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ABSTRACT. Let G be a finite non-abelian group with center Z(G). The non-commuting
graph of G, denoted by I'c, is the graph whose vertex set is G \ Z(G), where two distinct
vertices  and y are adjacent whenever xy # yxz. For a graph I', a subset C C V(I') is
called an identifying code if, for every pair of distinct vertices z and y, the sets Nr[z] N C
and Nr[y] N C are nonempty and distinct. The minimum cardinality of an identifying code
in I' is called the identifying code number and is denoted by ~'P(I). In this paper, we
investigate the identifiability of non-commuting graphs associated with groups. Furthermore,
for several classes of finite non-abelian groups, we determine the identifying code number of

their non-commuting graphs.

1. INTRODUCTION

Throughout this paper, all graphs are assumed to be finite, simple, and undirected. For a

graph I', the vertex set and edge set are denoted by V(I') and E(I"), respectively. The order
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of I' is the number of its vertices and is denoted by |I'|. If two vertices u and v are adjacent,
we write u ~ v.

For a vertex x € V(I'), the open neighborhood of z is defined by
Nr(z) ={y e V(D) [z ~y},
while the closed neighborhood of z is
Nr[z] = Nr(z) U{z}.

The degree of a vertex x is denoted by degp(z) and equals |Np(x)|. A graph is called regular
if all of its vertices have the same degree.

The complement of a graph T', denoted by T, is the graph with vertex set V(I') in which two
vertices are adjacent whenever they are non-adjacent in I'.

A complete bipartite graph with parts of sizes r and s is denoted by K, ;. More generally, a
complete t-partite graph is denoted by Ky, . »,. For a subset X C V(I"), the induced subgraph
on X is denoted by I'X].

A subset D C V(I') is called a dominating set of I' if every vertex of I' either belongs to D or

is adjacent to a vertex in D. The domination number of I'; denoted by ~(I'), is defined as
~(I') = min{|D| : D is a dominating set of I'}.

A subset C' C V(I') is called an identifying code of I' if C' is a dominating set and, for every

pair of distinct vertices u,v € V(T'),
NF[U] NnC # NF[U] NnC.

A graph admitting an identifying code is said to be identifiable. The identifying code number
of I' is defined by

~IP(T) = min{|C| : C is an identifying code of T'}.
Two distinct vertices © and v are called twins whenever
NF[U] = NF[’U].

It is well known that a graph is identifiable if and only if it is twin-free.

In recent years, domination theory and its variations have attracted considerable attention in
graph theory. Several domination-related parameters, including rainbow domination, signed
domination, and identifying codes, have been extensively studied. For further details, see
2, 13, 16, [17, 19].

The concept of identifying codes was introduced by Karpovsky et al. [12] in 1998. Since then,
identifying codes have been investigated for many classes of graphs such as paths, cycles, and

other graph families [0, 10].
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Let G be a group and let z € G. We denote by Z(G) the center of G and by Cg(x) the
centralizer of z in G.
The symmetric and alternating groups of degree n are denoted by S, and A,,, respectively.

Moreover,
Qs = (a,b|a*=1, a®> =02 b lab=0a"1),
and
Dap = {a,b | a™ = b* = (ab)* = 1),

denote the quaternion group of order 8 and the dihedral group of order 2n (n > 2), respectively.
For a non-abelian group G, the non-commuting graph of GG, denoted by ', is defined by

V(la) =G\ Z(G),

where two distinct vertices z and y are adjacent if and only if xy # yx.

The non-commuting graph was first introduced by ErdHos in 1975 [14]. Over the past several
decades, graph-theoretic approaches to algebraic structures have become an active area of
research. In particular, several graphs associated with groups and rings have been studied in
order to better understand their algebraic properties; see, for example [, 4, B, 8, 9, 15, [1§].
The paper is organized as follows. In Section 2, we establish several preliminary results required
in the sequel. In Section 3, we derive a lower bound for the identifying code number of the
non-commuting graph of a group and determine y!”(I'¢,). Finally, in Section 4, we compute

the identifying code number for some special classes of finite groups.

2. PRELIMINARIES

In this section, we will point out some facts that will be needed in the following sections.

Definition 2.1. For two graphs I'y = (V1, E1) and 'y = (Va, Es), 'y < Iy is the join graph
of I'y and I's. Tts vertex set is V4 U V4 and its edge set is By U Ey U {vive | v1 € Vi, v9 € Va}.

Definition 2.2. For an integer k > 1, let Ay = (Vj, E)) be the graph with vertex set Vj, =
{vi,--- v} and edge set By, = {v;v; | |i — j| < k —1}.

