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1. INTRODUCTION

Let G be a simple graph with vertex set v(G) = {v1,ve,...,v,}. If A(G) and D(G) are the
adjacency and degree matrices of G then the Laplacian matrix and signless Laplacian matrix

of G, denoted by L(G) and Q(G) respectively, are given by
L(G) := D(G) — A(G), and Q(G) = D(G) + A(G).

The spectrum (denoted by Spec(G)), Laplacian spectrum (denoted by L-spec(G)) and signless
Laplacian spectrum (denoted by Q-spec(G)) of G are sets of eigenvalues of A(G), L(G) and
Q(G) with multiplicities respectively. We write Spec(G) = {[au]*, [a2]®?, [a3]®3, ..., [a;]% },
L-spec(G) = {[B1]", [82]", [B3]"%, ..., [Bk]*} and Q-spec(G) = {[n]™, [v2]2, [va], -, [u] 3,
where [z;]Y" means that the eigenvalue z; has algebraic multiplicity y;. A graph G is called
integral, L-integral and Q-integral if Spec(G), L-spec(G) and Q-spec(G) contain only integers.
The notion of integral graph was introduced by Harary and Schwenk [15] in 1974. Grone and
Merris [9] in 1994 and Simic and Stanic [25] in 2008 introduced the notions of L-integral and
Q-integral graphs respectively.

The energy, Laplacian energy and signless Laplacian energy of G, denoted by E(G), LE(G)
and LET(G) are defined as

EG) = Y o, LE(G) == > |8-A(9),

a€Spec(G) B€L-spec(G)
and
LEF@) = Y =A@l
vEQ-spec(G)
where A(G) = ‘ﬁje(gs))“. In 1978, Gutman [10] introduced the notion of E(G); in 2006, Gutman
and Zhou [14] introduced the notion of LE(G); and in 2008, Gutman et al. [12] introduced

the notion of LE*(G). As noted in [[13], these energies have applications in crystallography,

macromolecular theory, protein sequence analysis and comparison, network analysis, satellite

communication, image processing etc. Note that
(1) E(K,) = LE(K,) = LET(K,) = 2(n — 1),

where K, is a complete graph of order n. A graph G is called hyperenergetic if E(G) >
E(K|y(gy) and borderenergetic if E(G) = E(K|yg)); L-hyperenergetic if LE(G) > LE(K|,gy|)
and L-borderenergetic if LE(G) = LE(K|,(g)) and Q-hyperenergetic if LE*(G) > LET (K,g)|)
and Q-borderenergetic if LE*(G) = LET (K\y(g)). It is worth mentioning that the concept of
hyperenergetic graph was introduced by Walikar et al. [29] and Gutman [11], independently
in 1999 and L-hyperenergetic and Q-hyperenergetic graphs were introduced in [[7]. The con-

cepts of borderenergetic, L-borderenergetic and Q-borderenergetic graphs were introduced by
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Gong et al. [8], Tura [28] and Tao et al. [27] in the years 2015, 2017 and 2018 respectively.
Throughout the paper, we write mK, to denote the disjoint union of m copies of K.

Let G be a finite non-abelian group with center Z(G). We write 2& to denote the conjugacy
class of z € G. The non-commuting conjugacy class graph (abbreviated as NCCC-graph) of G,
denoted by T'g, is a simple undirected graph whose vertex set is {2 : € G\ Z(G)} and two
vertices & and y© are adjacent to each other if 2y’ # ¢z’ for all 2/ € & and y' € y©. The
complement of this graph is known as commuting conjugacy class graph (in short CCC-graph)
of G and it is denoted by CCC(G). The study of CCC-graphs of groups was initiated by
Herzog, Longobardi, and Maj [16] in 2009. In 2016, Mohammadian et al. [20] characterized
finite groups whose CCC-graphs are triangle-free. Subsequently, structures of CCC-graphs
of several families of finite non-abelian groups have been obtained in [21, 22, 23]. Later on,
Bhowal and Nath [2, B, 4] have computed spectrum, Laplacian spectrum, signless Laplacian
spectrum and their corresponding energies. Bhowal and Nath also obtained various groups
such that CCC-graphs are hyperenergetic, L-hyperenergetic and Q-hyperenergetic. Recently,
Jannat and Nath [17] have computed various common neighbourhood spectra and common
neighbourhood energies of CCC-graphs of several classes of finite non-abelian groups and
obtained finite non-abelian groups such that their CCC-graphs are common neighbourhood
hyperenergetic, common neighbourhood Laplacian hyperenergetic and common neighbourhood
signless Laplacian hyperenergetic. All these results can be found in the survey article [5]. It
is worth mentioning that NCCC-graphs of groups were not much studied. To our knowledge,
[18] is the only paper where Jannat and Nath studied several distance spectral properties and
Wiener index of NCCC-graphs.

In Section 2 of this paper, we first compute spectrum, Laplacian spectrum, signless Laplacian
spectrum and their corresponding energies of I'¢ when G is the group such that % is
isomorphic to Z, x Z, (for any prime p) and the dihedral group Da,, (for any integer m > 3).
As a consequence, we compute the above mentioned graph parameters for NCCC-graphs of
the dihedral group Da,, = (z,y : 2™ = y?> = 1L,yzy~' = 271 (for m > 3), the dicyclic
group Ty = {(x,y : 22" = 1,2™ = y? y~loy = 27 !) (for m > 2), the semidihedral group
SDgp = (z,y : 2™ = y? = 1, yzy = ¥~ 1) (for m > 2) and the groups Unmy = (2,9 : 2 =
y" = 1,27 lyr =y~ 1) (for m > 3 and n > 2), Ugy, = (w,y : 2*™ =32 = 1,27 lyz = y~1) (for
m >2) and Vg, = (z,y: 2" = y* = L,yz =z Yy~ Lyl = 27 1y) (for m > 2).

Dg
x
P10 g D12 yD12
> yPo X
yPs (wy)Ps ()P0 (a?)P12 (y)Pro
I'py = K3z =T'py I'p, = Ko I'p, = Koo

FIGURE 1. NCCC—graphs of Dg, Tg, D1 and D1o.
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In the subsequent section, we compare these energies and identify conditions under which
these graphs are borderenergetic, L-borderenergetic, Q-borderenergetic, hyperenergetic, L-
hyperenergetic or Q-hyperenergetic. Additionally, we derive several conditions such that these
graphs are integral, L-integral and Q-integral. We also provide a graphical comparison of the
energy, Laplacian energy and signless Laplacian energy of NCCC-graphs of the aforementioned

groups.

