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ABSTRACT. In this paper, we study double cyclic and double constacyclic code over the field

R5 and a non-chain ring Rg = Fy + uFy, u? = u. We determine the generator polynomials
and minimum spanning sets for Rg and the image of double cyclic code over Rq is a double
cyclic code over Rg. Also we discuss the linear complementary dual codes(LCD) over R has

the application in a multi secret-sharing scheme.

1. INTRODUCTION

Let Fy denote the set of all codes C' of length n over F,. The study of codes over finite rings
began in the early 1970s, and have recently attracted a lot of attention that began popularizing
following a seminal paper by Hammons et al. [Eh Further they have shown that good non

linear binary codes exist via Zj.

DOI: 10.22034/as.2026.23960.1851

MSC(2010): Primary: 94B05.

Keywords: Cyclic codes, Double cyclic codes, Double constacyclic codes, Linear complementary dual codes.
Received: 12 November 2025, Accepted: 16 July 2026.

*Corresponding author

© 20XX Yazd University.



2 R. Bose, A. Batoul and K. Gowdhaman

In 2010, Borges et al. [§] introduced ZsZg4-linear dual codes, where some coordinates are
binary and the rest is quaternary. In the same year, Fernandez-Cordoba et al. [13] determined
the rank and kernel of ZyZ4-linear codes and these codes found an engineering application in
the area of steganography [21]. Additive codes over the mixed alphabet ZoZss were considered
in [3] and then, the mixed alphabet Z,Z,s more generally Z,-Z,s was studied in [24]. On the
other hand in 2014, Abualrub et al. [2] defined ZyZ4-additive cyclic codes as Z4[x]-submodule
of Zslx]/{x" — 1) X Z4[z]/{x* — 1) and derived generator set, and minimal spanning set. Also,
Borges et al. [[7] found generator polynomials and duals for ZyZ4-additive cyclic codes. After
introducing the new mixed alphabets ZgZs[u]-additive codes, where u? = 0 in [4], Aydogdu
et al. [B] investigated constacyclic codes over mixed alphabets by defining them as Zo[u][x]-
submodules of Zo[x]/(z® — 1) x Za[u][z]/(x® — (1 + u)) and obtained some optimal binary
linear codes as the Gray images of ZsZs[ul-cyclic codes. Meanwhile, the algebraic properties
of ZyZs[ul]-additive cyclic and constacyclic codes with the unit 1 + w studied in [23]. In 2015,
Joaquim et al. [8] determined the structure of Za-double cyclic codes, derived the generator
polynomials of these codes and gave polynomial representation for its dual codes. Subsequently,
Gao et al. [14] analyzed Zy-double cyclic codes and obtained some optimal codes. Whereas,
S. Bathala et al. [g] studied double cyclic code over a non chain ring Fy + uF; where u? = u
and obtained some good examples in 2021.

Linear Complementary Dual Codes (LCD) was introduced by Massey J. L [16] in 1992
and it has theoretical and effective importance against side-channel attacks [10, [11]. The
condition for a cyclic code to have a complementary dual is given by Yang and Massey [17].
Moreover LCD codes meets the Gilbert Varshamov bound over the finite field by Sendrier
[22]. Subsequently, there are many articles on the LCD codes over finite fields [12, 18§, 119, 20].
Nowadays many researchers contributed the working LCD codes over small finite fields [L5].
Inorder to protecting data from decoherence through Error correcting codes, in which LCD
codes plays an important role. Hence, the above studies motivates us for extensive work on
mixed alphabets codes.

In this paper, we have constructed double cyclic and double Constacyclic code over the
field Fy and a non-chain ring Rg = Fy + uFy where u? = u in Section 3. We determine the
generating polynomial and minimal spanning set for R in Section 4. Also we show that the
image of Double cyclic code over Ry is a Double cyclic code over Ry. In Section 5 we discuss
the double constacyclic codes over Rg. The LCD codes have been discussed for Rq in the last

section.
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2. BASIC DEFINITIONS AND PRELIMINARIES

Let Rq denote the ring Z7 for any prime p and integer & > 1 . Then Rq is a finite
commutative principal ideal ring and any element r € Rq can be written uniquely as r =
E?:_ol p'a;, where a; € Zyp.