Example 2.3. An illustration of the graph As is given in Figure E]

Theorem 2.4. [[7] Let A be the closure of {A; | i = 1,2, -} with respect to operation=<i . Given
a connected graph T, we have y'P(I') = |V(T')|-1 if and only if T € {K1, | t > 2}JUAU(A > K7)
and " 22 Aj.

Theorem 2.5. [12] Let I' be an identifiable graph. Then v'P(I') > [logy(|T| + 1)].
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F1GURE 1. The graph As.

Theorem 2.6. B] Let n; > 3 and I' = Ky, p,,..n, be a complete k—partite graph. Then

k
vIP(T) =n —k, where n = an
i=1

Lemma 2.7. Let T" be a graph and X C V(I') with |X| > 2. Also let the induced subgraph on
X be empty and Ng(x) = Ng(2'), for every x,2' € X. If C is an identifying code of G with
minimum cardinality, then | X NC| > |X| — 1.

Proof. Let z,2’ € X and {z,2'}NC = (). Then N¢g[z]NC = Ng[2'|NC. Which is a contradiction.

0

Lemma 2.8. Let I' be a graph and C be an identifying code of I'. If Nr[z]ANr[y] = B, then
IBNC|>1.

Proof. If |IBN C| = 0, then Np[z] N C = Nr[y] N C, which is not true.

Lemma 2.9. Let G be a non-abelian group. Then |Z(G)| | [Tq| and % + 1 is not a prime

number.

Proof. Let |Z(G)| =1 and ‘|ZF(((;;\)‘ + 1 be a prime number. Then |G| is a prime number and so
G is an abelian group. Which is a contradiction.

Let |Z(G)| # 1. By the definition of the non-commuting graph a group, |Z(G)| + [I'¢| = |G|.
Since |Z(G)] [ |G, so [Z(G)| | [Tal-

If % +1 is a prime number, then % is a prime number. Thus % is a cyclic group

and so (G is an abelian group. Which is a contradiction.

Lemma 2.10. Let I' = K, . n,_,n be a complete t—partite graph such that ny = --- =
t

ni—1 = 2 and n; > 3. Then fyID(F) =n— 2, where n = an
i=1
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Proof. Let for every i, 1 <i<t—1, X; = {vi1,v2} and X; = {v1, ..., v, } be t partitions of
I.

Also let C be an identifying code of I' with v/P(I") = |C|. By Lemma @, | X;NC| > 1, for
every i, 1 <i<t—1land | X;NC|>r—1

Without loss of generality, we can assume that for every 7, 1 < i < t —1, v;o € C and
{vi2, ..., v} CC.

Let {vi1,vj1} NC =0, for some 1 <i,j <t — 1. Then Np[v;e] N C = Nr[vj2] N C, which is not
true. Thus |C| > n — 2 and so y/P(T') > n — 2.

Let D =V(T') \ {vi1,v41}. Then

NF[UH] ND=D \ {U12}7

Nr[vi2] N D = D,
Nrjvii] N D = D\ {via},for every i, 2 <i <t —1,
Nr[vig] N D = D\ {vi1},for every i, 2 <i<t—1,
Nr[va]ND =D\ Xy,

Nrjvy] N D = (D \ X;) U{vy}, for every i, 2 <i <r.

Hence Np[z] N D # Nrly] N D, for every xz,y € I'. So D is an identifying code of I". Thus
vIP(T') < |D| = n — 2. Therefore, v/P(I') = n — 2.

3. IDENTIFYING CODE NUMBER OF NON-COMMUTING GRAPH OF A GROUP

In this section, we obtain a lower bound for the identifying code number of non-commuting
graph of a group by using its center. If G is a group of order n and H is a subgroup of G of
order £ > 5, then G = H.

Theorem 3.1. Let G be a non-abelian group.

i) If a and b are twins in Uq, then o(a) = o(b) = 2.
ii) If T has twin vertices, then |Z(G)| = 1.

Proof. i) Let two vertices a and b be twin in I'g. Then a is adjacent to b in I'g. Thus
ab # ba. Let a # a~1. Since a ¢ Z(G), so a=! ¢ Z(G). From aa~! = a~la, we imply
that a is not adjacent to a=! in I'. Thus a~! ¢ Nr[a]. Since Nr,[a] = Nr,[b], so
a~l ¢ Nr,[b]. Hence a=1b = ba™!. It contradicts with this fact that ab # ba. Therefore,
o(a) = 2. Similarly, we have o(b) = 2.
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ii) Let  and y be two distinct vertices of I'¢ such that Ny [z] = Nr,[y]. Then zy # yx.
By the definition of the non-commuting graph a group, Cg(z) \ {z} = Ca(y) \ {y}-
Let |Z(G)| # 1 and L = Cq(xz)NCq(y). Then |L| > 2 and |Cq(z)| = |L|+1 = |Cq(y)|.
Since L] > L Co(z) N Ca(y)| > 1€6@ From Cg(z) N Coly) < Calz) and
|Ca(z) N Caly)| > Wcai)\) imply Cq(z) N Ca(y) = Ca(z). Thus z € Cg(y) and so
xy = yx. Which is a contradiction. Therefore, |Z(G)| = 1.