2. VARIOUS SPECTRA AND ENERGIES OF NCCC-GRAPHS

Let P(G,z), Pr(G,xz) and Pg(G,x) be the characteristic polynomials of A(G), L(G)
and Q(G) respectively. We write Ky .p; a0p, t0 denote the complete r-partite graph
Kpy,...,p1.,pa2,...,pa, Where r = a1 + az. The following lemma that follows from [24, Theo-

—— ——

aq-times ag-times

rem 1.6] is useful in computing spectrum, L-spectrum and Q-spectrum of the NCCC-graphs

of groups.
Lemma 2.1. If G = K4, ., a0-p, O 1 = a1p1 + aop2 vertices and r = a1 + a then
(1) P(G,x) = a7 (z+p)® " Ha+p2)® 7 (2 + (p1(1—a1)+p2(l—a2))z+p1p2(l—a1—az)).
(2) PL(G,x) = z(z—(a1p1+p2(az—1)))2P2=D (2 —(agpatpi (a1 —1))) @ P1—D (g —p)@rtaz—1,
(3) Po(G,2) = [Tizy(e — (n—p) =PV (2 — (n = 2pi)" (2 — 2(2n +pi(ar — 2) +
p2(az — 2)) +n* = 2n(p1 + p2) + n(a1p1 + azp2) + 2p1p2(2 — a1 — az)).

Putting a1 = a,p1 = b and as = p2 = 0 in Lemma @, we get the following result.

Lemma 2.2. If G = K., then
(1) P(G,z) = z¢®=D(z +b)* ! (z — b(a — 1)).
(2) PL(G,z) = z(x — b(a — 1))~V (z — ab)* 1.

(3) Po(G,x) = (z —bla — 1))a(b_1)(:c —ba—2))"(z — 2b(a —1)).

2.1. Groups G such that Z(G) = Zp X Zyp. In this subsection, we consider NCCC-graphs of

the groups whose central quotients are isomorphic to the group Z, x Zj, for any prime p.

Theorem 2.3. Let G be a finite non-abelian group such that (G) & Zyp X Ly, where p is any
prime. Then

Spec(Tg) = {[0]®*DO=D [—n]P [np]'}, L-spec(T'g) = {[0], [np] PV [(p+ 1)n]P},
Q-spec(I'g) = {[np]P+D(" ,[n(p— 1P, 2np]'} and E(T'¢) = LE(I'¢) = LE*(I'g) = 2np,

where |Z(G)| = z and n = %.
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Proof. By [21, Theorem 3.1], we have CCC(G) = (p + 1)K, where n = %. Therefore,
e = Kpi1). Since [v(I'g)| = n(p + 1), by Lemma @(a), we get

P(Lg,a) = 2P0 (@ 4 n)? (2 — np) .
Hence, Spec(T'¢) = {[0]P*D®=D [—n]P [np]'} and so
ETg)=(@+1)(n—1) x0+p x| —n|+ |np| = 2np.
By using Lemma @(b), we get
Pr(Tg, z) = z(z — np)PTDO (5 — (p 4 1)n)P.

Therefore, L-spec(I'c) = {[0]%, [np] TV~ [(p + 1)n]P}.
We have |2¢(T'g)| = p(p + 1)n? and so A(I'g) = ||21)e((lFG))|| = pn. Therefore,

LETg) =1 x|0 - ATg)[+ (p+1)(n—1) x [np — ATe)| +p x [(p+ 1)n — Alq)|

— x| = pnl+ (p+ 1)(n— 1) x [0] + p x |n| = 2np.
By Lemma @(c), we get
Po(Lg,a) = (x = np) POV (2 —n(p — 1)) (z — 2np).
Therefore, Q-spec(I'c) = {[np]®*+V"=1 [n(p — 1)]7, [2np]' } and so

LE*(Tg) = (p+1)(n—1) x [np— A(Tg)| +p x [n(p —1) = A(Tg)| + 1 x [2np — A(Dg)|

={p+1)n—-1)x|0|+px]|—n|+1x|pn|=2np.

This completes the proof.

Corollary 2.4. Let G be a non-abelian group of order p™ and |Z( )| =p™ 2. Then
Spec(T'q) = { (0] V(=0 =1) [ (p — 1)pm=3pp, 7l
L-spec(I'g) = {[0]1, [(p— 1)pm—2](P+1)((p—1)p"‘*3—1) [(pZ 1)pm 3]])}

Q-spec(T'g) = {[(p — )pm2) (=D 1) (g, 1)2pm3pe [2(p — 1)1)’”*2]1}-
and E(T'g) = LE(I'g) = LET(I'g) = 2(p — 1)p"

Proof. Here

Hence, the result follows from Theorem P.3.

%’ = p?. Since G is non-abelian, Z(GG) is non-cyclic. Therefore, Z( y = = Zip X Lp.
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2.2. Groups G such that % 2 Do, In this subsection, we consider NCCC-graphs of the

groups whose central quotients are isomorphic to the group Dsy,.
Theorem 2.5. Let G be a finite group and %G) =~ Doy, where m > 2. Suppose that

|Z(G)| = z. Then we have the following.

(1) For m is even

1 1
(i) Spec(T'g) = {[0]2("12“)—37 [_72]1’ [z(l—i-\/fmi—ﬂ} ’ {z(l_ﬁm)] } and

z(14++v/8m—7
oty - 205/
(m—=1)z z— 2(m 2
(i) L-spec(lg) = {[ml,p]:z SN } and LE(Tg) =
22(m—1)(m—2)
W + 2z.

(i) Qrspectrio) = {151, [, [25°4]

[z<m+3+ (m—l)(m—i—?))] ! [z(m+3— (m—l)(m+7))] 1}

4 4

and

Lt (g - Zm=Dm=2) - (V1+:5-1) |

m+ 1 2

(2) For m is odd X X
(i) Spec(Tg) = {[0]“";*”2, [o/2] [-2y/m] }and B(la) = 22,/

(ii) L-spec(T'g) = {[0]17 [Z]w_l’ [%} Zﬁl’ [Z(m;_l)}l} and

22(m —1)(m — 3)) Loy

LE(Te) = ( (m+ 1)

(i) Q-spec(lg) = {[0]1, [, [@}H’ [Z(m;l)]l} and

LE*(T¢) = <Z2(m — Dm = 3)) + 22

(m+1)

Proof. (a) If m is even then by [23, Theorem 1.2], we have CCC(G) = 2K: U Km1-.
2
Therefore, I'¢ = K, . U Here |v(T'g)| = %

(i) Using Lemma @(a), we get

PG.a) = 5 (24 5) (- (3) - 2221,
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] . .
Thus, Spec(I'g) = {[O}Z(m;l)i’)’ [_72]1’ Z<1+ 1—;—8(m—1))] 7[7;(1—\/1‘;8(T1))] }and o
+(m A (e vIFsE D) | |2 (1- VIFEm )
E(FG)< ( ;1) 3)x0+’2’+ ( I ) + ( I )‘
B z(l—i—\/m) z( 1+8(m—1)—1>
a7 4 * 4
P 1+\/m)
- : _

(ii) Using Lemma @(b), we get

Pr(Tg,2) = a(z —2) "7 ! (:v — @)2_2 (az - z(m+1)>2 .

