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MEET-MAXIMAL FILTER GRAPH OF A LATTICE
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ABSTRACT. In this paper, we introduce and investigate the meet-maximal filter graph of a
bounded lattice. It is the (undirected) graph with all nontrivial filters as vertices, and two
distinct vertices are adjacent if and only if their meet is a maximal filter. The basic properties
and possible structures of the meet-maximal filter graph are investigated. Also, connectedness,
clique number, split character, planarity and domination number of meet-maximal filter graph

and their relations to algebraic properties of lattices are explored.

1. INTRODUCTION

Over recent years, there has been a significant surge in research associating graphs with
algebraic structures, with a particular emphasis on the zero-divisor graph of commutative rings.
This interdisciplinary approach allows for a deeper understanding of concepts and inherent
properties of both graph theory and algebraic structures. In abstract algebra, structures

composed of certain subobjects tend to have their distinct qualities by way of lattice theoretic

properties (see for example [H, @, lﬁl, , @, @, @])
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Beck [4], Anderson and Naseer [3], and Anderson and Livingston [2] et. al. have studied
graphs on commutative rings. One of the most important graphs which have been studied is
the intersection graph. Bosak [b] defined the intersection graph of semigroups. Csékany and
Pollék [8] studied the graph of subgroups of a finite group. The intersection graph of ideals of a
ring was considered by Chakrabarty, Ghosh, Mukherjee and Sen [[7]. The intersection minimal
ideal graph of a ring, i.e. a simple graph whose vertices are nontrivial ideals of a ring R and
two vertices I, J are adjacent if the intersection of corresponding ideals is a minimal ideal, was
investigated by Barman and Rajkhowa in [6]. In [[l]] the maximal ideal graph of a commutative
ring was introduced; it is the undirected graph with all non-trivial ideals as vertices and two
distinct vertices are adjacent if and only if sum of them is a maximal ideal. Motivated by this
graph, we intend to investigate a new graph assigning to filters of a lattice to exposing the
relationship between algebra and graph theory and at advancing the application of one to the
other.

All lattices considered in this paper are assumed to have a least element denoted by 0 and a
greatest element denoted by 1, in other words they are bounded. The purpose of this paper is
to investigate a graph associated to a lattice £ called the meet-maximal filter graph of £. This
will result in characterization of lattices in terms of some specific properties of those graphs.
The meet-maximal filter graph of £ is a simple graph M(G(L) whose vertices are all nontrivial
filters and two distinct vertices are adjacent if and only if the meet of the corresponding filters
is a maximal filter of £. Here is a brief outline of the article. Among many results in this
paper, the first, Preliminaries section contains elementary observations needed later on. In
Section 3, Section 4 and Section 5, We characterize the lattices for which the meet-maximal
filter graphs are connected, complete bipartite, star. The concepts of planarity, clique number,

domination number and split character are also investigated.

2. PRELIMINARIES

Let G be a simple graph with vertex set V (G) and edge set £ (G). The degree of a vertex
v of the graph G, denoted by degq(v), is the number of edges incident to v. The (open)
neighborhood N(v) of a vertex v of V(G) is the set of vertices which are adjacent to v. A
graph G is said to be connected if there exists a path between any two distinct vertices, G is
a complete graph if every pair of distinct vertices of G are adjacent and K, will stand for a
complete graph with n vertices. If the vertices of G can be partitioned into two disjoint sets V;
and V5 with every vertex of V; is adjacent to any vertex of V5 and no two vertices belonging to
same set are adjacent, then G is called a complete bipartite graph. If |V1| = m and |Va| = n,
then the complete bipartite graph is denoted by K, ,. If one of the partite sets contains

exactly one element, then the graph becomes a star graph. If G graph does not have K5 or



Alg. Struc. Appl. Vol. XX No. X (20XX) XX-XX. 3

K3 3 as its subgraph, then G is planar [19]. Let u and v be elements of V (G). We say that u
is a universal vertex of G if u is adjacent to all other vertices of G and write u «~ v if v and v
are adjacent. The distance d(u,v) is the length of the shortest path from u to v if such path
exists, otherwise, d(a,b) = co. The diameter of G is diam(G) = sup{d(a,bd) : a,b € V(G)}.
The girth of a graph G, denoted by gr(G), is the length of a shortest cycle in G. If G has no
cycles, then gr(G) = oo. A clique of a graph is its maximal complete subgraph and the number
of vertices in the largest clique of graph G, denoted by w(G), is called the clique number of G.
A subset S of V (G) is said to be an independent set if no two vertices of S are adjacent. If
V (G) can be partitioned in an independent set and a clique then G is said to be split. A set
D CV (G) is said to be a dominating set if every vertex not in D is adjacent to at least one
of the members of D. The cardinality of smallest dominating set is the domination number of
the graph G and is denoted by v(G). Note that a graph whose vertices set is empty is a null
graph and a graph whose edge set is empty is an empty graph. For a connected graph G, x is
a cut vertex of G if G \ {x} is not connected [L7].

