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TOPOLOGICAL INDICES OF THE ZERO-DIVISOR GRAPH FOR THE
DIRECT PRODUCT OF FINITE COMMUTATIVE RINGS
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Abstract. A topological index is a numerical quantity associated with the topological struc-

ture of a graph, used to describe certain of its properties. In this paper, we compute several

degree-based topological indices of the zero-divisor graph Γ(R) when R is the commutative

ring Zp × Zp2 and Zp × Z2p for a prime p > 2. For the commutative ring R with the set of

zero-divisors Z(R), the simple graph Γ(R) contains the vertex set V (Γ(R)) = Z(R) \ {0} and

the edge set E (Γ(R)) = {uv|u, v ∈ Z(R) \ {0} & uv = vu = 0}.

1. Introduction

Let G = (V,E) be a simple graph of order n and size m with vertex set V (G) and edge set
E(G). The set N(u) = {v ∈ V : uv ∈ E} is called the open neighborhood of a vertex u. The
number of vertices connected to the vertex u is called the degree of u and is denoted by d(u).
The maximum and the minimum degrees of a graph G are denoted by ∆ and δ, respectively
[11].
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A topological index of a graph is a numerical invariant that gives the topological property
of the graph. Based on the structure of the graph the topological index is represented as a
mathematical formula associated with the degrees, distances, and eccentricities of the graph.
The Sombor index was proposed by Gutman [9] in 2021 and is defined as follows

SO(G) =
∑

uv∈E(G)

√
d(u)2 + d(v)2,

Several degree-based topological indices of a graph are introduced motivated by the Sombor
index and some known topological indices. Some Sombor-type topological indices are defined
in Table 1.

Much research has been done on this index [8, 10, 18, 32]. For more literature, on the
topological indices and their applications, readers might refer to [5, 16, 19, 20, 21, 22, 23, 27,
28, 31].

Let R be a commutative ring and Z(R) be the finite set of all zero-divisors of R. If Z∗(R) =

Z(R) \ {0}, then the zero-divisor graph Γ(R) is a simple graph with vertices Z∗(R) and two
vertices u and v are adjacent if and only if uv = vu = 0. Beck [4] first introduced the zero-
divisor graph in 1988, and later Anderson and Livingstone [3] modified the definition of the
zero-divisor graph. Studies in the field of commutative rings have various applications such
as engineering, combinatorics, graph theory, advanced mechanics, communication theory, and
cryptography. One of the studies done on these algebraic structures focuses on investigating
the parameters of their related graphs.

Alikhani and Mirvakili [2] characterized the independent sets of the zero-divisor graph and
the ideal-based zero-divisor graph of a commutative ring. In [25], all finite commutative
rings with a planar or toroidal annihilator intersection graph were characterized. In [1], the
topological polynomials based on distance and their related indices of the zero-divisor graph
of a commutative ring are obtained. Mondal et al. [17] computed the topological indices
of the total graph, the zero divisor graph, and the zero divisor graph using some algebraic
polynomials. In [33] some topological indices for the zero-divisor graph related to commutative
rings are given. Chokani et al. [6] obtained graph energy, Laplacian energy, signless Laplacian
energy, edge energy and the minimum edge dominating energy of some zero-divisor graphs
associated with the finite commutative rings. Movahedi and Akhbari in [24] investigated
some of the topological indices such as graph energies, the Zagreb indices and the domination
parameters of some zero-divisor graphs. In [7], the Laplacian eigenvalues of the zero-divisor
graph Γ(Zn) are studied.

In this paper, we compute the Sombor-type topological indices in Table 1 of the graph Γ(R)

for the commutative rings R ≃ Zp × Zp2 and R ≃ Zp × Z2p where p > 2 the prime number.
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Table 1. The Sombor-type degree-based topological indices.

Topological indices Formulas

Sombor index [9] SO(G) =
∑

uv∈E(G)

√
d(u)2 + d(v)2

Reduced Sombor index [9] SOred(G) =
∑

uv∈E(G)

√
(d(u)− 1)2 + (d(v)− 1)2

Average Sombor index [9] SOavg(G) =
∑

uv∈E(G)

√(
d(u)− 2|E|

|V |

)2
+
(
d(v)− 2|E|

|V |

)2

Modified Sombor index [12] mSO(G) =
∑

uv∈E(G)
1√

d(u)2+d(v)2

Modified reduced Sombor index [12] mSOred(G) =
∑

uv∈E(G)
1√

(d(u)−1)2+(d(v)−1)2

Reverse Sombor index [29] SOrev(G) =
∑

uv∈E(G)

√
(∆− d(u) + 1)2 + (∆− d(v) + 1)2

Increased Sombor index [26] SO1(G) =
∑

uv∈E(G)

√
(d(u) + 1)2 + (d(v) + 1)2

Revan Sombor index [13] RSO(G) =
∑

uv∈E(G)

√
(∆ + δ − d(u))2 + (∆+ δ − d(u))2

First Banhatti-Sombor index [14] BSO1(G) =
∑

uv∈E(G)

√
1

d(u)2
+ 1

d(v)2

First reduced Banhatti-Sombor index [14] RBSO1(G) =
∑

uv∈E(G),d(u) ̸=1,d(v) ̸=1

√
1

(d(u)−1)2
+ 1

(d(v)−1)2

Second Banhatti-Sombor index [15] BSO2(G) =
∑

uv∈E(G)

(
1

d(u)2
+ 1

d(v)2

)−1
2

Second reduced Banhatti-Sombor index [15] RBSO2(G) =
∑

uv∈E(G),d(u) ̸=1,d(v) ̸=1

(
1

(d(u)−1)2
+ 1

(d(v)−1)2

)−1
2

2. Main Results

In this section, we obtain the results of the topological indices defined in Table 1 on two
zero-divisor graphs Γ

(
Zp × Zp2

)
and Γ

(
Zp × Z2p

)
.

