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ABSTRACT. In this paper, we construct a novel hyperoperation derived from a (BCI-
algebra) BC' K-algebra with condition (S) and present several significant findings. We es-
tablish that this construction leads to the formation of commutative hypergroups and join
spaces. Furthermore, we demonstrate that when the BC K-algebra satisfies condition (S),
the resulting hyperstructure constitutes Hp-monoids. Moreover, we show that every proper
subhypergroup of this hypergroup cannot be closed, invertible, ultraclosed and conjugable.
Finally, we have derived all the hypergroups obtained from BC K-algebras with condition (S)

of order less than 5.

1. INTRODUCTION

In 1934, Frederick Marty introduced the concept of hyperoperations and defined hyper-
groups, employing the axioms of associativity and reproductivity.
The connection between hyperstructures and ordered (semi)groups has been studied by

several mathematicians [E, E, E, @, ] Some hyperstructures determined by binary relations
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are known as EL-hyperstructures. This concept was first introduced by Chvalina [2] when
she investigated quasi-ordered sets and hypergroups. Also, Rosenberg in [22], Hoskova in
[11], and Novak in [19, 20, 21] studied some results on the ordered semigroups and ordered
groups connected with EL-hyperstructures. Ghazavi et al. introduced a new class of FL-
hyperstructures called FL?—hyperstrucutres in [§]. EL?—hyperstructures are hyperstructures
based on (partially) quasi ordered (semi)hypergroup instead of a (partially) quasi ordered
(semi)group.

BC-algebras with condition (S) represent a significant category of BCI-algebras that are
closely linked to the theory of pomonoids, playing a vital role in the advancement of BC'I-
algebra theory. The concept of BC'K-algebras with condition (.S) was initially proposed by K.
Iséki in 1977 [13], and he later extended this idea to BCI-algebras in 1980. Since then, these
algebras have been the focus of extensive study by various researchers[[12, 14]. In recent years,
in the field of the relationship between hyperstructures and BCI-algebras and P-semisimple
algebar, one can refer to references [, 17]. Mirvkili et al. have recently studied fuzzy ideals
in the BCI-algebra[l6].

In this paper, we will investigate the relationships between BC K-algebras with condition
(S) and hypergroups and Hp-monoids. We construct a novel hyperoperation derived from
a BCK-algebra under the condition (5), leading to significant findings. Our construction
results in the formation of commutative hypergroups and join spaces. We have provided
examples to better illustrate the concepts discussed in this paper. Furthermore, we prove
that if the BC'K-algebra satisfies condition (S), then the induced hyperstructure is both a
commutative hypergroup and an Hp-monoid. We also show that any proper subhypergroup of

this hypergroup fails to be closed, invertible, ultraclosed, or conjugable.

2. Basic CONCEPTS

A hypergroupoid (H, o) is a non-empty set H together with a map o: H x H — P*(H)
called (binary) hyperoperation, where P*(H) denotes the set of all non-empty subsets of H.
The image of the pair (z,y) is denoted by z o y.

If A and B are non-empty subsets of H and x € H, then by Ao B, Aox, and x o B we

mean Ao B = U aob, Aox = Ao{z} and x o B = {z} o B.
ac€AbeB

Definition 2.1. ([[7, 6]) Let o : H x H — P*(H) be a hyperoperation. Then
(1) A hypergroupoid (H, o) is called a semihypergroup if the associativity law of o holds:
ao(boc)=(aob)oc, forall a,b,c € H.
(2) A hypergroupoid (H, o) is called a commutative if it satisfies the following:
aob="boa, for all a,b € H.
(3) A semihypergroup (H, o) is called a Hypergroup if it satisfies the following:
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The condition a o H = H oa = H for all a € H, is called the reproduction axiom.

(4) A hypergroup is called regular if it has at least one identity and each element has at
least one inverse.

(5) A hypermonoid (H, o) is called Hp-monoid if there exists a monoid (H, -) such that for
everyz,y € H,z-y€zxoy.

(6) A non-empty subset K of a hypergroup (H, o) is called a subhypergroup if (K, o) is a
hypergroup.

(7) The subhypergroup (K, o) of hypergroup (H, o) is called closed if for all z,y of K and
z of H, from x € (z0y) (or z € (yo z) it follows that z € K.

(8) The subhypergroup (K, o) of hypergroup (H, o) is called invertible if for all z,y of H,
from 2 € (K oy) N (yo K), it follows that y € (K ox) N (z o K).

(9) The subhypergroup (K, o) of hypergroup (H, o) is called ultraclosed if for = of H, we
have (Kox)N(H\Koz)=0and (zoK)Nzo(H\K)=0.

(10) The subhypergroup (K, o) of hypergroup (H, o) is called conjugable if it is closed nand

for all = € H, there exists y € H such that (yoz) C K and (zoy) C K.