2 2

m—1)z _ 2
Therefore, Lspec(Te) = { 0,11 71 3] [2522)°.

Now [2¢(Tg)| = @ and so A(l'g) = ‘ﬁ)e(gcf))l‘ = zgiﬁ_l)l) We have

| —2@2m—-1)|  z(2m 1) B | =2m—=2)|  2(m—2)
zm _Jzm=2)(m—=1)|  z(m —2)(m—1)
T*A(F@‘ - 2(m + 1) T 2(m+1)
and
z(m+1) _|a(m =12 +2)]  2((m—1)%+2)
; — —ATa)= 2(m +1) 2(m +1)
Therefore,
B —z(m — 2) z(m—-1) —z(m — 2)
LE(Te) = DX =) ‘+( 2 1>X (m+1) ‘
z(m —2)(m —1) z((m—1)2+2)
ez =2 = ’+2X 2(m + 1)
22 (m—1)(m—2)
m+ 1) + 2z.

(iii) Using Lemma El(c), we get

PoTgz) = (x—2z) 7 ' (a- %)H <x B "(m; 1))

><<x2 . (22(m2+ 1) (m;l)z) N (z(m2+ 1))2
_pEm 1) (z L (m- 1)2) L Am+1) (22 L (m- 1),2) _a(m— 1)2)'

2 2 2
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Therefore,

ampet, [dm—l)} g

Q-spec(l'g) = {[z] (mgl)z_l,{ 5 5

[z(m—&—?)—l—\/m)]l [z(m+3— (ml)(m—i—?))]l}
; 1 .

4
We have
z(m —1) |e(m—2)2=3)|  z((m—2)*-3)
5~ Ala)| = 2(m +1) ’_ 2(m +1)
z(m+3+(m—1) 1+%) z((m—2)2—|—3+(m+1) (m_1)(m+7))
-ATq)| =
4 4(m+1)
B z((m—2)2+3+(m—|—1) (m_1)(m+7))
B 4(m+1)
and
z(m+3f(m—1) 1+%> z((m—2)2+3f(m+1) (m—l)(m+7))
4 —Ale)| = 4(m+1)

fz((m72)2+3f(m+1) (mfl)(m+7))
4(m +1)

since for m >4, (m —2)2+3)2 — (m+ 1)?(m — 1)(m +7) = —8m?2(2m — 3) — 48m + 56 < 0 and so
(m—2)2+3 < (m+1)y/(m —1)(m + 7). Therefore,

(m—1)z —z(m — 2)
2 _1>X (m+1)
z((m—2)2+3—|—(m—|—1) (m—l)(m—|—7))

4(m+1)

z<m2><m1>‘

LET(Te) = ( 2(m+1)

-2

+1 x

z((m —2)* - 3) ‘
2(m+1)

z((m—2)2—|—3—(m+1) (m—l)(m+7)>
4(m+1)

(Zn=im=2) <Z<m—1> (vlﬂf—l—l)) |

m—+1 2

+

Hence the result follows.
(b) If m is odd then by [23, Theorem 1.2], we have CCC(G) =2 K, U K (m_1-. Therefore, I'q =

2
KLz,L%' Here [v(I'q)| = @ and r = 2.

(i) Using Lemma @(a), we get
2
smil) o <9:2 I (me 1)) '

P(lg,z) ==
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m—1

2

m —
—z ) ——| =2

z(m—+1) 1
Thus, Spec(l'g) = {[0]22, {z m-l) [—z m-l } and so
E(l¢) = (Z(m;l)—z) x 041 x

m—1
V2
(ii) Using Lemma El(b), we get

P (T, z) = a(z — 2) 51 (:E - Z(m; ”)H (:g - Z(m;l)) g

+1x

So, L-spec(T'g) = {[0]1,[,3]2(7”2_1)1’ [@r_l’ {z(m;rl)r} .

Now [2¢(T'q)| = (2*(m — 1)) and so A(Tg) = PeCall = 2200 We have
[ =2z(m—1)]  2z(m —1) | =2(m =3)|  z(m—3)
0-Ale)] = (m+1) '_ (m+1) "’ |Z_A(FG)|_‘ (m+1) ‘_ (m+1)’
z(m —1) _|zm =1)(m =3)| _ z(m—1)(m —3)
5 ~ATe) = 2(m + 1) ’_ 2m+1)
and
z(m+1) C(z((m =12 +4) | z((m—-1)*+4)
2 _A(PG)’ T 2m+1) | 2m+1)
Therefore,
B —2z(m — 1) z(m —1) —z(m — 3)
o) = x|SR ()
z(m —1)(m — 3) z((m—1)2+4)
=D | == ’+1>< 2(m + 1)
22(m —1)(m — 3) e

(m+1)
(iii) Using Lemma @(c), we get

. (z(m2+ 1))2 B 22(m2+ 1) <Z . z(mz— 1)> . z(m2+ 1) (Z . z(m2— 1))>.

z(m—1 z—1 1
Therefore, Q-spec(I'g) = {[0]1, (2] “ )71, [@} , [@} } Since L-spec(T'g) =
Q-spec(T'g), so LE(I'¢) =LET(I'g). g

Corollary 2.6. Consider the dihedral group Do, where m > 3.
(1) For m is odd

(i) Spec(I'p,,,) :{ ) 7 @}la[— mzlr} andE(FDzm):2\/@'

(ii) L-spec(I'p,,,) [ } and LE(T'p,, ) = % + 2.
(m=3)

]
(iii) Q-spec(I'p,,,) = {[0]1, [1} T[] } and LE*(T'p, )= % 19
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(2) For m is even and % is odd
(m 2)

(i) Spec(T'p,,,) :{] [vm—2)'

m=4 _ m 1 m—2)(m—
(ii) L-spec(I'p,,,) {[O]l,[z] T, [mF2], [ }and LE(I'p,,,) = 275G +4.
(m—4)
(i) Qepec(Tp,,) = {0OL1277[752]" ["2]'} and LE*(Tp,,) =
2(m—2)(m—6)
(m+2) +4.

(3) For m and % are even

() Spec(Tp,,) = {105, (10 [P 47T and B(rp,,) = 1+

4dm — 7.
(ii) L-spec(T'p,, ) = {[0]1’ [Q]mT_zl 7 [mTH]Q} and LE(Ip, ) = % +4.
(iii)
1 1
m—4 m—211 m—+6 m—2)(m+14 m—+6— m—2)(m+14

Q'SpeC(FD2m):{[2]27[22]7|:++(4)(+):|a|:+ (4)(+):|}
and

N ) 4, for m =4,

LET(I'p,,,) = -
m m—2)( 4/ -
2(m(—72r(;7;—4) +( )( 5 mo2 >, for m # 4.

Proof. We know that - 2’" E = Dyym m or Dy, according as m is even or odd. Therefore, by

Theorem @ and Theorem we get the required result.