Recall that a Rq-submodule of Ry is a linear code D of length n over Rq. By identifying
each codeword d = (do,d1, ... ,dy_2,d,_1) in D to a polynomial d(y) = do+diy+. . .+dp_1y" !

in <1;1q£y1}>, one can simply examined that D is a cyclic code of length n if and only if D is an
ideal of the quotient ring an_[y} . Further if a polynomial [(z) € Rq|y] is not a zero divisor,
<yn—1> q

then it is said to be regular.

3. DOUBLE CYCLIC CODE OVER Rgq

Definition 3.1. Consider C be a linear code of n over Rq and it is called a double Cyclic
code (DC code) of length (g, h) if any

c=(c1,0,€11,---,Clg-2,Clg-1 | €20,C21,...,C2p—2,C2p—1) € C
implies the cyclic shift
T(c) = (€1,9-1,€1,0,C1,1,- - -, Clg—2 | C2.h—1,€2,0,C2,15---,C2h—2) € C.

Using the above definition, we can see that the double cyclic code C' can be viewed as an

Rg-submodule of Rq7 * th , where g, h are any two positive integer such that n = g + h.

For two elements ¢ = (ci10,¢1,1,---,C19-1 | €20,¢21,-..,¢2h-1) € C and ¢ =
/ / / / / / g h : :
(hos o5 Clgot | ChgsChyy--vscyy 1) € C of Rq X Ry, inner product is defined as
g—1 h—1
/_2 : ol 2 : ol
c.C = CLZCl,i + 02,‘]027]‘.
i=0 §=0

Define the dual code of the DC code C as
Cct={de RE x Rg | e.d =0, forall c € C}.

Proposition 3.2. Let C be a DC code of length (g, h) over Ry, then the dual code C* is also
a DC code of length (g, h) over Rq.

: : : Rq[y] Rqy] g h
Proof. Consider Ry, , is the ring Zp-15 X Zghiois Define a map C from Rg X Ry to Ry,
h—1
as C((CL(), C1,1y---,Cl,g—1 | €2,0,C2,15 - - - ,ngh,l)) =cotcay+...,¢c19-1Y ’
c20 + €21y + ..., C27h_1yh_1, then C is a bijective Rgq-module isomorphism. Consider

y * (I(z)|m(z)) = (yl(z)lym(x)) and the multiplication * is well-defined. Assume Ry, ,
is an Rg[y]-module with respect to this multiplication. Also, for any c(y) = c10 +
Ly + g1yt | ooy o1y + o con1y" T € Ry, y ok e(y) = (crgo1 + croy +
e Cl,r,2y9_1|627h_1 +e0y+ ... ,627h_2yh_1). Therefore, y * c(y) is the image of the vector
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(C1,g=1,€1,0,C115 - -+ Clg—2|C2h—1,€2,0,C2,1 - - - CQVh_th_l) which indicates the multiplication of
c(y) € Rq g element by y corresponds to a cyclic shift of the preimage of ¢(y). Therefore,
the DC code of length (g, h) over Rq" is able to be viewed as an Rgq[y]-submodule of Rq, ;-

We found the DC code of length (g, h) with the Rq[y]-submodules of Rq, ;. 0

Proposition 3.3. Let C be cyclic code of length (g, h) over Rq. Then C = ((l1(y)|0),
(L(y)|l2(y))), where the polynomials 11(y),l(y) and l2(y) € Rqly] are monic with 1;(y)
ly9 — 1 and lo(y)|y" — 1.

Proof. Define a map from ¢’ : C' — <l;,f‘£yl}> with ¢((c1(y)|ca(y))) = ca(y), where the double
Rq[y]

—jois are Ry (y)-submodules of Rq, - If h is an odd positive integer

and it is following the concept of cyclic codes over Rq(y), ¢(C) = (I2(y)) with l2(y) € Rq[y]

cyclic codes C' and

b(y)| < y* — 1 >, then ¢’ is an Rq[y]-module homomorphism and its image is an ideal of

<1y1hq_[y1}>. Note that ker(¢') = {(c1(y)|0) € Rq, ;lc1(y) € C}. Define a set

I = {er(y) € Ray,l(e1(y)]0 € ker(#))}.

It shows that I is an ideal of <l;;‘_b;]>. Therefore, there exist polynomials {1 (y) € <1;;‘_bi]> with
li(y)| < y? —1 > such that I = (l1(y)). Consider ¢1(y)|0 € ker(¢') implies that ¢1(y) € I
such that c1(y) = m(y)(l1(y)), where m(y) is some polynomial in Rq[y]. It follows that,
(c1(9)]0) = m(y) = (11(y)|0), which implies ker(¢’) is an Rq[y]-submodule of C' generated by
(I1(y)|0). We have C|ker(¢') = (I2(y)), by the first isomorphism theorem.