Definition 2.2. [4] Let (H, o) be a commutative hypergroup. Set a/b:={z|a € xob}. The

hypergroup is called a join space if for all a,b,c,d € H we have
b/a N ¢/d# @ = (aod)N(boc) # 2.
In the next theorem, the relationship between the types of subhypergroups is stated.

Theorem 2.3. [§] Let K be a subhypergroup of a hypergroup (H, o).
(1) If K is ultraclosed, then it is closed and invertible.
(2) If K is invertible, then it is closed.
(3) If K is conjugable, then it is ultraclosed.

We briefly recall the following definitions and results from References [12, [14].

Definition 2.4. (BCI-Algebra) A BCI-algebra is a structure (X, *,0) where X is a non-
empty set, * : X x X — X is a binary operation, and 0 € X satisfies the following axioms for
any x,y,z € X,

(BCI-1) ((xxy)*(zx2))*(zxy)=0.

(BCI-2) %0 = .

(BCI-3) x*y=0and yx2z =0 imply z = y.

We often write X instead (X, *,0) for a BC'I-algebra in brevity.
Suppose that (X, *,0) is a BCI-algebra . Define binary relation < by which = < y if and
only if z xy = 0, for any z,y € X. Then (X, <) is a partially ordered set with 0 as a minimal

element.
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Below we bring some important properties of BC'I-algebras. The reader is referred to Book
[12] for more properties.

Let (X, *,0) be a BCI-algebra.

(I) Forall z € X, x xx = 0.
(IT) For all z,y,z € X, (z*y) * z = (x * z) x y. For convenience, we call it the head-fixed
commutative law.

(ITI) For all z € X, x % (zx (x xy)) = x x y.

(IV) Forall z € X, 0% (z*y) = (0% x) % (0 xy).

Minimal elements play an important role in the research of BCI-algebras and BCK-
algebras. An element a in a BCI-algebra X is called minimal if z xa = 0 (i.e., z < a)
implies = a for any = € X. It is called least if a x . = 0 (i.e., a < z) for all z € X.

Given a minimal element a of a BCI-algebra X, the set
V(a) ={z € X|z > a}(ie.,V(a) ={z € X|a*xxz =0}),

is called the branch of X generated by a. Obviously, the BC K-part B of X is just the branch
V(0). We explain that in order to avoid making confusion, if @ is not a minimal element of X,
we do not adopt the symbol V(a) to denote a branch of X.

Let x and y be two elements in a BC'I-algebra X. Consider

A(z,y) ={t € X[t vz < y}.
Let X be a BCI-algebra. Set
a=0x(0x*xz)x*y).

Since

axx=(0x((0xz)*xy))*xx=0xz)*((0xx)xy) <y,

it follows that a € A(x,y). Furthermore, the inequality a * = < y implies
Oxa=((axx)xy)*xa=(0xx)x*y, by the head-fixed commutative law.

Now let t € A(x,y). Since t xx <y,
(txz)*xy=0.
Applying the head-fixed commutative law yields
Oxt=((txx)*xy)*t=(0xx)x*y.

Consequently,

Oxa=0xt.

Moreover, since a is a minimal element of X,

axt=(0xt)*(0*xa)=0.
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Hence, for every ¢t € A(x,y), a <t and so a is the least element of A(x,y). Moreover, t € V(a)
and therefore

A(z,y) € V(a),
where V'(a) is a branch of X.

Therefore, the above arguments establish that

Proposition 2.5. [12, 14] Let (X, ) be a BCI-algebra. Set a = 0% ((0*x) *xy). Then a is
the least element of A(z,y) and A(z,y) C V(a). Especially, if B is the BCK-part of X, then
{0,2,y} C A(x,y) C B for any z,y € B.

Definition 2.6. [12, 14](BCK-Algebra) A BCK -algebra is a structure (X, *,0), which is a
BCI-algebra, that satisfies the additional condition:
(BCK-1) For all z € X, we have 0z = 0.

Proposition 2.7. [12, 14] Let X be a BCK -algebra. Then the following hold: for any z,y € X,
(1) (x*xy)*xx =0, that is, v xy < x.
(2) x* (xxy) =0 if and only if © = x * y.

Definition 2.8. [12, 14](BCI-Algebra with Condition (S)) A BCI-algebra with condition
(S) is a BCI-algebra X such that set A(z,y) = {t € X|t* 2z < y} has the greatest element for
all z,y € X.

In similar fashion, we can define the notion of BC K-algebras with condition (S5).