Corollary 2.7. Consider the dicyclic group Ty, where m > 2.

(1) For m is even

() Spoc(Pr,) = {form 2 (-1t [47) [2)  and B, = 1+

8m — 7.
(i) L-spec(T'p,,,) = {[0]%, 22, [m + 1]} and LE(T'p,,,) = 22002 4 4,
(iii)
1 1

m— m—+3++/(m—1)(m~+7 m—+3—+/(m—1)(m+7
Q_SpeC(FTélnL) = {[2] 27[m7 1]17 |: (2 )( ):| ? |: (2 )( ):| }
and

4, for m = 2,

LE*(T'z,,,) =

4(m—1)(m—2 2
%4_( 1)( 1+ 81 1), f()I‘TfL;«'é .
(2) For m is odd

(i) Spec(Tr,,.) :{ -1, @] - 2F] }and B(Tr,,) = 4y/m5L.

(i) L-spec(T'z,,,) = { 0], 2072 fm = 1]" [ + 1]' | and LE('r,,,) = 400914
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(i) Qspec(Ir,) = Aot w1t me ') and
LE*(Tr,,,) = 1003 4 g,

Proof. We know that Z%Tm) = Doy,. Therefore, by Theorem @ and Theorem @, we get the

required result.

Corollary 2.8. Consider the group Ugy,, where m > 2. Then
Spec(Tu,) = {0272, [m]", [=m]' }, Lospec(T'u,,,) = { 0]", [m]*" 2, [2m)'},
Q-spec(T'ys,,) = {[0]1, [m]?™ 2, [Qm]l} and E(Ty,,,) = LE(Ty,,,) = LET (T'y,,,) = 2m.

Proof. We know that ZZ%" 3 = Doy3. Therefore, by Theorem @, we get the required result.

O

Corollary 2.9. Consider the group U, ,,), where m > 3 and n > 2.
(1) For m is odd
i) S T _ nmtl) o m—1 ! m—1 ! E(T
(i) Spec(l'y,,,) = 400/ ; {" T} ; [_n T} and E(ly,,,)

m—1
2n 5.

- n(m-1) _ nim-1)1""1 [n(m !
(ii) L-SpeC(FU(mm)) = {[0]1’ [n]” 2 1, [%} , |: ( 2+1)] } and

n?(m —1)(m — 3)

LE(Ty,) = gy

+ 2n.

n(m—1) n(m— n—1 nim 1
(iii) Q-spec(Ty,, ) = {[O]l, mz 1, [%1)] 7 { ( 2+1)} } and

n?(m —1)(m — 3)
(m+1)

LE™(Ty,, ,.,)) = + 2n.

(2) For m is even and % is odd
(i) SpeC(FUW,m)) = {[0] n‘(n;ﬂ)_Q, [n m— 2 1, [—n m— 2 1} and E(FU(n’m)) =

n(m—-2) n(m— 2n—1 n(m 1
2ny/m — 2. (ii) L—spec(I‘U(n’M) = {[0]17 [2n] " = L [(T@] : [ ( 2+2)} } and

77,2 m — m —
LE(Ty, ,.,) = 2n (m _23(2) 6) + 4n.

n(m=2) nm—2y120=1 0 1
(i) Q-spec(T'y,,) = {[0]1,[2n] £ foim )" o] }and

2n(m —2)(m —6
LEJF(FU(nYm)) = ( (m +)(2) ) + 4n.
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(3) For m is even and % is even

(i) Spec(T'y,,,.,.,) = {[0]"“"2’“)3, —n]', {n(l-&-\/zm)]l’ [n(l_fm)} 1} .

E(Ty,,,.,) =n(1+V4m—7).

n(m-—2) n— n(m 2
(ii) L—spec(FU(mm)) - {[0}1, [Qn]%_l 7 [%]2 2, {%} } and

2n2(m — 2)(m — 4)

+ 4n.
(m+2)

LE(FU(n m))

n(m=2) 4 nm12n—2 -2 1
(i) Qspec(Ti, ) = {12057, [ 72 [22]

L 1
[n(m+6+ (m2)(m+14))] 7 ["(m+6 (722)(m+14))} } and

4

4n, for m =4,

2n2 (m—2)(m—4) + n(m— 2)(\/ 1+mlf2—1)

(m+2) 2 ’

LE* (FU(n,m)) =

for m # 4.

Proof. We know that - (” m@ = Doym m or Do, according as m is even or odd. Therefore, by

Theorem @ and Theorem we get the required result.

Corollary 2.10. Consider the group SDgy,, where m > 2.

(1) For m is even

1 1
() Spec(Tis, ) = {02, (-1, [T ] [13mT) g
E(Tsps,) =1+ V16m —T.

(i) L-spec(Tspy,,) = {[0]1, 12" %, [2m + 1]° } and LE(Tsp,,,) = 2750002 4,

1
i 2t 3++/(@m—1)(2m+7)
(iii) Q-spec(I'spy,,) = [2]2 2 ,[2m — 1]1 , [( 5 )] )

1
[ (2m+3— (2'r2n—1)(2m+7)) ] nd

42m —1)(2m —2) 8
om 4 1 +(2m—1)< 1+2m_1—1).

LE*(Tspy,,) =

(2) For m is odd
(i) Spec(Cspy,, ) = {[o]mn, [4 m;l} { 4r} } and E(Tspy,,) = 8y/ 752,
(i) L-spec(Tspy,) = {[0]%, 4™, [2(m = DI, [2(m + 1)]'} and

16(m —1)(m — 3)
(m+1)

LE(Tspg,,) = + 8.
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(if) Q-spec(Tspy,.) = { O 47", [20m — DI 2(m +1))' } and

16(m — 1)(m — 3)

LET(Tsps,,) = (m+ 1)

+ 8.

Proof. We know that Z?%?m) > Doyom or Doy, according as m is even or odd. Therefore, by

Theorem @, we get the required result.

Theorem 2.11. Consider the group Vg,,, where m > 2.

(1) For m is even

(i) Spec(Ty,, ) = {[O]mel, 2 1+ VB =7, [1—vBm =7 1} and
E(lv,,) =2(1+v8m 7).

(i) L-spec(T'yg,,) = {[0]1, (4772, [2m]?, [2(m + 1)]2} and LE(T'y,,, ) = 2202y
8.

(iii) Q-spec(T'y,,)= {[4]2m_3 ,[2m)%, [2(m — 1)]*, [m +3++/(m—1)(m+ 7)} : ,

[m+3—\/(m—1)(m+7)}1} and

8, for m = 2,

%WJrg(m_l)(\/@—l), for m # 2.
(2) For m is odd

(i) Spec(Ths, ) = {[0}277127 1, |:1+\/126mi—7]1’ {1_\/1267717_7}1} and

LE*(I'y,) =

E(Ty,,) =1+ v16m — 7.

