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1. INTRODUCTION

Throughout this paper, all graphs are assumed to be finite, simple, and undirected. Let
G be a graph with vertex set V(G) = {v; | ¢ = 1,2,...,n} and edge set E(G) = {e; | j =
1,2,...,m}. The adjacency matriz of G, denoted by A(G) = [as;], is a symmetric matrix of
order n, where rows and columns are indexed by the vertices of G. The entries of A(G) are
defined as

1, if v; and v; are adjacent in G;
a;j =
0, otherwise.

Let dg(v) denote the degree of a vertex v in a graph G, and let Deg(G) be the n xn diagonal
matrix whose i-th diagonal entry is dg(v;). The Laplacian matriz of G is defined as L(G) =
Deg(G) — A(G), and the signless Laplacian matriz is defined as Q(G) = Deg(G) + A(G).
Extensive studies have been conducted on both the adjacency matrix and the signless Laplacian
matrix, revealing numerous spectral similarities. Motivated by these parallels, Nikiforov [[18§]
introduced a unifying matrix known as the generalized adjacency matriz or A,-matriz, defined
for a € [0,1] as

Ay(G) = aDeg(G) + (1 — a) A(G).
This definition interpolates between the adjacency matrix and the degree matrix: specifically,
Ao(G) = A(G), A1(G) = Deg(G), and A1/2(G) = %Q(G)-
Let P be a real matrix of order n. Denote by PT and det(P) the transpose and determinant

of P, respectively. The characteristic polynomial of P is defined by
U (P;z) = det(xzl, — P),

where I, is the n x n identity matrix. The eigenvalues of P are precisely the roots of V(P;x).
For a symmetric matrix P, it is well known that all eigenvalues are real, and that their algebraic
multiplicities coincide with their geometric multiplicities.

The multiset of eigenvalues of P is referred to as its spectrum, denoted by o(P) =
{NT N2, APE}, where Ap, g, ..., A are the distinct eigenvalues of P, and pi,pa, ..., Dk
are their respective algebraic multiplicities.

Let M(A(G) < M(A(G) < -+ < M(A(@)) and M(Aa(G)) < Ao(4a(@) < - <
An(Aq(G)) denote the eigenvalues of the adjacency matrix A(G) and the A,-matrix of a graph
G, respectively. Throughout this paper, we use this ordering convention for the eigenvalues
of any matrix. The spectra of the matrices A(G), L(G), Q(G), and A,(G) are referred to as
the adjacency spectrum, Laplacian spectrum, signless Laplacian spectrum, and A, -spectrum of
G, respectively. Two graphs are said to be adjacency cospectral (respectively, A, -cospectral)
if they have identical adjacency spectra (respectively, identical A,-spectra). A graph is said

to be an A,-DS graph if it is uniquely determined by its A,-spectrum, i.e., there does not
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exist any graph non-isomorphic to it that is A,-cospectral with it. It is known that every
graph with at most 8 vertices is an A,-DS graph, while the smallest order for which a pair of
non-isomorphic A,-cospectral graphs exists is 9. For further results concerning A,-cospectral
graphs, we refer the reader to [[13,[14].

Graph operations provide systematic ways of constructing larger and more complex graphs
from simpler ones while preserving or modifying important structural and spectral characteris-
tics. A variety of such operations have been studied extensively in the literature. In particular,
the spectra and characteristic polynomials associated with graph operations such as the Carte-
sian product, disjoint union, corona, edge corona, neighborhood corona, Kronecker product,
join, subdivision-vertex join, subdivision-edge join, R-vertex join, and R-edge join have been
analyzed in detail; see, for example, [2,5-11,16,[17,22]. Furthermore, the A,-spectra corre-
sponding to some of these graph operations have been investigated in [3,[12,113,20]. Such graph
constructions have found wide applications in communication and interconnection networks,
where large and complex network topologies are formed by systematically combining smaller
subnetworks. They are also fundamental in chemical graph theory, where graph operations are
used to model molecular structures and to investigate their physicochemical properties through
spectral descriptors. A brief account of these applications can be found in [4]. Motivated by
these applications, we consider two new graph operations, namely the triple vertexr join and
the triple edge join. These operations provide a unified and flexible framework for construct-
ing new families of graphs with rich spectral properties, thereby enriching the study of graph
spectra and offering potential applications in network topology, communication networks, and
mathematical chemistry.

The following definition can be found in [19].

Definition 1.1. [19] Let G1, G2 and H be three graphs on disjoint sets of vertices and G
has my edges. Let S(G1, H) be the graph obtained from G; and H in the following way:

(1) Delete all the edges of G and consider my disjoint copies of H.
(2) Join each vertex of the i*" copy of H to the end vertices of the i** edge of Gj.

Then G1(Vg)Ge is the graph obtained from S(Gp, H) by joining each vertex of G with

each vertex of Go.

Let G1, G2, and H be graphs of orders n1, no, and ng, and sizes m1, meo, and mg, respectively.
Then the graph G1(Vy)G2 has order ny + ng + ming and size 2ming + mims + ma + nine.
Define G1(A)Ga2 as the graph formed from S(G1, H) by joining each vertex in all m; inserted
copies of H to every vertex of Go. We refer to G1(Vy)G2 and G1(Ag)G2 as the triple vertex
join and triple edge join of graphs G; and Gy with respect to H, respectively. In [19], Paul

derived the adjacency, Laplacian, and signless Laplacian spectra of G1(V )Gz in terms of the
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spectra of G1, G, and H, under the assumption that G is regular. In [24], the authors derived
the {1}-inverse of the Laplacian matrix associated with G1(Vg)G2. Utilizing the relationship
between resistance distances and {1}-inverses of Laplacian matrices, they obtained explicit
expressions for the resistance distances in G1(Vg)Ga.

The remainder of this paper is organized as follows. In Section 2, we present the necessary
preliminaries and auxiliary results. In Section 3, we extend the results of [19] by determining
the Ay-spectrum of G1(Vg)G2 when Gy is regular, and that of G1(Ag)G2 when both G and
H are regular. As an application, we construct infinitely many pairs of A,-cospectral graphs.

Finally, in Section 4, we provide two examples to illustrate the theoretical results.

2. PRELIMINARIES

Let G be a graph with n vertices and m edges. The incidence matriz of G, denoted by
R(G), is the n x m matrix whose rows and columns are indexed by the vertex set and edge

set of G, respectively. The (i, j)-th entry of R(G) is defined as

1, if the i-th vertex is incident to the j-th edge;

R(G)y; =
0, otherwise.

Let ¢(G) denote the line graph of G, where each vertex of ¢(G) corresponds to an edge of
G, and two vertices in /(G) are adjacent if and only if the corresponding edges in G share a

common vertex. It is well known (see [[7]) that

(1) R(G)' R(G) = A(U(G)) + 2L,
and, if G is r-regular, then

(2) R(G)R(G)" = A(G) + rI,,.

Let 0,, and 1,, denote the column vectors of size n consisting of all zeros and all ones, respec-
tively, and let 0,,,xn and J,;, x5, denote the m x n zero matrix and all-one matrix, respectively.