Proposition 2.9. [14] Let x and y be two elements in a BCI-algebra X. Denote
0% ((0*x)*y). Then a is the least element of A(z,y). If X is a BCK-algebra then a =

S
I

m
< o

Moreover, A(x,y) has the greatest element usually denoted by x o yv and for every x,y

we have the following two conditions:

(1) (zoy)xz <y;
(2) txxz <y impliest <xoy foranyt € X.

Theorem 2.10. [12] If X is a BCI-algebra with condition (S), then (X, 0,0) is a commutative
monoid with 0 as the unit element, satisfying the isotonic property, where the operation o on
X is defined by

zoy=sup{t € X|txz <y}

The following establishes a connection between * and o.
Proposition 2.11. [12] Let X be a BCI-algebra with condition (S). Then
(zxy)xz=2x*(yoz),

for any x,y,z € X.
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3. CONSTRUCTION HYPERGROUPS FROM BCK-ALGEBRAS WITH CONDITION (S5)

In this section, we first construct a novel hyperoperation using a BC K-algebra equipped
with condition (S). This construction leads to significant findings; in particular, the resulting
hypergroups are commutative and form join spaces. We also present some examples.

We define a hyperoperation ® on BCK algebra X (with condition (5)) as follows:
zey={te X[t<zoyl},
for any z,y € X.
Lemma 3.1. Let X be a BCK-algebra. Then 0 € A(z,y) C x o y.

Proof. Let t € A(x,y) then t x x < y. By (2) we have t < 2z oy. Then = € z e y. Moreover,
0<zoyifand only if 0xz <y. Then 0 € A(z,y) Cxey.

Theorem 3.2. If X is a BCK-algebra with condition (S), then for every z,y € X we have
{0,2,y} Caxey.

Proof. By the Lemma @, 0 € zey. For every z,y € X, z+xx = 0 < y and by part (2) of
Proposition @, x < x oy. This implies x € z e y. Moreover, in BC K-algebra with condition
(S), x *y < z if and only if z < y o z. Hence, by head-fixed commutative law, 0 = y*xy < z
implies y * x <y and so y < zoy. and Therefore y € xoy.

For a BCI-algebra with condition (S), For every x,y € X, in Theorem @, 0,z € z ey is

not true

Example 3.3. Let X = {0,1,2,a,b} be a BCI-algebra with the operation * on X by:

*x10 1 2 a b o0 1 2 a b
0/0 0 0 a a 0/0 1 2 a b
1{1 0 0 a a 1111 2 a b
212 2 0 a a 212 2 2 b b
ala a a 0 0 ala a b 2 2
blb b a 2 0 blb b b 2 2
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Then we have the hypergroupoid (X, e) as follows:

° 0 1 2 a b

o {o} {01} {o0,1,2} {a}  {a,b}
1| {0,1} {0,1} {0,1,2} {a} {a, b}
21{0,1,2} {0,1,2} {0,1,2} {a,b} {a,b}

S

{a} {a} {a,b} {0,1,2} {0,1,2}
b| {a,b} {a,b} {a,b} {0,1,2} {0,1,2}

It is clear that {0,2} N2ea =0 and {0,2} Nae2 = 0.

Theorem 3.4. Let X be a BCK -algebra with condition (S). Then (X, e) is a hypergroup.

Proof. Let x,y,z € X. By Theorem , the binary operation o is associative and so x o (y o

z) = (x oy) o z. Now, we have

re(yez) = U Teou

= U {veXv<zou}

ueX,ulyoz
= {veXjue X,u<yoz&v <zou}

= {veXjv<zo(yoz)}
= {veXjv<(zxoy)oz}
= {veXwe X,w<zoy&v<woz}

= U {veXlv<woz}

weX,wlxoy

= U wez

wEeETeY

= (zey)ez

Therefore the hyperoperation e is associative.
For every a,z € X, we have x € xea and z € aex. It follows that X ea = X =a e X, and

hence the reproduction axiom holds. [

Corollary 3.5. Let X be a BCK -algebra with condition (S). Then (X,e) is a commutative
hypergroup.

Proof. Let x,y € X, then
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tcrey & t<zxoy

t * z <y (head-fixed commutative law)

=

& txy<cz
& t<yozx
=

teyeux.

Therefore zoy =yeoz.

Theorem 3.6. Let X be a BCK -algebra with condition (S). Then (X,e) is a commutative

Hyp-monoid.

Proof. By Theorem , the structure (X, o) is a commutative monoid and z oy € z ey for
all x,y € X. Since x € ez Nz o0 so (X,e) has a identity 0. By Definition @ part (7),

Theorem @ we have (X, e) is a commutative Hp-monoid.

Theorem 3.7. Let X be a BCK -algebra with condition (S). Then (X,e) is a join space.

Proof. Let a,b,c,d € X and a/b~ c¢/d. Then 0 € a e dNbec and proof is complete.

