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TOPOLOGICAL INDICES OF THE ZERO-DIVISOR GRAPH FOR THE
DIRECT PRODUCT OF FINITE COMMUTATIVE RINGS

AMIR KARIMI, FATEME MOVAHEDI® AND SEYYED MOSTAFA TAHERI

ABSTRACT. A topological index is a numerical quantity associated with the topological struc-
ture of a graph, used to describe certain of its properties. In this paper, we compute several
degree-based topological indices of the zero-divisor graph I'(R) when R is the commutative
ring Zp X Zy,2 and Zy X Zzp for a prime p > 2. For the commutative ring R with the set of
zero-divisors Z(R), the simple graph I'( R) contains the vertex set V (I'(R)) = Z(R) \ {0} and
the edge set E (I'(R)) = {uwv|u,v € Z(R) \ {0} & uwv = vu = 0}.

1. INTRODUCTION

Let G = (V, E) be a simple graph of order n and size m with vertex set V(G) and edge set
E(G). The set N(u) = {v € V : uv € E} is called the open neighborhood of a vertex u. The
number of vertices connected to the vertex u is called the degree of u and is denoted by d(u).

The maximum and the minimum degrees of a graph G are denoted by A and 4, respectively
[11).
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A topological index of a graph is a numerical invariant that gives the topological property
of the graph. Based on the structure of the graph the topological index is represented as a
mathematical formula associated with the degrees, distances, and eccentricities of the graph.

The Sombor index was proposed by Gutman [9] in 2021 and is defined as follows

SOG) = > Vd(u?+d(v)?,

weE(G)

Several degree-based topological indices of a graph are introduced motivated by the Sombor
index and some known topological indices. Some Sombor-type topological indices are defined
in Table m

Much research has been done on this index [§, [10, [18, B2]. For more literature, on the
topological indices and their applications, readers might refer to [B, 116, 19, 20, 21, 22, 23, 27,
28, B1].

Let R be a commutative ring and Z(R) be the finite set of all zero-divisors of R. If Z*(R) =
Z(R) \ {0}, then the zero-divisor graph I'(R) is a simple graph with vertices Z*(R) and two
vertices u and v are adjacent if and only if uv = vu = 0. Beck [4] first introduced the zero-
divisor graph in 1988, and later Anderson and Livingstone [3] modified the definition of the
zero-divisor graph. Studies in the field of commutative rings have various applications such
as engineering, combinatorics, graph theory, advanced mechanics, communication theory, and
cryptography. One of the studies done on these algebraic structures focuses on investigating
the parameters of their related graphs.

Alikhani and Mirvakili [2] characterized the independent sets of the zero-divisor graph and
the ideal-based zero-divisor graph of a commutative ring. In [25], all finite commutative
rings with a planar or toroidal annihilator intersection graph were characterized. In [1], the
topological polynomials based on distance and their related indices of the zero-divisor graph
of a commutative ring are obtained. Mondal et al. [17] computed the topological indices
of the total graph, the zero divisor graph, and the zero divisor graph using some algebraic
polynomials. In [33] some topological indices for the zero-divisor graph related to commutative
rings are given. Chokani et al. [(] obtained graph energy, Laplacian energy, signless Laplacian
energy, edge energy and the minimum edge dominating energy of some zero-divisor graphs
associated with the finite commutative rings. Movahedi and Akhbari in [24] investigated
some of the topological indices such as graph energies, the Zagreb indices and the domination
parameters of some zero-divisor graphs. In [7], the Laplacian eigenvalues of the zero-divisor
graph I'(Z,,) are studied.

In this paper, we compute the Sombor-type topological indices in Table m of the graph I'(R)

for the commutative rings R ~ Z, x Z,2 and R ~ Z; X Za, where p > 2 the prime number.
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TABLE 1. The Sombor-type degree-based topological indices.

Topological indices

Formulas

Sombor index [9]

Reduced Sombor index [9]

Average Sombor index [9]

Modified Sombor index [12]

Modified reduced Sombor index [12]

Reverse Sombor index [29]

Increased Sombor index [26]

Revan Sombor index [13]

First Banhatti-Sombor index [[14]

First reduced Banhatti-Sombor index [[14]

Second Banhatti-Sombor index [[15]

SO(G) = Xwven(@) Vdu)* +d(v)?