.. m— m—2)2
(ii) L-spec(T'y,,) = {[0]17 21777, [2m + 1]2} and LE(T'y,,) = W'

1
(iii) Q—spec(FVSm) — {[2}2771—2’ [2m _ 1]1’ [2m+3+ (2’7271—1)(2m+7):| 7

1
|:2m+3 (272n1)(2m+7):| }and

LE*t(Ty,, ) = 3(2m ;T:L)fin k) +(@2m—1)/1+ (27”8_1)

Proof. (a) If m is even then by [22, Proposition 2.4], we have CCC(Vg,,) = 2K U Kop,—o.
Therefore, 'y, = K2.21.9m—2. Here |[v(I'vg,, )| = 2(m + 1) and r = 3.
(i) Using Lemma @(a), we get

P(Ty,,,x) = 22"+073 (2 4 2) (22 — 22 — 8(m — 1)) .



14 R. Chakraborty, F. E. Jannat and R. K. Nath
o1 . 1 1
Thus, Spec(I'y,,) = 4 [0, [—2] ", [1 + /14 8(m — 1)} , [1 —1+8(m— 1)} and so
ETy,.) = 2m—1)x0+1x|-2[+1x ‘1+\/1+8(m—1)‘ +1x ‘1— \/1+8(m—1)‘
- 2<1+ 1+8(m—1)).
(ii) Using Lemma @(b), we get
Pr(Ty,,, x) = z(x — 4)>™73 (2 — 2m)? (x — 2(m + 1)),

So, Lspec(Tyg,,) = { 0], (47", [2m]?, [2m + 1)} .
Now [2e(T'v,,)| =8 (2m — 1) and so A(T'y,,) = 126 )l 482’_;)1). We have

[v(Tvg,, )l
|-4@2m—-1)|  4(2m—1) | —4(m—-2)|  4(m—2)
|0‘A(Fvsm)|_‘ (m+1) " (m+1) '4_A(Fvgm)’_‘ (m+1) ’_ (m+1)"
2m—=2)(m —-1)|  2(m—2)(m—1)
‘2m_A(FV8m)|_‘ (m+1) ‘_ (m+1)
and

2((m—=12+2)| 2((m—1)2+2)

[2m +2) = AT, )| =

(m+1) (m +1)
Therefore,
LE(Ty,) = 1x ‘m +(2m - 3) x ‘_Zl;ﬁ_lf)‘ 2 ‘Q(m(_nfl(?)_l)
tox | ((”(Zi)fﬁ 2)
_ 16(7"(;111(;'; —2 15,

(iii) Using Lemma @(c), we get
Po(Ty,,,x) = (x —4)>" 7% (2 — 2m)* (x — 2(m — 1)) (2% — (2m + 6) x + 4m* + 4m + 16)

Therefore,

Qspoc(,) = {12 2wl 2 = D] [t 34 T Dm 7))

[m 43— /(m - 1)(m+7)]1}.
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We have
2 ((m —2)? - 3) 2, for m = 2,
2(m — 1) = A(Tw,,)|= = e
(m+1) {W for m > 4,
g <(m—2)2+3+(m+1)\/(m—1)(m+7)>
‘(m—f—B—i—(m—l) 1+m1>—A(PV8m) D
(=22 43+ m+ 1)y m—D(m+7))
N (m+1) ’
and
S ((m—2)2+3—(m+1)\/(m—1)(m+7))
‘(m+3—(m—1) 1+ml>A(I‘Vsm) D) .

Let fi(m) := (m—2)24+3—(m+1)y/(m — 1)(m + 7). Then for m >4, ((m—2)2+3)%— (m+
1)2(m—1)(m+7) = —8m?(2m—3)—48m+56 < 0 and so (m—2)2+3 < (m+1)y/(m — 1)(m +7)
which gives fi(m) < 0. Also we have, fi(2) = —6. Therefore,

‘<m+3 —(m—1)4/1+ m8_1> —A(Ty,,)

—(m =22 43— (m+1)y/m—Dm+7)
(m+1) ’

B PN —4(m — 2) " 2(m—2)(m —1)
LB* (1) = m —8) x | P2 | )
oy |2 =22 3) +(<m2>2+3+<m+1>¢<m1)(m+7>)'
(m+1) (m+1)

_l’_

((m — 22+ 3— (m—+1)/(m—1)(m~+ 7))
(m+1)

8, for m = 2,
%—FQ(m—l)(,/l—i—%—l), for m > 4.
Hence the result follows.

(b) If m is odd, then by [22, Proposition 2.4], we have I'vy, = Ko.12m—1 = I'p,,,,,. Hence,
the result follows from Corollary @ 0
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3. GROUPS WHOSE NCCC-GRAPHS ARE INTEGRAL, L-INTEGRAL AND Q-INTEGRAL

In this section, we determine whether NCCC-graphs of the groups considered in Section

2 are integral, L-integral and Q-integral. In view of Theorem @»Theorem , we get the

following results.

Theorem 3.1. Let G be a finite non-abelian group with center Z(G).

(1) Suppose that G = Dam, Tum, Uy m), SDsm, where m is odd. Then U'q is integral if
and only if m = 2a® + 1, where a > 1.

(2) Suppose that G = Doy, Uy ), where m is even and % is odd. Then U'c is integral if
and only if m = a® + 2, where a > 2.

(3) Suppose that G = Doy, where m and % are even. Then I'q is integral if and only if
4dm — 7 is a perfect square.

(4) Suppose that m is an even integer. Then I'r,, and I'sp,, are integral if and only if
8m — 7 and 16m — 7 are perfect squares respectively.

(5) For m is even, 'y, is integral if and only if 8m — 7 is a perfect square. For m is odd,

I'vg,, is integral if and only if 16m — 7 is a perfect square.

Theorem 3.2. Let G be a finite non-abelian group with center Z(G). Then the NCCC-graph
of G is
(1) integral, L-integral and Q-integral if %G) = Zp X Ly or G = Uspy.
(2) L-integral if G = Dopm, Tam, SDsm, Upmy or Vam. In general, T'q is L-integral if
G ~p
Z(G) — 2m -
(3) Q-integral if G = Doy, T, SDgy or Un,m), where m is odd.

(4) Q-integral if G = Doy, or Uy, 1y, where m is even and % is odd.
The following lemma is useful for the cases when m and 7 are both even.

Lemma 3.3. Let m be any positive integer. Then
(1) m2 +6m — 7 is a perfect square if and only if m = 1,2.
(2) m? + 12m — 28 is a perfect square if and only if m = 2,4, 11.
(3) 4m? + 12m — 7 is a perfect square if and only if m = 1.

Proof. (a) Let m? + 6m — 7 be a perfect square. Then there exist integers k such that m? +
6m — 7 = k? which in turn gives (m+3+k)(m+3 — k) = 16. Therefore, we have the following
cases.

Casel. m+3+k=16and m+3—k=1.

In this case, we have m + k = 13 and m — k = —2 which gives m = % and k = %
Case 2. m+3+k=—-16and m+3—k=—1.

