1,1;1,1,1,2; 1), B
Bo(1,3,1,2:1,1,1,1; 1), B
By(2,1,1,1;1,1,1,1;3), B

1,1,2,2;1,1,1,1;2

AR s Ly Ly Ly dy

o(1,1,3,1;1,1,1,2; 1
0(1,2,1,1;1,1,1,1;3
,2,1,151,2,1,1;2
1,2,2,1;1,1,1,1;2

) ) b ? ) ) )

0(1,1,3,2;1,1,1,1;1).

0(1,2,1,1;1,1,1,2;2).
,2,1,2:1,1,1,1;

1,2,2,1;1,1,1,2: 1).

9 ) ) ) )

3

2,1,1:1,1,2,1;
1,2,1,2;1,2,1,1: 1

) ) ) ) ) ) ) )

» D9 y D9

s DP9 » D9

1,2,2,1;1,2,1,1;1

3 ) ) ) b ) ) )

1,2,2,2;1,1,1,1;1

) k) 3 ) )

0(1,3,1,1;1,1,1,1;2).
0(1,3,1,1;1,2,1,1;1).

s 29 )

0(1,3,1,1;1,1,2,1; 1
0(1,3,2,1;1,1,1,1; 1
9 27171717151737171

)

1,4,1,1;1,1,1,1;1).

9 s Ly by by by by 4y

)

\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/V\_/\_/\_/\_/\_/\_/\_/\_/

2,1,1,1;1,2,1,1;2).

9I\4 L L L, Lya Ly 4,
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339
340
341
342

By )
Bi(1,1,1,1,1;1,1,1,1,1;2), B (1,1,1,1,2;1,1,1,1, 1; 1).
), Bll(l, 2,1,1,1;1,1,1,1, 1; 1).
).

1,1,1,1,1;1,1,1,1,1; 1).

) ) 7 ) 3 ) ) 7 ) 3

Bi1(1,1,2,1,1;1,1,1,1,1;1

Bip(1,1,1,1,1,1;1,1,1,1,1,1

) ) 9 ) ) ) ) 9 ) ) )

(325) By(2,1,1,1;1,3,1,1;1), By(2,1,1,2;1,1,2,1;1), By(2,1,1,2;1,2,1,1;1).

(326) By(2,1,1,3;1,1,1,1;1), By(2,2,1,1;1,1,1,1;2), Bo(2,2,1,1;1,1,2,1;1).

(327) Bo(2,2,1,1;1,2,1,1;1), By(2,2,1,2;1,1,1,1;1), Bg(2,3,1,1;1,1,1,1; 1).

(328) By(3,1,1,1;1,1,2,1;1), By(3,1,1,2;1,1,1,1;1), By(4,1,1,1;1,1,1,1; 1).

(329) Bio(1,1,1,1,1;1,1,1,1,1).

(330) Bio(1,1,1,1,2;1,1,1,1,1), Byo(1,1,1,2,1;1,1,1,1,1), Byo(1,1,2,1,1;1,1,1,1,1).
(331) Big(1,2,1,1,1;1,1,1,1,1), B19(2,1,1,1,1;1,1,1,1,1).

(332) Byo(1,1,1,1,3;1,1,1,1,1), Byo(1,1,1,2,1;1,1,1,1,2), Byo(1,1,1,2,1;1,1,1,2,1).
(333) Bio(1,1,1,2,2;1,1,1,1,1), Byo(1,1,1,3,1;1,1,1,1,1), Byo(1,1,2,1,1;1,1,1,1,2).
(334) Bio(1,1,2,2,1;1,1,1,1,1), Byo(1,1,3,1,1;1,1,1,1,1), B19(1,2,1,1,1; 1, 1

(335) Bio(1,2,1,1,1;1,2,1,1,1), Byo(1,2,1,1,2;1,1,1,1,1), B1o(1,2,2,1,1;1,1,1,1,1).
(336) Bio(1,3,1,1,1;1,1,1,1,1), B1o(2,1,1,1,1;1,1,1,2,1), Byo(2,1,1,1,1;1,1,2,1,1).
(337) Bio(2,1,1,1,1;2,1,1,1,1), B1o(2,1,1,1,2;1,1,1,1,1), B1o(2,1,1,2,1;1,1,1,1,1).
(338) B19(2,2,1,1,1;1,1,1,1,1), B19(3,1,1,1,1;1,1,1,1,1).

(339) (

(340) (

(341) (

(342) (

Proof. One can check that for every 1575 above graphs G, A\1(G) > 0, A\2(G) > 0 and A3(G) < 0. Now
assume that G is a connected graph of order n such that A\;(G) > 0, A2(G) > 0 and A\3(G) < 0. Since
G is connected, by the first part of Theorem 0 there exist some positive integers s and 1, . .

3<s<12and t; +---+ts =nand G = G,[Ky,,...,K:,]. Now we obtain all positive integers s and

t1,...,ts where 3 < s <12 and t; + --- + t5 < 12 such that

M(G[Keyy .o, K ]) >0, X(Go[Kyy,. .., K ]) >0, and A\3(Gs[Ky,, ...