Sored(G) = ZU’UGE(G) \/(d(u) - 1)2 + (d(v) - 1)2

SO0avg(G) = X wver(c) \/(d(“) - %)2 + (d(v) - 2||7E|‘)2
mSO(G) = X uer(q) :

d(u)?+d(v)?

mSOTed(G> =

1
2LweB(@) T D w1

SOres(G) = ZuUEE(G) \/(A —d(u) +1)* + (A —d(v) + 1)

SONG) = Ywwer(e) V(d(w) +1)? + (d(v) + 1)

RSO(G) = Yypepe) V(A +0 —d()) + (A+0 — d(u))?

BSO\(G) = X wver(q) d(i)2 + Tzl))?

RBSOL(G) = X 0we B(G) d(u)A1.d(w)£1 \/(d(u)lfl)z + @

;1
BSO2(G) =3 yer(c) (d(qli)2 + d(111)2) i

—1

Second reduced Banhatti-Sombor index [15] RBSO2(G) = ZuveE(G),d(u)#,d(v)# ((d(u)l_l)Q + (d(v)l_l)g) N

2. MAIN RESULTS

In this section, we obtain the results of the topological indices defined in Table ﬁ] on two
zero-divisor graphs F(Zp X sz) and F(Zp X ng).

First, we compute these topological indices of the zero-divisor graph I'(R) in which

R ~ 7, x Z,2. The graph F(Zp X sz) is a connected graph such that the vertices are
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partitioned as follows [30]
Vi={(u,0):ue ZZ}’

(1) Vo= {(0,0):v€Zs, v Z(Z2)}, |Vo| =p* —p,

Va={(0,w):w €L, we Z(Zy)}, V3| =p—1,

Vl‘ =p—1,

Vi={(a,b):a€Zy, beZyandbe Z(Zy)}, |Va| = (p— 1),
where R* = R\ {0}. Therefore, the order of graph equals
vV (0(Zy < 2, )—Z\W—zp —p—1.
Based on the above vertex-partitions, the degree of vertices is shown in Table E [B0].

TABLE 2. The degree of vertex-partition sets @) of T'(Zp x Zy2).

ue Vi Vo V3 Vi
du) |pP?P—1|p—1|p*-2|p—1

In [30], authors obtained the adjacency matrix of zero-divisor graph F(Zp X sz) as follows

0p—1 Lip—1)x(p>—p) 11 0(p—1)x(p—1)2
2) AT(ZpxZyp)) = Lp2—p)x(p-1) 0p2p 02—p)x(p-1)  O@2—p)x(p-1)? ’
1p1 0p—1)x(p>—p) Jp—1 Lp-1)x(p-1)2
0p-12x(p-1) Op-1)2x(p2-p) Lp-1)2x(p-1) 001y

where 1;, 0; and J; denoting the all-ones matrix, the zero matrix, and a matrix with any
elements on the main diagonal is equal to 0 and all other elements equal to 1, respectively, of

order 7.

In the following theorem, we compute the Sombor-type topological indices of the zero-divisor
graph I'(Z, x Z).

Theorem 2.1. Let I’ (Zp ) for prime number p > 2 be the zero-divisor graph. Then
() SO (T (Zy x Z2)) = 25 |V2B(p — 2) + 2(p — 1)*Va— 25+ 1+ 2p(p — 1)V
2(p — 1)y/2(a — 25) +(4p—7)},
(i) SOrea (T (Zy x Z,2)) = 51 [V2(B = 1)(p— 2) +2(p — VA= 28+ 1+ 2p(p — 1)/7
+2p—1)/2(7 — 28) + 11—8p)},
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(it)) SOug (T (Zy x Z2)) = 25* |20/ (07 + N7 + (p + )2

