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LOCAL AND 2-LOCAL 1
2-DERIVATIONS ON QUASI-FILIFORM LIE

ALGEBRAS OF MAXIMUM LENGTH

KHUSAINBOY ATAJONOV, NAFOSAT VAISOVA AND BAKHTIYOR YUSUPOV∗

Abstract. We determine all local 1
2
-derivations of quasi-filiform Lie algebras of maximum

length and compute the dimensions of the corresponding spaces. In every case, the space of

local 1
2
-derivations properly contains the space of 1

2
-derivations. We also construct explicit

non-additive 2-local 1
2
-derivations on each algebra in the classification.

1. Introduction

he notion of δ-derivations was introduced by V. Filippov for Lie algebras in [19, 20]. The
space of δ-derivations includes usual derivations (δ = 1), anti-derivations (δ = −1), and
elements from the centroid. In [20] it was proved that prime Lie algebras, as a rule, do not
have nonzero δ-derivations (provided δ ̸= 1,−1, 0, 12), and all 1

2 -derivations of an arbitrary
prime Lie algebra A over a field F of characteristic p ̸= 2, 3 with a non-degenerate symmetric
invariant bilinear form were described. It was proved that if A is a central simple Lie algebra
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over a field of characteristic p ̸= 2, 3 with a non-degenerate symmetric invariant bilinear form,
then any 1

2 -derivation φ has the form φ(x) = λx for some λ ∈ F.
In [21], δ-derivations were investigated for prime alternative and non-Lie Malcev algebras

over the ring of operators F, and it was proved that alternative and non-Lie Malcev algebras
with certain restrictions on F have no non-trivial δ-derivations. The description of δ-derivations
of classical Lie superalgebras was given in [26]. The δ-derivations of finite-dimensional semisim-
ple Jordan algebras over a field of characteristic p ̸= 2 and δ-superderivations of finite-
dimensional simple Lie and Jordan superalgebras were investigated in [27]. Zusmanovich
[41] described δ-(super)derivations of prime Lie superalgebras. Specifically, he proved that a
prime Lie superalgebra has no non-trivial δ-(super)derivations for δ ̸= 1,−1, 0, 12 . Moreover,
in [40] it is proved that any δ-derivation of a finite-dimensional simple Jordan algebra with
values in a finite-dimensional unital irreducible bimodule is, in a sense, trivial.

Nowadays, local and 2-local operators have become popular for non-associative algebras
such as Lie, Jordan, and Leibniz algebras. The notions of local derivations were introduced
in 1990 by Kadison [25] and Larson and Sourour [32]. Later, in 1997, Šemrl introduced the
notions of 2-local derivations and 2-local automorphisms of algebras [34].

The investigation of local derivations on Lie algebras was initiated by Ayupov and Ku-
daybergenov in [12]. They proved that every local derivation on a semisimple Lie alge-
bra is a derivation and gave examples of finite-dimensional nilpotent Lie algebras with lo-
cal derivations which are not derivations. In [9], local derivations of solvable Lie algebras
are investigated, and it is shown that the class of solvable Lie algebras contains both alge-
bras admitting local derivations which are not derivations and algebras for which every local
derivation is a derivation. Several authors have investigated local derivations and related
local-type operators on finite- and infinite-dimensional Lie, Leibniz, and associative algebras
[5, 6, 8, 10, 13, 15, 17, 7, 2, 28, 36, 38]. Closely related investigations of almost inner deriva-
tions of nilpotent, solvable, and simple Leibniz algebras were carried out in [2, 30, 31]. It was
proved that all local derivations of the following algebras are derivations: Borel subalgebras of
finite-dimensional simple Lie algebras; Witt algebras; solvable Lie algebras of maximal rank;
Cayley algebras; locally finite split simple Lie algebras; Schrödinger algebras; and conformal
Galilei algebras.