A poset (£,<) is a lattice if sup{a,b} = a V b and inf{a,b} = a A b exist for all a,b € L
(and call A the meet and V the join). A lattice £ is complete when each of its subsets X has a
least upper bound and a greatest lower bound in £. Setting X = L, we see that any nonvoid
complete lattice contains a least element 0 and greatest element 1 (in this case, we say that £ is
a lattice with 0 and 1). A lattice £ is called a distributive lattice if (xVy)Az = (zA2)V (yAz2)
for all z,y,z € L (equivalently, £ is distributive if (x Ay) Vz = (z V 2) A (y V 2) for all
x,y,z € L). A non-empty subset F' of a lattice L is called a filter, if for a € F, b€ L, a <b
implies b € F, and x Ay € F for all z,y € F (so if L is a lattice with 0,1, then 1 € F, 0 € F
if and only if ' = £ and {1} is a filter of £). A proper filter F' of £ is said to be maximal
(resp. minimal) if G is a filter in £ with ' G G (resp. {1} & G C F), then G = L (resp.
G = F). The set of all maximal filters (resp. minimal filters) of £ is denoted by Max(L)
(resp. Min(L)). The Jacobson radical of £ is the intersection of all maximal filters of £ and
is denoted as J(L), i.e. J(L£) = Npremax(c) M- A lattice £ is called local if it has exactly on
maximal filter that contains all proper filters. Let A be subset of a lattice £. Then the filter
generated by A, denoted by T'(A), is the intersection of all filters that is containing A.

Lemma 2.1. Let L be a lattice [9, 10, 13, 15]. (1) A non-empty subset F' of L is a filter of L
ifand only iftNvV z € F andx Ny € F for allz,y € F, z € L. Moreover, sincex =z V (x \y),
y=yV(xAy) and F is a filter, x Ny € F gives x,y € F for all z,y € L.

(2) If Fy, Fy are filters of L and a € L, then F1 V Fy = {a1 V as : a1 € Fi,as € F»} and
aVFy={aVay:a €F1} are fillers of L and Fy N Fy = F1 V Fy C Fy, F.
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(8) If L is distributive and Fy, Fy are filters of L, then Fiy N Fo ={aAb:a € F1,b € Fy} is
a filter of L, F1,Fy C Fy N Fy (for if x € F1, then x =x A1 € Fy A Fy) and if Fy C Fy, then
Fi ANFy = Fs.

(4) Let A be an arbitrary non-empty subset of L and a € L. Then T({a}) =T(a) ={aVz:
x €L} and

TA)={zeL: aiNaaN---Nay <z for somea; € A (1 <i<n),neN}

The undefined terms related to lattice theory are taken from [9] and terms related to graph

theory are taken from [[17].

3. CONNECTEDNESS MG(L)

In this section, we collect some basic properties concerning the meet-maximal filter graph
MG(L) of L. We remind the reader with the following definition.

Definition 3.1. The meet-maximal filter graph MG(L) of £ is simple undirected graph whose
vertices are all nontrivial filters of £ (i.e. different from {1} and £) and any two distinct vertices

F and G are adjacent if and only if F' A G is a maximal filter of L.

Lemma 3.2. The following hold in MG(L):

(1) Every non-mazimal vertex of the graph MG(L) is adjacent to at least one of the maximal
filters of L.

(2) If MG(L) has a non-mazimal universal vertex F', then F is a minimal filter.

(3) If J(L) # {1}, then every element of Max(L) is adjacent to J(L).

Proof. (1), (2) and (3) are straightforward.

Proposition 3.3. The subgraph induced by the Max(L) is an empty graph.

Proof. Let M, M’ € Max(L) such that M # M'. If M A M’ is maximal, then M, M’ C M A M’
gives M = M A M’ = M’ which is a contradiction. Therefore, M is not adjacent to M'.