2
+2(p =DV + N2+ (P2 + A —1)2
+2p— 12/ X 12+ (p+ N2+ V2 —2)(p? + A—1)].
m =1 [V2(p=2) | _4(-1)> | 4p(p-1) 4(p—1)
S0 (F (Z XZ )) 4 [ +\/a 28— T Va T 2(a—2ﬁ)+(4p—7)i|.
m _ (-1 \/5( 2) | 4(-1) | 4p(p-1) 4(p—1)
(v) ™SOreq ( (ZPXZPQ)) -1 [ 31 T VA—2p—1 - Vel * 2(7—26)—(817—11)]

vi) SOreu (T (Zy % Z2)) = (0= 1)[V2(p = 2) + plp — D/ = p+ 12 + 1
+VBp -1+ (0 -1V @? —p+1)2+4,
(vii) SO (T (2, x Z,2)) = 2512 [ﬁ(p —2)(p+1) +202%(p — 1)/p2 + 1
2p— 12/ — 2 + 1+ 2(p — 1)/2p" — 2p + 1]-
(vili) RSO (T (Zp x Z;2)) = 252 |V2p(p — 2) + 2p(p — 1)>V/p" + 2p + 2
+2p— 12/ — 2+ L+ 2(p—1)\/2p% — 2p + 1]

where a =pt —p? —2p+2, B=p> -2, y=p* —5p> —4p+13 and)\:—l——(p;g)_i(_i’;q_jfl_m.

Proof. Assume that G is the zero-divisor graph 1“(21D X sz) with 2p? — p — 1 vertices. Based
on the adjacency matrix (E), the partition of edges is as follows. Table E shows the cardinality
of edge subsets E; fori=1,...,4.

:{uveE:uEVl, UGVQ}, EQZ{UUGE:UGW,UEV?,},

Egz{uveE:u,veVgandu%v}, E4:{uv€E:uEV3, v€V4}.

TABLE 3. The cardinality of edge-partition sets of the zero-divisor graph
D (Zp x Zyy2).

Edge-partition sets E; Es FE3 E,

Number of edges | p(p —1)? | (p —1)? W (p—1)3

Consequently, we have

Based on the definition of the Sombor indices in Table m and using Tables H and E, we get
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SO(G)= > Vd(u)?+d(v)?

weE(G)
=B V(0 = 12+ (p— 1)2 + B2/ (0? — 1)? + (p? — 2)2

HEs|V (07 = 2)2 + (P2 — 2)2 + | Ba|V/ (0? — 22 + (p — 1)?
= -D) V@ -1+ -1+ (- 1)?) V(- 1)2 + (p? - 2)?

> VPR =22+ -22+ (p- D) V@2 —2)2+ (p— 1)~

With putting o = p* —p? —2p+2 and B = p? — 2. After simplifying the above relation,
g

we get

50(@) =22 V3B —2) + 20— 1V - 25 4 1

+2p(p — D)V +2(p — 1)v/2(e — 28) + (4p — 7)]

SO,ea(G)= > V/(d(u) = 1) + (d(v) — 1)2

weE(G)
=|Ei[V(p? = 2)2 + (p— 2)% + | B[V (9% — 2)2 + (p? — 3)?

H B[V (02 = 3)2 + (02 — 3)2 + [ Ba|v/(p? = 3)% + (p — 2)2
=P - VE? -2+ -22+ (- 1)°) V? - 22+ (> - 3)?

i <(p_1)2(p_2)> V2 =32+ 0 =32+ (0 - 1)°) V(? — 32 + (n - 2)%

After simplifying above relation and putting 8 = p> —2 and v = p* — 3p? — 4p + 8, the

result follows.
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(iii) Since |V| = 2p2 —p—1 and |E| = 3(p — 1)(4p? — 3p — 2), we have 2EL — 4°-3p=2