First, we compute these topological indices of the zero-divisor graph Γ(R) in which
R ≃ Zp × Zp2 . The graph Γ

(
Zp × Zp2

)
is a connected graph such that the vertices are
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partitioned as follows [30]

V1 =
{
(u, 0) : u ∈ Z∗

p

}
,
∣∣V1

∣∣ = p− 1,

V2 =
{
(0, v) : v ∈ Z∗

p2 , v /∈ Z
(
Z∗
p2
)}

,
∣∣V2

∣∣ = p2 − p,(1)

V3 =
{
(0, w) : w ∈ Z∗

p2 , w ∈ Z
(
Z∗
p2
)}

,
∣∣V3

∣∣ = p− 1,

V4 =
{
(a, b) : a ∈ Z∗

p, b ∈ Z∗
p2 and b ∈ Z

(
Z∗
p2
)}

,
∣∣V4

∣∣ = (p− 1)2.

where R∗ = R \ {0}. Therefore, the order of graph equals∣∣∣V (Γ(Zp × Zp2
)) ∣∣∣ = 4∑

i=1

∣∣Vi

∣∣ = 2p2 − p− 1.

Based on the above vertex-partitions, the degree of vertices is shown in Table 2 [30].

Table 2. The degree of vertex-partition sets (1) of Γ
(
Zp × Zp2

)
.

u ∈ V1 V2 V3 V4

d(u) p2 − 1 p− 1 p2 − 2 p− 1

In [30], authors obtained the adjacency matrix of zero-divisor graph Γ
(
Zp ×Zp2

)
as follows

(2) A
(
Γ
(
Zp × Zp2

))
=


0p−1 1(p−1)×(p2−p) 1p−1 0(p−1)×(p−1)2

1(p2−p)×(p−1) 0p2−p 0(p2−p)×(p−1) 0(p2−p)×(p−1)2

1p−1 0(p−1)×(p2−p) Jp−1 1(p−1)×(p−1)2

0(p−1)2×(p−1) 0(p−1)2×(p2−p) 1(p−1)2×(p−1) 0(p−1)2

 ,

where 1i, 0i and Ji denoting the all-ones matrix, the zero matrix, and a matrix with any
elements on the main diagonal is equal to 0 and all other elements equal to 1, respectively, of
order i.

In the following theorem, we compute the Sombor-type topological indices of the zero-divisor
graph Γ

(
Zp × Zp2

)
.

Theorem 2.1. Let Γ
(
Zp × Zp2

)
for prime number p > 2 be the zero-divisor graph. Then

(i) SO
(
Γ
(
Zp × Zp2

))
= p−1

2

[√
2β(p− 2) + 2(p− 1)2

√
α− 2β + 1 + 2p(p− 1)

√
α

+ 2(p− 1)
√
2(α− 2β) + (4p− 7)

]
,

(ii) SOred

(
Γ
(
Zp × Zp2

))
= p−1

2

[√
2(β − 1)(p− 2) + 2(p− 1)2

√
γ − 2β + 1 + 2p(p− 1)

√
γ

+ 2(p− 1)
√
2(γ − 2β) + (11− 8p)

]
,
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(iii) SOavg

(
Γ
(
Zp × Zp2

))
= p−1

2

[
2p
√

(p2 + λ)2 + (p+ λ)2

+ 2(p− 1)
√
(p2 + λ)2 + (p2 + λ− 1)2

+2(p− 1)2
√
(p2 + λ− 1)2 + (p+ λ)2 +

√
2(p− 2)(p2 + λ− 1)

]
.

(iv) mSO
(
Γ
(
Zp × Zp2

))
= (p−1)

4

[√
2(p−2)
β + 4(p−1)2√

α−2β−1
+ 4p(p−1)√

α
+ 4(p−1)√

2(α−2β)+(4p−7)

]
.

(v) mSOred

(
Γ
(
Zp × Zp2

))
= (p−1)

4

[√
2(p−2)
β−1 + 4(p−1)2√

γ−2β−1
+ 4p(p−1)√

γ + 4(p−1)√
2(γ−2β)−(8p−11)

]
.

(vi) SOrev

(
Γ
(
Zp × Zp2

))
= (p− 1)

[√
2(p− 2) + p(p− 1)

√
(p2 − p+ 1)2 + 1

+
√
5(p− 1) + (p− 1)2

√
(p2 − p+ 1)2 + 4,

(vii) SO1
(
Γ
(
Zp × Zp2

))
= (p−1)2

2

[√
2(p− 2)(p+ 1) + 2p2(p− 1)

√
p2 + 1

+ 2(p− 1)2
√
p4 − p2 + 1 + 2(p− 1)

√
2p4 − 2p2 + 1

]
.

(viii) RSO
(
Γ
(
Zp × Zp2

))
= (p−1)

2

[√
2p(p− 2) + 2p(p− 1)2

√
p2 + 2p+ 2

+ 2(p− 1)2
√
p4 − p2 + 1 + 2(p− 1)

√
2p2 − 2p+ 1

]
.

where α = p4 − p2 − 2p+ 2, β = p2 − 2, γ = p4 − 5p2 − 4p+ 13 and λ = −1− (p−1)(4pq−3p−2)
p2+pq−p−1

.

Proof. Assume that G is the zero-divisor graph Γ
(
Zp × Zp2

)
with 2p2 − p− 1 vertices. Based

on the adjacency matrix (2), the partition of edges is as follows. Table 3 shows the cardinality
of edge subsets Ei for i = 1, . . . , 4.