From Theorem @, we conclude that if the group G is non abelian and |Z(G)| > 2, then
g is an identifiable graph.

Theorem 3.2. Let G be a non-abelian group of order n and |Z(G)| =t > 2. Then

Cel(2(G) - 1)
1z

Proof. Let [G : Z(G)] = % = d and % ={aiZ(G) | 1 <i < d, a; = 1}. For every

P (Tg) >

t

21,22 € Z(G), (a;z1)(a;z2) = (a;z2)(a;z1). Thus the induced subgraphs on a;Z(G) in I'¢; are

isomorphic to K, for every 2 < i < d.

For every i and j (2 < i,j < d), (a;z1)(aj22) = (aj22)(a;z1) if and only if aa; = aja;,

where z; and 2 are two arbitrary elements of Z(G). Thus for every z € Z(G), we have

Nrg(aiz) = Nrg(a;).

Let C be an identifying code of I'¢ with v/?(I'¢) = |C|. By Lemma @, ICNa; Z(G)| >t—1.
_ 1 r Z(G)|—-1

Thus [C] > (d—1)(t = 1) = (% = 1)(t — 1) = @=L Therefore, /P (Ig) > FeliZGI=U.

Proposition 3.3. Let G be isomorphic to Qs or Dg. Then U'g is shown in Figure B and

VP (Tg) = 5.
Proof. Since I'gy = T'pg, = A1 > A1 >4 A1 and by Theorem @, the proof is straightforward.

a

a’b b

a’b ab

FIGURE 2. I'g.
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Corollary 3.4. Let G be a non-abelian group of order n.
i) If | Z(G)| = 2, then v'P(I'g) > 5.
ii) If |Z(G)| > 3, then v'P(I'¢) > 6.

Proof. ) Let |Z(G)| = 2.
If | S VACE] ] € {2,3,5}, then by [11, page 83], G is an abelian group. Which is a contra-
dlctlon
If |Z \ =4, then |G| = 8. Thus G = Qg or G = Dg. By Proposition @ yIP(Tg) = 5.

If ’Z \ > 6, then by Theorem @ VP (Tg) > 5.
ii) Since G is a non-abelian group, |Z(G | > 4. By Theorem @ vIP(Tg) > 6.

4. IDENTIFYING CODE NUMBER OF SPECIAL GROUPS

In this section, we obtain identifying code number of special groups and also we prove Dsy,

is an identifiable graph if n is even.

Theorem 4.1. Let G be a non-abelian group of order p> (p is an odd prime number). Then
VP(Tg)=p® —2p—1.

Proof. By [11, page 103], |Z(G)| # 1 and since G is non-abelian group |Z(G)| # p3. B
Theorem @, [ is an identifiable graph. If |Z(G)| = p?, then ]ZL)\ = p and so G is an

abelian group, which is a contradiction. Hence |Z( )| = p and Z(G) >~ 7Zp X Lp.

Let g1 € G\ Z(Q), A = (1 Z(G)) and A; = U 912(G). Then &5 # Ay and G\ Z(G) # Ar.
Thus there is g € G\ (4; U Z(Q)).
p—1
Let Ay = (92Z(G)) and Ay = | J g52(G). Then 55 # A1 U Az, A1 N Ay = {Z(G)} and
(=1

G\ Z(G) # A, U Ay. So there is gg eG\ (A UA L UZ(Q)).

Let A3:<93Z( and Ag Ug Then%#AlUAQUAg, AiNAy=A1NA3 =
Ay N Az ={Z(G)} and G\Z( )#AlLJAQUAg.

p+1 p+1
Since |%| p?, we have (— U A; and G\ Z(G U A;, where 4; = (4:;Z(G)),

=1 =1

p—1
A=) d2(G), AinA; ={Z(G)} and g; € G\ (| J AU Z(@)) 1<) <p+1).
— (=1
For every =,y € A;, we have xy = yx. Hence the induced subgraphs on A; is empty graph.