Theorem 3.8. Let X be a BCK -algebra with condition (S). Then A(x,y) =x o y.

Proof. By Lemma @, we have A(x,y) C zey. Now, let t < xoy.sotxx <y. Thent € A(x,y).

O

Applying the construction described above to several well-known BC K-algebras, we explic-

itly calculate the induced hyperoperations in the examples below.

Example 3.9. Let X = {0,1,2,3,4} and X is a BC K-algebra with the operation * on X by:

*x0 1 2 3 4
0(0 0 0 0 O
111 0 0 0 O
221 010
313 3 3 00
414 3 3 1 0
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then we have the commutative hypergroup (X, e) as follows:

. 0 1 2 3 4
0 {0} {0,1} {0,1,2} {0,1,3}  {0,1,2,3,4}
1| {o0,1} {0,1,2} {0,1,2}  {0,1,2,3,4} {0,1,2,3,4}
2 {0,1,2} {0,1,2} {0,1,2}  {0,1,2.34} {0,1,2,3,4}
3] {0,1,3}  {0,1,2,3,4} {0,1,2,3,4} {0,1,2,3,4} {0,1,2,3,4}
41{0,1,2,3,4} {0,1,2,3,4} {0,1,2,3,4} {0,1,2,3,4} {0,1,2,3,4}

Example 3.10. Let (X, <) be a partially ordered set and 0 be the least element of (X, <).
Define the operation * on X by

0, if z<uy,
THY =
xz, ifxLy.

By Example 1.1.3 of [12] we know (X, *,0) is a BC' K-algebra. Now, by Theorem @, we have

zeoy = {teX|txz <y}

= ({teX|txz=0}U{te X[txz=t<y})

{teXt<zpu{teXjtLax &t<y})

= {teX|t<zVy}.
Example 3.11. The set X = N of nonnegative integers with binary operation * on X by
x*y = max{0,z — y},

forms a BC K-algebra (By Example 1.2.1 of [12]). Now, we have

rey {te X[t <zoy}
= {te€ X|max{0,t —z} <y}
= {teX|t<zju{teX|{tLx&t—z<y})

= {0,1,2,...,z+y}.

Theorem 3.12. Let X be a BCK-algebra with condition (S). Then

1) Every element of (X, e) is an identity element.

2) The hypergroup (X, e) is regular.

4
5

(
(2)
(3) The hypergroup (X, e) has a scalar identity if and only if | X| = 1.
(4) The hypergroup (X, e) is a (poly)group if and only if | X| = 1.

(5)

The fundamental group X/5* is trivial; that is, X/5* = {0}.
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Proof. (1) For every a € X we have z € A(z,a) Czea=aex, forall x € X. Then a is an
identity element.

(2) By the Theorem we have 0 is an identity element. Moreover for every z,y € X we
have 0 € z @ y and so y is an inverse of x. Then (X, ) is a regular hypergroup.

(3) If x € X and = # 0 then for every y € X, {0,2} € x @ y. Then x e y is not singleton.
Therefore, X does not admit a scalar identity.

(4) Tt obtains from part (3).

(5) Since 0 belongs to every finite product of elements in the hypergroup (X, e), then we
have one equivalence class. Then X/5* = {0}.

Theorem 3.13. Let A be a subhypergroup of X with A # X. Then A cannot be closed,

ultraclosed, invertible, or conjugable.

Proof. 1If A is a subhypergroup of X and A # X then for every z € X\ A we have 0 € QexzNze0
but z ¢ A. Hence A is not closed. By Theorem @, A is not ultraclosed, not invertible, and

not conjugable.

Example 3.14. In the tables below, the Cayley table of the BC' K-algebra (X, x) with condi-
tion (.9) is presented, and based on it, the Cayley tables of the monoid (X, o) and hypergroup
(X,e) are derived and included. Let X ={0,1,...,6}.

*x10 1 2 3 45 6 ol0 1 2 3 4 5 6
0/j0 0000 0O 0/0 1 2 3 4 5 6
1110 1 0 0 0 O 111 3 3 4 5 6
22 2 0 0 0 00 212 3 2 3 4 5 6
313 2100 00 313 3 3 3 45 6
414 4 4 4 0 4 0 414 4 4 4 4 5 6
55 5 5 5 5 00 5|/5 5 5 5 6 5 6
6|6 6 6 6 5 4 0 6/6 6 6 6 6 6 6
6
) 4
3
2 1

[an}
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| 0 1 2 3 4 5 6
ol {0} {0,1} {0,2} Y Z W X
1/{0,1} {0,1} Y Y Z W X
2/{0,2} Y {02} Y Z W X
3/ Y Y Y Y Z W X
4| z Z Z Z Z X X
5\l W w W W X W X
6] X X X X X X X

Where Y ={0,1,2,3}, Z={0,1,...,4} and W = {0, 1,2, 3,5}.
A ={0,1} is a subhypergroup of (X,e). 1 €4e1 but4¢ A. So A is not closed.