We investigate the case s = 5, the other cases similarly is investigated. In other words assume that

Al(G5[Kt17. .. 7Kt5D > O7 AQ(G5[K,§1,. .. 7Kt5D > O, and A3(G5[Kt17. .

By the notation of Definition B, since Bs(t1,t2;ts,ta;t5) = G5[Ke,, ..., Kt ], it suffices to obtain all

values of ¢1,...,t5 such that

(2) )\1(35(t1,t2;t3,t4;t5)) > O, )\Q(B5(t1,t2;t3,t4;t5)) > O7 and /\3(B5(t1,t2;t37t4;t5)) <

By Theorem B we obtain that

(3) P(Bs(t1,ta;t3,ta;t5),A) = (A + 1) T+ O(ty, ... t5, ),

L Ky ]) <.

15

.,ts so that
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n=5|n==6

S
I
w
3

|
W~

The number of - - - graphs of order n n=1|n=2

[\
—_
—_
—_
[\

connected 1 1

connected and integral 1 1

connected with Ay > 0 and A3 <0

connected integral with Ay > 0 and A3 <0

= O NN

Bs(.;.;.) graphs with Ay > 0 and A3 < 0
By
Bs

;.;.) graphs with Ay > 0 and A3 < 0

;.) graphs with Ay > 0 and A3 <0

=W || OO

(.
(.
Bg(.;.) graphs with A2 > 0 and A3 < 0
By(.;.;.) graphs with Ay > 0 and A3 <0
(.
(.

Bs
By
Bio(.;.) graphs with A2 > 0 and A3 <0

;.) graphs with Ay > 0 and A3 < 0

;.;.) graphs with Ao > 0 and A3 < 0

o |lo|o|o|o|lo|lo|oo|oc |o | O

o |lo|lo|]o|]o|lo|lo|lo|]o|o | O

o ||| ||| |o ||l ||~ |N
o |l o |||l |Rr|INDN|lWwW| oo | W

Bi1(.;.;.) graphs with Ao > 0 and A3 <0

Bia(.;.) graphs with A2 > 0 and A3 <0 0 0 0 0
TABLE 1. The table of unlabeled connected graphs with some properties

o | ool || |Oo |+

o |l oo |o|oC | O

where ®(ty,...,t5, A) is the characteristic polynomial of the matrix M (¢y,...,ts5),

t1 —1 to 0 0 ts
t ty —1 0 ta ts
M(t1,...,t5) = 0 0 t3—1 ty ts
0 to ts  tai—1  ts
t to ts gy t5—1

Using Equation (B) we conclude that the Equation (2) holds if and only if
(4) )\1(M(t1, e ,t5)) >0, )\Q(M(tl, S ,t5)) > 0, and /\3(M(t1, R ,t5)) < 0.

By Maple one can obtain all positive integers t1, ..., t5 such that t; +- - - +¢5 < 12 and the Equation (@)
holds. This completes the proof.

Remark 3.2. We note that among 1575 connected graphs of Theorem B just two of them are integral.
These graphs are Bs(2;2;3) and Bs(3;3,2). In fact

Sp€C(Bg(272,3)) = {57 ]-7 _]-a _]-7 _1a _17 _2}7 and SpeC(BS(B;B; 2)) = {5727 _]-7 _]-7 _]-7 _]-7 _]-7 _2}

We end the paper by comparing the number of connected graphs, the number of integral connected
graphs and the number of connected graphs with positive second largest eigenvalue and negative third

largest eigenvalue, see Tables I and B. For every integer n > 1, let a,, be the number of connected
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The number of --- graphs of order n n=7|n=8| n=9 |n=10|n=11 | n=12
connected 853 | 11117 | 261080 | > 107 | > 10° | > 10!t
connected and integral 7 22 24 83 113 ?
connected with Ay > 0 and A3 <0 31 66 129 255 444 627
connected integral with Ay > 0 and A3 < 0 1 1 0 0 0 0
Bs(.;.;.) graphs with Ay > 0 and A3 <0 8 11 15 19 24 29
By(.;.) graphs with A2 > 0 and A3 <0 10 19 28 43 56 68
Bs(.;.;.) graphs with Ay > 0 and A3 <0 9 19 37 61 87 101
Bg(.;.) graphs with Ag > 0 and A3 <0 3 12 28 64 109 142
Bz(.;.;.) graphs with Ay > 0 and A3 <0 1 4 16 42 87 119
Bs(.;.) graphs with Ag > 0 and A3 <0 0 1 4 20 54 98
By(.;.;.) graphs with Ay > 0 and A3 < 0 0 0 1 5 21 45
Bio(-;.) graphs with A2 > 0 and A3 <0 0 0 0 1 5 20
Bi1(.;.;.) graphs with Ay > 0 and A\3 <0 0 0 0 0 1 4
Bia(.;.) graphs with A2 > 0 and A3 <0 0 0 0 0 0 1

TABLE 2. The table of unlabeled connected graphs with some properties

17

integral graphs of order n and b,, be the number of connected graphs of order n with Ay > 0 and A3 < 0.

According to the third and the fourth row of the Tables [ and B we conclude that for every 4 < n < 11,

an < by,. Thus we pose the following problem:

Problem 1. Is it true that for every n > 3, a,, <b,7
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