V] 2p+1
Thus,
_ 2|E| 2E|
Ous@)= 52 (a0 5) -+ (a0 - 37
weE(G)
4p? — 3p — 2\ ? 4p? — 3p — 2\ ?
i (o1 =2 (P2
2p+1 2p+1
TRV (P ot T R (PRI e A
2P 2 + 1 b %+ 1
Bl 2 g 4p? — 3p — 2 2+ > 9 4p? — 3p — 2\ ?
3 p 2+ 1 b 2+ 1
Bl 5 _ 4p* —3p—2 + 1 4p% — 3p — 2\?
4 p 2+ 1 P 2+ 1 '
After simplifying the above relation and putting A = —1 — 4p”—3p =2 we have

2p+1

50aug(G) = % 20/ 2+ A2+ 0+ N2 +2(p — DV + N2+ (PP A— 1)2

20 =1’V A =12+ (0 + A2+ V2(p - 2)(p° + A - 1))

1
mSO(G)=
(@) quZE(G) d(u)? +d(v)?

1 1
=i (%(zﬂ— 12+ (p— 1)2> I (%(p2 —1)? + (p? —2)2>

1 1
i (wpz P —2>2> o <¢<p2 R 1>2>

_ p(p —1)? N (p—1)?
VP - 17 VoF - P+ 2P
(p—1(p-2) N (p—1)°

2/ =22+ (¥ =22 V(P -22+(p - 1)%

After simplifying the above relation and putting o = p* — p?> — 2p +2 and 3 = p? — 2,

we have

o P-D[VIP-2)  4p-12  dp(p— 1) ip-1)
s0(Gx R R ey R S R ]




A. Karimi, F. Movahedi and S. M. Taheri

1
MSO0eqd(G)=
" WEZE(G) V(W) = 12+ (d(v) — 1)?

1

~IE (%@2 —22+ <p—2>2> IR <¢<p2 —2p

1
+(p* —3)2

p(p — 1) (p—1)
VP2 =22+ (p-2? -2+ (p?-3)?
(p—D(p-2) (p—1)3

2/ =37+ (=372 VP -3+ (2?2

After simplifying the above relation and putting 8 = p> —2 and v = p* — 5p? —4p+ 13,

we have
m C=DV2(p-2) , 4p-1)7 | 4pp-1) 4(p—1)
0@ = T et v )

(vi) Since the maximum degree of G is A = p? — 1, from the definition of the Reverse

Sombor index in Table E] and using Tables E and E, we have

SOren(G)= > V(A—d(u)+1)2+ (A —d(v) + 1)?

weE(G)
=BV -1- @ - D+ 12+ (- 1-(p—1) +1)?
HENG 1@ D IP T 0719 1P
HENG 1@ DT 1P+ 0P 1 G2+ 1P
HENV (P2 = 1= =2+ 12+ (P —1—(p— 1) + 1)
=P -1 V1+ @ —p+ 1)+ (p-1)?%) V2

4 (W) V8+ ((p—1°)Vad+ (@2 —p+1)%

After simplifying the above relation, the result is completed.
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(vii)

Y V) + 12+ (d(v) +1)?

uweE(G)
=|E1[v/(p?)2 + (p)% + |Bo|/(p?)? + (p? — 1)2
B3|/ (p? = 1)2 + (p? — 1)2 + | B4/ (p? — 1)2 + (p)?
=(plp—1)*) Vp*+ 0+ ((p—1)*) Vp* + (0> — 1)?

+ (W) V2 =12+ @ =12+ ((p - 1)°) V(2 — 12 +p!

After simplifying above relation, the result is completed.

(viii) From Table E], A =p?>—1and § = p— 1. Therefore, we get

RSOG)= Y (A +36—du)?+ (A+6— d(u)?
weE(G)

=BV +p-2- (P -1+ +p—-2-(p—1))?
HENV (PP +p—-2- P - 1))+ (P +p-2-(P*—-2)
HE V(PP +p—-2- (P —2)2+ (P +p—-2- (P*-2)
HEN (PP +p-2- -2+ (P +p-2-(p—1))?

=(pp - D)V -1+ @ - 12+ ((p-1)%) V(p— 1)2 +p?
+ <(p_ 1)2(p_ 2)> V2P + (0 = V%) V2 + (% - 12

After simplifying the above relation, the result is completed.

2

)2
)

In the following theorem, we obtain the Banhatti-Sombor topological indices defined in

Table E] of the zero-divisor graph I' (Zp X sz).