In the following, the definition F L-hypergroup is introduced, and finally we present another
proof of the associativity of the hyperoperation e. For more on EL-hypergroups, refer to
15, 18, 19, 20, 21].

By a quasi (partially) ordered (semi)group, we mean a triple (S,-, R), where (S,-) is a
(semi)group and R is a quasi (partially) order relation on S such that for all z,y,z € S with
the property xRy there holds (x-2)R(y-z) and (z-x)R(z-y). This property is known as mono-
tone condition. Moreover, the notation [x) used below stands for the set [x)gr = {s € S;xRs}

and also [A)r = U [z)r. Similarly, (z]gr = {s € S;sRz} and (A]r = U(m]R. The EL-
€A z€EA
hyperstructures or Ends lemma based hyperstructures are hyperstructures constructed from a

quasi (partially) ordered (semi)groups using "Ends lemma”. This concept was first introduced

by Chvalina in 1995 [2]. In particular, Chvalina proved that:

Theorem 3.15. ([2], Theorem 1.3) Let (S,-, R) be a partially ordered semi(group). Binary
hyperoperation ¢ : S x S — P*(S) defined by aob=[a-b)r = {x € S,a-bRx} is associative.

The semi(hypergroup) in Theorem is called an F L-semihypergroup(F L-hypergroup).
Theorem 3.16. The hyperstructure (X, e) is an EL-hypergroup.

Proof. By Theorem (X, 0) is a monoid, then by Theorem , zoy=[zoy)<c = {tt <
xoy} = xey. It shows that the hyperoperation e is associative and (X, e) is an F L-hypergroup.

0
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4. CLASSIFICATION OF HYPERGROUPS OBTAINED FROM BCK-ALGEBRAS WITH CONDITION
(5)

In this section, using the classification of BC' K-algebras from Appendix B of reference

[12], we obtain the Cayley tables of the hypergroups constructed from these BC'K-algebras.

Moreover, for those BC K-algebras that do not admit a hypergroup, we provide reasons why

this is not possible.

There is a unique BC'K-algebra of order two. According to [12], we call it Bo_;_;.

Example 4.1. (B2_;_1) In the tables below, the Cayley table of the BCK-algebra (X, )
with condition (5) is presented, and based on it, the Cayley tables of the monoid (X, o) and
hypergroup (X, e) are derived and included. Let X = {0, 1}.

01 o|0 1
0[{0 O 00 1
111 0 111 1

*

° 0 1
0| {0} {0,1}
1]{0,1} {0,1}

Therefore (Ba—1-1,e) is the only hypergroup of order 2 obtained from a BC K-algebra with
condition (S) of order 2.

According to [12], we have three BCI-algebras with the following names B3_1_1, B3_2_1
and Bs_1_3. Bs_1_1, B3_o_1 are BC'K-algebras with condition (S). But Bs_j_5 is not a
BCK-algebra with condition (5).

Example 4.2. (Bs_1_2) In the tables below, the Cayley table of the BC K-algebra (X, *) is
presented, and based on it, the Cayley tables of the monoid (X, o) and hypergroup (X, e) are
derived and included. Let X = {0,1,2}. Let X = {0,1,2}.

*(0 1 2 o0 1 2
0j0 0 O 0j0 1 2
111 0 1 171 1

212 20 2|2 2

In fact A(1,2) = A(2,1) = {0, 1,2} and this set has not supremum. Therefore in the Cayley
table (X, o), do we leave the entries corresponding to 1 02 and 2 o 1 blank.

Therefore (Ba_1-1,*) is not a BC K-algebra with condition (5).
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Example 4.3. (Bs_1—1) In the tables below, the Cayley table of the BC K-algebra (X, )
with condition (.5) is presented, and based on it, the Cayley tables of the monoid (X, o) and
hypergroup (X, e) are derived and included. Let X = {0, 1, 2}.

*0 1 2 o|0 1 2
0j0 0 O 0j0 1 2
111 0 O 111 1 2
212 20 212 2 2
. 0 1 2

{0} {0,1}  {0,1,2}
{0,1}  {0,1} {0,1,2}
{0,1,2} {0,1,2} {0,1,2}

N = O

Therefore (Bs_1_1,e) is a hypergroup.

Example 4.4. (B3_2_1) In the tables below, the Cayley table of the BC'K-algebra (X, )
with condition (S) is presented, and based on it, the Cayley tables of the monoid (X, o) and
hypergroup (X, e) are derived and included. Let X = {0,1,2}.