Proposition 3.4. The following hold in MG(L):
(1) If MG(L) has a mazimal universal vertex M, then L is a local lattice with unique
mazimal filter M.

(2) If L is a local lattice with unique mazximal filter M, then M is a universal vertex.

(8) If MG(L) is a complete graph, then L is a local lattice.



Alg. Struc. Appl. Vol. XX No. X (20XX) XX-XX. 5

Proof. (1) Let N be any maximal filter of £. Since M is not adjacent to N by Proposition
@, we conclude that M = N, as M is a universal vertex of MG(L). Therefore, £ is a local
lattice.

(2) If N is a nontrivial filter of £, then N C M by [15, Lemma 2.1], which gives NAM = M
and so M is a universal vertex.

(3) If M,N € Max(L) with M # N, then M and N are not adjacent in MG(L) by
Proposition @ which is impossible, as MG(L£) is complete. Thus, £ is a local lattice.

The following example shows that, in general, the converse of Proposition @(3) is not true.

Example 3.5. The collection of ideals of Z, the ring of integers, form a lattice under set
inclusion which we shall denote by £ with respect to the following definitions: mZ V nZ =
(m,n)Z and mZ A\ nZ = [m,n|Z, for all ideals mZ and nZ of Z, where (m,n) and [m,n| are
greatest common divisor and least common multiple of m,n, respectively. Note that L is a
distributive complete lattice with least element the zero ideal and the greatest element Z. By
[10, Theorem 2.9], M = L\ {0} is the only maximal filter of £, i.e. £ is a local lattice. Since
{Z,2Z} N{Z,3Z} is not a maximal filter, we infer that MG(L) is not a complete graph.

The following theorem, we give a condition under which MG(L) is an empty graph.

Theorem 3.6. FEvery nontrivial filter of a lattice L is a mazximal filter if and only if MG(L)
is an empty graph.

Proof. 1f every nontrivial filter of £ is maximal, then MG(L) is an empty graph by Proposition
@. Conversely, assume that MG(L is empty and let ' be any vertex of the graph of MG(L
such that F' is not a maximal filter. Then by Lemma @, there exists a maximal filter M of
L such that M adjacent to F' which is impossible, i.e. the result holds.

Theorem 3.7. If J(L) # {1}, then the subgraph induced by the non-mazimal filters of L is a

connected graph of diameter not bigger than 4.

Proof. Let F and G be distinct non-maximal vertices of the graph MG(L). If F' adjacent to
G, then F «~ G is a path. So we may assume that F' A G is not a maximal filter. Then there
exist M, M' € Max(L) such that ' G M and G G M'. If M = M’, then F' «» M «~ G is a
path in MG(£) with d(F,G) = 2. If M # M’, then {1} G J(£)) € M N M' C M # L gives
M N M’ is a vertex of the graph MG(£) and so F ~ M ~ M N M’ «~ M' «~ G is a path in
MG(L) with d(F,G) = 4, as needed.

The next theorem gives a more explicit description of the diameter of MG(L).
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Theorem 3.8. The graph MG(L) is connected with diam(MG (L)) < 4 if and only if the join

of any two distinct mazximal filters of L is not {1} or L is a local lattice.

Proof. Suppose that L is a local lattice with unique maximal filter M and let F' and G be
distinct non-maximal vertices of the graph MG(L). Then F «~~ M « G is a path in MG(£)
with d(F,G) = 2. So suppose that [Max(L)| # 1 and the join of any two distinct maximal
filters of £ is not {1}. Consider two distinct vertices B and C of MG(L). If B adjacent to C,
then B « C is a path. So we may assume that B A C' is not a maximal filter of £. Then either
BANC =Lor BANC G M for some M € Max(£). f BAC G M (so BS M and C G M),
then B v~ M « C'is a path in MG(£) with d(B,C) = 2. If BAC = L, we split the proof into
three cases:

Case 1. B,C € Max(L). Since {1} S BV C C B # L, we conclude that BV C is a vertex
and so B~ BV C « C is a path in MG(£) with d(B,C) = 2.

Case 2. If exactly one of B and C' is maximal, then without loss of generality, assume that
B € Max(L) and C ¢ Max(L). By [15, Lemma 2.1], there is a maximal filter M of £ such
that C' S M which implies that B «~ M V B «~~ M « C is a path in MG(£) with d(B,C) = 3.