Let I(y)|(l2(y)) € C with ¢(I(y)|(I2(y))) = l2(y), then any DC code of length (g,h) over

Ry can be generated by Rq[y]-submodule of Rg g.n Py two elements of the form I1(y)[0 and
H(y)ll2(y) with [1(y), U(y), l2(y) € Rq[y] and li(y)| <y —1>,lo(y)| <y —1>.g

Lemma 3.4. If C = ((l1(y)]0)), (I(y)|l2(y)) is a DC code of length (g,h) over Rq. Then we
may assume that deg(l(y)) < deg(l1(y)).

Proof. Suppose that deg(l(y)) > deg(l1(y)). with deg(l(y)) — deg(l1(y)) = i. Consider another
DC code of length (g, h) with generators of

D = ((Lu(y)|0), (Uy) +y' (L (w))]l2(y))).

Clearly, C C D. However, we also have that (I(y)|l2(y) = (I(y) +v* (11 (y))|l2(y)) — v* * (11 (y)]0),
which implies that (I(y)|l2(y)) € C. Therefore, D C C implying that C' = D.
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4. MINIMAL GENERATING SET

Consider C' is a DC code over Rg. We will find the minimal generating sets of C' in Ry ok
in this section. Also, We will evaluate the size and the generator matrix of C' can be used by

it.

Proposition 4.1. [8] Let C' be an Rq-DC code of length (g, h). Then C = (b(z)|0),
(I(x)|a(z)), where I(z) € Ry[z],b(2)|(29 —1)and a(z)|(z" —1). Moreover deg(l(z)) < deg(b(z));
b(x) divide ( ) (z)

Proposition 4.2. Let C = ((l1(y)[0), (I(y)|l2(y)) be a DC code of length (g,h) over Rg
with deg(l1(y)) = g1 and deg(la(y)) = ti1. Consider Si = U?;gl_l{yj x (L1(9)]|0)}, So =
Uizo ™ Hy? = L) l2(9)}-

Then S1 U Sy forms a minimal generating set for C of ng b

Proof. The proof can be done by using the proof of Proposition @ 0

Example 4.3. Let ¢ = 9 and C be a (6,6) DC code generated by b(z) = (z+1)(z—1)%,a(z) =
r—1,l(x) =1, C = (b(x)|0), (l(x)]a(m)), Where I(x) € Folz],b(x)|(z9 — 1)and a(z)|(z" — 1).

Moreover deg(l(x)) < deg(b(z)); b(z) e )11( x). Thus we obtain a code with parameter
[12,8, 3] which is close to optimal.

Proposition 4.4. Let C = ((l1(y)]0), ({(y)|l2(y)) be a DC code of length (g,h) over Rq
with deg(li(y)) = r1 and deg(l2(y)) = t1. Consider S1 = JI_'~ Yyl x (Li(y))0)}, Sy =
UiZo' ™y * (1()l2(9)) -

Then S1 U Sy forms a minimal generating set for C of ng b

Proof. The proof can be done by using the proof of Proposition @

It is easy to check that the codewords of S; U .Ss are linearly independent.

Let c(y) = p1(y)*(11(y)]|0)+p2(y)*(I(y)|l2(y)) € C. We have to check that c(y) €< S1USy > .

If deg(p1(y)) < g — deg(l1(y)) — 1, then p1( ) (I1(y)|0) €< S1 > . Otherwise, using the
division algorithm, we compute p1(y) = q1(y)% ( ) Lri(y) with deg(r1(y)) < g—deg(l1(y)) —1,
hence

y?—1
i) * (L®I0) = (a)F—7= AT r1(y)) * (11(y)[0)
= i) * (L()[0) + riy) * (lL(y)]0).