The P-coronal of an n X n matrix P, denoted by I'p(x), is defined (in [§]) as
(3) I'p(z) =11 (2, — P)7'1,,.
If every row sum of P is equal to a constant ¢, then it follows (see [6]) that

(4) Ip(r) =

The Kronecker product of the matrices A = [a;;] € R™*™ and B € RP*? is denoted by A® B

(following the notation adopted in [[]), and defined as the block matrix of order mp x nq, given
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by i i
anB  ai2B -+ awB
an1B  axB -+ aB

AR B =
am1 B am2B - amnB

The Kronecker product is an associative operation. Moreover, if the products AC' and BD are
defined, then
(A® B)(C ® D) = (AC) ® (BD).

In particular, if A and B are nonsingular matrices, then their Kronecker product is also
nonsingular, and
(Ao B '=A"1e B
If A and B are square matrices of orders n and p, respectively, then the determinant of their

Kronecker product satisfies
det(A ® B) = (det A)P(det B)".

Furthermore, if A1(A), A2(A),..., A\, (A) are the eigenvalues of A, and A\i(B), \2(B), ..., \p(B)
are the eigenvalues of B, then the eigenvalues of A® B are given by the set {\;(A)A;(B) |1 <
i<n,1<j<p}h

Lemma 2.1. ( [23]) Let Py, Py, P3, and Py be matrices of sizes x X x, x Xy, y X x, and y X y,

respectively. Then

P Py 1 . .
det = det(Py) - det (P1 — PP Pg) ,  when Py is invertible;

P3Py
= det(Py) - det (P4 — P3Pf1P2) , when Py is invertible.

The matrices P, — PgP[ng and Py — Pnglpg are called the Schur complements of Py and

Py, respectively.

Lemma 2.2 ( [15]). Let A be an n x n real matriz and ¢ € R. Then,
det(xl, — A — cJpxn) = (1 —cTg(x)) - det(zl, — A),

where T (z) is the A-coronal.

Lemma 2.3 ( [18]). The Ay-spectrum of the complete bipartite graph K, s is given by

1
2 24+ 4rs(1 —2
(An(Krs)) = {a(r+s)+\/a (7“—2|—s) + 4rs( Q) o asm

a(r +s) —\/a2(r +5)2 + 4rs(1 — 2a)1
: f
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Lemma 2.4 ( [20]). For the complete bipartite graph K, s, the Aq-coronal is given by

(r+s)r —a(r + )%+ 2rs
22 —a(r+s)z+ 2a—1)rs

Lok, (@) =

Lemma 2.5 ( [7]). Let G be an r-regular graph with n vertices, and let ¢(G) denote its
line graph. Suppose that the characteristic polynomials of A(G) and A(¢(G)) are given by
U(A(G);x) and ¥(A(L(G)); x), respectively. Then the following relation holds

T(AWUG))7) = (x+ 2)™ " T(A(G);x — 7 + 2).

3. MAIN RESULT

3.1. A,-spectrum of G1(Vg)G2, when G is regular. In this section, we determine the
Agq-spectrum of the triple vertex join graph G1(Vy)Ge formed from two graphs G and Gs.
The following theorem provides the A,-characteristic polynomial of G1(Vg)G2 when G is a

regular graph.

Theorem 3.1. Let Gy, Go, and H be three graphs of orders ni, na, and ns, respectively.
Suppose that Gy is r1-reqular with my edges. Then the A,-characteristic polynomial of the
triple vertez join graph G1(Vi)Ga is given by

VU(An(G1(VH)G2);2) = Y(Aa(Ga);x — any) - V(Ay(H); z — 2a)™

x [(z — aring — ang) — 2r(1 — a)2FAa(H)(az —2a)

ni—1

—ni(l — a)QFAa(G2)(x —any)] x H [(z — aring — ang)
i=1

— (1 = a){(1 = 2a)r1 + A\i(Aa(G1))}T 4, () (T — 2a)].

Proof. Let Ry be the incidence matrix of G;. Suppose the vertex sets of G1, the m; copies of

H, and G2 are given by
{v1,..yvn by U1, oy Ulng,y -« oy Umg1s e - oy Umyng §,  and  {wi, ..., Wy, },
respectively. Then the adjacency matrix of G1(Vg)Gae is

0n1 Xni Rl ® 123 Jnl Xng
A(Gl(\/H)GQ) = R{ ® 1pg Iy ® A(H) Omingxng
J?’LQ Xni OTLQ Xmins A(GQ)




Alg. Struc. Appl. Vol. XX No. X (20XX) XX-XX. 7

From the construction of G1(V)Gs, the degrees of its vertices are computed as follows

dGl(\/H)GQ(Ui) = ring + na, for 1 = 1,2, e,
dGl(VH)Gz(ujk) = dH(ujk) + 2, for 3=1,2,...,mq, k=1,2,...,n3;

A (viGs (We) = dgy (we) +ny,  for £=1,2,... no.

Thus, the diagonal degree matrix of G1(V)Ga, of order (ny +ming +n2) X (n1 +ming +na),

is given by
(T1n3 + nQ)Im 0ny xmyns 0n1 5o
Deg(G1(VH)G2) = Ominsxny | Imy ® (Deg(H) + 21I,.,) Ormy g s ,
0nyxny 015 xming Deg(Gg) +nilp,
and ) ]
a(ring + n2) Iy, (1-a)Ry ® 1%, (1 — @) Jn;xny
A (G (Vi) Ga) = (1 —a)RT ®1,,, | a[l,n, ® (Deg(H) + 21,,,)] Oum iy s
+(1 = a)[Im, ® A(H)]
(1 - a)Jn2Xn1 0n2><m1n3 Aa(GQ) + Oén1[n2 |

Therefore, the characteristic polynomial of A,(G1(Vy)Ga) is given by

‘Ij(Aa(Gl (VH)G2);2) = det[xjm—l-mms—i-nz - Aa(Gl(VH)GZ)}

(x —aring —ang)l,, | —(1 —a)R1 ® 123 —(1 — @) Jny xny

*(1 - O‘)R’{ ® 1TL3 Iml ® [(fL‘ - 2a)In3 0m1n3><n2

=det —Aa(H)]
_(1 - a)Jme 01y xming (z — ani)In,
_ Aa@)
(5) =det[(x — any) I, — Aa(G2)] x det S [by Lemma @],
where,
g (x — aring — ang) Iy, —(1-a)Ry ®1f,

(1~ Q)R @1y | L, ® (2 — 20)I, — Aa(H)

B —(1 = a)Jny xny [(x _ an1>In2 — AQ(G2>]_1 [ —(1- Q)anxm

Om1 n3 Xna

0n2><m1n3 :| ?

is the Schur complement of [(x — ani)l,, — Aa(G2)].
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det( (x — aring — ang) Iy, —(1-a)Ry®1L
e
(- )R © 1y | Ly ® (¢ — 20) I, — Aa(H)

0n1 Xminsg

—-(1- a)z { FAQ(GQ)(x —any)dn, xn )

Om1n3 Xn1 ‘ 0m1n3 Xmins

(x — aring — ang) Iy, —(1-—a)R1 ® 123

det _(1 - O‘)2FAO¢(G2)($ - anl)Jnl Xn1
~(1-a)Rl 91, Ly © (2 — 20) L, — Aa(H)
x det[In, ® {(x — 20)In, — Aa(H)}]

x det[{(x — aring — ang)I,, — (1 — a)zan(G2)(:n —any)Jdnyxny |

~(1 = a)*(B1 ® 15 ){Im, ® [(& — 20) Iy, — Aa(H)]} (B} © Ln,)

det[Ln, @ {(z — 2a) Iy — Aa(H)}] - det[{(z — aring — ang)ly,,

—(1- a)ZFAa(GQ)(J: —any)dn xn, } — (1 — oz)2FAa(H) (x — 204)R1R{]

det[(z — 2a)In, — Ao (H)|™ - det](x — arins — ang)l,,

—(1 = @)’T 4, (m)(z — 20) R R} |

*[1 = (1= a)’Ta (6@ = an)T_apr, o1 @e—20)r k7 (@ = aring — ang)],

from Lemma PZ2.