Theorem 2.2. Let T’ (Zp X ZLy2) for prime number p > 2 be the zero-divisor graph. Then
(i) BSOy (T (Zp x Z,2)) = &1 [ﬂ(p — ) +20p-1)a—25 -1
+(Z5) VB2 +2) + () V2 —28) + (4p— 7))
(i) RBSO: (T (2, x Z,2)) = 525 [V2(p - 2) + 222y =25 =1
- (2;& 2?) ﬁ(ﬁ 1)+ 220 /50— 25) — (8p— 11).
(i) BSOy (I (Zy x Zy2)) = [ Ap-1)? | App-D@+)? | 4p-1)’(p+]) }
(

\/a 28—1 ° By/B+2(p+2)  \/2(a—28)+(4p-T7)]"

(iv) RBSO: (I (Z, x Z, )) :< D(F-1) [\f(p 2) + 40 1 e lo-p
4B(p—1) }

V2(y=28)+(11-8p) |’
where o = p* —p?> —2p+2, B=p*> —2 and v = p* — 5p® — 4p + 13.
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Proof. Let G be the zero-divisor graph F(Zp X sz). Based on the definition of the Banhatti-

Sombor indices in Table E] and using the degree of vertices and the edge-partition shown in

Tables E and E, respectively, we have

We put a = p* — p? —2p+ 2 and 3 = p? — 2. After simplifying the above relation, we
have

BSOL(G) = (pz_ﬁl) [\/ﬁ(p— 2) +2(p— 1)\/a — 28— 1
%p-_2V5+2p+2+4——V?a—26 T dp—1)].

p+1

1
RBSO:(G)= Y _ () 2 ) -1
weER(G)

1
!Eﬂ\/ = +’ 2’\/ 2 (p? — 3)2
1 1 1 1
—|—|E3|\/(p2 _3)2 + (p2 _3)2 + |E4|\/(p2 _3)2 + (p_2)2

With putting 8 = p?> — 2 and v = p* — 5p? — 4p + 13 and simplifications of the above

relation, we have

RBsol(G):M[\/ﬁ(p—zw 2(;?__1)2 y-28-1+ (%) V(B —1)
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(iii)

1 1 =3 1 1\
1B (<p2 B PR 2>2> 1Bl <<p2 B e 1>2>

With o = p* — p?> — 2p + 2 and B = p? — 2 and simplifications of the above relation,

the result is completed.

(iv)

1 1 =z
RBSOQ(G):UUEZE(G) <(d(u) —1)? " (d(v) — 1)2>

1 1\ 1 1\?
0 (Gt o) 1 (G )

1 1 =2 1 1 =2
I <<p2 3t —3>2> 1B (<p2 et <p—2>2)

With putting 8 = p? — 2 and v = p* — 5p® — 4p + 13 and simplifications of the above

relation, the result is completed.

Now, we consider the zero-divisor graph F(Zp X ng) where p > 2 a prime. The vertex set

of this graph is partitioned as follows [30].

Wy = {(u,0):ueZ},

W1| =p—1,
(3) Wy = {(0,1}) (v E ng, v ¢ Z(ZEP)},

W3 = {(O,w) Tw E ng, w e Z(ng)}, ‘Wg‘ =p,

Wo|=p—1,
Wy = {(a,b) ta € Z;, bec Zép and b € Z( Ep)}, ‘W4| =p(p-1),
where Z? is denoted Z,, \ {0} for n = p,2p. Therefore, the order of graph F(Zp X ng)

4
V(02 x Zay)) | = S| Wi| =02+ 2p - 2.
=1

Based on the partition of vertices in (E), the degree of vertices is shown in Table @ [B0].
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TABLE 4. The degree of vertex-partition sets (E) of I'(Zy x Zap).