On the other hand for every z € A;, we have A; U Z(G) C Cg(x) and so |Ca(x)] > p?. Since
z ¢ Z(G), |Calz)| = p* Thus Ca(z)\ Z(G) = A;. Hence for every 2 € A; and y € Aj, we have
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xy # yx. Hence z is adjacent to y in I'. Therefore, I'¢ is isomorphic to complete p + 1-partite
graph K2, >, By Theorem @, YIPTe)=@*—p)—(p+1)=p>—2p—1. ¢

Theorem 4.2. Let G be a non-abelian group of order pq, where 3 < p < q and p,q are prime
3q - 37 b= 37

qp—1)—2, p#3.

number. Then p | (¢ —1) and v'P(T'g) =

Proof. If p t (¢ — 1), then G is isomorphic to cyclic group Z,,, (see [L1, page 91]). Which is
not true. Let H = (a) and K = (b) be a Sylow p—subgroup and a Sylow g—subgroup of G,
respectively. We have ny(G) = 1 + kq|p and so ny(G) = 1. Thus K < G.

If |Z(G)| # 1, then |Z(G)| = p or |Z(G)| = q. However % is a cyclic group and so G is an
abelian group, which is a contradiction. Thus |Z(G)| = 1.

Also for every x € G\ K, |Cg(x)| | pg. If |Ca(x)| = ¢, then Cg(z) = K and so x € K, which
is a contradiction. Hence |Cg(x)| = p. It is easy to see that for every z,y € G\ K, we have
Ca(z) = Caly) or Ca(z) N Caly) = {1}.

Let X = {x1,x2,...,2¢} be the largest set such that Cg(z;) # Cq(z;) for every 1 < 1i,j <t.
Then t = ¢ and G = (O Ca(z;)) UK.

i=1
Also for every 1 < i < ¢, the induced subgraphs on Cg(z;) \ {1} are isomorphic to K,

and the induced subgraph on K \ {1} is isomorphic to K,_1. On the other hand for every
1 <i,5 < g, since Cg(x;) N Cg(x;) = {1} and Cg(z;) N K = {1}, so I'¢ is isomorphic to
complete g + 1-partite graph K,_1 -1, p—1,4-1-

If p=3,thenI'q = K33 . 24-1. By Lemma , vIP(Tg) =3q — 3.

Ifp#3,then I'c = K1 -1, p—1,g—1. By Theorem @, VIP(Tg)=pq—(¢g+2). g

Theorem 4.3. The non-commuting graph of Dihedral group Doy, is not an identifiable graph

if and only if n is an odd number.

Proof. Let n be an odd number. Then Cp,, (b) = {1,b} and Cp,, (ab) = {1,ab}. Hence
Nrp,, [b] = Nr,,, [ab]. Therefore, Dy, is not an identifiable graph.

Conversely, let n be even. Then Z(G) # {1} and by Theorem @, I'p,, is an identifiable
graph.

Theorem 4.4. Let G = Doy,, n = 2m and m > 2.
i) If n =4, then /P (I'g) = 5.
ii) If n > 6, then v'P(Tg) = 2n — 4.
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Proof. We know if n is even, then by [L1, page 47], |Z(D2,)| = 2. By Theorem @ (ii), I'g is
an identifiable graph.
i) By Proposition @, YIP(Tp,) = 5.
ii) For i < m, we have Cg(a') = (a) and for every i,1 < i < m, Cg(a’h) =
{1,a™,a’b,a™*'b}.
Suppose that A = (a) \ {1,a™} and for every i,1 <i < m, B; = {a'b,a™*'b}.
Then V(I'q) = AU (U B;). For every i,1 < i < m, the induced subgraphs on A and

i=1
B, are K,,_2 and K>, respectively.

For every i,1 < i < m, Nr.(a’b) = G\ {1,a™,a'b,a™*b} and Nr,(a™"b) =
G\ {1,a™,a'b,a™*b}. Also for every j,1 < j < n,j # m, Nrg(a?) = G \ (a). So
I'¢ is isomorphic to Ka9... 2 ,—2. (See Fig B) By Lemma , VIP(Tg) = Tg| -2 =
(2n—2)—2=2n—4.

FIGURE 3. I'p,,.

Bold line: Every vertex of the set is adjacent to every vertex of the other set.

For study about symmetric group S,,, see [11, page 108].
Theorem 4.5. I's, is a nonempty identifiable graph if and only if n > 4.

Proof. 1f n = 3, then Nrg [(1,2)] = S3\ {(1)} = Nrg,[(1,3)]. Thus I'g, is not an identifiable
graph.