Now 2r1(1—a)?T 4, (g (#—20) is the sum of each row of the matrix (1—a)?T 4 () (z—2a) R1 RY .

Thus from equation (H), we get

F(l—a)QFAa(H) (z—2a)R 1 RT (z—aring—ang) = (

ni

& —aring — ang) — 2r1(1 — a)?Ty () (z — 20)

By equation (E), 1+ Ai(A(G1)) is the eigenvalue of the matrix Ry RT, where \;(A(G1)) is the

eigenvalue of A(G1) for i = 1,2,...,ny. Thus, equation (B) becomes

det S = V(AL (H); 2 —2a)™ - |1 — (1 — a)2FAa(G2)(x —any)

n1
8 (x —aring — ang) — 2r1(1 — )Ty gy (z — 2a)]

x det [(z — aring — ang) I, — (1 — oz)QFAa(H) (x — QQ)RlRﬂ
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= VU(Ay(H);x — 2a)™

(z — aring — ang) — 2r1(1 — @)’T 4, () (z — 2a) — ni(1 — @)*T 4 (G, (z — any)

. (x —aring —ang) — 2r1(1 — a)?T 4 () (7 — 2)
x [[l(x — arins — ang) — {r1 + Ai(A(G1))}(1 — a)’T 4, () (z — 20)]
=1

(7) = V(Ap(H);z — 2a) [(x — aryng — omg) —2r(1 — a)2FAa(H)(x —2a)
ni—
—ni(1l— a) L4, (GQ) x — any)] H T —aring —ang)

—{r1+ Xi(A(G1))}(1 = a)’Ta, (2 — 20)].

Since Ay (G1) = aril,, + (1 — a)A(G1), we have \;(An(G1)) = ar1 + (1 — a)\i(A(G1)) is the
eigenvalue of A,(G1) for i =1,2,...,n1. Therefore,

detS = U(A,(H);z —20)"[(z — aring — ang) — 2r1(1 — 04)2FA&(H)($ —2a)
ni—1

—ni(1l— 04)2FAQ(G2)($ —any)] x H [(x — aring —ang) — (1 — a)
i=1

X{(l — 204)7“1 + )\i(Aa(Gl))}FAa(H)(l' — 204)].

Using this result in equation (a), we get the required characteristic equation.

Corollary 3.2. Let G; be a graph of order n; and size m; with reqularity r;, for i =1,2, and

H be a graph of order n3 and size msz with reqularity r3.

I. For ry =1, the eigenvalues of Ao(G1(Vg)G2) are given by
(a) a(ng + ns), with multiplicity 1;
(b) 2a+ A\ (An(G2)), with multiplicity 1, fori=1,2,...,ny — 1;
(c) 2a + A\i(Aa(H)), with multiplicity 1, fori=1,2,...,n3 —1;
(d) three zeroes of the equation (x — ans — ang)(x — 2a — r3)(z — 2a — 19) — 2(1 —
a)?{n3(x — 2a — o) + na(z — 2 — 1r3)} = 0.
II. Forr > 2, the eigenvalues of Ao(G1(VH)G2) are given by
(a) any + A\i(Aa(G2)), with multiplicity 1, fori=1,2,...,n9 — 1;
(b) 2a + r3, with multiplicity mq — ny;
(c) 2a+ A\i(Aa(H)), with multiplicity my, fori=1,2,...,ng —1;
(d) three zeroes of the equation (x —2a —13)(x —any —r)(x — aring —ang) —2r1 (1 —
a)?nz(x —any — 1) — (1 — a)®nina(z — 2o — r3) = 0;
(e) two zeroes of the equation Gi(x) =0,i=1,2,...,n1—1, where G;i(z) = (z —2a —
r3)(z — angry — ang) — (1 — a)ns[(1 — 2a)r; + N\i(Aa(G1))].
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Proof. Since Ga, H are ra-regular and rs-regular graphs on no, ng vertices, respectively, by

equation (@) we have, I'y ) (7 — 20) = ;52— and 'y (q,) (7 — any) = =

r—2a—7r3 r—any—re "
I. For r1 = 1, G is a path with two vertices i.e. P. Then nqy = 2, mq = 1, and the
eigenvalues of A(G1) are 1 and —1. Thus by theorem (@) we have,

U(An(G1(VH)G2);2) =TV (An(G2);x — 20)V(An(H); 2 — 20)[(z — ansg — ang)
—2(1 — )?

no—1 nzg—1

=[] (z — 20 = Xi(4a(G2))) ] (& — 20 = Mi(Au(H)))(z — ang — ang)
=1

=1

n3 n2

—2(1 — a)? |(z — ans — ang)

T — 20 —13 T — 20 —T9

x[(z — 2a — r3)(x — 200 — 12) (x — anz — ang)

—2(1 — &)} {nz(x — 20 — 13) + na(x — 20 — 1r3)}].

II. If vy > 2, then my > ni1, and by Theorem @ we get,

na—1
U(AW(G1(VH)G2);2)=(x — any — r2) H (x —any — Ni(Aa(G2)))(z — 2c0 — r3)™
=1

ny—1

X H (x —2a— N\ (An(H)))™ [(w —aring —ang) — M

T — 20— T3

_(d-a nlnﬂ 11_[ [ (x — angry — ang) — (A=ajns

r—any —ry| 4 T — 20— 13
im1

X{(]. — 2&)T1 + )\Z(Aa(Gl))}:|

no—1

=(x —2a—rg)™ ™ H (r — any — Ni(Aa(G2)))
=1
nz—1

X H (x — 20 — N(Aa(H)))™ [(x — 200 — 7r3)(x — ang — r2)
i=1

X (x — aryng — ang) — 2r1(1 — a)*n3(z — any — o)
ni—1

— (1= a)’nng(z — 20 — 13)] H [(z — 20 — 73)(z — angry — ang)
i=1

—(1 —a)ns{(1 —2a)r; + \i(Aa(G1))}].

Hence, the result follows.

In a similar manner, the following corollaries can also be proved using Lemma @ and

Lemma @
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Corollary 3.3. Let G be a graph of order ny and size my with reqularity r1. Let Go = Ky
and H = K, where a,b,s,t > 1.