E1 =
{
uv ∈ E : u ∈ V1, v ∈ V2

}
, E2 =

{
uv ∈ E : u ∈ V1, v ∈ V3

}
,

E3 =
{
uv ∈ E : u, v ∈ V3 and u ̸= v

}
, E4 =

{
uv ∈ E : u ∈ V3, v ∈ V4

}
.

Table 3. The cardinality of edge-partition sets of the zero-divisor graph

Γ
(
Zp × Zp2

)
.

Edge-partition sets E1 E2 E3 E4

Number of edges p(p− 1)2 (p− 1)2 (p−1)(p−2)
2 (p− 1)3

Consequently, we have

∣∣∣E (Γ(Zp × Zp2
)) ∣∣∣ = 4∑

i=1

|Ei| =
1

2
(p− 1)(4p2 − 3p− 2).

Based on the definition of the Sombor indices in Table 1 and using Tables 2 and 3, we get
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(i)

SO (G)=
∑

uv∈E(G)

√
d(u)2 + d(v)2

= |E1|
√

(p2 − 1)2 + (p− 1)2 + |E2|
√

(p2 − 1)2 + (p2 − 2)2

+|E3|
√
(p2 − 2)2 + (p2 − 2)2 + |E4|

√
(p2 − 2)2 + (p− 1)2

=
(
p(p− 1)2

)√
(p2 − 1)2 + (p− 1)2 +

(
(p− 1)2

)√
(p2 − 1)2 + (p2 − 2)2

+

(
(p− 1)(p− 2)

2

)√
(p2 − 2)2 + (p2 − 2)2 +

(
(p− 1)3

)√
(p2 − 2)2 + (p− 1)2.

With putting α = p4−p2−2p+2 and β = p2−2. After simplifying the above relation,
we get

SO(G)=
p− 1

2

[√
2β(p− 2) + 2(p− 1)2

√
α− 2β + 1

+2p(p− 1)
√
α+ 2(p− 1)

√
2(α− 2β) + (4p− 7)

]
.

(ii)

SOred(G)=
∑

uv∈E(G)

√
(d(u)− 1)2 + (d(v)− 1)2

= |E1|
√
(p2 − 2)2 + (p− 2)2 + |E2|

√
(p2 − 2)2 + (p2 − 3)2

+|E3|
√
(p2 − 3)2 + (p2 − 3)2 + |E4|

√
(p2 − 3)2 + (p− 2)2

=
(
p(p− 1)2

)√
(p2 − 2)2 + (p− 2)2 +

(
(p− 1)2

)√
(p2 − 2)2 + (p2 − 3)2

+

(
(p− 1)(p− 2)

2

)√
(p2 − 3)2 + (p2 − 3)2 +

(
(p− 1)3

)√
(p2 − 3)2 + (p− 2)2.

After simplifying above relation and putting β = p2 − 2 and γ = p4 − 3p2 − 4p+8, the
result follows.
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(iii) Since |V | = 2p2 − p − 1 and |E| = 1
2(p − 1)(4p2 − 3p − 2), we have 2|E|

|V | = 4p2−3p−2
2p+1 .

Thus,

SOavg(G)=
∑

uv∈E(G)

√(
d(u)− 2|E|

|V |

)2

+

(
d(v)− 2|E|

|V |

)2

= |E1|

√(
p2 − 1− 4p2 − 3p− 2

2p+ 1

)2

+

(
p− 1− 4p2 − 3p− 2

2p+ 1

)2

+|E2|

√(
p2 − 1− 4p2 − 3p− 2

2p+ 1

)2

+

(
p2 − 2− 4p2 − 3p− 2

2p+ 1

)2

+|E3|

√(
p2 − 2− 4p2 − 3p− 2

2p+ 1

)2

+

(
p2 − 2− 4p2 − 3p− 2

2p+ 1

)2

+|E4|

√(
p2 − 2− 4p2 − 3p− 2

2p+ 1

)2

+

(
p− 1− 4p2 − 3p− 2

2p+ 1

)2

.

After simplifying the above relation and putting λ = −1− 4p2−3p−2
2p+1 , we have

SOavg(G)=
p− 1

2

[
2p
√

(p2 + λ)2 + (p+ λ)2 + 2(p− 1)
√
(p2 + λ)2 + (p2 + λ− 1)2

+2(p− 1)2
√
(p2 + λ− 1)2 + (p+ λ)2 +

√
2(p− 2)(p2 + λ− 1)

]
.

(iv)

mSO(G)=
∑

uv∈E(G)

1√
d(u)2 + d(v)2

= |E1|

(
1√

(p2 − 1)2 + (p− 1)2

)
+ |E2|

(
1√

(p2 − 1)2 + (p2 − 2)2

)

+|E3|

(
1√

(p2 − 2)2 + (p2 − 2)2

)
+ |E4|

(
1√

(p2 − 2)2 + (p− 1)2

)

=
p(p− 1)2√

(p2 − 1)2 + (p− 1)2
+

(p− 1)2√
(p2 − 1)2 + (p2 − 2)2

+
(p− 1)(p− 2)

2
√
(p2 − 2)2 + (p2 − 2)2

+
(p− 1)3√

(p2 − 2)2 + (p− 1)2
.