Several papers have been devoted to similar notions and corresponding problems for 2-local
derivations and automorphisms of Lie algebras [3, 11, 14, 15, 16, 18, 24, 35, 37]. Specifically,
in [11] it is proved that every 2-local derivation on a semisimple Lie algebra is a derivation
and that each finite-dimensional nilpotent Lie algebra of dimension greater than two admits a
2-local derivation which is not a derivation. The list of Lie algebras for which all 2-local deriva-
tions are derivations includes finite-dimensional semisimple Lie algebras, Witt algebras, locally
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finite split simple Lie algebras, Virasoro algebras, the Virasoro-like algebra, the Schrödinger–
Virasoro algebra, Jacobson–Witt algebras, and planar Galilean conformal algebras.

The investigation of local and 2-local δ-derivations on Lie algebras was initiated by Khu-
doyberdiyev and Yusupov in [29]. In that paper the authors introduced local and 2-local
δ-derivations and described local and 2-local 1

2 -derivations of finite-dimensional solvable Lie
algebras with filiform, Heisenberg, and abelian nilradicals. Moreover, they described local 1

2 -
derivations of oscillator Lie algebras, conformal perfect Lie algebras, and Schrödinger algebras.
Yusupov, Vaisova, and Madrakhimov proved similar results for local 1

2 -derivations of naturally
graded quasi-filiform Leibniz algebras of type I in [39]. They proved that these algebras, as
a rule, admit local 1

2 -derivations which are not 1
2 -derivations. Mamadaliyev, Sattarov, and

Yusupov investigated local and 2-local 1
2 -derivations on solvable Leibniz algebras in [33].

In this work, we investigate local and 2-local 1
2 -derivations of quasi-filiform Lie algebras of

maximum length. We describe all local 1
2 -derivations and show that these algebras admit local

1
2 -derivations which are not 1

2 -derivations. Moreover, we construct 2-local 1
2 -derivations which

are not 1
2 -derivations.

2. Preliminaries

Throughout the paper, all algebras are considered over the field C unless otherwise stated.

Definition 2.1. Let (L, [−,−]) be an algebra. A linear map φ : L → L is called a δ-derivation
if

φ([x, y]) = δ
(
[φ(x), y] + [x, φ(y)]

)
,

for all x, y ∈ L, where δ belongs to the ground field F.

Note that a 1-derivation is a usual derivation and a (−1)-derivation is called an anti-
derivation. If φ1 and φ2 are δ1- and δ2-derivations, respectively, then their commutator
[φ1, φ2] = φ1φ2 − φ2φ1 is a δ1δ2-derivation. The set of all δ-derivations of L, for fixed δ,
is denoted by Derδ(L). For Lie algebras, anti-derivations coincide with reverse derivations,
which were studied by Herstein in [23]. The main example of a 1

2 -derivation is multiplication
by an element of the ground field, that is, φ(x) = λx for all x ∈ L. Such 1

2 -derivations are
called trivial.

Since local operators may be defined for any type of operator, we use the following defini-
tions.

Definition 2.2. A linear map ∆ : L → L is called a local δ-derivation if, for every x ∈ L,
there exists a δ-derivation φx : L → L (depending on x) such that ∆(x) = φx(x). The set of
all local δ-derivations on L is denoted by LocDerδ(L).
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Definition 2.3. A map ∇ : L → L, not necessarily linear, is called a 2-local δ-derivation if,
for every x, y ∈ L, there exists φx,y ∈ Derδ(L) such that

∇(x) = φx,y(x), ∇(y) = φx,y(y).

A 2-local δ-derivation need not be linear, but it is homogeneous: for every x ∈ L and every
scalar λ,

∇(λx) = φx,λx(λx) = λφx,λx(x) = λ∇(x).

In this work, we focus on local and 2-local 1
2 -derivations. Since any 1

2 -derivation is both a local
and a 2-local 1

2 -derivation, we are interested in local and 2-local 1
2 -derivations which are not

1
2 -derivations. We call them non-trivial local and non-trivial 2-local 1

2 -derivations, respectively.
The lower central series of a Lie algebra L is defined by

L1 = L, Lk+1 = [Lk,L], k ≥ 1.

