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ABSTRACT. In this paper, we introduce the notions of product vague graph, balanced product
vague graph, irregularity and total irregularity of any irregular vague graphs and some results
are presented. Also, density and balanced irregular vague graphs are discussed and some of

their properties are established. Finally we give an application of vague digraphs.

1. INTRODUCTION

The introduction of fuzzy sets by Zadeh [21] in 1965 changed the face of science and tech-
nology to a great extent. Fuzzy sets paved the way for a new philosophical thinking of "Fuzzy
Logic’ which now, is an essential concept in artificial intelligence. This logic is also used in the
production of a large number of electronic and other household items with 'partial’ thinking
ability. Fuzzy logic and the theory of fuzzy sets have been applied widely in areas like informa-
tion theory, pattern recognition, clustering, expert systems, database theory, control theory,
robotics, networks and nano-technology. The initial definition given by Kaufmann [7] of a

fuzzy graphs was based on the fuzzy relation proposed by Zadeh [21], 22| 23]. Later Rosenfeld
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[16] introduced the fuzzy analogue of several basic graph-theoretic concepts. Mordeson and
Nair [§] defined the concept of complement of fuzzy graph and studied some operations on
fuzzy graphs. Gau and Buehrer [6] proposed the concept of vague set in 1993, by replacing
the value of an element in a set with a subinterval of [0, 1]. Namely, a true-membership func-
tion t,(x) and a false membership function f,(z) are used to describe the boundaries of the
membership degree. Akram et al. [Il 2] introduced vague hypergraphs and certain types of
vague graphs. Ramakrishna [10] introduced the concept of vague graphs and studied some
of their properties. Borzooei and Rashmanlou introduced ring sum in product intuitionistic
fuzzy graphs [3], domination in vague graphs and its applications [4] and degree of vertices
in vague graphs [5]. Pal and Rashmanlou [9] studied irregular interval-valued fuzzy graphs.
Also, they defined antipodal interval-valued fuzzy graphs [11], balanced interval-valued fuzzy
graphs [12], some properties of highly irregular interval-valued fuzzy graphs [13], a study on
bipolar fuzzy graphs [14]. Rashmanlou and Jun investigated complete interval-valued fuzzy
graphs [I5]. Talebi et al. [19, 20] studied isomorphism on vague graphs. Samanta and Pal
introduced fuzzy tolerance graphs [I7] and fuzzy threshold graphs [I8]. In this paper, we
introduce the notion of product vague graph, balanced product vague graph, irregularity and
total irregularity of any irregular vague graphs and some results are presented. Also, density,
balanced irregular vague graphs are discussed and some of their properties are established.

Finally, we give an application of vague digraphs.

2. PRELIMINARIES

A graph is an ordered pair G = (V, E), where V is the set of vertices of G and F is the
set of edges of G. A subgraph of a graph G = (V, E) is a graph H = (W, F'), where W C V
and F' C E. A simple graph is an undirected graph that has no loops and not more than one
edge between any two different vertices. A simple graph with a single vertex is called trivial
graph and one with no edges is called an empty graph. The set of all vertices adjacent to a
vertex z in G is called the neighbour set of x, denoted by N(z). A vy — v, path P in G is an
alternating sequence of vertices and edges vg, e1,v1, €2, -+ , €n, Uy such that v;v;41 is an edge
for i =0,1,2,--- ,n — 1. The number of edges in P is called the length of P and P is called
a closed path or a cycle if vg = v,. A fuzzy subset p on a set X is a map p: X — [0,1]. A
map v : X x X — [0,1] is called a fuzzy relation on p if v(z,y) < min{u(z), u(y)}, for all
xz,y € X. A fuzzy graph is a pair G = (o, ), where o is a fuzzy subset on a set V and p
is a fuzzy relation on o. It is assumed that V is a finite and non-empty, p is reflexive and
symmetric. Thus, if G is a fuzzy graph then, o : V — [0,1] and p : V x V — [0, 1] is such that

pw(u,v) < o(u) Ao(v), for all u,v € V, where A denotes the minimum.
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Definition 2.1. [6] A vague set A in an ordinary finite non-empty set X is a pair (t4, fa),
where t4 : X — [0,1], fa : X — [0,1] are true and false membership functions, respectively
such that 0 < t4(x)+fa(x) <1, forallz € X. Note that t4(z) is considered as the lower bound
for degree of membership of x in A and f4(x) is the lower bound for negative of membership
of x in A. So, the degree of membership of = in the vague graph set A is characterized by
interval [ta(x),1 — fa(x)]. Hence, a vague set is a special case of interval-valued sets studied

by many mathematicians and applied in many branches of mathematics.