After simplifying the above relation and putting α = p4 − p2 − 2p+ 2 and β = p2 − 2,
we have

mSO(G)=
(p− 1)

4

[√2(p− 2)

(p2 − 2)
+

4(p− 1)2√
α− 2β2 − 1

+
4p(p− 1)√

α
+

4(p− 1)√
2(α− 2β) + (4p− 7)

]
.
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(v)

mSOred(G)=
∑

uv∈E(G)

1√
(d(u)− 1)2 + (d(v)− 1)2

= |E1|

(
1√

(p2 − 2)2 + (p− 2)2

)
+ |E2|

(
1√

(p2 − 2)2 + (p2 − 3)2

)

+|E3|

(
1√

(p2 − 3)2 + (p2 − 3)2

)
+ |E4|

(
1√

(p2 − 3)2 + (p− 2)2

)

=
p(p− 1)2√

(p2 − 2)2 + (p− 2)2
+

(p− 1)2√
(p2 − 2)2 + (p2 − 3)2

+
(p− 1)(p− 2)

2
√
(p2 − 3)2 + (p2 − 3)2

+
(p− 1)3√

(p2 − 3)2 + (p− 2)2
.

After simplifying the above relation and putting β = p2−2 and γ = p4−5p2−4p+13,
we have

mSOred(G) =
(p− 1)

4

[√2(p− 2)

β − 1
+

4(p− 1)2√
γ − 2β − 1

+
4p(p− 1)

√
γ

+
4(p− 1)√

2(γ − 2β)− (8p− 11)

]
.

(vi) Since the maximum degree of G is ∆ = p2 − 1, from the definition of the Reverse
Sombor index in Table 1 and using Tables 2 and 3, we have

SOrev(G)=
∑

uv∈E(G)

√
(∆− d(u) + 1)2 + (∆− d(v) + 1)2

= |E1|
√

(p2 − 1− (p2 − 1) + 1)2 + (p2 − 1− (p− 1) + 1)2

+|E2|
√
(p2 − 1− (p2 − 1) + 1)2 + (p2 − 1− (p2 − 2) + 1)2

+|E3|
√
(p2 − 1− (p2 − 2) + 1)2 + (p2 − 1− (p2 − 2) + 1)2

+|E4|
√
(p2 − 1− (p2 − 2) + 1)2 + (p2 − 1− (p− 1) + 1)2

=
(
p(p− 1)2

)√
1 + (p2 − p+ 1) +

(
(p− 1)2

)√
2

+

(
(p− 1)(p− 2)

2

)√
8 +

(
(p− 1)3

)√
4 + (p2 − p+ 1)2.

After simplifying the above relation, the result is completed.
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(vii)

SO1(G)=
∑

uv∈E(G)

√
(d(u) + 1)2 + (d(v) + 1)2

= |E1|
√

(p2)2 + (p)2 + |E2|
√

(p2)2 + (p2 − 1)2

+|E3|
√

(p2 − 1)2 + (p2 − 1)2 + |E4|
√

(p2 − 1)2 + (p)2

=
(
p(p− 1)2

)√
p4 + p2 +

(
(p− 1)2

)√
p4 + (p2 − 1)2

+

(
(p− 1)(p− 2)

2

)√
(p2 − 1)2 + (p2 − 1)2 +

(
(p− 1)3

)√
(p2 − 1)2 + p4.

After simplifying above relation, the result is completed.
(viii) From Table 1, ∆ = p2 − 1 and δ = p− 1. Therefore, we get

RSO(G)=
∑

uv∈E(G)

√
(∆ + δ − d(u))2 + (∆+ δ − d(u))2

= |E1|
√

(p2 + p− 2− (p2 − 1))2 + (p2 + p− 2− (p− 1))2

+|E2|
√

(p2 + p− 2− (p2 − 1))2 + (p2 + p− 2− (p2 − 2))2

+|E3|
√
(p2 + p− 2− (p2 − 2))2 + (p2 + p− 2− (p2 − 2))2

+|E4|
√
(p2 + p− 2− (p2 − 2))2 + (p2 + p− 2− (p− 1))2

=
(
p(p− 1)2

)√
(p− 1)2 + (p2 − 1)2 +

(
(p− 1)2

)√
(p− 1)2 + p2

+

(
(p− 1)(p− 2)

2

)√
2p2 +

(
(p− 1)3

)√
p2 + (p2 − 1)2.

After simplifying the above relation, the result is completed.

In the following theorem, we obtain the Banhatti-Sombor topological indices defined in
Table 1 of the zero-divisor graph Γ

(
Zp × Zp2

)
.

Theorem 2.2. Let Γ
(
Zp × Zp2

)
for prime number p > 2 be the zero-divisor graph. Then

(i) BSO1

(
Γ
(
Zp × Zp2

))
= (p−1)

2β

[√
2(p− 2) + 2(p− 1)

√
α− 2β − 1

+
(

2pβ
p+1

)√
β + 2(p+ 2) +

(
2

p+1

)√
2(α− 2β) + (4p− 7)

]
.

(ii) RBSO1

(
Γ
(
Zp × Zp2

))
= (p−1)

2(β−1)

[√
2(p− 2) + 2(p−1)2

p−2

√
γ − 2β − 1

+
(
2p(p−1)
β(p−2)

)√
γ(β − 1) + 2(p−1)

β−1

√
2(γ − 2β)− (8p− 11)

]
.

(iii) BSO2

(
Γ
(
Zp × Zp2

))
= (p−1)β

4

[√
2(p−2)+ 4(p−1)2√

α−2β−1
+ 4p(p−1)(p+1)2

β
√

β+2(p+2)
+ 4(p−1)2(p+1)√

2(α−2β)+(4p−7)

]
.