Definition 2.4. A Lie algebra L is called nilpotent if there exists k ∈ N such that Lk = {0}.
The minimal such k is called the index of nilpotency of L.

Definition 2.5. An n-dimensional Lie algebra is called quasi-filiform if its index of nilpotency
is equal to n− 1.

We now define maximum length for nilpotent Lie algebras. A Lie algebra L is Z-graded if
L =

⊕
i∈Z Vi, where [Vi, Vj ] ⊆ Vi+j for all i, j ∈ Z and only finitely many Vi are nonzero. A

nilpotent Lie algebra L admits a connected gradation L = Vk1 ⊕· · ·⊕Vkt if Vki ̸= {0} for every
1 ≤ i ≤ t.

Definition 2.6. The number

l(⊕L) = l(Vk1 ⊕ · · · ⊕ Vkt) = kt − k1 + 1,

is called the length of the gradation. A gradation is of maximum length if l(⊕L) = dimL.

We denote by l(L) the maximum of l(⊕L) over all connected gradations of L.

Definition 2.7. A Lie algebra L is called of maximum length if l(L) = dimL.

The following classification of quasi-filiform Lie algebras of maximum length was obtained
in [22].
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Theorem 2.8. Let L be an n-dimensional quasi-filiform Lie algebra of maximum length. Then
L is isomorphic to one of the following pairwise non-isomorphic algebras:

g1(n,1) :

[e1, ei] = ei+1, 2 ≤ i ≤ n− 2,

[ei, en−i] = (−1)ien, 2 ≤ i ≤ n− 1

2
,

n ≥ 5 and n odd;

g2(n,1) :

[e1, ei] = ei+1, 2 ≤ i ≤ n− 2,

[ei, en] = ei+2, 2 ≤ i ≤ n− 3,
n ≥ 5;

g3(n,1) :


[e1, ei] = ei+1, 2 ≤ i ≤ n− 2,

[ei, en] = ei+2, 2 ≤ i ≤ n− 3,

[e2, ei] = ei+3, 3 ≤ i ≤ n− 4,

n ≥ 7;

g17 :


[e1, ei] = ei+1, 2 ≤ i ≤ 5,

[e2, ei] = ei+2, 3 ≤ i ≤ 4,

[ei, e7−i] = (−1)ie7, 2 ≤ i ≤ 3;

g29 :



[e1, ei] = ei+1, 2 ≤ i ≤ 7,

[e2, ei] = ei+2, 3 ≤ i ≤ 4,

[e2, e5] = 3e7, [e2, e6] = 5e8,

[e3, ei] = −2ei+3, 4 ≤ i ≤ 5,

[ei, e9−i] = (−1)ie9, 2 ≤ i ≤ 4;

g311 :



[e1, ei] = ei+1, 2 ≤ i ≤ 9,

[e2, ei] = ei+2, 3 ≤ i ≤ 4,

[e2, ei] = −ei+2, 6 ≤ i ≤ 7,

[e3, e7] = −e10,

[e3, ei] = ei+3, 4 ≤ i ≤ 5,

[e4, ei] = ei+4, 5 ≤ i ≤ 6,

[ei, e11−i] = (−1)ie11, 2 ≤ i ≤ 5.

Here {e1, e2, . . . , en} is a basis of the algebra.
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The following description of the 1
2 -derivations of quasi-filiform Lie algebras of maximum

length was obtained in [1].

Theorem 2.9. Any 1
2 -derivation φ of a quasi-filiform Lie algebra of maximum length has one

of the following forms. All parameters occurring in each case are arbitrary complex numbers,
while repeated symbols denote the same parameter.

• For g1(n,1), n = 5,



φ(e1) = α1e1 + α2e2 + α3e3 + α4e4 + α5e5,

φ(e2) = β1e1 + β2e2 + β3e3 + β4e4 + β5e5,

φ(e3) =
1
2(α1 + β2)e3 +

1
2β3e4 −

1
2α3e5,

φ(e4) =
1
4(3α1 + β2)e4 +

1
2α2e5,

φ(e5) =
1
2β1e4 +

1
4(α1 + 3β2)e5.