It follows that c(y) € Sy U So if pa(y) * (I(y)|la(y)) €< S1 U Sy > . If deg(pa(y)) < t —
deg(l2(y)) — 1, then pa(y) * (Iy|l2(y)) €< S2 > . If not, using the division algorithm, consider
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t_
pa(y) = a2(y) f57 + 72(y), where deg(ra(y)) <t — deg(l2(y)) — 1. Then,

L))+ ()la(0)

y -1
l2(y)

= (a() ) ) * ([()[0) + r2(y) * (L(y)ll2(y))

p2(y) * (L(W)l2(y) = (a2(y)

~—

= ((g2(v) ) * (U(W)ll2(y) +r2(y)) * (U(y)ll2(y))

To prove that pa(y) * (I(y)|l2(y)) € S1 U Sy first note that ra(y) * (I(y)|l2(y)) € S2. Finally,
by proposition , [1(y) divides Zl’f(—_y;l(y) and it follows that (qQ(y)Zl/f(_y:)WO) €< 51 > . Thus,

cly) E<S1USy > . g

Example 4.5. Let ¢ = 9 and C be a (8,8) DC code b(x) = 22 +wiz+w?,a(x) = v+ 1,1(z) =
r+1, C = (b()]0), (I(x)|a(z)), where I(z) € Fy[z],b(z)|(z9 — 1)and a(x)|(xz" — 1). Moreover

deg(l(x)) < deg(b(x)); b(z) divides I(x) Zah(;)l. Thus we obtain a code with parameter [16, 13, 3]

which is close to optimal.

(b(2)[0), (I(x)]a(x)) (hg) [k, d|
(2% + wl2? + w2z + 1|0), (z + 1z +1)  (6,6) [12,8,4]5
(23 + waz? + w2 + 4|0), (x + 4z +4)  (7,7) [14,10,4]5
(22 + wi3z +w?|0), (x + w3|z + 1) (8,4) [12,9,3]52
(2% + w*x + 1)), (z + 6|z + 6) (5,5) [10,7,3]7
(22 + w7z + w®|0), (z + wb|w + 2) (8,6) [14,11,3]2
(23 + 22 +22+2(0), (z + 122 +2+2) (6,8) [14,9,3]3
(23 + 222 + 22+ 1)0), (22 + 2 + 1|z +2) (6,8) [14,10,3]5
(23 + wrz? + 4z + w'®|0), (x + w*x +3)  (6,4) [10,6,3]5
(23 + w32? + 4z + w'?|0), (v + w|x + w?) (8,6) [14,10,3]5

Rg-double cyclic codes

We followed the similar concept to study Rg- Double Cyclic Codes (Rg- DC code) and
their duals as direct sum of Rg- DC code in this section. Let C be an Rg- DC code and (1,
C5 be the corresponding Rq linear code. The following results shows that, by the use of Rg-
DC codes €7 and Cs is completely determined for the code C.

Theorem 4.6. Let C = (14 r)Cy @ rCs be a linear code of length g + h over Ry. Then C is
an Rg-DC code of length (g, h) if and ony if C1 and Cz are Rg- DC code of length (g, h).
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Proof. Let y = (a1,a2,...,a4|b1,b2,...,by) € Cp. Then y + rz € C for some y =
(ah,ay, ... aglby, by, ..., by) € R(glnRgn. If C is an Ry cyclic code, then 7(y + 72) =
(ag + rag,a1 + ray,...,ag-1 + ray_4|bs + by, by + rby, ... by + rb)_;) € C. Hence
(ag,ai,...,ag-1|bp,b1,...,bp—1) € C1 and proved that, Cy is an Rg- DC code. Similarly
we can show that Cs is an Rg— DC code. Consider Cy and C5 are Rg— DC code for the
converse part. Further for any y +rz € C, we have 7(z) € C; and 7(z + y) € Cs. Using the
unique representation of C, we get (1 + r)7(x) + r7(y + z) = 7(y + rz) € C. Hence C' is an
Rg- double cyclic code.

Remark 4.7. For any k(z) € Rgq[z], there exist some g(z), ¢'(z) € Rq"[z] such that (1 +
rk(x) = (1+r)g(z) and rk(z) = vg'(x).

The following theorem gives the form of generators of an Rq"-double cyclic code of length
(g, h).-

Theorem 4.8. Let C; =< (b1()]0), (l1(x)|a1(x)) > and Cy =< (bo(x)]0,l2(x)|az(x)) > be
two Rq-DC code of length (g,h) as specified in Proposition @ and Lemma . If C =
(1+7)Cr®vCy is an Fq"-DC code of length (g, h), then C =< ((147)b1(x)[0, (14+7)l1 (x)|(1+
r)ai(x)), (rbz(z)|0), (rliz(z)|raz(z)) > .