Case 3. B,C ¢ Max(L). Then there exist M, M’ € Max(£L) such that B G M and
CC M. If M = M, then B« M « C is a path in MG(£) with d(C, D) = 2. If M # M’,
then B o~ M «~ MV M «~ M« C is a path in MG(£) with d(B,C) = 4. Hence, we infer
that MG(L) is connected with diam(MG(L£)) < 4.

Conversely, assume that M(G(L) is connected. If £ is a local lattice, then we are done. So
we may assume that [Max(L)| # 1. On the contrary, assume that there are two maximal filters
M; and My of £ such that MV My = {1}. We claim that M, is a minimal filter of £. Assume
to the contrary, {1} G N C M for some filter N of £. Then My V N C My V My = {1} gives
NV M, ={1}. f NAM; # L, then My C My AN # L gives N C Miy;s0 {1} = NVM; =N
which is impossible. Thus, N A My = L. Hence 0 = n A mq, for some n € N and mq € Mj.
Let mg € M. Then ma =ma V0 =maV (nAmi) = (maVn)A(maVmy). As maVm; €
MV My = {1}, may = ma Vn € N. Therefore Mo C N and so My = N. So My is a minimal
filter. Similarly, M; is a minimal filter. By the hypothesis, M; «~ K for some vertex K of
MG(L). Then My A K = M; which gives K ; M, a contradiction, because M; is a minimal

filter, as required.

Theorem 3.9. If J(L£) # {1} and MG(L) is a graph which contains a cycle, then gr(MG(L)) =
3,4.

Proof. Since J(L) # {1} and J(L£) C M # L for some maximal filter M of £, we conclude
that J(L) is a vertex of MG(L). Let F' «~ G. By Proposition @, either F' ¢ Max(L) or
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G ¢ Max(L). If F,G ¢ Max(L), then F' «~ FAG «~ G «~ F is a cycle (so gr(MG(L)) = 3).
Suppose that one of F' or G is a maximal filter. We can assume that /' € Max(£) and
G ¢ Max(L). By Lemma @, there is a maximal filter M such that G & M. Therefore, we
obtain the cycle F'«~ G «~~ M « J(L) « F which implies that gr(MG(L)) = 4, as needed.

Assume that (£1,<1),(L2,<2), -+, (Ly, <) are lattices (n > 2) and let £L = £1 x Lo X
- X L,. We set up a partial order <. on £ as follows: for each z = (x1,x2, - ,zy,),y =
(y1,y2, - ,yn) € L, we write x <. y if and only if z; <; y; for each i € {1,2,--- ,n}. The
following notation below will be used in this paper: It is straightforward to check that (£, <.)
is a lattice with x Vo y = (x1 Vy1, 22V Y2, - ,2n Vyn) and 2 Acy = (21 Ay, ,Tn AYp). In

this case, we say that £ is a decomposable lattice.

Theorem 3.10. Let L = L1 x Lo X+ -x Ly, be a decomposable lattice such that Max(L;) = {M;}
forie{1,2,--- ,n}. Then diam(MG(L)) < 2.

Proof. By [11, Proposition 3.17], Max(£) = {M{,---, M)}, where we have that M; = L; x
Lo X o+ X Lp_1 X Mg X L1 X+ xX Ly for k € {1,2,--- ,n}. Let F and G be two vertices
of MG(L) such that they are not adjacent. If FF C M/ and G C M/ for some M/, then
F «~ M «~ G is a path in MG(£) with d(F,G) = 2. Otherwise, there are M/, M} € Max(L)
such that ¥ C M/, G ¢ M{, G C M} and F ¢ M;. Without loss of generality, We may assume
that ¢ < j. Consider the following filter:

H:£1><£2><--'><£i,1XMiXEiJrlX'--X,Cj,lXMjXﬁjJrlX"-X,Cn.

Since F' ¢ M} and G ¢ M], we conclude that H A F' = M] and H A G = Mj. This shows that
F « H « G is a path in MG(L) with d(F,G) = 2. Thus, diam(MG(L)) < 2. g

Theorem 3.11. Let L = L1 x Lo XX Ly, be a decomposable lattice such that Max(L;) = {M;}
forie{1,2,--- ,n}. Then gr(MG(L)) = 3.