• For g1(n,1), n ≥ 7,



φ(e1) =
n∑

i=1

αiei,

φ(e2) = α1e2 + βn−2en−2 + βn−1en−1 + βnen,

φ(e3) = α1e3 +
1
2βn−2en−1 − 1

2αn−2en,

φ(ei) = α1ei +
(−1)i

2
αn−i+1en, 4 ≤ i ≤ n− 1,

φ(en) = α1en.

• For g2(n,1), n = 5,



φ(e1) = α1e1 + α2e2 + α3e3 + α4e4 + α5e5,

φ(e2) = β2e2 + β3e3 + β4e4 + β5e5,

φ(e3) =
1
2(α1 + β2)e3 +

1
2(β3 − α5)e4,

φ(e4) =
1
4(3α1 + β2)e4,

φ(e5) = −α2e3 + γ4e4 +
1
2(3α1 − β2)e5.
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• For g2(n,1), n = 6,



φ(e1) = α1e1 + α2e2 + α3e3 + α4e4 + α5e5 + α6e6,

φ(e2) = α1e2 − 3α6e3 + β4e4 + β5e5,

φ(e3) = α1e3 − 2α6e4 +
1
2β4e5,

φ(e4) = α1e4 − 3
2α6e5,

φ(e5) = α1e5,

φ(e6) = −α2e3 − α3e4 + γ5e5 + α1e6.

• For g2(n,1), n ≥ 7,



φ(e1) =

n−1∑
i=1

αiei,

φ(e2) = α1e2 + βn−2en−2 + βn−1en−1,

φ(e3) = α1e3 +
1
2βn−2en−1,

φ(ei) = α1ei, 4 ≤ i ≤ n− 1,

φ(en) = −
n−2∑
i=3

αi−1ei + γn−1en−1 + α1en.

• For g3(n,1), n = 7,



φ(e1) = α1e1 + α2e2 + α3e3 + α4e4 + α5e5 + α6e6,

φ(e2) = α1e2 + 4α2e4 + β5e5 + β6e6,

φ(e3) = α1e3 + 2α2e5 +
1
2(β5 − α3)e6,

φ(e4) = α1e4 +
3
2α2e6,

φ(e5) = α1e5, φ(e6) = α1e6,

φ(e7) = −α2e3 − α3e4 − α4e5 + γ6e6 + α1e7.
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• For g3(n,1), n ≥ 8,



φ(e1) = α1e1 +
n−1∑
i=3

αiei,

φ(e2) = α1e2 +
n−3∑
i=5

αi−2ei + βn−2en−2 + βn−1en−1,

φ(e3) = α1e3 +
1
2(βn−2 − αn−4)en−1,

φ(ei) = α1ei, 4 ≤ i ≤ n− 1,

φ(en) = −
n−2∑
i=4

αi−1ei + γn−1en−1 + α1en.

• For g17,



φ(e1) = α1e1 + α3e3 + α4e4 + α5e5 + α6e6 + α7e7,

φ(e2) = α1e2 − 1
3α3e4 + β5e5 + β6e6 + β7e7,

φ(e3) = α1e3 − 2
3α3e5 +

1
2(β5 − α4)e6 − 1

2α5e7,

φ(e4) = α1e4 − 1
3α3e6 +

1
2α4e7,

φ(e5) = α1e5 − 1
2α3e7,

φ(e6) = α1e6, φ(e7) = α1e7.