Proof. Consider C' = (1 4+ r)Cy 4+ rCy by the unique representation of C, we have
C C< (1 + 7r)(bi(x)]0), (1 + r)(li(x)]ar(x)), r(b2(x)]0), r(l2(x)|az(x))) > . Conversely, let
c(z) e< (1 +7)b1(2)]0), (1 + r)la(2)[(1 4 r)ai(z)), (rba(2)|0), (rlz(2)[raz(z)) >, so c(z) =
(1 + 7)k1(2)(01(2)[0) + (1 + r)ka(z) (L1 (2)]a1(x)) + rk3(x)(b2(2)|0) + rka(z)(l2(2)]az(z)) for
some ki(z), ka(w), k3(z) and ky(x) in Rg[r]. Whereas from the Remark @ , there ex-
ists r1(z), ro(x), r3(x) and r4(z) in R{[x] such that c(z) = (1 + r)[ri(z)(bi(x)[0) +
ra(@)(li(z)]ar(x))] 4 rlrs(z)(b2(2)[0) + ra(z)(l2(z)|az(z))] € c(z) € C. As a result <
(1+7)(b1(2)|0), (1 4 7) (L1 (2)]ar (), 7(b2(2)|0), r(l2(x)|az(z)) >C C. g

Theorem 4.9. Let C; =< (b1(x)]0), (li(x)]|ai(x)) > and Cy =< (ba(x)|0), (I2(z)|az(z)) >
be two Rg-DC code of length (g,h) as specified in Proposition and Lemma . If C =
(147)C1 & rCy is an Rq-DC code of length (g, h), then C =< ((1+ r)bi(z) + rba(2)]0), (1 +
)l (z) + ria(z)|[(1 + r)ag(z) + raz(x))) > .

Proof. Assume C =< (1 + r)(b1(z)]0, (1 + 7)(l1(z)|a1(x)), r(b2(x)|0), r(la(z)|az(z)) >, from
Theorem @

Clearly, < ((1 + r)bi(z) + rb2(2)]0), (1 + r)l1(z) + rlo(x)|(1 4+ 7)ai(x) + raz(x))) >C C.
Meanwhile c¢(x) €< (14 7)(b1(x)[0, (1 4+ 7)(l1(z)|a1(z)), r(b2(x)|0), r(I2(x)|az(z)) > . so there
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exists ri(x), ra(z), r3(z) and r4(z) in Ry"[z] such that

co(x) = @)L +7)(01(2)[0)] + 72(2)[(1 + ) (h(2)|ar (2))] + r3(2)[rb2()]0]
+ra(z)[rla(z)]az(z)]
= r1(@)[(1+ 7)1 +7)bi(x) + rba(2)|0)] + r2(x)[(1 + 7)(1 + )i (2)
+rly(2)[(1+ r)ar (z) + raz(x))] + r3(2) [r((1 4 )by (x) + rba(z)|0)]
+ra(@)[r((1+ r)l(2) + rla(2)| (1 + r)ar () + ras(z))]
= (L+7)bi(2) + rba(2)[0)[(1 + r)ri(x) + rrs(@)] + (1 + )l (x)
+rlp(2)|(1 + 7)ar(z) + raz(@))[(1 + r)ra(z) + rra(z)].

Finally, c¢(z) €< (1 +7)(b1(2)]0), (1 + r)({1(z)|a1(z)), r(b2(x)|0), r(l2(x)|az(z)) > . g

In the following theorem, if 7'(C') and K has no monic polynomials of least degree, then
we have given the form of generator polynomials of an R§- DC by their definitions of 7'(C),
kerw'(C) and K.

Theorem 4.10. Consider C is an Ry- DC of length (g, h) satisfies 7'(C) =< ra(x) > and
Kern'(c) =< rb(z)|0) >, where a(z), b(x) € Rg[z]. Then C' =< (rb(x)|0),

(rl(z)|ra(z)) > for some l(x) € Rg[x]. Furthermore, If n'(C) =< (1 + r)a(x) > and
Ker(n) e =< (14 r)b(2)|0) >, then C =< ((1 + r)b(2)|0), (1 4+ r)l(z)|(1 4+ r)a(z)) > .