Let n > 4 and assume that I'g, is not an identifiable graph. Then there are two permutation o
and ¢ in S, such that Nry [0] = Nrg [6]. Thus Cg, (o) \ {1,0} = Cs, (6) \ {1,6}. By Theorem
@, we have o = (i1,42)(i3,14) . .. (ir—1,%,) and 6 = (J1,J2)(J3,J4) - - - (Js—1,Js), where |[{ir | 1 <
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E<r}=rand |[{ji|1<k<s} =s. Sinceod # do,so{ip |1 <k<rin{jp|l<k<s}#0.
Thus there exist 2 < ¢ < r and 2 < ¢ < s such that [{ip_1, 4} N {ji—1, e }| = 1. Without loss
of generality we can assume that i,—; = j,—1. It is easy to see that (iy_1,i¢)0 = o (i¢—1,%¢) and
(tg—1,10)0 # 0(ig—1,1). Thus (ig—1,i¢) € Cg,(c) \ {1,0} and (i—1,4¢) ¢ Cs, (0) \ {1,6}. It is in
contradiction with the fact that Cg, (o) \ {1,0} = Cg,(d) \ {1,d}. o

Let T = (a,bla® = 1,a% = b2, b= tab = a~!). It is well known that if G is a non-abelian group
of order 12, then G 2 Disor G 2 Ay or G=T.

Also every non-abelian group of order 2p is isomorphic to Dy, where p is an odd prime number.
Proposition 4.6. If G is isomorphic to the group A4, then v'P(T'g) = 9.

Proof. We know that Z(A4) = (1) and

Ay ={(1),(12)(34),(13)(24), (14)(23), (123), (132), (124), (142), (134), (143), (234), (243)}.

Then
Ca,((12)(34)) = {(1), (12)(34), (13)(24), (14)(23)} = W1,
Ca,((123)) = {(1), (132), (123)} = V4,
Ca,((124)) = {(1), (124), (142)} = V3,
Ca,((134)) = {(1), (134), (143)} = V4,
Ca,((234)) = {(1),(234), (243)} = V5

By the definition of non-commuting graph, I'4,[V1] & K3 and ' 4,[V;] & K, for every 2 < i < 5.
Also, every x € V; is adjacent to every y € Vj, for every 1 <i # j < 5. Hence, I' 4, is isomorphic
to complete 5-partite graph K39 99 3. By Lemma ID(Ty,) =09.

0

Theorem 4.7. Let G be a finite non-abelian group and U'g be an identifiable graph. Then
VP (Tg) > 5.

Proof. Let v/P(I'¢) = 1. By Theorem @ U] = 1. Hence |G| = 2. Which is impossible.

Let v/P(I'g) = 2. By Theorem @ Il'c| < 3. By Corollary @ |Z(G)| = 1and so |G| € {3,4}.
Thus G is an abelian group, which is false.
Let v'P(I'¢) = 3. By Theorem @ IT¢| < 7. By Corollary @ |Z(G)| = 1. Thus |G| < 8.

Since G is not an abelian group, so |G| € {6, 8}.

If |G| = 6. By Theorem @, I is not an identifiable graph.

If |G| =8, then G = Qg or G = Dg and so |Z(G)| = 2. It is not true.

Let v/P(I'¢) = 4. By Theorem @ II'c| < 15. By Corollary @ |Z(G)| = 1. Thus |G| < 16.
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P
s

Bold line: Every vertex of the set is adjacent to every vertex of the other set.

Since G is not an abelian group, so |G| € {6, 8, 10,12, 14}.

If |G] =8, then G = Qg or G = Dg and so |Z(G)| = 2. It is not true.

If |G| € {6,10,14}. By Theorem @, I'¢ is not an identifiable graph.

If |G| = 12, then G = Djp or G =2 Ay or G = T. Since |Z(G)| = 1, |Z(Di12)| # 1 and
|Z(T)| # 1, so G just isomorphic to A4. By Proposition @, YIP(T4,) = 9. Which is a
contradiction. Therefore, v/P(I'g) > 5. g

5. CONCLUSION

In this paper, we have studied the identifying code number of the non-commuting graph of
a non-abelian group. In Theorem @, we have shown that twin vertices occur only among the
elements of the group of order two. Also we have proved that if |Z(G)| # 1, then I'¢; is not an
identifiable graph. In Theorem @, we have established a lower bound for I'g. In Theorems
@ and @, we have investigated the identifiability and the identifying code number of I'p, .
In Theorem @, we have proved that if n > 4, then I'g, is an identifiable graph. Finally, in
Theorem @, we have shown that v/?(I'g) > 5.
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