• For g29,



φ(e1) = α1e1 + α5e5 + α6e6 + α7e7 + α8e8 + α9e9,

φ(e2) = α1e2 +
1
3α5e6 + β7e7 + β8e8 + β9e9,

φ(e3) = α1e3 − 4
3α5e7 +

1
2(β7 − 5α6)e8 − 1

2α7e9,

φ(e4) = α1e4 +
1
3α5e8 +

1
2α6e9,

φ(e5) = α1e5 − 1
2α5e9,

φ(ei) = α1ei, 6 ≤ i ≤ 9.
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• For g311,

φ(e1) = α1e1 + α6e6 + α7e7 + α8e8 + α9e9 + α10e10 + α11e11,

φ(e2) = α1e2 − α6e7 − α7e8 + β9e9 + β10e10 + β11e11,

φ(e3) = α1e3 +
1
2β9e10 −

1
2α9e11,

φ(e4) = α1e4 +
1
2α7e10 +

1
2α8e11,

φ(e5) = α1e5 − 1
2α6e10 − 1

2α7e11,

φ(e6) = α1e6 +
1
2α6e11,

φ(ei) = α1ei, 7 ≤ i ≤ 11.

3. Local and 2-local 1
2-derivations on quasi-filiform Lie algebras of maximum

length

3.1. Local 1
2-derivations on quasi-filiform Lie algebras of maximum length. In this

subsection, we investigate local 1
2 -derivations on quasi-filiform Lie algebras of maximum length.

Theorem 3.1. Any local 1
2 -derivation ∆ of a quasi-filiform Lie algebra of maximum length

has one of the following forms. All parameters with different symbols in each case are arbitrary
and independent complex numbers, while repeated symbols denote the same parameter.

• For g1(n,1), n = 5,

∆(e1) = a1e1 + a2e2 + a3e3 + a4e4 + a5e5,

∆(e2) = a6e1 + a7e2 + a8e3 + a9e4 + a10e5,

∆(e3) = a11e3 + a12e4 + a13e5,

∆(e4) = a14e4 + a15e5,

∆(e5) = a16e4 + a17e5.

• For g1(n,1), n ≥ 7,

(1)



∆(e1) =

n∑
i=1

aiei,

∆(e2) = λe2 + b2en−2 + b3en−1 + b4en,

∆(e3) = λe3 + c2en−1 + c3en,

∆(ei) = λei + cien, 4 ≤ i ≤ n− 1,

∆(en) = den.
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• For g2(n,1), n = 5,

∆(e1) = a1e1 + a2e2 + a3e3 + a4e4 + a5e5,

∆(e2) = a6e2 + a7e3 + a8e4 + a9e5,

∆(e3) = a10e3 + a11e4,

∆(e4) = a12e4,

∆(e5) = a13e3 + a14e4 + a15e5.

• For g2(n,1), n = 6,

∆(e1) = a1e1 + a2e2 + a3e3 + a4e4 + a5e5 + a6e6,

∆(e2) = a7e2 + a8e3 + a9e4 + a10e5,

∆(e3) = a11e3 + a12e4 + a13e5,

∆(e4) = a14e4 + a15e5,

∆(e5) = a16e5,

∆(e6) = a17e3 + a18e4 + a19e5 + a7e6.

• For g2(n,1), n ≥ 7, 

∆(e1) =
n−1∑
i=1

aiei,

∆(e2) = a1e2 + bn−2en−2 + bn−1en−1,

∆(e3) = a1e3 + cen−1,

∆(ei) = a1ei, 4 ≤ i ≤ n− 1,

∆(en) =
n−1∑
i=3

diei + a1en.

• For g3(n,1), n = 7,

∆(e1) = a1e1 + a2e2 + a3e3 + a4e4 + a5e5 + a6e6,

∆(e2) = a1e2 + a7e4 + a8e5 + a9e6,

∆(e3) = a1e3 + a10e5 + a11e6,

∆(e4) = a1e4 + a12e6,

∆(e5) = a1e5, ∆(e6) = a1e6,

∆(e7) = a13e3 + a14e4 + a15e5 + a16e6 + a1e7.
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• For g3(n,1), n ≥ 8,



∆(e1) = a1e1 +

n−1∑
i=3

aiei,

∆(e2) = a1e2 +
n−1∑
i=5

biei,

∆(e3) = a1e3 + a2en−1,

∆(ei) = a1ei, 4 ≤ i ≤ n− 1,

∆(en) =
n−1∑
i=4

ciei + a1en.