In this case, we have m + k = —19 and m — k = —4 which gives m = _723 and k = _715
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Case 3. m+3+k=1and m+3—k =16.
In this case, we have m + k = —2 and m — k = 13 which gives m = 5 and k = =>.
Case 4. m+3+k=—-1and m+3 —k=—16.
In this case, we have m + k = —4 and m — k = —19 which gives m = _723 and k = %
Case 5. m+3+k=2and m+3—k=38.
In this case, we have m + k = —1 and m — k = 5 which gives m = 2 and k = —3.
Case 6. mn+3+k=—-2and m+3—k=-8.
In this case, we have m + k = —5 and m — k = —11 which gives m = —8 and k£ = 3.
Case 7. m+3+k=8and m+3—k=2.
In this case, we have m + k = 5 and m — k = —1 which gives m =2 and k£ = 3.
Case 8. m+3+k=—-8andm+3—-k=-2.
In this case, we have m + k = —11 and m — k = —5 which gives m = —8 and k = —3.
Case 9. m+3+k=4and m+3—k=4.
In this case, we have m + k =1 and m — k = 1 which gives m =1 and k = 0.
Case 10. m+3+k=—-4and m+3 -k =—4.
In this case, we have m + k = —7 and m — k = —7 which gives m = —7 and k£ = 0.
Hence the result follows.
(b) If m2+12m—28 is a perfect square. Then there exist integers k such that m?+12m—28 =
k% which in turn gives (m + 6 + k)(m + 6 — k) = 64. By considering different cases as above
we get m = 2,4, 11. Hence, the result follows.
(c) If 4m2+12m—T7 is a perfect square. Then there exist integers k such that 4m?+12m—7 =
k? which in turn gives (2m + 3 + k)(2m + 3 — k) = 16. By considering different cases as above

we get m = 1. Hence, the result follows.

Theorem 3.4. Let G be a finite non-abelian group.

1) If G 2 Doy, or Uiy, where m and & are both even, then I'g is Q-integral if and only
(n,m) 2
ifm=4.
2) If G = Ty, where m is even, then U'g is Q-integral if and only if m = 2.
(2) : , g y
(3) If G = Vg, then U is Q-integral if and only if m = 2.
(4) If G = SDgy,, where m is even, then I'q is not Q-integral.

Proof. (a) Suppose that m and % are both even. If G = Dy, (where m > 4) then, in

. o . VinZ i 1%m—28 —/(m—
view of Corollary @(c), it is sufficient to show that m+6+ mZHQm 28 and 20 (nz 2)(m+14)

1 j— _— j—
are integers. By Lemma @(b), we have m = 4. Note that m+6+vmz+12m 2 — 4 and
m+6—vm24+12m—28 _ 1
1 .
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If G = Up,pmy (where m > 4 and n > 2) then, in view of Corollary @(c), it is sufficient to
n(m+6+vm2+12m—28) and n(m+6—v/m2+12m—28)
i i

n(m+6++vm2+12m—28)
1

show that

are integers. By Lemma @(b), we
n(m+6—vm2+12m—28)
1

have m = 4. Note that

(b) Suppose that m is even. If G = T}, (where m > 2) then, in view of Corollary @(a), it
is sufficient to show that M3+ ”212*'6’”_7 and M3V 732+6m_7

= 4n and

are integers. By Lemma @(a),
we have m = 2. Note that mt3+v "52+6m_7 = 4 and 3=V 7;2+6m_7 = 1.

(c) Suppose that m is even. If G = Vg,,, (where m > 2) then, in view of Theorem (au)7
it is sufficient to show that m + 3+ vVm2Z +6m — 7 and m + 3 — vVm2 + 6m — 7 are integers.
By Lemma @(a), we have m = 2. Note that m +3 + vVm2+6m —7 = 8 and m + 3 —
Vm? 4 6m—17=2.

. o . VIRZF19m—7
If m is odd then, by Theorem (b), it is sufficient to show that 2743+ 4’2”2“2’" T and
2m+3—v4m2+12m—7
2

are integers. By Lemma @(e), we have m = 1 but m > 3. Thus, I'g is
not Q-integral.
(d) If m is even and G = SDg,, (where m > 2) then, by Corollary (a), it is sufficient to

+/ 2 — —\/ 2 _ .
show that 2mA3tVAmZH12m-T oy 2mA3—VAm-+12m—T ar¢ integers. By Lemma B.3(c), we have

m = 1. Thus, I is not Q-integral.

In view of Theorem @ and Lemma @(a), we also have the following result.

Theorem 3.5. Let G be a finite group and % > Doy, where m > 3. Then I'g is Q-integral
if and only if m is odd.

The integrality results for the NCCC-graphs of the discussed groups are summarized in
Tables E]—E

TABLE 1. Integrality conditions for I'g for given G/Z(G).

Groups with given Condition for | Condition for Condition for
central factor integrality L-integrality Q-integrality
G ~

7@ = Zy, x Zy, for any prime p | Always integral | Always L-integral | Always Q-integral
G

i) 2 Do, m > 3 Undetermined Always L-integral | m is odd

4. GROUPS WHOSE NCCC-GRAPHS ARE HYPERENERGETIC, L-HYPERENERGETIC AND

Q-HYPERENERGETIC

In this section, we consider NCCC-graphs of the groups considered in Section 2 and deter-

mine whether those graphs are hyperenergetic, L-hyperenergetic and Q-hyperenergetic.
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TABLE 2. Integrality conditions for I'g.

19

integer a

(ii) m is even but % is odd and m =
a® + 2 for some integer a > 2

(iii) m and 7 are both even and 4m —7

is a perfect square

Groups | Condition for Condition for Condition for
integrality L-integrality Q-integrality
Doy, (i) m is odd and m = 2a® + 1 for some | Always L-integral | Always Q-integral

square
(ii) m is odd and 16m — 7 is a perfect

square

Utnm) | (i) m is odd and m = 2a® 4 1 for some | Always L-integral | (i) m is odd
integer a > 1 (ii) m is even but
(ii) m is even but % is odd and m = & is odd
a? + 2 for some integer a > 2 (iii) m =4
(iii) m and % both are even and 4m —7
is a perfect square
Tiam (i) m is odd and m = 2a® + 1 for some | Always L-integral | (i) m is even
integer a > 1 (if) m =2
(ii) m is even and 8m — 7 is a perfect
square
SDsy, | (i) m is odd and m = 2a% + 1 for some | Always L-integral | m is odd
integer a > 1
(ii) m is even and 16m — 7 is a perfect
square
Vam (i) m is even and 8m — 7 is a perfect | Always L-integral | m = 2

Theorem 4.1. Let G be a finite non-abelian group with center Z(G) such that SCN
where p is any prime. Then the NCCC-graph of G is neither hyperenergetic, L-hyperenergetic

nor Q-hyperenergetic.