It is worth to mention here that interval-valued fuzzy sets are not vague sets. In interval-
valued fuzzy sets, an interval valued membership value is assigned to each element of the
universe considering the evidence for x only, without considering evidence against x. In vague
sets both are independently proposed by the decision maker. This makes a major difference in
the judgment about the grade of membership. A vague relation is a generalization of a fuzzy
relation. Let X and Y be ordinary finite non-empty sets. We call a vague relation to be a

vague subset of X x Y, that is an expression R defined by

R = {<(l‘,y), tR(xvy)v fR(xvy» | reX,ye Y}

where tp : X XY — [0,1], fr: X xY — [0, 1], which satisfies the condition 0 < tg(x,y) +
fr(z,y) <1, for all (z,y) € X xY.

Let G* = (V, E) be a crisp graph. A pair G = (A, B) is called a vague graph on a crisp graph
G* = (V,E), where A = (ta, fa) isavagueseton V and B = (tp, fp) isa vagueset on E C V' x
V such that tp(xy) < min(ta(z),ta(y)) and fp(xy) > max(fa(x), fa(y)), for each edge zy €
E. The underlying crisp graph of a vague graph G = (A4, B), is the graph G = (V’, E’), where
Vi={veV: ta(v) >0, fa(v) >0} and E' = {{u,v}: tg({u,v}) >0 and fp({u,v}) > 0}.
V' is called the vertex set and E’ is called the edge set. A vague graph may be also denoted
as G = (V' E).

A vague graph G is said to be strong if tp(v;v;) = min{ta(vi),ta(v;)} and fp(viv;) =
max{ fa(vi), fa(vj)}, for every edge v;v; € E.

A vague graph G is said to be complete if tp(v;v;) = min{ta(v;),ta(v;)} and fg(vrv;) =
max{ fa(vi), fa(vj)}, for all v;,v; € V.

Definition 2.2. [2] Let G = (A, B) be a vague graph. Then

() the t-degree of a vertex w is di(u) = >, e n(y) tB(W0),

(i7) the f-degree of a vertex u is dp(u) = 3,y fB(w0),

(7it) the degree of a vertex u is d(u) = [ZveN(u) tp(uv), 3 e N(w) fB(uv)},

(iv) the order of G is defined to be O(G) = (O¢(G), Of(G)), where Oy(G) = >,y ta(u) and
Of(G) = Xuev fa(w),



14 Alg. Struc. Appl. Vol. 2 No. 1 (2015) 11-22.

(v) the size of G is defined to be S(G) = (Si(G), S¢(G)), where Si(G) = >, tp(uv) and

S1(G) = 2y [B(w0).
(vi) the total degree of a vertex u € V' is defined as

td(u) = [d(u) + ta(u), d(u) + fa(u)].

Note that if di(v;) = k; and d¢(v;) = kj, for all v;,v; € V then, the graph is called as
(ki, kj)-vague graph (or) regular vague graph of degree (k;, k;). Also, if each vertex of G has
the same total degree (r1,7r2) then, G is said to be a vague graph of total degree (ry,r3) or
(r1,72)-totally regular vague graph.

The density of a vague graph G = (4, B) is D(G) = (D¢(G), D#(G)), where Dy(G) is defined
by

. 2 Zu,veV(tB(uv))
D(G) = S () Aa(0))’ for u,v e V
and Df(G) is defined by
. 2 Zu,UEV(fB(UU)) R
BRI S (T R 1)) N

A vague graph G = (A, B) is balanced if D(H) < D(G), that is, Di(H) < D{(G) and
D¢(H) < Df(G), for all subgraphs H of G.

3. NEW CONCEPTS OF BALANCED VAGUE GRAPHS

Definition 3.1. Let G = (A, B) be a vague graph of a graph G* = (V,E). If tp(zy) <
ta(z) x ta(y) and fr(xy) > fa(x) x fa(y), for all z,y € V then, the vague graph G is called

product vague graph of G*, where X represent ordinary multiplication.