Proof. Assume C'is an Rg- DC code with '(C) =< ra(x) > and Ker(r')C =< (rb(2)|0) >
Then C' =< (rb(x)|0), (1+7)l' +rl(x) +ra(x)) > . Obviously, (14 7)((1+7))l' +ri(x)|ra(z) =
((1 +7)'|0) € C which implies that (1 + r)l’ € K. As K does not contain a polynomial with
leading coefficient as (1 + r), we have I’ = 0. Therefore C =< (rb(z)|0), (rl(z)|ra(z)) >.

Similarly we have proved the second part of the theorem.

5. DOUBLE CONSTACYCLIC CODES OVER Rq

We define an Rg- double constacyclic code (Rg- DCC code) of length (g, k) in this section.
Generalization of cyclic codes is known as constacyclic codes and also called multi-twisted
cyclic codes ( generalisation of quasi-twisted cyclic codes ) of index two over Rg. With the
help of Gray images of those codes is important because its have clear algebraic structure and
its applications. Recently, In finite fields Aydin and Halilovic presented a few construction
methods for double Constacyclic family of codes. We remember that, an («, 5)-DCC code of
length (g, h) over Ry isan Ry [z]-submodule of f;‘;‘i[;i X <P;Zi[;}>7 where o, 3 are units in Rj.

Now, we have follow the methods of Aydin and Halilovic, we extend Rq-DC code with help
of DCC code over finite fields.
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Definition 5.1. Let A\; and Az be two unit elements in Rg and ¢ = (cosc1y. -y cg-t1]
A ch, ... 1) € RE" x RE". Then the double constacyclic shift o, », of c is defined by
Tane(C) = (Meg-1,co, - - cg-alAach_1,€0, - -, €l ).

Let o,, be the double constacyclic shift operators and consider a linear code C of length
g+ h over Ry if C' is invariant under the double constacyclic shift operators, then C' is called
a (A1, A2)- DCC code of length (g, h). We can simply find that C is a (A1, A\2)- DC code code
of length (g,h) with the help of polynomial representation over Rg if and only if C is an
R2[z}-submodule of —iriy— x —249_ If we take A; = A2 = 1, then C is an RE- DC code
as a special case. We address C' as a A- DCC code over Ry, when A1 = Ay = A.

Let m; = Rg x Ry — R be a projection map such that 7j(ai1laz) = a;, i = 1,2. Also

_(__ Rila R[z] R|a] Ry[z]
let Ln = | r—rloroans X <rm(o0ans) X [r—atotoors X rioajtwoays ) Where /(M)

and ¢'()\2) are Gray images of A\; and Ay. Now,we extend the Gray map 7’ to ¢ as follows:
¢ Rglx]< 29 — A\ > x Rgld L,, such that

<xh—Xo>
Yo'y biad) = Qo mi(d (@)t (D mh(e(b))a?,
=0 =0
h
D m (b)), (D ma(¢ (b))
7=0 Jj=0

Clearly, ¢’ is a modular isomorphism, and, therefore,

RY[z] RY[z] g .

/. q q ~ J / . ?

¢ ‘<:L‘9—/\1>X<;):h—)\2> - Z‘W’Za%m ]goﬂl(¢(az))x>
Zﬂéfﬁ’(ai))x],Zﬂ’m’(bj))w],Zﬂéfﬁ’(bj))@”)-
§=0 §=0 §=0

Clearly, ¢’ is a modular isomorphism, and, therefore,

Rq 9 Rq ~ RG] y Ryg[z]
29— A1l — )Xy < (29 —m(¢(\1))) > < (zh =7 (¢ (N\2))) >
Rglz] Rglz]

L@@ ) > < @ — (@ (02) >

With this we have the following result.