Proof. Let |Z(G)| =z and n =

we get

p

2(G)

& Ly X L,

=Dz Then |v(T'¢)| = n(p+ 1) and, by Theorem @ and @)7
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E(l'g) — E(Kjyrg)) = —2(n —1).
Hence, E(I'¢) — E(K|y(ry)) < 0. By Theorem @, we also have E(T'¢) = LE(I'¢) = LET(T'g)
and so the NCCC-graph of GG is neither hyperenergetic, L-hyperenergetic nor Q-hyperenergetic.

O

The following corollary follows immediately.

Corollary 4.2. Let G be a non-abelian group of order p™ with |Z(G)| = p™~2. Then the
NCCC-graph of G is neither hyperenergetic, L-hyperenergetic nor Q-hyperenergetic.

Theorem 4.3. Let G be a finite group with center Z(G) and |Z(G)| = z. If% is isomorphic
to Doy, (where m > 3). Then the NCCC-graph of G is
(1) borderenergetic if m =3 and z = 1.
(2)
(3) L-borderenergetic if m =3 and z = 1.
(4)

not hyperenergetic.

L-hyperenergetic except form >5and z=1;m=3and z>2; m=5and z=1,2
and m =17 and z = 1.

(5) Q-borderenergetic if m =3 and z = 1.

(6) Q-hyperenergetic except for m =4 and z =2; m>5and z=1; m =3 and z > 2;

m=>5and z=1,2 and m="7 and z = 1.

Proof. We have |v(I'g)| = w Consider the following two cases.
Case 1. m is even.

In this case, m > 4 and z > 2. By Theorem @ and (m), we have
z(=14++8m—7—-2m) +4

EMq) — E(Kjyrg)) = 5 <0,
since (—1 +vV8m —T7— 2m) < —4 for m > 4.
By Theorem @ and (m), we have
fl(m) Z)
LE(T¢) — LE(Kyrg)) = mrl

where f1(m, z) = m222 —m?z—3mz? +2m+222+242. Then fi(m,z) = Zm2(2zf2) +Z2m(;n76) +

2m + 222 + 2+ 2 > 0 for m > 6 and z > 2. Now, f1(4,2) = 622 — 152 + 10 > 0 for z > 2.

Hence,
LE(Fg) — LE(KW(FG)\) > 0.
By Theorem @ and @)7 we have

LE*(Tg) — LE*(Kjyrg)) = m,
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where fo(m, 2) = 222m? —622m —32m? — 2z —dmz+ 422 +dm+4+2(m+1)/(m — 1)(m + 7).
Then fo(m,z) = 2’m(m — 6) + zm?(z — 4) + z2m(m — 4) + @ +4m + 4+ z(m +
1)y/(m—1)(m+7) >0 for m > 6 and z > 4.

We have fa(4, z) = 1222 4+ (5v/33 — 65)2 +20 > 0 for z > 3. Also f2(4,2) = —4.55. Therefore
f2(4,z) < 0 or > 0 according as z =2 or z > 3.

We have fa(m,2) =2m? — 28m + 18 + 2(m + 1)/(m — 1)(m + 7) < 0 or > 0 according as
m =4 orm > 6. Also, fo(m,3) = 9m? —62m+37+3(m+1)\/(m — 1)(m +7) > 0 for m > 4.

Hence,

N N <0, ifm=4and z=2,
LET(I'¢) — LE™ (Kjyrg)))

> 0, otherwise.

Case 2. m is odd.
By Theorem @ and @)7 we have

E(Ta) = B(Kjurgy) =  (V2m — 1) =m—1) +2.

We have (,/2(m ") —m-— 1) < —2 for m > 5. Hence, B(I'¢) — B(K|y(ry) = 0 for m = 3
and z = 1; otherwise E(F(;) — E(K\U(Fgﬂ) < 0.
By Theorem @ and @)7 we have

LE(Tg) — LE(K|y(rg)) = w,

zm2(2z—2)+z2m(;n—8)+

2m+322+2+2 > 0 for m > 8 and z > 2. Now, f3(m,1) = —2m+6 < 0 for m > 5. Therefore,
fa(m,1) =0 or < 0 according as m = 3 or m > 5. We have f3(3,z) = —82+8 < 0 for z > 2.
Also f3(5,2) = 822 — 242+ 12 > 0 for z > 3 and f3(5,1) = f3(5,2) = —4. So, f3(5,2) > 0
or < 0 according as z > 3 or z = 1,2. Again f3(7,2) = 2422 — 482 + 16 > 0 for z > 2 and

where f3(m, z) = m?22—m?z—4mz?+2m+322+2+42. Then f3(m, z) =

f3(7,1) = —8. Therefore, f3(7,z) > 0 or < 0 according as z > 2 or z = 1. Hence,

=0, ifm=3&z=1,

<0, ifm>5&z=1, m=3&z>2;
LE(l'g) — LE(K|y(rg)|)

m=5&z=1,2and m=T&z=1,

> 0, otherwise.

By Theorem @, we also have LE(I'g) = LET(I'g). Hence the result follows.

As a corollary of the above theorem we have the following result.

Corollary 4.4. Let G = Do, Tim, SDsm and Uy ). Then
(1) T'q is borderenergetic if and only if G = Dg, Dg, Tg.
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(2) T'q is not hyperenergetic.

(3) T'¢ is L-borderenergetic if and only if G = Dg, Dg, Tg.

(4) T is not L-hyperenergetic if and only if G = Doy, for m is odd and m > 5, D12, Dy,
Ti2,Tog, SDoy, U(mm) form=3,4,6 andn>2 and m =5 and n = 2.

(5) T'q is Q-borderenergetic if and only if G = D¢, Ds, Ts.

(6) ' is not Q-hyperenergetic if and only if G = Day, for m is odd and m > 5,
Do, D1g, Dog, T2, 116,159, SD1g, SDay, Unm) form =3,4,6 andn >2 and m =5

and n = 2.
We conclude this section with the following result.

Theorem 4.5. The NCCC-graph of Vgm(m > 2) is L-hyperenergetic and Q-hyperenergetic

except for m = 2 but not hyperenergetic.
Proof. If m = 2 then we have |v(I'¢)| = 6. By Theorem D.11| and (m), we get
E(Fg) - E(K|U(Fg)|) =-2<0.

Also, E(T¢) = LE(I'¢) = LE*(I'g). Thus, I'g is neither hyperenergetic, L-hyperenergetic nor
Q-hyperenergetic.
If m is even and m > 4 then we have |[v(I'¢)| = 2m + 2. By Theorem 2.11 and (m), we get

E(Fg) - E(K\U(FGN) = 2 (\/m— 2m) <0,

12m? — 46m + 38
LE(T¢g) — LE(K\U(FG)l) - m—+1 =0

and

10m?2 — 54m + 32+ 2(m + 1)y/(m — 1)(m + 7)

LET(I'¢) — LET (K, = 0.
Te) (Kjo(re))) 1 >
Thus, I'g is not hyperenergetic but L-hyperenergetic and Q-hyperenergetic.
If m is odd then we have |v(I'g)| = 2m + 1. By Theorem .11/ and (m), we get
E(Tg) — E(Kjyre)) = 1+V16m—T7—4m <0,
8m? — 20m + 12
LE(Fg) — LE(KW(FG)\) = om 1 1 > 0,
and
4m? —28m+9+ (2m+1)/2m —1)2m + 7
LE+(Fg) — LE+(K\U(Fg)|) = ( )\/( )( ) > 0.