Proof. By |11, Proposition 3.17], Max(L) = {Mj,---, M/}, where we have that M, = £; x
Lo X o X L1 X My X Lgp1 X -+ x Ly, for k € {1,2,--- ,n}. Now we consider the filters
F:M1XM2X£3X---X£n,

G:M1X£2XM3X£4“'X£W

and H = L1 X My X M3 X L4+ %X L. Since FAG = M{, FANH = M} and GAN H = M}, we
obtain the cycle '\~ G «~~ H «~ F'. This shows that gr(MG(L£)) = 3. ¢
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4. FURTHER RESULTS IN RELATED LATTICES

In the following theorem, we describe the relation between cut vertex filters and maximal

filters.

Theorem 4.1. Suppose that the join of any two distinct maximal filters of L is not {1}
and let C be a cut vertex of MG(L). Then there exist maximal filters M, M’ of L such that
C=MVM=MnDM.

Proof. If C' is a maximal filter, then C' = C' vV C. So we may assume that C' is not a maximal
filter. Let A and B be two vertices of MG(L) such that A € V4 and B € V3, where V; and V,
are the distinct components MG(L) \ {C}. We split the proof into four cases:

Case 1. A, B € Max(L). Since A ~ AV B «~ B is a path in MG(L£) and C is a cut vertex,
we infer that C' = AV B.

Case 2. A € Max(£) and B ¢ Max(L£). Since B is not a maximal filter, we conclude that
B « M for some maximal filter M of £ by Lemma @(1); hence M € V5. Since A ~ AVM «~ M
is a path in MG(L), A € V; and C is a cut vertex, we infer that C' = AV M.

Case 3. A ¢ Max(L) and B € Max(L£). By an argument like that in Case 2, C = BV M’
for some maximal filter M’ of £ with A «~ M.

Case 4. A, B ¢ Max(L). By assumption, A «~ M and B «~~ M’ for some maximal filters M
and M’ of £ by Lemma @(1); so M € Vi and M’ € V. Since M «~ MV M' «~ M’ is a path
in MG(£L) and C is a cut vertex, we infer that C = M VvV M'.

The following theorem provides some condition under which the graph MG(L) is star.

Theorem 4.2. IfV (MG(L)) is a totally ordered set with set inclusion, then MG(L) is a star
graph.

Proof. By the hypothesis, there exists a maximal filter M of £ such that M «~ K for every
K eV (MG(L)). If A# M and B # M are two distinct vertices of MG(L), then either A C B
or B C A. For both cases, A and B are not adjacent vertices and so MG(L) is a star graph
with center M.

Note that, the converse of Theorem @ is not correct. Let £ be the lattice as in Example
@. Then MG(L) is a star graph. However the V (MG(L£)) is not a totally ordered set.

A filter F of L is called small in £, written F' < L, if, for every filter G of L, the equality
F NG = L implies F' = G. The proof of the following lemma can be found in [16] (with some

different proof and notions), but we give the details for convenience.



Alg. Struc. Appl. Vol. XX No. X (20XX) XX-XX. 9

Lemma 4.3. Let F,G be filters of L. Then the following hold:

(1) IfFCG and G L L, then F < L.

(2)IfF <L and G L, then FAG,FVG <K L.

(8) Suppose that F is a proper filter of L and let a € L\ F. If F ANT(a) = L, then L has a
mazimal filter M with F C M and a ¢ M.

(4) J(ﬁ) = /\X<<LX'

Proof. (1) Let F A K = L for some filter K of £. Then L = FAK C GA K C L gives
GANK =Landsoso K =L.

(2) Since F'V G C F, we conclude that F'V G < L by (1). Let (F AG) A H = L for some
filter H. Then G <« L gives FAH = L; hence H =L, as F < L.

(3) At first, we show that £ has a filter M maximal with respect to ¥ C M and a ¢ M.
Consider the set Q of all filters H of £ such that F' C H and a ¢ H. This set is not empty since
F € Q. Clearly, € is closed under taking unions of chains and so the result follows by Zorn’s
Lemma. Let M be the maximal element of Q. Let U be a filter of £ such that M ; UCL.
Then a € U by maximality of M, and so F AT(a) = £ C U; hence £ = U, i.e. the result
holds.

(4) Let G < L. If M is a maximal filter of £ and G ¢ M, then G A M = L; but since
G < L, we have M = L, a contradiction. We infer that every small filter of £ is contained
in J(£); hence Ay, X C J(£). On the other hand, let x € £. If H is a filter of £ with
H ANT(x) = L, then by (3), either H = £ or there is a maximal filter M of £ with H C M
and z ¢ M. If x € J(L), then the latter cannot occur; thus x € J(L) forces T(x) < L, and

we have equality.