I. Forry =1, the eigenvalues of Ao(G1(V)G2) are given by

()

o
(b) a(2+s) and «(2+t), with multiplicities (t — 1) and (s — 1), respectively;
(c) of

)

(d) five zeroes of the equation

2+a) and «o(2+Db), with multiplicities (b — 1) and (a — 1), respectively;

ala+ b+ s+ t), with multiplicity 1;

r — a(s +t) — ala + b)(z — 2a — astt) /0P (s H)2 Hst(1-20) r — 2o —
2

a(s+t)—y/a2(s+t)2+4st(1—20) )
2

a(a+b)++/a?(a+b)2+4ab(1—2a a(a+b) a?(a+b)2+4ab(1—2a
(2 — 20— ATV EE@HBA20)y (o, alerh) =/ @ bHa0-2a)) o

a(a+b)+\/a2(a+b)2+4ab(172a)
2 )( -

@)?{(s +t)(x —2a) — a(s +1)? + 2st}(z — 2a —
9% — a(a+b)f\/aQ(a;rb)2+4ab(172a))

91— a)2{(a-+b)(z—20) —a(a-+b)*+2ab} (5 —20— a(s+t)+\/az(s;-t)2+4st(1—2a))(x_
90 — a(s+t)—\/a2(s;t)2+4st(1—2a)) —o.

I1. Forry > 2, the eigenvalues of Ao(G1(Vi)G2) are given by

(a) a(n1+a) and o«(ny +b), with multiplicities (b — 1) and (a — 1), respectively;

(b) a(24s) and «(2+t), with multiplicities m1(t — 1) and my(s — 1), respectively;
(c) 2 a(s+t)i\/a2(8+t)2+45t(1_2a), each with multiplicity (m1 — n1);
(d) five zeroes of the equation

r — 2o —

(x — ari(s + t) — ala + b))(z — 2a — a(s+t)+\/a2(s;t)QHSt(lih))(

a(s+t) \/a2 s+t)2+4st(1 2a))

aab a?(a+b)2+4ab(1—2a a(a+b)—+/a?(a+b)2+4ab(1—2a
+b)+/ (a+b)+iab1=20) ) () oy — (+)\/(+)+( ))

(r —ang —
2r1 (1—a)?{(s+t)(z—2a) —a(s+t)?+2st} (x—an, —
a(a+b)f\/aQ(a;rb)2+4ab(172a)) _ 7’Ll(1 _ 04)2{(& n b)(l‘ _ Oé’l’Ll) _ a(a i b)2 n

e a(s+t) \/a2(s;rt)2+4st(1 2a)) 0;

af a+b)+\/o¢2 a+b)2+4ab 1—-2a) )(

any —
2ab}(z— 20—

(e) three zeroes of the equation

a(s+t)++/a?(s+t)24+4st(1—2a
(H 4P -20)

— 2o —

(r — aring — ang)(z — 2a — O‘(S+t)+\/a2(s;t)2+4st(1—2oc))(x

a(s+t) \/oz2 s+t) +4st(1— 2a))

(I—a){(1- 2a)7’1 + X (Ao (G H (s + 1) (z — 2a) — a(s +t)% +2st} = 0, for each
i:1,2,...,n1—1.

Corollary 3.4. Let G; be a graph of order n; and size m; with reqularity r; and H = K,
where s,t > 1 and i =1,2.
I. Forry =1, the eigenvalues of Aq(G1(Vi)G2) are given by
(a) 2a 4+ \i(Aa(G2)), with multiplicity 1, for i =1,2,...,n9 — 1;
(b) a(2+s) and «(2+t), with multiplicities (t — 1) and (s — 1), respectively;
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(c¢) a[(s+t) + nal, with multiplicity 1;

(d) four zeroes of the equation

r — 2o —

(x — a(s + t) — ang)(z — 2a — a(s+t)+\/a2(3;‘t)2+4st(1—2a))(

als+t) \/oz2(s+t V2+4st(1— 2a))

(x—Qa—rg)—Q(l—a) {(s4+t)(x—2a)—a(s+t)?2+2st} (x—2a—12) —2(1—a)?ng (z—
9oy — a(s+t)+\/a2(s;rt)2+4st(172a))(x 9o — a(s+t)—y/a?( s+t)2+4st(1 2a)) 0.

II. For ry > 2, the eigenvalues of Ao(G1(V)Ge) are given by
(a) any + X\i(Aa(G2)), with multiplicity 1, fori=1,2,...,ng —1;

(b) a(2+s) and «(2+t), with multiplicities (t — 1)my and (s — 1)mq, respectively;
(c) 2 a(SH)i\/a2(s+t)2+48t(172a), each with multiplicity (mi — ny);

d) four zeroes of the equation

(

a(s+t)++/a?(s+t)2+4st(1—2a
(H+y/ P H(1-20)

x — aring — ang)(z — 2« - 2a —

a(s+t) \/oz2 s+t) +4st(1— 2a))

(az—oml—rg)—Zrl (1—a)*{(s+t)(z—20a) —a(s+t)2+2st} (x—ani —r2) — (1—a)?niny

(& — 20 — a(s—l—t)—i-\/oﬂ(s;—t)2+4st(1—2a))(x 9y — a(s+t)—\/a2(s;t)2+4st(1—2a)) —0;
(e) three zeroes of the equation
(@ — arns — am)(z — 2a a(s+t)+\/a2(s;rt)2+4st(172a))(m _ 9 —

a(s+t) \/a2 s+t)2+4st(1 2a))

—(1-a) [(1 —20) + N(Ao (G {(s + t) (2 — 2a) — a(s +t)? + 2st} =0,  for

eachi=1,2,...,n1 — 1.

Corollary 3.5. Let G1 be a graph of order ni and size m1 with reqularity r1. Let Gy = K,

and H be a graph of order nsg with reqularity rs, where s,t > 1.

I. For ry =1, the eigenvalues of Ao(G1(Vg)G2) are given by
(a) a(24s) and «(2+t), with multiplicities (t — 1) and (s — 1), respectively;
(b) 2a 4+ A\i(An(H)), with multiplicity 1 for each i =1,2,...,ng — 1;
(¢) ans + a(s +t), with multiplicity 1;
)

(d) four zeroes of the equation

( — ang — als + )(x — 20 — 73)(x — 20 — a(s+t)+\/a2(s;—t)2+4st(1—2a))
(l‘ _ 2% a(s+t) \/012 s;rt) +4st(1— 204)) _ 2(1 _
a)2n3 (& — 20 — a(s+t)+\/a2(s;~t)2+4st(1f2a) )2 — 20 — a(s+t)—y/a?( s2+t)2+4st(1 2a))

2(1 — a)?(z — 20 — 13){(s + t)(x — 20) — (s + t)? 4 25t} = 0.
II. For ry > 2, the eigenvalues of Ao(G1(Vi)Ge) are given by
(a) a(ny +s) and «(ng +t), with multiplicities (t — 1) and (s — 1), respectively;
(b) 2 + r3, with multiplicity (m1 — n1);
(¢) 2a+ N\i(An(H)), with multiplicity mq, fori=1,2,...,n3 —1;
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(d) four zeroes of the equation

(r — aring — ang)(x — 2a — r3)(x — ang — a(8+t)+\/a2(S;t)2+48t(1_2a))

a(s+t)— \/()42 (s+t)2+4st(1—2a) )
2

2ri(l — a)’n3(z — ang —
a(s+t)f\/oz2(s+t)2+4st(172a)) _ (
2

(r — am
a(s+t)+\/a2 (s+t)2+4st(1—2a)
> )

xr—ang — 1—a)?ni(x—
20— r3){(s + t)(z — any) — a(s + 1) + 2st} = 0;

(e) two zeroes of the equation
(x — aring — ang)(z — 2a — r3) — (1 — a)ns[(1 — 2a)r1 + A\i(Aa(G1))] = 0, for

i=1,2,...,n1 — L.