*0 1 2 o|0 1 2
00 0 O 00 1 2
111 0 O 111 2 2
212 10 212 2 2
. 0 1 2

{0y {01} {0,1,2}
{0,1}  {0,1,2} {0,1,2}
{0,1,2} {0,1,2} {0,1,2}

N = O

Therefore (Bs_2_1, ) is a hypergroup.

According to [12], we have 14, BC K-algebras with the following names By_3_1, By_3-2 ,
By 33, By—9-1, Bs—2-2, B4_2-3, By—1-1, Ba—1-2, B4—1-3, B4—1-4, Ba—1-5, B4—1-6, B4—1-7
and By_1_s.

BCK-algebras By_3_1, By_3-9, B4_9_1, By_9_9, By_2_3, B4_1_1 and B4_1_4 have condi-
tion (S). But BCK-algebras By_1-9, By—1-3, B4—1-5, Bs—1—¢, Bs—1-7, Bs—1-g and By_3_3
do not satisfy condition (.5).



14

S. Mirvakili, T. Golchin and M. Hamidi

Example 4.5. In the tables below, we present seven BC K-algebras By_3_3, By_1-9, B4_1_3,

By 1-5, By_1-¢, Bs—1-7 and By_1_g, along with their corresponding Cayley tables.

By_1-9 By 13 By 15 By _1-6
*10 1 2 3 *|0 1 2 3 *10 1 2 3 *10 1 2 3
0|0 0 0 O 0j0 0 0 O 0j|0 0 0 O 0j|0 0 0 O
1/1 0 0 O 1/1 0 0 1 111 0 0 O 111 0 0 1
212 1 0 1 212 1 0 2 212 2 0 2 212 2 0 2
313 3 30 313 3 3 0 313 3 3 0 313 3 30

By 17 By 13 By 33
*10 1 2 3 *x10 1 2 3 *|0 1 2 3
0j0 0 0 O 0/0 0 0 O 0j{0 0 0 O
1/1 0 1 0 111 0 1 1 111 0 0 0
212 2 00 212 2 0 2 212 1 01
313 3 3 0 313 3 3 0 313 1 1 0

The BCK-algebras with the above Cayley tables do not satisfy condition (S).

For each of

the following BC'I-algebras, there exist a,b € X such that the set A(a,b) does not possess a

supremum (i.e., a least upper bound) in X. In particular:

By 1-9:
By 1-3:
By 1-5:
By—1-¢:
By 17
By 1-s:

By _3-3:

={0,1,2,3} has no supremum in X.

= {0, 1,3} has no supremum in X.

={0,1,2,3} has no supremum in X.
={0,1,2,3} has no supremum in X.

= {0, 1,2} has no supremum in X.

={0,1,2} has no supremum in X.

={0,1,2,3} has no supremum in X.

Example 4.6. (Bs_3_1) In the tables below, the Cayley table of the BC K-algebra (X, *) is
presented, and based on it, the Cayley table of the hypergroup (X, ) is derived and included.
Let X = {0,1,2,3}.

w N = O

w NN o= OO

= O O | =

_ o O O (N

o O O O | w
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° 0 1 2 3

0 {0} {0,1} {0,1,2} {0,1,2,3}
1 {0,1} {0,1,2,3} {0,1,2,3} {0,1,2,3}
2| {0,1,2} {0,1,2,3} {0,1,2,3} {0,1,2,3}
3

{0,1,2,3} {0,1,2,3}

Therefore (By_3_1,e) is a hypergroup.

{0,1,2,3} {0,1,2,3}
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Example 4.7. (Bs_3_2) In the tables below, the Cayley table of the BC K-algebra (X, *) is
presented, and based on it, the Cayley table of the hypergroup (X, ) is derived and included.

Let X = {0,1,2,3}.

«/0 1 2 3
0[o 00 0
11100 0
202 1.0 0
3[3 2 10
. 0 1 2 3
ol {0} {0,13  {0,1,2} {0,1,2,3}
1| {0,1}  {0,1,2} {0,1,2,3} {0,1,2,3}
2| {0,1,2} {0,1,2,3} {0,1,2,3} {0,1,2,3}
3

{0,1,2,3} {0,1,2,3}

Therefore (By—_3-_2, ) is a hypergroup.

{0,1,2,3} {0,1,2,3}

Example 4.8. (B4_2_1) In the tables below, the Cayley table of the BC K-algebra (X, ) is

presented, and based on it, the Cayley table of the hypergroup (X, e) is derived and included.

Let X = {0,1,2,3}.

*10 1 2 3
0/0 0 0O
1110 0 0
212 2 0 0
313 210
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. 0 1 2 3
ol {0} {0,1}  {0,1,2} {0,1,2,3}
1| {0,1} {0,1}  {0,1,2,3} {0,1,2,3}
2| {0,1,2} {0,1,2,3} {0,1,2,3} {0,1,2,3}
31{0,1,2,3} {0,1,2,3} {0,1,2,3} {0,1,2,3}

Therefore (By—2_1, ) is a hypergroup.