Theorem 5.2. Let C' = (1 +7)Cy +1rCy be a linear code of length g + h over Rg, and A1, As
be two unit elements in Rg. Then C is a (A1, A2)-constacyclic code of length (g,h) over Rg
if and only if C1 and Cy is a (m1(¢' (A1), m2(¢'(M1))) and (m1(¢'(A1)), m2(¢'(A2)))-DCC code
respectively of length (g, h) over Ry.
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Proof. Let A\ = A11 + rA12 and A9 = A1 + 7Aoo be two unit elements in Rg. Let ¢ =
(co,c1,--.,cq-1]cy, chsc_1) € C, where ¢; = (1+7)x;+7Y;, 3 = (1+7‘)x;+ry§~ for0<i<g-—1
and 0 < j < h —1. Then we have
oA (€) = (Acg_1,€05- .-, Co—2|A2Ch_1, €05+ Chh_s)
= (M1 +r [T+ r)zg—1 +ryg—1], 1 +r)zo +ryo, ..., (1 +r)ze—2
+ryg—2l[Aor + rA22][(1 +7)@h g + 14 4], (1 + )20 + 750, -
(1 +7)ah_g + ryh_o)
([(T+7r) A1 +r(Ma + Ai2)] [+ 7m)xg—1 + ryg—1], (1 +7)x0 + 70, - - .,
(L+7)xg—2 +ryg—o|[(1+7)A21 +7(A2r + A2)][(1 + 7)),y + 7)),
(1+7)ag + 9o, (1+1)xh_y + 1yh—»)
(1+7)(A1zg—1,z0, ... ,:pg,gl)\glzn'h,l, T(y ey Th_ o)
7((A21 + A22)¥Yg— 1,505 - - -, Yg—2|A220y 15 Y0 - - -1 Yg—2)
= (1 +7)(ma(d(M1))xg—1,T0,- . ,:Ug,2|(7r2(¢()\2)):13;_1, 0, - ,:qu_g) +
v(((m1(3(A1)))¥Yg—1, Y0, - - > Yg—2l (T18(A2))Yg—1, Y05 - - - » Yg—2)-
Suppose C1 is a (7h(¢'(M\1)), m4(¢'(A2)))- DCC code and Cy is a (7} (¢ (A1), (71(¢'(A2)))-

DCC code of length (g,h) over Rg. So for any ¢ = (co,c1,...,¢4-1)|cp; ¢y, 05 ¢ € C,
where ¢; = (1 +r)z; +71y;, ¢j = ) +7r'y; for 0 < g—1and 0 < j < h— 1, we have

z = (zo,21,...,Tg-1]x(, &), ...,x)_1) € Cr and y = (Yo, Y1,---,Yg—1|Y0: Y1s-- -+ Y1) € Co.
Hence o, (¢/(n)),(m(¢/(A2))(T) € C1 and o (¢/(\)),(x)(#/(r2)) € C2. In addition to that
(1 7)o (¢ () (ra(@/02)) () F 7O (07 ) (rf (#/02)) (U) = Oxinp(€) € €. Since zand y are
arbitrary elements in C and Cy, respectively, C'is a (A1, A2)-constacyclic code of length (g, h)

over Rg. Similarly, we can also prove the sufficient part of the theorem.

Lemma 5.3. Assume «, 3 are any two unit elements in Rg and C' be an (o, B)- DCC code
of length (g, h) over Fg. Then C*+ is an (o, B")- DCC code of length (g,h) over Ry

Proof. Let n = lem{g,h}. We see that for any a = (a11,a12,...,a14la11,012,...,a11),
we have aZ%l(a) = (a%alg,...,a%alg,oﬁflalllﬁgagg,...,Bgagg,@’%_lam). Also, as mul-
tiplicative order of each non-zero element in Rg is ¢ — 1, we have Ug{;l)n(a) = a. Let
a = (ai1,a12,...,a1g|laz1,a2,...,a2,) € C and b = (b11,b12,...,b1g|b21,b22,...,b2p) € ct.
Then

agfgl)n_l(a) b = (aebir + ... a1gb1g—1 + a(q_l)%_lanblg)

+(agebor + - . . agnbon—1 + SOV D ag1by, 1)
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= (a12bu1 + ...+ aighig—1 + Oé(q_l)%_l[oéoé_l]anblg)
+(agzbar + ... agpbop—1 + B VR TLBB agibop—1)
= (a12b11 + ...+ algblg,1 + [Oé_l](lllblg)
+(ag2ba1 + . .. + agpbap—1 + [B Hasibop-1)
= (an[a " big) + arobin + ... + argbig—1 + a2 [8  bap_1])
+(ag2bo1 + ... + azpban—1)
= a-04-13-1(b).
Since o2V q) € C, 0" (a) - b = 0. This deduce that a - o,-1 5-1(b) = 0. Hence
a’/B a7ﬁ a 7/3

Oa-14-1(b) € C*. As b is an arbitrary element in C*, we have C* an (a™!,37!)- DCC

n
code over Rg.