(iv) RBSO2

(
Γ
(
Zp × Zp2

))
= (p−1)(β−1)

4

[√
2(p− 2) + 4(p−1)2(p−2)√

γ−2β−1
+ 4p(p−1)(p−2)β

(β−1)
√
γ

+ 4β(p−1)√
2(γ−2β)+(11−8p)

]
.

where α = p4 − p2 − 2p+ 2, β = p2 − 2 and γ = p4 − 5p2 − 4p+ 13.
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Proof. Let G be the zero-divisor graph Γ
(
Zp × Zp2

)
. Based on the definition of the Banhatti-

Sombor indices in Table 1 and using the degree of vertices and the edge-partition shown in
Tables 2 and 3, respectively, we have

(i)

BSO1(G)=
∑

uv∈E(G)

√
1

d(u)2
+

1

d(v)2

= |E1|

√
1

(p2 − 1)2
+

1

(p− 1)2
+ |E2|

√
1

(p2 − 1)2
+

1

(p2 − 2)2

+|E3|

√
1

(p2 − 2)2
+

1

(p2 − 2)2
+ |E4|

√
1

(p2 − 2)2
+

1

(p− 1)2
.

We put α = p4 − p2 − 2p+ 2 and β = p2 − 2. After simplifying the above relation, we
have

BSO1(G)=
(p− 1)

2β

[√
2(p− 2) + 2(p− 1)

√
α− 2β − 1

+
2p(p2 − 2)

p+ 1

√
β + 2(p+ 2) +

2

p+ 1

√
2(α− 2β) + (4p− 7)

]
.

(ii)

RBSO1(G)=
∑

uv∈E(G)

√
1

(d(u)− 1)2
+

1

(d(v)− 1)2

= |E1|

√
1

(p2 − 2)2
+

1

(p− 2)2
+ |E2|

√
1

(p2 − 2)2
+

1

(p2 − 3)2

+|E3|

√
1

(p2 − 3)2
+

1

(p2 − 3)2
+ |E4|

√
1

(p2 − 3)2
+

1

(p− 2)2

With putting β = p2 − 2 and γ = p4 − 5p2 − 4p+ 13 and simplifications of the above
relation, we have

RBSO1(G)=
(p− 1)

2(β − 1)

[√
2(p− 2) +

2(p− 1)2

p− 2

√
γ − 2β − 1 +

(
2p(p− 1)

β(p− 2)

)
√
γ(β − 1)

+
2(p− 1)

β − 1

√
2(γ − 2β)− (8p− 11)

]
.
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(iii)

BSO2(G)=
∑

uv∈E(G)

(
1

d(u)2
+

1

d(v)2

)−1
2

= |E1|
(

1

(p2 − 1)2
+

1

(p− 1)2

)−1
2

+ |E2|
(

1

(p2 − 1)2
+

1

(p2 − 2)2

)−1
2

+|E3|
(

1

(p2 − 2)2
+

1

(p2 − 2)2

)−1
2

+ |E4|
(

1

(p2 − 2)2
+

1

(p− 1)2

)−1
2

With α = p4 − p2 − 2p + 2 and β = p2 − 2 and simplifications of the above relation,
the result is completed.

(iv)

RBSO2(G)=
∑

uv∈E(G)

(
1

(d(u)− 1)2
+

1

(d(v)− 1)2

)−1
2

= |E1|
(

1

(p2 − 2)2
+

1

(p− 2)2

)−1
2

+ |E2|
(

1

(p2 − 2)2
+

1

(p2 − 3)2

)−1
2

+|E3|
(

1

(p2 − 3)2
+

1

(p2 − 3)2

)−1
2

+ |E4|
(

1

(p2 − 3)2
+

1

(p− 2)2

)−1
2

With putting β = p2 − 2 and γ = p4 − 5p2 − 4p+ 13 and simplifications of the above
relation, the result is completed.

Now, we consider the zero-divisor graph Γ
(
Zp × Z2p

)
where p > 2 a prime. The vertex set

of this graph is partitioned as follows [30].

W1 =
{
(u, 0) : u ∈ Z∗

p

}
,
∣∣W1

∣∣ = p− 1,

W2 =
{
(0, v) : v ∈ Z∗

2p, v /∈ Z
(
Z∗
2p

)}
,
∣∣W2

∣∣ = p− 1,(3)

W3 =
{
(0, w) : w ∈ Z∗

2p, w ∈ Z
(
Z∗
2p

)}
,
∣∣W3

∣∣ = p,

W4 =
{
(a, b) : a ∈ Z∗

p, b ∈ Z∗
2p and b ∈ Z

(
Z∗
2p

)}
,
∣∣W4

∣∣ = p(p− 1),

where Z∗
n is denoted Zn \ {0} for n = p, 2p. Therefore, the order of graph Γ

(
Zp × Z2p

)
∣∣∣V (Γ(Zp × Z2p

)) ∣∣∣ = 4∑
i=1

∣∣Wi

∣∣ = p2 + 2p− 2.

Based on the partition of vertices in (3), the degree of vertices is shown in Table 4 [30].
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Table 4. The degree of vertex-partition sets (3) of Γ
(
Zp × Z2p

)
.

Vertex u ∈ W1 u ∈ W2 u = (0, 2m) ∈ W3 u = (0, p) ∈ W3 u = (a, 2m) ∈ W4 u = (a, p) ∈ W4

d(u) 2p− 1 p− 1 2p− 1 p2 − 1 1 p− 1

Based on the structure of the zero-divisor graph Γ
(
Zp × Z2p

)
in [30], the adjacency matrix

of graph G is as follows

(4) A(G) =


0p−1 1p−1 1(p−1)×p 0(p−1)×(p2−p)

1p−1 0p−1 0(p−1)×p 0(p−1)×(p2−p)

1p×(p−1) 0p×(p−1) M1 M2

0(p2−p)×(p−1) 0(p2−p)×(p−1) MT
2 0p2−p

 ,

in which 1i and 0i denote the all-ones matrix and the zero matrix of order i, respectively.
Also, the matrix MT

2 is the transpose of the matrix M2 and the matrices M1 of order p × p

and M2 of order p× (p2 − p) are as following.