Example 4.9. (B4_2_2) In the tables below, the Cayley table of the BC' K-algebra (X, ) is
presented, and based on it, the Cayley table of the hypergroup (X, e) is derived and included.
Let X =4{0,1,2,3}.

«/0 1 2 3
0lo 00 0
1/1 00 0
202 2 0 0
3[3 3 20
. 0 1 2 3
ol {0} {0,13  {o0,1,2} {0,1,2,3}
1| {01} {0,13  {o0,1,2} {0,1,2,3}
2| {0,1,2}  {0,1,2} {0,1,2,3} {0,1,2,3}
31{0,1,2,3} {0,1,2,3} {0,1,2,3} {0,1,2,3}

Therefore (By—_2_2, ) is a hypergroup.

Example 4.10. (Bs_1-1) In the tables below, the Cayley table of the BC K-algebra (X, ) is
presented, and based on it, the Cayley table of the hypergroup (X, e) is derived and included.

Let X = {0,1,2,3}.

«/0 1 2 3
0/0 0 0 0
1/1 00 0
202 1 0 0
313 330
. 0 1 2 3
ol {0} {0,1y  {0,1,2} {0,1,2,3}
1| {0,1}  {o0,1,2} {0,1,2} {0,1,2,3}
2| {0,1,2} {0,1,2}  {0,1,2} {0,1,2,3}
31{0,1,2,3} {0,1,2,3} {0,1,2,3} {0,1,2,3}
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Therefore (By—_1_1, ) is a hypergroup.
Example 4.11. (Bs_1_4) In the tables below, the Cayley table of the BC K-algebra (X, ) is

presented, and based on it, the Cayley table of the hypergroup (X, e) is derived and included.
Let X ={0,1,2,3}.

*0 1 2 3
0{0 0 0O
111 0 0 O
212 2 0 0
313 3 3 0
° 0 1 2 3
{0} {0,1} {0,1,2} {0,1,2,3}
{0,1} {0,1} {0,1,2} {0,1,2,3}

{0,1,2  {0,1,2}  {0,1,2} {0,1,2,3}
{0,1,2,3} {0,1,2,3} {0,1,2,3} {0,1,2,3}

w N = O

Therefore (By_1-4, ) is a hypergroup.

Example 4.12. (B4_2_3) In the tables below, the Cayley table of the BC' K-algebra (X, %) is
presented, and based on it, the Cayley table of the hypergroup (X, e) is derived and included.
Let X ={0,1,2,3}.

*0 1 2 3
0{0 0 0 O
11 01 0
212 2 00
313 2 10
° 0 1 2 3
{0} {0,1} {0,2}  {0,1,2,3}
{0,1} {0,1} {0,1,2,3} {0,1,2,3}

{0,2}  {0,1,2,3} {0,2}  {0,1,2,3}
{0,1,2,3} {0,1,2,3} {0,1,2,3} {0,1,2,3}

w N o= O

Therefore (By_2_3, ) is a hypergroup.
Theorem 4.13. The All hypergroups are pairwise non-isomorphic.

Proof. For hypergroups of the same order, an isomorphism must preserve the cardinality of

every hyperproduct. A simple distinguishing invariant is the set of diagonal entries {x e z |
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x € X} and their cardinalities. The table below summarises these invariants for the seven
hypergroups of order 4 (the only order with more than one hypergroup). Recall that 0e0 = {0}

in every case.

Hypergroup | |[1e1| [ [2e2] | |3 3] Additional distinctive feature
By_3_1 4 4 4 All non-zero elements have full product
By 3 9 3 4 4 1 e1 has size 3

Bi_9_1 2 4 4 102 =X (full set)

By 99 2 4 4 1e2=1{0,1,2} (size 3)

By_o_3 2 2 4 202 ={0,2} (missing 1)
Bi1-1 3 3 4 lel=2e2={0,1,2}
By_1-4 2 3 4 Sizes (2, 3,4) appear only here

Since the tuple of cardinalities ( |1 e 1|, |2 e2|, |3 e3|) together with the actual pattern of
products (e.g., whether 1 e 2 equals the whole set or not) differs for each hypergroup, no two
of them can be isomorphic. For order 3 we have two hypergroups: |1 e 1| = 2 for B3_1_1
and |1 e1| = 3 for Bs_5_1, so they are also non-isomorphic. For order 2 there is only one

hypergroup, so no issue.

Corollary 4.14. Based on the examples in this section and the Theorem , all the obtained

hypergroups are shown in the table below.