Proposition 4.4. The following hold in a lattice L:
(1) If F is a filter of L, then F < L if and only if F C J(L);
(2) If F is a nontrivial filter and J(L) G F, then F is not small in L.

Proof. (1) If FF < L, then F' C J(L£) by Lemma @(4) To prove the other side, assume to
the contrary, that F' is not small in £. Then there exists a nontrivial filter G of £ such that
FAG = L. By [15, Lemma 2.1], G C M for some maximal filter M of £. Since F' C J(L) C M,
we conclude that £L = FAG C GAM = M which implies that M = £ which is a contradiction.
Therefore, F' < L.

(2) This is a direct consequence of (1).

The converse of Proposition @(2) is not true, as the following example shows:
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Example 4.5. Let £ = {0,a,b,c,d,1} be a lattice with 0 < a < c¢<1,0<b<d <1,
0<b<c<l,avVb=c,aNb=0,cANd=>band ¢Vd=1. An inspection demonstrate that
J(L) ={1,c}. However, N = {1,d} is a non-small filter of £ such that J(£) = {1,¢} ¢ N.

Proposition 4.6. The following hold in MG(L):
(1) If M € Max(L) and F G J(L), then M « F;
(2) If M ¢ Max(L) and N G M, then M is not adjacent to N.

Proof. (1) Since F & J(£) € M, we conclude that F'A M = M and so M « F.
(2) If NG M, then NAM = M. Since M ¢ Max(L), we infer that M is not adjacent to
N. g

The converse of Proposition @ is not true, as the following example prove:

Example 4.7. Let £ be as in Example @ Then N = {1,d} and M = {1,a,c} are not
adjacent, however M ¢ Max(L) and N ¢ M. This implies that the converse of Proposition
@(2) is not true. Moreover, F' = {1,d,b,c} € Max(£) and it is adjacent to {1,d}, however
{1,d} ¢ J(L). It disprove the converse of Proposition @(1)

The following theorem shows that when the meet-maximal filter graph is a complete bipartite

graph.

Theorem 4.8. If J(L) # {1}, then the following assertions are equivalent:
(1) Every vertex of MG(L) is either mazimal or small;
(2) MG(L) is a complete bipartite graph.

Proof. (1) = (2) Let V4 = Max(L£) and Va2 be the set of all small filters of £. If M, M’ € Vi,
then M and M’ are not adjacent by Proposition @ If ;G € V5, then FAG < L by Lemma
@(2) and so F A G G J(L) by Proposition Q(l) which implies that any two vertices of V3
are not adjacent. Moreover, every vertex in V) is adjacent to each vertex Vo by Proposition
@. Therefore, MG(L) is a complete bipartite graph.

(2) = (1) Suppose that V; and V5 are parts of MG(L) and let M be a maximal filter of L.
Without loss of generality, let M € Vi. If M # M’ € Max(L) with M’ ¢ Vi, then M’ € V;
implies that M A M’ is maximal which is impossible. Thus Max(£) C V;. If N € V; with
N ¢ Max(L), then there exists a maximal filter N' of £ (so N’ € V;) such that N «~ N’ by
Lemma @, a contradiction. Therefore, V} = Max(L). If F' C J(L) for some vertex F, then
F is small in £ by Proposition @(1) and so

M={FeVMMG(L): FCJL)},
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is the set of all small filters of £. An easy inspection will show that V5 = M, i.e. the result
holds.

Example 4.9. Let £ ={0,1,a1,as,...,a,} be a lattice (chain) with 0 < a1 < ag < ... < ap <
1. Then M = L\ {0} is the unique maximal filter of £ and another proper filters are small.
It is clear that M(G(L) is a complete bipartite graph (a star graph).

5. CLIQUE NUMBER, DOMINATION NUMBER

AND PLANARITY OF MG(L)

We continue this section with the investigation of the stability of meet-maximal filter graphs
in various lattice-theoretic constructions. In the following results we show that domination

numbers are really of interest in indecomposable lattices.

Theorem 5.1. Let L = L1 X Lo be a decomposable lattice such that Max(L;) = {M;} for
i€{1,2}. Then y(MG(L)) = 2.