2m+1

Thus, I' is not hyperenergetic but L-hyperenergetic and Q-hyperenergetic.
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5. COMPARING DIFFERENT ENERGIES

Comparison among various energies become popular because of the E-LE conjecture: E(G) <
LE(G) of Gutman et al. [12] which is eventually proved to be false in [19, 26]. Das et al. [6]
posed the following problem comparing LE(G) and LE*(G).

Problem 5.1. [6, Problem 1] Characterize all the graphs for which LE(G) > LE*(G), LE(G) <
LET(G) or LE(G) = LET(G).

Das et al. [6] also posed the following problem where Ep(G), Epr,(G) and Epg(G) denote

the distance energy, distance Laplacian energy and distance signless Laplacian energy of G.

Problem 5.2. [6, Problem 4] Is there any connected graph G (2 K,) such that E(G) =
LE(G) = LE*(G) = Ep(G) = Epn(9) = Epq(G)?

Recently, Jannat and Nath [18] have computed several distance energies of NCCC-graphs
of the groups considered in this paper and discussed relations (comparison) among them. In
Theorem @ and Corollary @, we have seen that E(G) = LE(G) = LE*(G). In this section,
we consider the groups Doy, Tum, SDsgm, Vsm and compare energy, Laplacian energy and

signless Laplacian energy of NCCC-graphs of these groups graphically.
T T T T T T T T T T I T

100 1 E | B
+ — LE N 601 LE
g ||——LE*" g ——LE"
) )
~ ~ 40 —
[ (e
o} o
0 72} 1
) 2
B0 )
g g 20 =
=} <}
& &
ot | | | \‘ oL | | |
10 20 30 40 10 20 30
m is even and 2 is odd (m > 6) — m and 4 are even (m > 4) —
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Based on Figures E—@, we establish the following result.

Theorem 5.3. Let G = Doy, Ty, SDgy, 01 V. Then

(1) E(Tg) = LE(I'g) = LE* (') if and only if G = Ds, Ds, D12, Ts, Ti2, SDay or Vie.
(2) E(Tg) < LE(I'g) = LEY(T'¢) if and only if G = Day,, where m is odd or m > 10 is

even and g is odd; Tyy,, where m > 5 is odd; SDgy,, where m > 5 is odd.
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(3) E(I'g) < LET(I'g) < LE(T'g) if and only if G = Day,, where m > 8 and 3t is even;

Tum, where m > 4 is even; SDg,,, where m is even; Vg,,, where m > 3.
In view of Corollary @, Theorem @ and [18, Theorem 4.1], we obtain the following result.

Theorem 5.4. Let G = Doy, Thm, SDgiy Ugm o7 Ve, Then
(1) E(Fg) = LE(Fg) = LE+(F0) = ED(Fg) = EDL(Fg) = EDQ(Fg) Zf and only Zf G =

Dg or Tg.

(2) ETg) = LE(T'g) = LE+(Fg) =EprL(Tg) = EDQ(Fg) < Ep(Tq) if and only if G =
Dg.

(3) E(T'g) = LE(I'g) = LET(I'g) < Ep(I'g) = EpL(Tg) = Epq(Tg) if and only if G =
Vie.

(4) E(T'¢) = LE(I'¢) = LET(I'g) < Epr(I'¢) = Epq(T'e) < Ep(T'g) if and only if G =
D1 or Tho or SDoy or Ugy,, where m > 2.

(5) ET¢) < LE(I'g) = LET(I'g) < Epq(T¢) < Ep(T'¢) = EpL(T'e) if and only if G =
Dog or Thg.

(6) ET'¢) < LE(I'¢) = LET(I'¢) < Epr(I'¢) < Epq(T'e) < Ep(T'g) if and only if G =
Day.

(7) ET¢) < LE(I'g) = LET(I'g) < Epq(T¢) < EpL(Te) < Ep(T'e) if and only if G =
D14 or Doy or Tog or SDyg.

(8) ET'¢) < Epq(l'g) < LE(I'¢) = LET(T'¢) < Epn(T'g) < En(T'g) if and only if G =
Dqg or Doy or Dog.

(9) E(T'g) < Epq(l'e) < LE(I'g) = LE*(I'g) < Ep(l'c) < Epr(Tc) if and only if
G = Doy, where m > 15 is odd; m > 18 is even and % is odd or Ty, where m >9 is
odd or SDsg or SDro.

(10) E(Tg¢) < Epq(l'e) < Ep(T¢) < LE(I'¢) = LET (') < EpL(T¢) if and only if G =
SDsgs.

(11) E(T'¢) < Ep(I'g) < Epq(T'¢) < LE(I'¢) = LET (') < EprL(T'g) if and only if G =
SDgy,, where m > 13 is odd.

(12) E(T'¢) < LET(I'¢) < LE(I'¢) = Epq(T'e) < Ep(T'g) < EpL(T¢) if and only if G =
V3.

(13) E(T'¢) < LET(I'g) < LE(I'¢) < Ep(T'¢) < Epr(I'c) < Epq(Tq) if and only if G =
Dqg or Thig or SDqg.

(14) E(T¢) < LET(I'¢) < LE(I'g) < Ep(Tg) < Epq(T'e) < EpnL(Tq) if and only if
G = Doy, where m > 12 is even and % is even or Ty, where m > 6 is even or SDgp,
where m > 4 is even or Vg, where m > 3 is odd.

(15) E(T¢) < Ep(T'¢) < Epq(l'e¢) < LET(I'g) < LE(T¢) < EpnL(Tq) if and only if

G = Vg, where m > 6 is even.
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Note that I'¢ =& K3 if G = Dg or Tg. Therefore, Theorem @(a) does not solve Problem
@, and the following problem remains open.

Problem 5.5. Does there exist a finite non-abelian group G such that I'g is not a complete
graph and E(I'¢) = LE(I'¢) = LE*(I'¢) = Ep(T'¢) = EpL(T'¢) = Epq(Ta)?

We remark that the method adopted in this paper is applicable to all group-related graphs.
However, it does not fully characterize the finite non-abelian groups satisfying the inequalities

in Problem EI Consequently, we propose the following problem for future study.

Problem 5.6. Characterize all finite non-abelian groups for which LE(T'¢) > LE™(T¢g),
LE(T¢) < LE*(I¢) or LE(I¢) = LE+(T¢).
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