TABLE 1. Number and names of hypergroups of small orders.

Order | Number of hypergroups | Identifiers
1 1 Trivial hypergroup
2 1 By-1-1
3 2 Bs_1-1, B3—2-1
4 7 By_3-1,Bs-3-2,Ba-—2-1,Bs-2-2,Bs-2-3, Bs_1-1, Bs—1-4

5. ACKNOWLEDGMENTS

The authors wish to sincerely thank the referees for several useful comments.

REFERENCES

[1] R. Ameri, A. Radfar and R. A. Borzooei, On Hyper P-Semi Simple I-algebra, Int. J. Algebra, 5 No. 23
(2011) 1117-1133.



Alg.

2]

(S5

ST

Struc. Appl. Vol. XX No. X (20XX) XX-XX. 19

J. Chvalina, Functional Graphs, Quasi-Ordered Sets and Commutative Hypergroups, Masaryk University,
Brno, 1995.

P. Corsini and V. Leoreanu, Applications of Hyperstructure Theory, Advances in Mathematics, Kluwer
Academic Publishers, Dordrecht, 2003.

P. Corsini, Hyperstructures associated with ordered sets, Bull. Greek Math. Soc., 48 (2003) 7-18.

B. Davvaz, Polygroup Theory and Related Systems, World Scientific Publishing Co. Pte. Ltd., 2012.

B. Davvaz, Semihypergroup Theory, Academic Press, 2016.

B. Davvaz and T. Vougiouklis, A Walk Through Weak Hyperstructures; H,-Structure, World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2019.

S. H. Chazavi, S. M. Anvarieh and S. Mirvakili, EL?-hyperstructures derived from (partially) quasi-ordered
hyperstructures, Iran. J. Math. Sci. Inform., 10 No. 2 (2015) 99-114.

S. H. Ghazavi, S. M. Anvarieh and S. Mirvakili, Ideals in EL-semihypergroups associated with ordered
semigroups, J. Algebr. Syst., 3 No. 2 (2016) 109-125.

D. Heidari and B. Davvaz, On ordered hyperstructures, U. P. B. Sci. Bull. Series A, 73 No. 2 (2011) 85-96.
S. Hoskova, Binary Hyperstructures Determined by Relational and Transformation Systems, Ph.D. thesis,
Faculty of Science, University of Ostrava, 2008.

Y. Huang, BCI-Algebra, Science Press, Beijing, 2006.

K. Iski, An algebra related with a propositional calculus, Proc. Japan Acad., 42 No. 1 (1966) 26-29.

J. Meng and Y. B. Jun, BCK -algebras, Kyung Moon Sa Company, 1994.

H. Mirabdollahi, S. M. Anvariyeh and S. Mirvakili, The associated hyperringoid to a Krasner hyperring, J.
Taibah Univ. Sci., 12 No. 3 (2018) 348-356.

S. Mirvakili, H. Naraghi, M. A. Dehghanizadeh and H. Naraghi, On the equivalence of sequences dependent
on fuzzy ideals in the BCI-algebra, J. algebr. hyperstrucres log. algebr., 3 No. 4 (2022) 65-73.

M. Mohseni Takallo, R. A. Borzooei, M. Aaly Kologani and Y. B. Jun, Commutative true-false ideals in
BCI1/BCK -algebras, Alg. Struc. Appl., 10 No. 2 (2023) 155-172.

M. Novak, The notion of subhyperstructure of “Ends lemma”-based hyperstructures, J. Appl. Math., 3 No.
2 (2010) 237-247.

M. Novak, EL-hyperstructures: An overview, Ratio Math., 23 (2012) 65-80.

M. Novak, Some basic properties of EL-hyperstructure, Eur. J. Comb., 34 No. 3 (2013) 446-4509.

M. Novak, On EL-semihypergroup, Eur. J. Comb., 44 No. 2 (2015) 274-286.

I. G. Rosenberg, Hypergroups and join spaces determined by relations, Ital. J. Pure Appl. Math., 4 (1998)
93-101.

Saeed Mirvakili

Department of Mathematical Sciences,

Yazd University,
Yazd, Iran.

saeedmirvakili@yazd.ac.ir



20 S. Mirvakili, T. Golchin and M. Hamidi

Tayebe Golchin

Department of Mathematics,
Payame Noor University,

Tehran, Iran.
golchin.ta2020@student.pnu.ac.ir
Mohammad Hamidi

Department of Mathematics,
Payame Noor University,

Tehran, Iran.

m.hamidi@pnu.ac.ir



	1. Introduction
	2. Basic Concepts 
	3. Construction hypergroups from BCK-algebras with condition (S)
	4. Classification of hypergroups obtained from BCK-Algebras with condition (S) 
	5. Acknowledgments
	References