Proof. By [11, Proposition 3.17], Max(L) = {M{, M}}, where we have that M{ = M; x Lo
and M) = L1 x My. If F = F} x F» is a nontrivial filter of £, then either FF C M] or
F C M/ by [15, Lemma 2.1]. Without loss of generality, let F C M| (so Fiy C M;). Since
F Ne M{ = (Fy A M) x (Fa A Lg) = My x Lo, we infer that any vertex of the graph MG(L) is
adjacent to at least one of the elements of the set { M7, Mj}. This shows that v(MG(L)) = 2.

O

Following example shows that the converse of Theorem @ is not true.

Example 5.2. Let X = {a,b,c}. Then £L ={T: T C X} forms a distributive lattice under
set inclusion greatest element X and least element (; (note that if A, B € £, then AAB = ANB
and AV B = AU B). Now, the set of all filters of L is {F}, Fy, F3, Fy, F5, Fs}, where

I = {X’ {a’ b}}v Fy = {Xv{a’v C}}a F3 = {X’{b’ C}}v

Fy={X {a,b},{a,c},{a}}, F5s ={X {a,b},{b,c}, {b}},
Fs = {X7 {CL, C}a {b7 C}, {C}}
By drawing MG(L) (see Figure m), it can be easily checked that y(MG(L)) = 2, Max(L) =
{Fy, F5, Fg} and L # L1 x L, for some lattices £1, L2 . Hence the converse of Theorem @

is not true.

Theorem 5.3. Let L = L1 X Lo X +-- X Ly, (n > 3) be a decomposable lattice such that
Max(L;) = {M;} forie {1,2,--- ,n}. Then y(MG(L)) < n.
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FIGURE 1. MG(L)

Proof. By [11, Proposition 3.17], Max(£) = {M{,---, M)}, where we have that M; = L; x
LoX o+ X L1 X Mg X Liy1 XX Ly for k€ {1,2,---,n}. Then the set Max(£) dominates
all the vertices of the graph MG(L); hence y(MG(L)) < n.

A simple lattice is a lattice that has no filters besides the {1} and itself. The following
example shows that in general Theorem @ is not true in the case y(MG(L)) = n.

Example 5.4. Let £ = £1 x Lo X L3 be a decomposable lattice, where we have that £; is a
simple lattice for i € {1,2,3}. Then we have VIMG(L)) = {£1 x {1} x {1}, L1 x Lo x {1}, {1} x
Lox {1}, {1} x Lo x L3, Ly x {1} x L3, {1} x {1} x L3}. Then the set S = {L1 x Lo x {1}, {1} x
Lo x L3} dominates all the vertices of the graph MG(L); hence y(MG(L)) = 2 # 3.

Proposition 5.5. Let A, B ¢ Max(L) such that they are adjacent. Then there is a unique
maximal filler M of L such that M € N(A) N N(B).

Proof. Since A A B is a maximal filter, we infer that A A B is adjacent to both A and B which
gives ANB € N(A) and AA B € N(B). Let M € Max(L) such that M € N(A) N N(B). It
is enough to show that M = A A B. On the contrary, assume that M # A A B. First, we
prove that M € N(A)NN(B) if and only if M € N(AAB). If M «~ AN B, then M N (AAB)
is a maximal filter of £ which gives M AN A # {1} and M A B # {1}. Since M C AANM
and M C M A B, we conclude that AANM = M = BAM and so M -~ A and M -« B.
Conversely, assume that A «~ M and B «~~ M. Then AA M and M A B are maximal filters
gives ANM = M = M A B which implies that (AAB) AM = M; so M -~ AA B. Since
M A (AAB) is a maximal filter, we infer that M A (AAB) # {1} which implies that AANB C M.
Therefore, M = AN B, as AN B is a maximal filter, a contradiction. Thus M = AA B.
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Theorem 5.6. Let C be a clique in MG(L). Then C is contained in the subgraph induced by
{F e VIMG(L)): F C M} for some mazimal filter M of L.

Proof. By Proposition @, clique C has at most one maximal filter. If C N Max(L) = {M},
then X C M for every X € C and so C is contained in the subgraph induced by {F € V
(MG(L)) : F € M}. So we may assume that C N Max(£) = 0. The adjacency of every two
vertices of C and Proposition @ shows that there exists a unique maximal filter M’ of L for
which C is a subgraph of the graph induced by {F € V (MG(L)): F C M'}.