Example 3.2. Consider a vague graph G such that V = {x,y,z}, F = {zy,yz,22z}. By

x(0.2,0.4)

¥(0.3,0.5) (0.06,0.6) z{0.3,0.4)

FIGURE 1. Product vague graph G

routine computation, it is easy to show that G is a product vague graph.
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Definition 3.3. The density of a product vague graph G = (A, B) is D(G) = (D¢(G), Df(G)),
where D;(G) is defined by

. 2 Zu,véV(tB(uv)) .
DU = & enltat - ta) VY
and D¢(G) is defined by
D¢(G) = QZU,UGV(fB<UU)> , for u,v € V.

Y wver(fa(w) - fa(v))

Definition 3.4. A product vague graph G = (A, B) is balanced if D(H) < D(G), that is,
Di(H) < Di(G) and Dy(H) < D¢(G), for all subgraph H of G.

Example 3.5. Consider a product vague graph G as in Figure 2.

%(0.1,0.3)

3(0.2,0.4) (0.02,0.5) 2(0.2,0.3)

FIGURE 2. Product vague graph G

9

.01+ 0.01 +0.02
Dt(G):2(oo +0.01 + )

0.02 4-0.04 + 0.02

0.5+0.35+0.5
Df(G):2< TS >:8.18.

0.12 4+ 0.09 + 0.12
D(G) = (Di(G), Ds(@)) = (1,8.18).

Definition 3.6. A product vague graph G = (A, B) is said to be complete if tp(xy) =
ta(x) x ta(y) and fp(zy) = fa(x) X fa(y), for all z,y € V.

Theorem 3.7. Every complete product vague graph is balanced.
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Proof. Let G = (A, B) be a complete product vague graph then, by the definition we have,
tp(zy) =ta(z) x ta(y) and fp(zxy) = fa(z) x fa(y), for all z,y € V.
Yayev(tB(@y)) = 3o ey (ta(@) X ta(y)) and 3o, oy (fB(2Y)) = 2op yev (fa(z) X fa(y)).

Now

D(G) =

<22x vev(tB(zy)) 2Zx,y€V(fB(xy))>
xta(y))’ 2(fa(@) x faly))
_ <Z$,yev(t,4(93) Xta(y)) 2pyev(fa(@) x fA(?ﬂ)) _2.9)
Dayev(fa(@) X fay)) 2o yev (fa(@) X fa(y)) ’
Hence, D(G) = (2,2). Let H be a non-empty subgraph of G then, D(H) = (2,2), for every
H C G. Thus, G is balanced. [ |

(
(

Definition 3.8. The complement of product vague graph G = (A, B) is a vague graph G =
(A, B), where A = A = (ua,va) and B = (ig, V) is defined by:

BB (ry) = pa(x) x pa(y) — pe(zy), vB(zy) = va(x) x valy) — ve(zy).
Remark 3.9. It follows that G is a product vague graph and ﬁ =G.
Definition 3.10. A product vague graph G = (A, B) is said to be strong product vague graph

if tp(zy) =ta(x) x ta(y) and fp(zy) = fa(z) X fa(y), for every (z,y) € E.
Theorem 3.11. The complement of a strong product vague graph is balanced.

Proof. Let G = (A, B) be a strong product vague graph and G = (A, B) be its complement.
Since G is strong, tp(zy) = ta(z) X ta(y) and fp(zy) = fa(x) x fa(y), for every (z,y) € E.
In G we have, Tg(zy) = ta(x) x ta(y) — tp(zy) and fp(zy) = fa(zx) x faly) — fe(zy).

Since G is strong we have, tg(zy) = 0 and fg(xy) = 0, for every 2y € E and tg(zy) =
ta(z) x ta(y) and fp(zy) = fa(x) x fa(y), for every zy € E. So, G is a strong product vague
graph and it follows that is balanced. |

Definition 3.12. [2] A vague graph G = (A, B) is said to be
(i) irregular, if there is a vertex which is adjacent to vertices with distinct degrees,
(1) totally irregular, if there is a vertex which is adjacent to vertices with distinct total degrees,

(7it) highly irregular, if every vertex of G is adjacent to vertices with distinct degrees.