Using Lemma @ and Theorem @, we have

Theorem 5.4. Let A\; = (1 + 7)) 11 +1rA12, Ao = (1 +7)Ao1 + 7o be two unit elements in
R and C = (14 71)C1 ®vC0s be a (A1, A2)- DCC code of length (g,h) over Rg. Then Ctisa
(L4 AT + 70, (14+7)A5 + 7Xy)- DCC code of length (g, h) over RA.

6. LINEAR COMPLEMENTARY DUAL CODES

A linear code C which intersects with its dual trivially is called linear complementary codes
(LCD). The reversible code is a code in which a vector obtained by reversing the order of
component of a codeword is again a codeword. The ring Rg = Fy + uFy where u? = u.

Let 61 = (1 +7)A11 +rA12, 02 = (1 +7)A21 + 722, where p is prime number and A € Fyg
such that a1 + ras = 1( mod p), for ag = A1 + Ao and ag = A1 + A2 + Ao + Aga. It is
trivially obtained that &1 + do = 1, /\Z2 = X\ and \jA\; = 0, for i # j where 4,5 € {1,2}. By
the orthogonal idempotent decomposition, we have Rq = 61Fg + 62Fg. We define a Gray map
p:Rg — F?ln by

e(9) = ¢lg1+rhi,g2+rha, ... gn +1hy)
= (gl - h1792 - h27---7gn - hnagl +h1792+h27"'7gn+hn)-
Let C be a linear code of length n over Rg. Define
Ci={ge€ Fy : there exists h € Fy such that d1g + 02h € Ct,

Cy={he [y there exixts g € Fg such that d19 + d2h € Ct.

We can easily verify that C'1, Cs are linear codes over Fg of length n and C' = 61C + 62C%.

Also, C'is cyclic code if and only if C and Cy are cyclic codes of length n over Fy.
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Lemma 6.1. [17] IfZ is an [n, k,d] cyclic code over Rg with generator polynomial f(y), then
it is an LCD code if and only if f(y) = f(y) and all the monic irreducible factors of f(y) has
the same multiplicity in y™ — 1 and f(y). In particular, for ged(n,q) = 1, Z is an LCD code

if and only if it is a reversible code.

Theorem 6.2. Let C = (1+7)Cy +7C2 be a linear code over Rg. Then C is an LCD code if
and only if C1, Ca are LCD codes over Ry.

Proof. The proof of the theorem is the same as in Theorem @ 0

Theorem 6.3. Let C = 6:C1 + 0202 be a cyclic code over Ry of length n, relatively prime to
q. Then C is LCD code over Rq if and only if C1, Cy are reversible codes over Fy.

Proof. Consider C as an LCD over Rg. Then Cy and C5 are LCD codes over F*, 4+ vF*,.
which implies C1 and Cs are reversible codes over Fy by the Lemma @ Therefore we have
0101 + 6204 is also a reversible code over Ry.

Conversely, suppose C'is a reversible code over Rg. Then, ¢ = 12 + d2y € C implies that
9 € C, where 2’ = (z(,2),...,2),_1) € Cr and ¥ = (y(, ¥4, - -, Y1) € Ca.

Consider
4 = (812 + dayh, 612 + Sayys .-, 612 g + S2yl )¢
= (01,1 + Oayp_1, 0120, o + G2y o, .-, 0120 + d2yp)
= o'+ 52y/g.

This implies that C; and C are reversible codes over Fy and hence LCD codes over [y . Hence

C is an LCD code over Rg. g

Lemma 6.4. If C = (1 +1r)Cy +rCs and let G1 and Gy be the generator matrices of C and
Gy 0

Cs, respectively. Then G,y =
0 Gy

Theorem 6.5. If C = (1+7r)Cy +1rC> is a cyclic LCD code, then ¢(C) is q-quasi cyclic LCD

code.
Proof. The Gray images of LCD code is LCD code.
Gy 0 Gy - G¥ 0
G¢(C)-G$(c) _ |72 G262
0 Gy 0 G1-GT

We have G - G nonsingular and G - GT nonsingular then the matrice GQO(C)‘Gi;(C) is a

nonsingular.
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7. CONCLUSION AND FUTURE WORK

This paper is presented to the study of double cyclic, constacyclic and linear complemen-
tary dual codes over Rgq. First I have prove the generator polynomials of this family of codes,
and give their minimum generating sets. Also I have found double constacyclic codes over Rg.
Finally, I have constructed LCD codes over Rg. The relation between minimal linear codes

and LCD codes over Ry is interesting future work.
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