Corollary 3.6. Let {S;|i € N}, {T}]j € N} and {Wy|k € N} be three families of Aq-cospectral
graphs such that the graph S; is r-regular for alli. Also consider T 4, (r,)(x) = f(x), forallj € N
and T o, w,)(x) = g(x), for all k € N. Then, {S;(Vr;)Wkli, j,k € N} and {S;(Vw,)T}li,j, k €

N} are also two families of Ay-cospectral graphs.

3.2. A,-Spectrum of G1(Ay)G2, when G and H both are regular. In this section, we
derive the A,-spectrum of the graph G1(Ag)G2. When both G and H are regular graphs, the
Ag-characteristic polynomial of the graph G1(Ax)Ga is established in the following theorem.

Theorem 3.7. Let Gy be a graph of order ni and size my with regularity r1, H be a graph of

order ng and size ms with reqularity r3, and Go be any arbitrary graph with order na.

I. Forry =1, the A,-characteristic polynomial of G1(Ag)G2 is given by

V(Au(G1(Ag)G2);z) = Y(An(G2);z — ans)(x — ans)[(x — a(2 + n2))(x — ang)

—r3(xz — ang) — 2n3(1 — a)? —n3(1 — a)*(z — ans)
nzy—1

T 4o (@ — ang)] ] = — (2 + n2) — Xi(Aa(H))].
=1

II. Forr > 2, the Ay-characteristic polynomial of G1(Ag)Ga is given by

V(Aa(G1(AH)G2);2) =Y (An(G2);z — aming)(z — 2a — ang — 13)"1 ™™
x[(z — 200 — amp)(x — aryng) — r3(z — aring) — 2(1 — a)?ring

—minz(1l — a)z(z — arlng)FAa(GQ)(a: — amns)]
mi1—1
X H [(x — 2a — ang)(x — aring) — r3(z — aring) — n3(1 — @)
i=mi—ni1+1
nzy—1
x(Ai(Aa(G1)) + (1 = 20)m1)] [ [z — 20 — amy — Xi(Aa(H))™.
i=1
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Proof. Suppose that Ry denotes the 0-1 vertex-edge incidence matrix of the graph G;. Let the

vertex sets of Gy, the m1 copies of H, and G2 be given by
{v1, .y n by W11, oy Ulngy -« oy Umgds e - oy Umyng §,  and  {wi, ..., Wy, },
respectively. Then, the adjacency matrix of the graph G1(Ag)G2 can be expressed as follows

0p, R ® 153 05y xng
A(G1(Ag)G2) = | RT @ 1,, | In, @ A(H) | Jimynsxns
0n2 XNy anXmlng A(GQ)

Since the degrees of vertices of G1(Ag)G2 are as follows

da (Ay)Go (vi) = ring,fori=1,2,...,nq;
dGl(AH)Gg(Ujk) = dyg(ujr) +2+ng,for j=1,2,...,my, and k =1,2,...,n3;
day(Am)ce(wr) = da,(wr) + mang,for 1 =1,2,... na,
we have
rinslp, Ony xmins 0ny xno
Deg(G1(An)G2) = | Omyngxny | Imy @ [(2 + n2)Ing + Deg(H)] Omingxns )
015 %14 01y 513 Deg(Ga) + minsly,
and
[ aringly, (1-—a)R1 ® 123 01, xns ]
(1—a)RT @1, | a[ln, @ ((2 4 n2) L + Deg(H))] | (1 — a)Jmingxns
Aa(G1(An)Ga) = +(1 = a)[Im, @ A(H)]
05, x4 (1 = @) Jnyxcming Aa(G2)
+amingly,
Therefore, the characteristic polynomial of A, (G1(Ap)G2) is given by
(8) W(Aa(G1(Am)G2); @)
9) =det[x I, tmyngtny — Aa(G1(AH)G2)]
[ (x — aring) Iy, —(1-a)R1 ® 177;3 01y xns ]
~(1-a)RT @1, I, ® —(1 = @) Jminsxny
=det [(z — a(2+n2))ln, — Aa(H)]
01y xny —(1 — a)Jnyxming (x — amins)ly,,
_ AdG) |

=det|[(x — aming)l,, — Aa(G2)] x det S" [by Lemma Elh,
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where
(:c - arlng)l

S/ — ‘

—(1-a)Ry ® 1%,
I, ® [(7 — (2 +n2)) Iny — Aa(H)]

n1 Xng

[(z — aming)I,, — Aa(GQ)]_l

1 - Od m1n3><n2

[ 7L2><TL1 Q)Jngxmlng :|7

is the Schur complement of [(x — amins)l,, — Aa(G2)]. Now,

x —aring)l, —(1-a)R; ® 17
det§ = det( | arna)ln | Lo ® L,
—(1- a)RlT ® Ly | Ly @ [(x — (2 +n2))Ing — Aa(H)]
_(1 _ a)2 On1><n1 ‘ 0n1><m1n3 )

0m1n3><n1 FAQ(GQ)(':U - am1n3)Jm]_TL3><mlTL3

(x — aring)In, ‘ —(1-a)R1 ® 153
= det | —(1-a)Rf ®1,, Ly @ (2 — (2 4+ n2)) L, — Aa(H)]

—(1 = @)’ T 4, (o) (x — amin3) Jiming xmins

= det[(z — aring)l,,] x det[lm, ® ((x — (2 + n2))In, — Aa(H))
_(1 - 05)21—‘14(1(6'2)(5C - am1n3)<]m1n3><m1n3
—(1 = a)*(R{ @ 1n,)[(z — aring) o, ] (R @ 17,))]

= (z—aring)™ xdet[(z — a(2 + n2)) Imns — (Im, @ Aa(H))
(1-a)?

m(RTRl ® Jngxns)]

_(1 - a)QFAa(GQ)(x - O57’”1”3)Jm1n3><m1n3 -
(10) = (z—arng)™ -[1—(1- a)QI‘Aa(Gz)(:U — aming)

(z — (2 + na))]

xI o
(Imy @ Aa(H)+ 0520 (RT Ri . xn3))

x det[(z — (2 + n2)) Lmyng — (Im, @ Aa(H))
(-
(x — arins)

(RTRy ® Juyxns)], from Lemma @

The line graph of G is known to be (2r1—2)-regular if Gy is r1-regular. As aresult, I,,, ® Ay (H)
is r3-regular and RI Ry is 2rq-regular. Hence I,,, ® Ay (H) + (uia)(RTRl ® Jngxng) 18

T—arins)

ry -+ ((7)2(2r1n3)-regular.

T—aring)
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Thus, equation (@) becomes

det S'=(z — aring)™|1 — (1 — a)? T — amin s
t.5"=( 1n3) {1 (1 =) T, () 1 3)95 S m(%ng)]
x det [(x — (24 n2))Lming — [Im, ® Aa(H)]
(1-a)?
—m((A(E(Gl)) + 2Im,) @ Jngxng)
1n3
=(z — aring)™
< minz(1 — a)?(z — aring)l 4, (q,) (€ — aming)
(x — a(2 4 n2))(z — aring) — r3(z — aring) — 2(1 — a)?ring
(1) % T] [ a@ )~ A, & Aa) 4 L (AEUG) +20) & )]
i=1

I. Now for 1y =1, G1 = P», m; =1, n; = 2, and in this case ¢(G1) is an isolated point.
Therefore eigenvalue of A(¢(G1)) is 0. Thus we have,

V(Ao (G1(AR)G2); 2) =V (Au(Ga); x — ans)(x — ang)?