Definition 3.13. Let G = (A, B) be an irregular vague graph then, the irregularity of G is
defined as Irreg(G) = (Irregi(G), Irregs(G)) where Irreg(G) = >_,, cp |di(z) — di(y)| and

Irregp(G) =3 epldp(z) — dp(y)], for all z,y € V.
The total irregularity of the irregular vague graph is defined as

1
Irregtotal(G) = 5 Z ‘d(x) -
z,yeV
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%(0.3,0.4) (0.1,0.5) ¥(0.2,0.5)
(0.3,05) (02,0.6)
w(0.4,0.5) (0.3,0.7) 2(0.3,0.5)

FIGURE 3. TIrregular vague graph G

Example 3.14. Consider an irregular vague graph G as in Figure 3. Here, d(z) =

(04,1), d(y) = (0.3,1.1), d(2) = (0.5,1.3), d(w) = (0.6,1.2). It is easy to show that

Irreg(G) = (0.1,0.1) + (0.2,0.2) + (0.1,0.1) + (0.2,0.2) = (0.6,0.6). But the total irregu-
1

larity is Irregiora(G) = 5[(0.1,0.1)—{—(0.1,0.3)—|—(O.2,0.2)—}—(0.3,0.2)—|—(0.1,0.1)] = (0.5,0.55).

Remark 3.15. (i) For any irregular vague graph G, Irregiora(G) < Irreg(G).
(1i) Let G = (A, B) be the irregular vague graph which is complete then, Irreg(G) =
2 [Irregtotal (G)] .

Definition 3.16. Let G = (A, B) be an irregular vague graph. The density of G is defined as

2 T
D(G) = (D¢(G),D¢(G)) where D(G) = > Z;tyjz/;)B/\( tz)(y)
2 Zx,yev fB(zy)

> wyer fa(@) V fa(y)

,forall z,y € V and D¢(G) =

, for all x,y € V.

Example 3.17. In Example [3.14] we have

(0.1 + 0.2+ 0.3+ 0.3] 2[0.5+ 0.6 + 0.7 + 0.5]
02+02+03+03 " 054+05+05+05

D(G) = (Dy(G), D4(G)) = <2 > — (1.8,2.3).

1
Theorem 3.18. Let G = (A, B) be the irreqular vague graph with tg(ry) = §(t,4(:n) Nta(y))

and fis(xy) = 3(Fax) V Fa)) then, D(G) = (1,1)
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Proof.

D(G) = 2 Zm,yev ts (l‘y) 2 Zx,yEV fB (l‘y)
> ayen(ta(@) Ata(W)) Ypyep(fal@) v fa(y))

_ <2 Y eyev 3ta(@) Atay)) 23, cv 5(fa(2) VfA(?J)))

), forall z,y e V

Yayep(ta@) Atay)) T Yayep(fal@)V fay))

28) Sayer (1) A1) 23) Caper Ua@ VL)Y _
Cepena@ Aa®) | Tapen(Fa@) V aly) "

Theorem 3.19. Let G be an irregular and complete vague graph then, D(G) = (2,2).

Proof. Since G is complete and irregular we have: tp(xy) = ta(x)Ata(y) and f(xy) = fa(z)V

faly), for all z,y € V. Now, Zx,yEV tp(zy) = ZzyEE(tA(.’L') Nta(y)), also Z%yev f(zy) =
Z;pyeE(fA(x) V fa(y)). Therefore,

D(G) = 22yev B(2Y) 22 0 yev fB(2y)
Peyen(ta@) NaW)) Xayen(fa(z) V fa(y))

) (2 Sayen(tal@) Ata(y)) 2zxyeE<fA<x>va<y>>> _ 22

>, for all x,y € V

Yayenta@) Ata(y)) © Xpyep(fa(@) vV fa(y))
|

Definition 3.20. An irregular vague graph G is said to be balanced if D;(H) < D(G) and
D¢(H) < Dy¢(G), for all subgraph H of G.

Example 3.21. Consider an irregular vague graph G as in Figure 4. Here, D(G) =

x(0.5,0.5) (0.375,0.5) ¥(0.5,0.5)
(0.3,0.5) (0.225,0.5)
w(0.4,0.5) (0.225,0.5) 2(0.3,04)

FIGURE 4. Balanced irregular vague graph G

(Di(G), D¢(G)) = (1.5,2), and subgraph of G are Hy; = {z,y}, Hy = {z,2}, H3 = {z,w},
Hy = {yaz}a Hs = {yaw}a Hg = {Z,QU}, Hr; = {x7y>z}> Hg = {xvsz}aHQ = {%%w},
Hyo = {y,z,w}, Hn ={z,y,z w}
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Now density (Dy(H),D¢(H)) is D(Hy) = (1.5,2), D(Hz) = (0,0), D(H3) =
(1.5,2), D(Hs) = (1.5,2), D(Hs) = (0,0), D(Hs) = (1.5,2), D(Hy) = (1.5,2), D(Hg) =
(1.5,2), D(Hy) = (1.5,2), D(Hyo) = (1.5,2), D(H11) = (1.5,2). So, D(H) < D(G), for all
subgraphs H of G. Hence, G is balanced irregular vague graph.