• For g17,



∆(e1) = a1e1 + a2e3 + a3e4 + a4e5 + a5e6 + a6e7,

∆(e2) = a1e2 + a7e4 + a8e5 + a9e6 + a10e7,

∆(e3) = a1e3 + a11e5 + a12e6 + a13e7,

∆(e4) = a1e4 + a14e6 + a15e7,

∆(e5) = a1e5 + a16e7,

∆(e6) = a1e6, ∆(e7) = a1e7.

• For g29,



∆(e1) = a1e1 + a2e5 + a3e6 + a4e7 + a5e8 + a6e9,

∆(e2) = a1e2 + a7e6 + a8e7 + a9e8 + a10e9,

∆(e3) = a1e3 + a11e7 + a12e8 + a13e9,

∆(e4) = a1e4 + a14e8 + a15e9,

∆(e5) = a1e5 + a16e9,

∆(ei) = a1ei, 6 ≤ i ≤ 9.
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• For g311,

∆(e1) = a1e1 + a2e6 + a3e7 + a4e8 + a5e9 + a6e10 + a7e11,

∆(e2) = a1e2 + a8e7 + a9e8 + a10e9 + a11e10 + a12e11,

∆(e3) = a1e3 + a13e10 + a14e11,

∆(e4) = a1e4 + a15e10 + a16e11,

∆(e5) = a1e5 + a17e10 + a18e11,

∆(e6) = a1e6 + a19e11,

∆(ei) = a1ei, 7 ≤ i ≤ 11.

Proof. We give the details for g1(n,1), n ≥ 7. The remaining cases follow from the same
coefficient-comparison and evaluation-system argument described at the end of the proof.
Let ∆ be an arbitrary local 1

2 -derivation on g1(n,1). For every x =
∑n

i=1 xiei, there exists a
1
2 -derivation φx such that ∆(x) = φx(x).

Choosing successively x = e1, e2, . . . , en, we obtain

∆(e1) =
n∑

i=1

aiei,

∆(e2) = b1e2 + b2en−2 + b3en−1 + b4en,

∆(e3) = c1e3 + c2en−1 + c3en,

∆(ei) = diei + cien, 4 ≤ i ≤ n− 1,

∆(en) = den.

Consider

∆(e2 + e3) = b1e2 + b2en−2 + b3en−1 + b4en + c1e3 + c2en−1 + c3en.

On the other hand,

∆(e2 + e3) = φe2+e3(e2) + φe2+e3(e3)

= α1,e2+e3e2 + βn−2,e2+e3en−2 + βn−1,e2+e3en−1 + βn,e2+e3en

+ α1,e2+e3e3 +
1

2
βn−2,e2+e3en−1 −

1

2
αn−2,e2+e3en.

Comparing the coefficients of e2 and e3 gives α1,e2+e3 = b1 = c1.
For 4 ≤ i ≤ n− 3, consider

∆(e2 + ei) = b1e2 + b2en−2 + b3en−1 + b4en + diei + cien.
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There exists a 1
2 -derivation φe2+ei such that

∆(e2 + ei) = φe2+ei(e2) + φe2+ei(ei)

= α1,e2+eie2 + βn−2,e2+eien−2 + βn−1,e2+eien−1 + βn,e2+eien

+ α1,e2+eiei +
(−1)i

2
αn−i+1,e2+eien.

Comparing the coefficients of e2 and ei yields di = b1 for 4 ≤ i ≤ n− 3.
Similarly, for n− 2 ≤ i ≤ n− 1, consider

∆(e4 + ei) = b1e4 + c4en + diei + cien.

On the other hand,

∆(e4 + ei) = φe4+ei(e4) + φe4+ei(ei)

= α1,e4+eie4 +
1

2
αn−3,e4+eien + α1,e4+eiei +

(−1)i

2
αn−i+1,e4+eien.