. n3(1— a)?(x — an3)T g (G, (x — ans)
(x — a2+ n2))(z — ang) — r3(z — ans) — 2(1 — a)?ng
T a2y _ (1-a)?
[T |~ a2 +10) = MAali) — s 2
=U(Ay(Ga);x — ans)(x — om3)2
< n3(l — a)?(x — ang)FAa(G2)(ac — ang)
(x — a(24 n2))(x — ang) — r3(x — ang) — 2(1 — a)?ng

(x — (2 +n2))(z — anz) — r3(x — ang) — 2(1 — a)?n3
d (v —any) |

n3—1
X H [r — (24 n2) — Ni(Aa(H))]

i=1
(12) = U(Ay(G2);x — ans)(x — ang)[(x — a(2 4+ na))(x — ans)

—r3(z — ang) — 2n3(1 — a)® — n3(1 — a)?(z — ang)T' 4, (G, (z — ang)]

nzg—1

x T [ = a2+ na) — Ai(Aa(H))].

i=1
II. Let 1 > 2, m1 > ni. Then, by Lemma @, the first largest n; eigenvalues of A(¢(G1))
are \i(A(G1)) +r1—2fori=my —ny +1,m; —ny +2,...,m; and —2 repeated for
(m1 —nq) times. Also, the eigenvalues of J,,xn, are nsg with multiplicity 1 and 0 with

multiplicity ng — 1. Therefore, the eigenvalues of ) [(A(U(G1)) +2Inm,) @ Jngxns)

(z—aring)
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are =) )()\Z‘(A(Gl)) + r1)ng with multiplicity 1, for i = mq —ny + 1,m; —ny +

(z—arins
2,...,mq and 0 with multiplicities ming—ni. Again, the row sum of [I,,,, ® A, (H)] = B

(say) is r3. Thus, the eigenvalues of B are rs with multiplicities m; and \;(Aq(H)) with

multiplicities m1, for i = 1,2,...,n3 — 1. It can be observed that a set of eigenvectors
0,
1n, Ong
1,,
. . O”S Ong
corresponding to r3 is F' = - o Ong | 5---s - . Let u; be a non-
0, — 1,,
0,
z1
{5
zero eigenvalue of A(¢(G1))+21,,, = C (say), and X; = ' be a corresponding
Ty

eigenvector. Then

X1 1n3 1 1’)’Lg
(]. — a)2 332]-113 (1 — ()[)2 5521713
(x — arins) [ nyxng] : (x — aring) s :
Ty 1ng T Lng
N2
and in this way n; non-zero eigenvalues of %[C ® Jnaxng) are obtained. We
I ].n3
Talpg C o .
observe that | ———— | =Y} (say) is a linear combination of the eigenvectors of the
Ty Lo,

set F. Hence Y; is an eigenvector of [I,,,, ® Ao (H )] corresponding to the eigenvalue r3.
This follows that

1—a)? 1—a)?
B}/@ + % [C ® Jn3><n3] Y; = TS}/i + ( “ 'ulnSY;
(r — aring) (x — aring)
1—a)? 1—a)?
= |B+ % [C ® mem] Y, = (7’3 + &umg)%

(r — aring)

Hence, Y; is also an eigenvector of [I,,, ®AQ(H)]+(96(_1;7%[(A(B(Gl))+2fml)®Jn3Xn3]
corresponding to the eigenvalue (rs + %

Aa(H)] + G525 [(A(E(GY)) + 2Um,) @ Jngens] are

T—aring)
(a) r3 + (

winz). Thus the eigenvalues of [I,, ®

(1-o)?
T—aring)

(2r1n3), with multiplicity 1;
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(b) r3+(gc(71;7%[)\i(A(G1))+rﬂn3, with multiplicity 1, fori = m;—1,m;—2,...,m;—
ny +1;

(¢) r3, with multiplicity m; — ni; and
(d) Ni(Aq(H)), with multiplicity mq, for i = 1,2,...,n3 — 1 (as In, ® Ay(H) and
%[(A(Z(Gl)) + 2I1,) ® Jpaxns] commute with each other).

Therefore, the equation (@) becomes

det S = (z—arinz)™

< minz(1 — a)?(z — aring)L 4, (q,) (€ — aming)
(x — a(2+n2))(z — aring) — r3(z — aring) — 2(1 — a)?ring
(1-a)

(r — aring)

(27“1713)]

(1-w)?
(x — aring)

X [w—a(Q—l—ng)—rg—

mi1—1

X H [m—a(2+n2)—r3—
i=mi1—ni1+1

((AGL) + 7“1)713}

ny—1
[z — a2+ ng) —rg]™ ™ [ o — a2 +n2) — Mi(Aa(H))]™
=1
= [(x — a2+ n9))(x — aring) — r3(z —aring) — 2(1 — a)’ring

—minz(1l — a)?(z — ar1nz)l 4, ) (x — aming)] - [v — a(2 + ng) — rg]™ ™™

mip—1
X H [(x — a(2+n2))(z — arins) — r3(x — aring)
i=mi1—ni+1
nz—1
—n3(1 — a)*(Ni(A(G1)) + )] x [ [ — a2+ na) = \i(Aa(H))™.
i=1
Since, Gy is ri-regular, A,(G1) = aril,, + (1 — a)A(G1), and hence \;(A(G1)) =

Ai(Aa(Gh))—ary
(1-a)

Therefore, we get the required characteristic polynomial as

fori=1,2,...,n1.

V(Ao (G1(Ag)Ga);z) = Y(An(Ge);x —aming)(x — 2a — ang — r3)™ ™™
x[(x — 20 — ang)(x — aryng) — r3(z — aring) — 2rinz(1 — a)?

—ming(1 — a)*(z — aring)l 4, (Gq) (€ — aming)]
mi1—1
X H [(z — 20 — ang)(z — aring) — r3(x — aring)
i=mi1—ni1+1
—ng(1 — a)(Ai(Aa(G1)) + (1 = 20)r1)]
nz—1
X H [z — 20 — ang — A\ (A (H))|™.

i=1

Hence the results.
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Corollary 3.8. Let G; be a graph of order n; and size m; with reqularity r; fori=1,2 and
H be a graph of order ng with regularity rs3.
I. Forry =1, the eigenvalues of Ao(G1(Ar)G2) are given by
(a) ans, with multiplicity 1;
(b) ans + \i(Ax(G2)), with multiplicity 1, for i =1,2,...,ny — 1;
(¢) a(2+n2) + XNi(Aa(H)), with multiplicity 1 fori=1,2,... ,ng—1;
(d) three zeroes of the equation (x —a(2+n2))(x—ansz)(z—ans—ry) —r3(z—ans)(z—
ang — 1) — 2n3(1 — a)?(z — ang — ro) — (1 — a)?(x — ang)ngnz = 0.
II. For ry > 2, the eigenvalues of Ao(G1(Ar)G2) are given by
(a) (2 + ng) + 13, with multiplicity my — ny;
(b) aming + X\i(Aa(G2)), with multiplicity 1, fori=1,2,...,n2 — 1;
(¢) a2+ na) + XNi(Aa(H)), with multiplicities my, for i =1,2,...,n3 — 1;
(d) three zeroes of the equation (x — (2 + n2))(x — arinz)(x — aming —re) — r3(z —
aring)(x—aming—re)—2ring(1—a)?(x—aming—re)—(1—a)?(z—ans)nangm; =
0;
(e) two zeroes of the equation (x — (2 + n2))(x — aring) — r3(x — aring) — n3(l —

a)(Ai(Aa(G1)) — (1 —2a)r1) =0, fori=mi —ni1+1,m —n1 +2,...,m — L.