The following theorem provides some condition under which M(G(£) is a split graph.

Theorem 5.7. If MG(L) is not empty and V (MG(L)) = Max(L) UMin(L), then MG(L) is
a split graph.

Proof. At first, we show that the subgraph induced by the minimal filters of £ is a complete
graph. It is enough to show if C' and D are minimal filters of £ with C' # D, then C « D.
We claim that C A D # L£. On the contrary, let CAD = L. Let C C FE ; L for some
maximal filter E of L. AsCAND =L C EAD, we conclude that EAD = L. If D C E, then
EAND =FE = L, a contradiction. Therefore, END = {1}. Let e € E. Thene € L =C A D.
Hence e = ¢Ad, for some ¢ € C' and d € D. Thereforee =eVe=eV(cAd)=(eVec)A(eVd).
Asevde END = {1}, evd =1 and so e = e Vc. This implies that £ C C and so
E = C. This shows that C' is a maximal filter. Similarly, D is a maximal filter. It follows
that ¥V (MG(L)) = Max(£) and so MG(L) is empty by Proposition @ which is impossible.
Therefore, C' A D # £ and so C' A D is a vertex of the graph CG(L) (since C A D # {1}). It
is clear that C A D ¢ Min(L); so C A D € Max(L), i.e. any two minimal filters are adjacent.
Consider the subgraph induced by Min(£) of MG(L). Let C, D € Min(£) with C # D. Then
C' A D € Max(L) which implies that the subgraph induced by Min(L£) is complete. Moreover,
by Proposition 3.5, the subgraph induced by Max(L£) is empty. Thus, MG(L) is a split graph.

O

Corollary 5.8. If MG(L) is not empty and V (MG(L)) = Max(L)UMin(L), then |Min(L)| <
w(MG(L)).

Proof. Since the subgraph of MG (L) with the vertex set of Min(£) is a complete subgraph of
MG(L), we conclude that |Min(L)| < w(MG(L)).

The following example shows that the equality does not hold necessarily in Corollary @
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Example 5.9. Let £ = {0,a,b,¢,1} be a lattice with the relations 0 < ¢ < a < 1,0 <
c<b<1l,avb=1and a Ab = c An inspection will show that the nontrivial filters of
L are F1 = {1,a}, F» = {1,b}, F3 = {1,a,b,c}, Fy = {l,a,c} and F5 = {1,b,c}. Clearly,
FyANFy=FAFy=Fy AFy = Fy € Max(£), Min(£) = {F|,F>} and C = {F}, F5, F3} is a
clique. Hence |Min(£)| =2 < w(MG(L)) = 3.

The following theorem provides some condition under which M(G(L) is a planar graph.

Theorem 5.10. Suppose that MG(L) is not empty and let V (MG(L)) = Max(£L) U Min(L).
If Min(L)| < 3, then MG(L) is a planar graph.

Proof. Note that MG(L) is a split graph by Theorem @ Since |Min(L)| < 3, we infer that
any subgraph induced by five vertices is not complete; so K5 is not a subgraph of MG(L). It
suffices to show that K3 3 is not a subgraph of M(G(L£). On the contrary, assume that K33 is a
subgraph of MG (L) with partite sets |Vi| = 3 and |V2| = 3. Therefore, either Vi C Max(L) or
Vo C Max(L). If Vi € Max(L), then Vo C Min(L£), a contradiction since the subgraph induced
by the minimal filters of £ is a complete graph. Therefore, MG(L) is a planar graph.

Example 5.11. Let £ be as in Example @ and Fy, Fo, F3, Fy, Fj, Fg its filters. Then
Min(£) = {F1, Fy, F3} and Max(£) = {Fy, Fs, Fg}. By Figure I, MG(£) is a planar graph.

6. CONCLUSION AND FUTURE WORKS

We give some connections between algebraic properties of a lattice and the graph theoretical
properties of its meet-maximal filter graph. We prove that if J(L) # {1}, then the subgraph
induced by the non-maximal filters of £ is a connected graph of diameter not bigger than 4.
Also, it is shown that every vertex of MG(L) is either maximal or small iff MG(L) is complete
bipartite. Further, if MG(L) is not empty and V (MG(L)) = Max(£) U Min(L), then MG(L)
is a split graph. The research presented in this paper yielded numerous ideas to improve the
relation of meet-maximal filter graph M(G(L) and the algebraic structure of £ for instance

independence number and metric dimension.
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