M1 =



0 1 1 . . . 1

1 0 0 . . . 0

1 0 0 . . . 0
...

...
... . . . ...

1 0 0 . . . 0


,

and

M2 =


1 . . . 1 0 . . . 0

0 . . . 0 1 . . . 1
... . . . ...

... . . . ...

0 . . . 0 1 . . . 1

 .
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Based on the matrix (4), the edge set of graph Γ
(
Zp × Z2p

)
can be partitioned E(G) =

6
∪
i=1

Ei

such that

E1 =
{
uv ∈ E : u ∈ W1, v ∈ W2

}
,

E2 =
{
uv ∈ E : u ∈ W1, v = (0, p) ∈ W3

}
,

E3 =
{
uv ∈ E : u ∈ W1, v = (0, 2m) ∈ W3

}
,

E4 =
{
uv ∈ E : u, v ∈ W3, u = (0, p) and v = (0, 2m)},

E5 =
{
uv ∈ E : u = (0, p) ∈ W3, v = (a, 2m) ∈ W4},

E6 =
{
uv ∈ E : u = (0, 2m) ∈ W3, v = (a, p) ∈ W4},

in which 1 ≤ m ≤ p− 1 and a ∈ Z(Z∗
p).

Table 5. The cardinality of edge-partition sets of the zero-divisor graph

Γ
(
Zp × Z2p

)
.

Edge-partition sets E1 E2 E3 E4 E5 E6

Number of edges (p− 1)2 p− 1 (p− 1)2 p− 1 (p− 1)2 (p− 1)2

Consequently, the number of edges of the graph Γ
(
Zp × Z2p

)
is equal to

|E(Γ
(
Zp × Z2p

)
)| =

6∑
i=1

|Ei| = 4p2 − 6p+ 2.

Theorem 2.3. Let Γ
(
Zp × Zp2

)
for prime number p > 2 be the zero-divisor graph. Then

(i) SO (Γ (Zp × Z2p)) = (p− 1)
[
2(p− 1)

√
p(5p− 6) + 2 + 2

√
p4 + 2(p− 1)2

+
√
2(p− 1)(2p− 1) + (p− 1)

√
p2(p2 − 2) + 2

]
,

(ii) SOred (Γ (Zp × Z2p)) = (p− 1)
[
2(p− 1)

√
p(5p− 12) + 8 + 2(p− 1)

√
p4 − 8(p− 1)

+ 2
√
2(p− 1)2 + (p− 1)(p2 − 2)

]
,

(iii) SOavg (Γ (Zp × Z2p)) = (p− 1)
[√

2(p− 1)(α− 2p) + 2(p− 1)
√

(α− 2p)2 + (α− p)2

+ (p− 1)
√
(α− 2)2 + (α− p2)2 + 2

√
(α− 2p)2 + (α− p2)2

]
,

(iv) mSO (Γ (Zp × Z2p)) =
(p−1)

2

[
4(p−1)√
p(5p−6)+2

+ 4√
p4+2(p−1)2

+
√
2(p−1)
(2p−1) + 2(p−1)√

p2(p2−2)+2

]
,

(v) mSOred (Γ (Zp × Z2p)) =
(p−1)

4

[√
2 + 4(p−1)

(p2−2)
+ 8(p−1)√

5p2−12p+8
+ 8√

p4−8p+8

]
,

(vi) SOrev (Γ (Zp × Z2p)) = (p− 1)
[√

2(p− 1)3 + (p− 1)
√
(p2 − 1)2 + 1 + 2

√
(p− 1)4 + 1

+ 2(p− 1)
√

(p− 1)4 + (p2 − p+ 1)
]
,

(vii) SO1 (Γ (Zp × Z2p)) = (p− 1)
[
2
√
5p(p− 1) + 2p

√
p2 + 4 + 2

√
2p(p− 1)

+ (p− 1)
√

p4 + 4
]
.
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(viii) RSO (Γ (Zp × Z2p)) = (p− 1)
[√

2(p− 1)3 + (p− 1)
√

(p2 − 1)2 + 1 + 2
√

(p− 1)4 + 1

+ 2(p− 1)
√
(p− 1)4 + (p2 − p+ 1)

]
,

where α = 8p2−12p+4
p2+2p−2

+ 1.

Proof. Let G be the zero-divisor graph Γ
(
Zp ×Z2p

)
with p2 +2p− 2 vertices and 4p2 − 6p+2

edges. Based on Table 4, the maximum and minimum degrees are ∆ = p2 − 1 and δ = 1,
respectively. Using the definition of the Sombor indices in Table 1, Tables 4 and 5, we get

(i)

SO (G)=
∑

uv∈E(G)

√
d(u)2 + d(v)2

= |E1|
√

(2p− 1)2 + (p− 1)2 + |E2|
√
(2p− 1)2 + (p2 − 1)2

+|E3|
√

(2p− 1)2 + (2p− 1)2 + |E4|
√
(p2 − 1)2 + (2p− 1)2

+|E5|
√

(p2 − 1)2 + (1)2 + |E6|
√

(p− 1)2 + (2p− 1)2

=(p− 1)2
√

(2p− 1)2 + (p− 1)2 + (p− 1)
√
(2p− 1)2 + (p2 − 1)2

+(p− 1)2
√

2(2p− 1)2 + (p− 1)
√
(p2 − 1)2 + (2p− 1)2

+(p− 1)2
√

(p2 − 1)2 + 1 + (p− 1)2
√
(p− 1)2 + (2p− 1)2.