Proof. I. When r; = 1, by equation (@) we have
ng—1
U(Aa(G1(AR)Ga)iz)= (2 — ang — r2) [ ] [z — ans — Xi(Aa(G2))]
i=1

X (z — ang)[(z — a(2 4 n2))(z — ang) — r3(z — ang) — 2n3(1 — o)

nzg—1
—ng(1l — a)z(;c — ang)#z_m] H [z — a2+ n2) — N\i(Aa(H))]
i=1
no—1
= ] [z — ans — Xi(4a(G2))(z — ans)
i=1
X[(x — a(2 4 ng))(z — ans)(x — ansg — r3)

—r3(xz — ang)(z — anz — r3) — 2n3(1 — a)?(z — ans — o)

nz—1
—ngnz(1 — a)*(z — ang)] x [] [# — (2 + n2) — (A (H))].
i=1
II. When r; > 2, by equation (@) we get
no—1
V(AW(G1(Ag)G2);z) = (x—amins —r2) H [ — aming — X\i(Aa(G2))]
i=1

X(x —2a —ang —r3)™ " (x — 2a — ang)(x — aring)

—r3(z — aring) — 2(1 — a)2r1n3 - (1- a)zmlng(x — aring)
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20
ny my—1

X T — 1"2)] imllilnlﬂ[(m —2a — ang)(x — aryng) — r3(x — aring)
nzy—1

—n3(1 — a)(Ni(Aa(G1)) + (1 — 2a)71)] H [ — 20 — ang — N (Ao (H))|™
i=1

no—1

= I = — aming — Mi(Aa(G2))](z — 20 — ang — rz)™ ™
i=1

X[(z — 2a — ang)(x — aring)(x — aming — r2) — r3(z — aring)(z — aming — ra)

—2ring(1 — a)2(m —aming —re) — (1 — a)2m1n2n3(az — arins)]
mi1—1
X H [(z — 20 — ang)(z — aring) — r3(z — aring) — n3(1 — a) (A (Aa(G1))
i=mi1—ni1+1

nay—1

+(1 = 2a)r)] x [] [z — 20 — ang — Mi(Aa(H))™.
=1

Hence the corollary follows.

In a similar way, using Lemma @ and Lemma @, we can prove the following

Corollary 3.9. Let G1 be a graph of order n1 and size my with regularity r1, H be a graph of
order nz with reqularity r3 and Go = K4, where s,t > 1.
I. Forry =1, the eigenvalues of Ao(G1(A)G2) are given by
(a) a(ng+s) and «ns+t), with multiplicities (t — 1) and (s — 1), respectively;
(b) ang, with multiplicity 1;
(c¢) a2+ n2) + XNi(Aa(H)), with multiplicity 1, fori=1,2,...,ng — 1;
)

(d) four zeroes of the equation

2 — (2 + 1)) (z — ang)(z — ang — 2EFIHV2 ) Hs1-20)

a(s+t)—\/a2 (s+t)2+4st(1—2a) )
2

— r3(z — anz)(zr —
a(s+t)—+/a?(s+t)2+4st(1—2a
(s+t)—y/ (;—t) +4st(1-2 ))—2n3(1—

r — ansg
a(s+t)++/a?(s+t)2+4st(1—2a
(AP 20)

(
(

ang — —ang —

0)2(z — amg — a(s+t)+\/a2(s;—t)2+4st(1—2a) )z — ang —

n3(1 — a)?(x — anz)((s +t)(x — an3) — a(s +t)? + 2st) = 0.
II. Forry > 2, the eigenvalues of Ao(G1(Am)G2) are given by

(a) a(ming+s) and a(ming—+t), with multiplicities (t—1) and (s—1), respectively;

as+t)— \/oz2 (s+t)2+4st(1—2a) ) -
2

(b) a2+ ng) + r3, with multiplicities my — ny;

(c) two zeroes of the equation (x —2a —a(s+1t))(x —aring) —r3(z —aring) —ns(l —
a)(ANi(Aa(Gr))+ (1 —2a)r1) =0, fori=mi —n1+1,mi —n1 +2,...,m — 1;

(d) a2+ (s+1)) + Ni(Aa(H)), with multiplicity 1, for i =1,2,...,n3 — 1;
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(e) four zeroes of the equation

a(s+t)+\/a2 (s+t)2+4st(1—2a) )
2

(r — a2+ n2))(x — aring)(z — aming —

(@ — aming — a(s+t)—\/a2(s;t)2+4st(1—2a)) — ra(x — aring)(@ — aming —
a(s+t)++/a2(s+t)2+4st(1—2a
(s+t)++/ <2 P4asi(1-20)

(@ — aming — oz(ert)f\/az(s;rt)2+4st(172a)) ~ 2mns(1 — a)(x — ang —

a(s+t)++/a?( s+t 24 4st(1— 2a))

(2 — amyng — 2N PO 20)y (1 0)2 (0 — aryg) (s + ) (@ —

aming) — a(s + )% + 2st) = 0.

Corollary 3.10. Let Gy be a graph of order ni and size my with reqularity r1, H be a
graph of order ng with regularity rs and Go be any arbitrary graph of order ns. For a = 0,
Aa(G1(Ag)G2) = A(G1(Ag)G2). Then,
L. for ri =1, the eigenvalues of A(G1(Am)G2) are given by

(a) 0, with multiplicity 1;

(b) Xi(A(G2)), with multiplicity 1, fori=1,2,... ,ng;

(¢) N(A(H)), with multiplicity 1, for i =1,2,...,n3 — 1;

(d) ?
II. for r > 2, the eigenvalues of A(G1(Ag)Ge) are given by

two zeroes of the equation v° — r3x — 2n3 — n3l4(qy,)) (x) = 0.
(a) r3, with multiplicity (my — ny);
(b) Ni(A(G2)), with multiplicity 1, fori=1,2,...,ng;
(c) A
)

(d) two zeroes of the equation x? — xrs — (N\(A(G1)) +1r1)ng =0, fori=my —ny +

( (H)), with multiplicity my, fori=1,2,...,n3 —1;

1,mi—n1+2,...,m —1;

2

(e) two zeroes of the equation x° — 3w — 2r1nz — xminsl 4, (x) = 0.

Corollary 3.11. Let {G;|i € N} and {Hy|k € N} be two families of r1 and r3 regular As-
cospectral graphs respectively. Let {Tj|j € N} be a family of An-cospectral graphs such that
La. (@) = f(z), for all j € N. Then, all the graphs G;(Am,)T; s are Aq-cospectral, for all
1,7,k € N,

4. EXAMPLES

To illustrate the applicability of our theoretical results, we explicitly compute the Ag,-
characteristic polynomials for two representative cases, namely the graphs Gi(Vpg)G2 and
G1(Ag)G2. The methodology employed here can be readily extended to derive analogous

expressions for other graph constructions considered in this work.