Comparing the coefficients of e4 and ei gives di = b1 for n− 2 ≤ i ≤ n− 1.
It remains to show that every linear operator of the form

∆(e1) =
n∑

i=1

aiei,

∆(e2) = b1e2 + b2en−2 + b3en−1 + b4en,

∆(e3) = b1e3 + c2en−1 + c3en,

∆(ei) = b1ei + cien, 4 ≤ i ≤ n− 1,

∆(en) = den

is a local 1
2 -derivation on g1(n,1). For x =

∑n
i=1 xiei, the identity ∆(x) = φx(x) is equivalent to

a1x1 = α1,xx1,

aix1 + b1xi = αi,xx1 + α1,xxi, 2 ≤ i ≤ n− 3,

an−2x1 + b2x2 + b1xn−2 = αn−2,xx1 + βn−2,xx2 + α1,xxn−2,

an−1x1 + b3x2 + c2x3 + b1xn−1 = αn−1,xx1 + βn−1,xx2 +
βn−2,x

2
x3 + α1,xxn−1,

anx1 + b4x2 +
n−1∑
i=3

cixi + dxn = αn,xx1 + βn,xx2 +
n−1∑
i=3

(−1)iαn−i+1,x

2
xi + α1,xxn.(2)

We distinguish the following cases.
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Case 1. If x1 ̸= 0, take α1,x = a1 and

αi,x =
aix1 + b1xi − α1,xxi

x1
, 2 ≤ i ≤ n− 3,

αn−2,x =
an−2x1 + b2x2 + b1xn−2 − βn−2,xx2 − α1,xxn−2

x1
,

αn−1,x =
an−1x1 + b3x2 + c2x3 + b1xn−1 − βn−1,xx2 − 1

2βn−2,xx3 − α1,xxn−1

x1
,

αn,x =
anx1 + b4x2 +

∑n−1
i=3 cixi + dxn − βn,xx2 −

∑n−1
i=3

(−1)iαn−i+1,x

2 xi − α1,xxn

x1
,

where βn−2,x, βn−1,x, βn,x are arbitrary.

Case 2. If x1 = 0 and x2 ̸= 0, take

α1,x = b1,

βn−2,x =
b2x2 + b1xn−2 − α1,xxn−2

x2
,

βn−1,x =
b3x2 + c2x3 + b1xn−1 − 1

2βn−2,xx3 − α1,xxn−1

x2
,

βn,x =
b4x2 +

∑n−1
i=3 cixi + dxn −

∑n−1
i=3

(−1)iαn−i+1,x

2 xi − α1,xxn

x2
,

where α2,x, . . . , αn−2,x are arbitrary.

Case 3. If x1 = x2 = 0 and x3 ̸= 0, take

α1,x = b1,

βn−2,x =
2
(
c2x3 + b1xn−1 − α1,xxn−1

)
x3

,

αn−2,x = −2

n−1∑
i=3

cixi + dxn −
n−1∑
i=4

(−1)iαn−i+1,x

2
xi − α1,xxn

x3
,

where α2,x, . . . , αn−3,x are arbitrary.

Case 4. If x1 = x2 = · · · = xi−1 = 0 and xi ̸= 0, where 4 ≤ i ≤ n− 1, take α1,x = b1 and

αn−i+1,x = 2(−1)i
∑n−1

j=i cjxj + dxn −
∑n−2

j=i
(−1)j+1αn−j,xxj+1

2 − α1,xxn

xi
,

where α2,x, . . . , αn−i,x are arbitrary.

Case 5. If x1 = x2 = · · · = xn−1 = 0 and xn ̸= 0, take α1,x = d. If x = 0, take φ0 = 0.
Thus, for every choice of the coefficients in (1), there exist coefficients defining φx for which

(2) holds. Hence every transformation of the form (1) is a local 1
2 -derivation on g1(n,1), n ≥ 7.
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For completeness, let D1, . . . , Dr be a basis of Der 1
2
(L). By the definition of a local 1

2 -
derivation, a linear operator T on L is local if and only if

T (x) ∈ span{D1(x), . . . , Dr(x)} for every x ∈ L.