After simplifying the above relation, the result is completed.
(ii)

SOred(G)=
∑

uv∈E(G)

√
(d(u)− 1)2 + (d(v)− 1)2

= |E1|
√

(2p− 2)2 + (p− 2)2 + |E2|
√

(2p− 2)2 + (p2 − 2)2

+|E3|
√

(2p− 2)2 + (2p− 2)2 + |E4|
√
(p2 − 2)2 + (2p− 2)2

+|E5|
√

(p2 − 2)2 + (1− 1)2 + |E6|
√
(p− 2)2 + (2p− 2)2

=(p− 1)2
√

4(p− 1)2 + (p− 2)2 + (p− 1)
√

4(p− 1)2 + (p2 − 2)2

+(p− 1)2
√
8(p− 1)2 + (p− 1)

√
(p2 − 2)2 + 4(p− 1)2

+(p− 1)2(p2 − 2) + (p− 1)2
√

(p− 2)2 + 4(p− 1)2.

After simplifying the above relation, the result is completed.
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(iii) Since |V | = p2 + 2p− 2 and |E| = 4p2 − 6p+ 2, we have 2|E|
|V | = 8p2−12p+4

p2+2p−2
. Thus,

SOavg(G)=
∑

uv∈E(G)

√(
d(u)− 2|E|

|V |

)2

+

(
d(v)− 2|E|

|V |

)2

= |E1|

√(
2p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+

(
p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+|E2|

√(
2p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+

(
p2 − 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+|E3|

√(
2p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+

(
2p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+|E4|

√(
p2 − 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+

(
2p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+|E5|

√(
p2 − 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+

(
1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+|E6|

√(
2p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

+

(
p− 1− 8p2 − 12p+ 4

p2 + 2p− 2

)2

After simplifying the above relation and putting α = 8p2−12p+4
p2+2p−2

+ 1 the result follows.
(iv)

mSO(G)=
∑

uv∈E(G)

1√
d(u)2 + d(v)2

= |E1|

(
1√

(2p− 1)2 + (p− 1)2

)
+ |E2|

(
1√

(2p− 1)2 + (p2 − 1)2

)

+|E3|

(
1√

(2p− 1)2 + (2p− 1)2

)
+ |E4|

(
1√

(p2 − 1)2 + (2p− 1)2

)

+|E5|

(
1√

(p2 − 1)2 + (1)2

)
+ |E6|

(
1√

(p− 1)2 + (2p− 1)2

)
.

After simplifying above relation and using Table 5, the result is completed.
(v)

mSOred(G)=
∑

uv∈E(G)

1√
(d(u)− 1)2 + (d(v)− 1)2

= |E1|

(
1√

(2p− 2)2 + (p− 2)2

)
+ |E2|

(
1√

(2p− 2)2 + (p2 − 2)2

)

+|E3|

(
1√

(2p− 2)2 + (2p− 2)2

)
+ |E4|

(
1√

(p2 − 2)2 + (2p− 2)2

)
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+|E5|

(
1√

(p2 − 2)2 + (1− 1)2

)
+ |E6|

(
1√

(p− 2)2 + (2p− 2)2

)

=
(p− 1)2√

4(p− 1)2 + (p− 2)2
+

p− 1√
4(p− 1)2 + (p2 − 2)2

+
(p− 1)2√
8(p− 1)2

+
p− 1√

(p2 − 2)2 + 4(p− 1)2
+

(p− 1)2

(p2 − 2)
+

(p− 1)2√
(p− 2)2 + 4(p− 1)2

.

After simplifying the above relation, the result is completed.
(vi) Since ∆ = p2 − 1, we get

SOrev(G)=
∑

uv∈E(G)

√
(∆− d(u) + 1)2 + (∆− d(v) + 1)2

= |E1|
√

(p2 − 1− (2p− 1) + 1)2 + (p2 − 1− (p− 1) + 1)2

+|E2|
√

(p2 − 1− (2p− 1) + 1)2 + (p2 − 1− (p2 − 1) + 1)2

+|E3|
√
(p2 − 1− (2p− 1) + 1)2 + (p2 − 1− (2p− 1) + 1)2

+|E4|
√

(p2 − 1− (p2 − 1) + 1)2 + (p2 − 1− (2p− 1) + 1)2

+|E5|
√

(p2 − 1− (p2 − 1) + 1)2 + (p2 − 1− (1) + 1)2

+|E6|
√
(p2 − 1− (2p− 1) + 1)2 + (p2 − 1− (p− 1) + 1)2

=(p− 1)2
√

(p− 1)4 + (p2 − p+ 1)2 + (p− 1)
√
(p− 1)4 + 1

+(p− 1)2
√

2(p− 1)4 + (p− 1)
√
1 + (p− 1)4

+(p− 1)2
√

1 + (p2 − 1)2 + (p− 1)2
√
(p− 1)4 + (p2 − p+ 1)2.

After simplifying the above relation, the result is completed.
(vii)

SO1(G)=
∑

uv∈E(G)

√
(d(u) + 1)2 + (d(v) + 1)2

= |E1|
√

(2p)2 + (p)2 + |E2|
√
(2p)2 + (p2)2

+|E3|
√
(2p)2 + (2p)2 + |E4|

√
(p2)2 + (2p)2

+|E5|
√
(p2)2 + (2)2 + |E6|

√
(p)2 + (2p)2

=(p− 1)2
√
(2p)2 + (p)2 + (p− 1)

√
(2p)2 + (p2)2

+(p− 1)2
√
2(2p)2 + (p− 1)

√
(p2)2 + (2p)2

+(p− 1)2
√
(p2)2 + 4 + (p− 1)2

√
(p)2 + (2p)2.