Example 4.1. Consider the graphs G| = K22, H = K11, and G2 = K1 2. By definition, the
graph S(G1, H) is constructed as follows.
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hz; hs2
@ Vss
Vig Vi3
Vig Vis Va2
Q@ Va2 hyo hao
hy ha,
Vi1 Viz
Vi1 Vi2 Va1 @ V31
hi; hje
G, H G2 S(G1,H)

The triple vertex join of G; and G with respect to H, denoted by G1(V g)Ge, is constructed

as follows.

@ Vss

h \\; h
42 . ! 22 “ V3o

h41 h21

@ Va1
hi;  hie

G1(Vi)G2

Let a = % In this case, we have n; =4, no = 3, ng =2, m; = 4, mg = 2, mg = 1, and

r1 =2, r3 = 1. Accordingly, the A,-matrix of the graph G1(Vg)G3 is given by
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O W wo | O (@n) o o o o o O Wi Wi Wi Wi

—~

)

_

—~

<

T

SN—

Q

)

SN—

I
WY W W (W wy O (aw] [a) O Wi w | O [a] S Wi
Wi Wi W | O (aw] [a) O Wi W W w | O O wuN O
SO O OO O O O O O ww =IO O wh wwN
O O OO0 O O O O O H whhl o O wh wwN
O O OO0 O = whhh O O O O |(ww we O O
O O Ojwn B O O O O O O |jwn O O ww
O O O w O O O O O O |jwn O O ww

Wiy Wi w | O O Wi W Wiy wo O (] O wuN O [a)
WIN WIN WIN [WIN W W wn © O O O (wua © O O
O O Ol O O O W o= O OO whw whn O
O O OO0 O O O R~ w O OO whn wn O
O O OO0 O w o Rk O O O O |wwwe O O
W N WO O O O O O O O |wW wo wh wiN
wWor wo OO O O O O O O O |whn why win wihy

‘We observe that

U(Aa(G2);z—any) = U <A (Ga);z — g) = (z —2.79076)(x — 1.66667)(x — 0.875906),

m 2\*
V(Aa(H)iw —20)™ = W (Ay(H)io — 3) = (2 — 1.66667)*(z — 0.33333)%,
4 3(z—1)
F - = F _— pry
Aa(Gz) (T = A1) 43(G2) <x 3) (z — 2.79076)(z — 0.875906)
2 6
La,m(z—2a) = Ly m) <33 - 3> =3 %

o (41(6n) = {217@2’ <_§>1}

Substituting these expressions into the polynomial obtained from Theorem El! and simplifying

yields

Pi(z) = (x—5.33768)(z — 3.37437)%(x — 2.33333) (z — 2.15094)(x — 1.66667)>

x (z — 0.932338)(x — 0.625631)2(z — 0.333333)*(z + 0.75429).
Solving Pj(x) = 0 gives the eigenvalues
{5.33768",3.37437%,2.33333",2.15094", 1.66667%,0.932338", 0.625631%, 0.333333", —0.75429' } ,

which constitute the A,-spectrum of the triple vertex join G1(V)Ga.



J. Kalita and S. Paul

24

Example 4.2. The triple edge join of G; and Go with respect to H, denoted by G1(Ay)Ge,

is constructed as follows.

@ Va1

Q@ Vss

h31

Q@ Vs2

h11

G1(An)G:

Accordingly, the A,-matrix of the triple edge join G1(Ag)Ga2 is given by

o o o O [N N N AN N[ N AN M| O N D
O O O O Nm A Ao o o e e e Qo Sl e
O O O O | Nm am A, N Qe N e Q| D N O
N O S Q| O o o o o S Aam A | N e e
N O S Q| O o o o o o AN AN N[ N[ N[
o S A Q| O o o S AN AN o O | Nlm N N
o O A Q| O ] ] e AN N O O | Nlm N N
O M Aam O O O A m N O O O O |qN;m Nm A;m
S QI e O [aw] (e AN aen O o o O | NIm Nn N
N N D O | Nn A [a) ) ] ] ] O | N Nen N[
N Nm O O N Am O O O O O O |qm Nm o
S O O FHm o O O O am Aam Am am o O O
O O Fm O O O AqN;mAmAam A O O o O O
S TFm O O [N QM Qm N ©O O O O | o O O
tln O O O |[Qm am O O O O am am O O O

_

—~

0

~—~

T

<

SN—

—

L

3

<

We have

) = (z — 4.12409)(z — 3)(z — 2.20924),

8

T3

U (A;(Gg);

o (AQ(GQ); T — am1n3)
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(CL‘ — 200 — ang — rg)ml_nl =1,

. o )T 8\ 3 — 7
Aa(G2) (T T OTNS) = 2 AL (G2) \ T 7 3 ) 7 (7 112400) (2 — 2.20924)

o (A(G) = {21, <§)2 (—2)1} and o (4, (H)) = {11, (—;)1}

Substituting these into the polynomial expression from Theorem @ (@), and simplifying, we

obtain

Py(z) = (2 —6.96068)(x — 3.49071)%(z — 3)(x — 2.66667)(x — 2.46689)(x — 1.91497)

x (z — 1.33333) (z — 0.509288)(z + 1.00921).
Solving Ps(x) = 0 yields the eigenvalues
{6.96068", 3.49071%,3',2.66667", 2.46689",1.91497", 1.33333%,0.509288°, —1.00921" } ,
which form the A,-spectrum of the triple edge join Gy (A )Ge.

Consider an adjacency cospectral pair G’ and G”, both of which are 4-regular graphs on 10

vertices, first identified by van Dam and Haemers [21].

G_/ G//

Since G’ and G” are adjacency cospectral and regular, it follows that they are also Ag,-

cospectral for every a € [0,1]. In particular, for o = %, the Ay-spectra of G’ and G” are
0<A1(G’)> = a<A1(G”)> = {41,2.824051,2.374371,21,0.666674, —0.157379", —0.3743691},
3 3

and their corresponding A,-coronals are

10
Layn(@) = Lay@nlz) = —
3

w
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Let S(G1, H) be as in Example @ By constructing G1 (V)G and G1(Vy)G” and evalu-

ating their A,-spectra at a = %, we obtain

a(Aé(Gl(\/H)G’)> = a<A (Gl(\/H)GH)>

1
3
= {9.446191, 5.17362,4.66667",4.15738%,3.7077", 3.33333%, 2.51929!, 24,

1.66667',1.17595', 1.159732,0.958965', 0.33333, —0.2988151}.

Similarly, forming G1(Ag)G" and G1(Ag)G” from S(G1, H) yields
o <A1(G1(AH)G/)> = J<A1(G1 (AH)G”)>
3 3

= {121, 5.49071%, 5.433582, 5.04104", 5', 4.66667", 3.66667*, 3.33333%,

2.50929',2.2923' 2.07233!, 1.33333', 0.8997552, —1.072331}.

Hence, two new pairs of A,-cospectral graphs are obtained, namely
{Gl(\/H)G,, Gl(\/H)G”} and {Gl(AH)G/, Gl(AH)G” }

In view of Corollaries @ and , this construction can be extended to generate infinitely
many new pairs of A,-cospectral graphs from any given initial pair that satisfies the conditions

specified therein.
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