Equivalently,

rank
(
D1(x), . . . , Dr(x), T (x)

)
= rank

(
D1(x), . . . , Dr(x)

)
for every x ∈ L.

Substituting the 1
2 -derivations listed in Theorem 2.9 into this criterion gives exactly the re-

maining forms displayed in the statement.
In particular, for g3(7,1), applying locality to e1+ e7 and comparing the coefficients of e1 and

e7 gives a17 = a1. Therefore

∆(e7) = a13e3 + a14e4 + a15e5 + a16e6 + a1e7,

and hence
dim LocDer 1

2

(
g3(7,1)

)
= 16.

The corresponding evaluation systems for the remaining algebras produce no additional rela-
tions and also prove the sufficiency of the displayed forms.

The dimensions in the following table are obtained by counting the independent parameters
in Theorems 2.9 and 3.1. Repeated parameters are counted only once.

Algebra dim Der 1
2

dim LocDer 1
2

g1(5,1) 10 17

g1(n,1), n ≥ 7 n+ 3 2n+ 3

g2(5,1) 10 15

g2(6,1) 9 19

g2(n,1), n ≥ 7 n+ 2 2n− 1

g3(7,1) 9 16

g3(n,1), n ≥ 8 n+ 1 3n− 10

g17 9 16

g29 9 16

g311 10 19

Corollary 3.2. Quasi-filiform Lie algebras of maximum length admit local 1
2 -derivations which

are not 1
2 -derivations.
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Proof. In every row of the preceding table, dim LocDer 1
2
(L) > dim Der 1

2
(L). Therefore

LocDer 1
2
(L) contains an operator which is not a 1

2 -derivation.

3.2. 2-local 1
2-derivations on quasi-filiform Lie algebras of maximum length. We now

investigate 2-local 1
2 -derivations on quasi-filiform Lie algebras of maximum length.

Theorem 3.3. Every quasi-filiform Lie algebra of maximum length admits a 2-local 1
2 -

derivation which is not a 1
2 -derivation.

Proof. For every algebra L in Theorem 2.8, choose a nonzero vector zL as follows:

L zL L zL

g1(5,1) e5 g3(7,1) e6

g1(n,1), n ≥ 7 en g3(n,1), n ≥ 8 en−1

g2(5,1) e4 g17 e7

g2(6,1) e5 g29 e9

g2(n,1), n ≥ 7 en−1 g311 e11

It follows directly from Theorem 2.9 that, for arbitrary µ, ν ∈ C, the linear map

(3) Dµ,ν(x) = (µx1 + νx2)zL, x =
n∑

i=1

xiei,

is a 1
2 -derivation of L.

Define a homogeneous function f : C2 → C by

f(u, v) =


u2

v
, v ̸= 0,

0, v = 0.

For x =
∑n

i=1 xiei ∈ L, put

(4) ∇L(x) = f(x1, x2)zL.

It is easy to see that the function f is homogeneous but not additive. Consequently, ∇L is not
linear and hence is not a 1

2 -derivation.
Let x, y ∈ L. To find a 1

2 -derivation of the form (3) which agrees with ∇L at x and y, it is
enough to solve

(5)

x1µ+ x2ν = f(x1, x2),

y1µ+ y2ν = f(y1, y2).

If x1y2 − x2y1 ̸= 0, this system has a unique solution.
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Suppose that x1y2 − x2y1 = 0. If one of the rows (x1, x2) and (y1, y2) is zero, then its
right-hand side is also zero. If both rows are nonzero, there exists t ∈ C such that

(y1, y2) = t(x1, x2).

Since f is homogeneous,

f(y1, y2) = tf(x1, x2),

and hence the two equations in (5) are compatible. Thus, the system is solvable in every case.
Choose a solution (µ, ν) and set φx,y = Dµ,ν . Then

φx,y(x) = ∇L(x), φx,y(y) = ∇L(y).

Therefore ∇L is a 2-local 1
2 -derivation which is not a 1

2 -derivation. The construction applies
to every algebra in the classification.
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