After simplifying the above relation, the result is completed.
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(viii) Since δ = 1, we have

RSO(G)=
∑

uv∈E(G)

√
(∆ + δ − d(u))2 + (∆+ δ − d(u))2

=
∑

uv∈E(G)

√
(∆− d(u) + 1)2 + (∆− d(v) + 1)2

=SOrev(G).

Therefore, RSO(G) = SOrev(G).

In the following theorem, we obtain the Banhatti-Sombor topological indices defined in
Table 1 of the zero-divisor graph Γ (Zp × Z2p).

Theorem 2.4. Let Γ (Zp × Z2p) for prime number p > 2 be the zero-divisor graph. Then

(i) BSO1 (Γ (Zp × Z2p)) = (p− 1)

(√
2(p−1)
(2p−1) +

2
√

5p2−6p+2
2p−1 +

√
p4−2p2+2
p+1 +

2
√

p4+2(p−1)2

(2p−1)(p2−1)

)
.

(ii) RBSO1 (Γ (Zp × Z2p)) =
√
2
2 (p− 1) +

√
5p2−12p+8

p−2 +

√
p4−8p+8

p2−2
.

(iii) BSO2 (Γ (Zp × Z2p)) =
(p−1)2

2(√
2(2p− 1) + 4(p−1)(2p−1)√

5p2−6p+2
+ 2(p2−1)√

p4−2p2+2
+ 2(p+1)(2p−1)√

p4+2(p−1)2

)
.

(iv) RBSO2 (Γ (Zp × Z2p)) = (p− 1)2
(√

2(p− 1) + 4(p−2)(p−1)√
5p2−12p+8

+ 4(p2−2)√
p4−8p+8

)
.

Proof. Let G be the zero-divisor graph Γ
(
Zp × Z2p

)
. Based on the definition of the Banhatti-

Sombor indices in Table 1 and using the degree of vertices and the edge-partition shown in
Tables 4 and 5, respectively, we have

(i)

BSO1(G)=
∑

uv∈E(G)

√
1

d(u)2
+

1

d(v)2

= |E1|

√
1

(2p− 1)2
+

1

(p− 1)2
+ |E2|

√
1

(2p− 1)2
+

1

(p2 − 1)2

+|E3|

√
1

(2p− 1)2
+

1

(2p− 1)2
+ |E4|

√
1

(p2 − 1)2
+

1

(2p− 1)2

+|E5|

√
1

(p2 − 1)2
+

1

(1)2
+ |E6|

√
1

(2p− 1)2
+

1

(p− 1)2

After simplifying the above relation, the result is completed.
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(ii) Based on the definition of the first Banhatti-Sombor index in Figure 1, for any uv ∈
E(G) where d(u) ̸= 1 and d(v) ̸= 1, we get

RBSO1(G)=
∑

uv∈E(G),d(u) ̸=1,d(v) ̸=1

√
1

(d(u)− 1)2
+

1

(d(v)− 1)2

= |E1|

√
1

(2p− 2)2
+

1

(p− 2)2
+ |E2|

√
1

(2p− 2)2
+

1

(p2 − 2)2

+|E3|

√
1

(2p− 2)2
+

1

(2p− 2)2
+ |E4|

√
1

(p2 − 2)2
+

1

(2p− 2)2

+|E6|

√
1

(2p− 2)2
+

1

(p− 2)2

After simplifying the above relation and using Table 5, the result is completed.
(iii)

BSO2(G)=
∑

uv∈E(G)

(
1

d(u)2
+

1

d(v)2

)−1
2

= |E1|
(

1

(2p− 1)2
+

1

(p− 1)2

)−1
2

+ |E2|
(

1

(2p− 1)2
+

1

(p2 − 1)2

)−1
2

+|E3|
(

1

(2p− 1)2
+

1

(2p− 1)2

)−1
2

+ |E4|
(

1

(p2 − 1)2
+

1

(2p− 1)2

)−1
2

+|E5|
(

1

(p2 − 1)2
+

1

(1)2

)−1
2

+ |E6|
(

1

(2p− 1)2
+

1

(p− 1)2

)−1
2

.

After simplifying the above relation, the result is completed.
(iv) Based on the definition of the second Banhatti-Sombor index in Figure 1, for any

uv ∈ E(G) where d(u) ̸= 1 and d(v) ̸= 1, we get

RBSO2(G)=
∑

uv∈E(G),d(u) ̸=1,d(v) ̸=1

(
1

(d(u)− 1)2
+

1

(d(v)− 1)2

)−1
2

= |E1|
(

1

(2p− 2)2
+

1

(p− 2)2

)−1
2

+ |E2|
(

1

(2p− 2)2
+

1

(p2 − 2)2

)−1
2

+|E3|
(

1

(2p− 2)2
+

1

(2p− 2)2

)−1
2

+ |E4|
(

1

(p2 − 2)2
+

1

(2p− 2)2

)−1
2

+|E6|
(

1

(2p− 2)2
+

1

(p− 2)2

)−1
2

.

After simplifying the above relation and using Table 5, the result is completed.
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3. Conclusion

In this paper, we investigated the Sombor-type topological indices of the zero-divisor graph
Γ(R) for the commutative rings R = Zp × Zp2 and R = Zp × Z2p , where p > 2 is a prime.
By analyzing the structure of Γ(R), we computed several topological indices, which provide
insights into the properties of the graph and its connection to the algebraic structures of the
rings.

Our results demonstrate that the topological indices of Γ(R) are closely related to the prime
p and the specific structure of the rings. The computations reveal patterns that highlight the
interplay between ring theory and graph theory, particularly in the context of zero-divisor
graphs.

Future work could extend this study to other classes of rings or explore additional topological
indices to further understand the relationship between algebraic structures and their associated
graphs.
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