Theorem 3.22. Let G = (A, B) be an irregular vague graph and all the edges of G are strong
then, G is balanced.

Proof. Since all the edges are strong then tg(xy) = ta(z) Ata(y) and fp(zy) = fa(x)V fa(y).
Now by Theorem D(G) = (2,2). For the subgraphs H, (Dy(H),Ds(H)) = (2,2) if
the vertices of H having edges, otherwise (Dy(H),D¢(H)) = (0,0) i.e. Di(H) < Dy(G) and
D¢(H) < Dy(G) which implies G is balanced. [

Theorem 3.23. Every irreqular vague graph which is complete is balanced.

Proof. Let G be an irregular vague graph and complete then, by Theorem D(G) = (2,2).
Let H be a non-empty subgraphs of G and G is complete. Then, all the edges are strong.
Therefore, D(H) = (2,2), for every H in G. Also the subgraphs are totally irregular vague
graphs. Hence, G is balanced. |

Remark 3.24. The converse need not be true. That is every balanced irregular vague graph

need not be complete.
Example 3.25. Figure 4 is balanced irregular vague graph, but it is not complete.

4. APPLICATION EXAMPLE OF VAGUE GRAPH

Graph models find wide application in many areas of mathematics, computer science, and
the natural and social sciences. Often these models need to incorporate more structure than
simply the adjacencies between vertices. In studies of group behavior, it is observed that
certain people can influence thinking of others. A directed graph, called an influence graph,
can be used to model this behavior. Each person of a group is represented by a vertex.
There is a directed edge from vertex = to vertex y, when the person represented by vertex
x influence the person represented by vertex y. This graph does not contain loops and it
does not contain multiple directed edges. We now explore vague influence graph model to
find out the influential person within a social group. In influence graph, the vertex (node)
represents a power (authority) of a person and the edge represents the influence of a person
on another person in the social group. Consider a vague influence graph of a social group.
In Figure 4, vague influence graph, the degree of power of a person is defined in terms of its
trueness and falseness. The node of the vague influence graph shows the authority a person

possesses in the group; for example, C' has 50% authority in the group, but he does not have
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A(0.4,0.3) (0.4,0.6) B(0.7,0.1)
L &
T ) g
= Qe
S’; o S
== &
€(0.5,0.1) (0.1,04) D(0.6,0.1) (02,05) E(0.6,0.1)

FIGURE 5. Vague influence graph

10% power, and 10% power is not decided, whereas the edges show the influence of a person
on another in a group; for example C' can influence B 20%, but he can not convince him 50%,
and remaining 30% is hesitation part. The degree of a vertex and edge in a vague influence
graph is also characterized by an interval [t4(x),1 — fa(z)]. It is worth mentioning here that
interval-valued fuzzy sets are not vague sets. In vague sets both are independently proposed
by the decision maker. Thus a vague influence graph can be interpreted in the form of interval-
valued membership. The node of the vague influence graph shows the likelihood of power a
person possesses in the group; for example, C' possesses t4 = 50% to 1 — fa = 90% power,
whereas the edges show the interval of influence a person has on another person in a socia
group. C has t4 = 20% to 1 — f4 = 50% influence on B and B has ty = 30% to 1 — f4 = 50%

influence on FE.

5. CONCLUSION

Graph theory has several interesting applications in system analysis, operations research,
computer applications, and economics. Since most of the time the aspects of graph problems
are uncertain, it is nice to deal with these aspects via the methods of fuzzy systems. It is
known that fuzzy graph theory has numerous applications in modern science and engineering,
neural networks, expert systems, medical diagnosis, town planning and control theory. In
this paper, we introduced the notions of product vague graph, balanced product vague graph,
irregularity and total irregularity of any irregular vague graphs and some results are presented.
Also, density, balanced irregular vague graphs are discussed and some of their properties are

established. Finally we gave an application of vague digraphs.
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