Vertex |ue Wi jue Wy |u=(0,2m) € W3 |u=(0,p) € W3 | u=(a,2m) € Wy | u=(a,p) € Wy

du) | 2p—1]| p—1 2p —1 p?—1 1 p—1

Based on the structure of the zero-divisor graph F(Zp X ng) in [30], the adjacency matrix

of graph G is as follows

0p-1 1p-1 Lp-1)xp Op-1)xp2-p)
1, 0,_ 0, 0(,_ _
(4) A(Q) = p-l p—1 (p=Dxp Ep-Dx(p*-p) |
Lox(p-1) 0px (p-1) M Mo
002 p)x(p-1) Opz—pyx(p-1) Mg e——

in which 1; and 0; denote the all-ones matrix and the zero matrix of order ¢, respectively.
Also, the matrix MJ is the transpose of the matrix M, and the matrices M of order p x p

and My of order p x (p? — p) are as following.

01 1 1
100 0
Mi=|1 0 0 0,
100 0
and
1 10 0]
0 0 1 1

My
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6
Based on the matrix (H), the edge set of graph F(Zp X Zzp) can be partitioned E(G) = 'U1Ei
=
such that

Elz{uveE:uET/Vl, UEWQ},

EQZ{UUGEZUEWl, vz(O,p)EWg},

Egz{UUGE:UEWl, v:(O,Zm)€W3},

By = {quE:u,U€W3, u=(0,p) and v =(0,2m)},

By = {uveE:u:(O,p) € Ws, v=(a,2m) € Wy},

Eg = {uveE:u:(0,2m) e Ws, v=(a,p) € Wy},
in which 1 <m <p—1and a € Z(Z)).

TABLE 5. The cardinality of edge-partition sets of the zero-divisor graph
F(Zp X ng).

Edge-partition sets F FEs FE3 Ey FEs Es
Number of edges | (p—1)2 |p—1|(p—1?|p—-1|(p—1)%| (p—1)?

Consequently, the number of edges of the graph F(Zp X Zzp) is equal to

6
|E(D(Zp x Zap))| = ) | Ei| = 4p> — 6p + 2.
=1

Theorem 2.3. Let T’ (Zp X sz) for prime number p > 2 be the zero-divisor graph. Then
(i) SO (T (Zy % Zay)) = (p— 1) [2(0 — 1)/p(5p — 6) + 2+ 2/p7 + 2(p — 1)°
+V2p - D) —1) + (p— DV - 2) + 2,
(i) SOyea (T (2 % Z3y)) = (b = 1)[2(p = 1)y/p(p — 12) + 8+ 2(p — 1)/p" — 8(p — 1)
+2V2(p— 17 + (p— 1P - 2)],
mDSOWAF@pX%w%=@—1ﬂ¢ﬂp—U(—ﬂm+2@—1hﬂa—%ﬁ+%a—m2
+ (- DVl — 27+ (a— 7 +2y/(a— 2P+ (a— ),
(iv) ™SO (T (Zy x Zp)) = L2 | ALD_ 4 A 4 vae) 2o l)__|,

2 Vo612 | o212 | @D T\ prpr-2)+2

m _ (=1 4(p—1) 8(p—1) 8
(V) SO'I‘Ed (F (Zp X Z2p)) - 4 |:\/§ + (p272) + \/5p2—12p+8 + \/p4—8p+8:|’

(Vi) SOrey (T (Zp X Zay)) = (0= 1) [VEp ~ 1)* + (0 = D)/ = 7 +1+2¢/(p— )7 +1
+2( - )y -+ —p+1)].
(WDSOWF@prmD=0%—DP%@@—l%H@vﬁ+4+2%%@—l)
+ (- 1)VP +4).
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(viii) RSO (T (Zy % Z3p)) = (p = D) [V2p = )P+ (p = D/ — 1P +1+2y/(p— )7+ 1
+2(p - )V DT+ (P —p+1).

8p%—12p+4

p?+2p—2 +1.

where o =

Proof. Let G be the zero-divisor graph F(Zp X ng) with p? 4+ 2p — 2 vertices and 4p? — 6p + 2
edges. Based on Table H, the maximum and minimum degrees are A = p?> — 1 and 6§ = 1,

respectively. Using the definition of the Sombor indices in Table m, Tables H and a, we get

(i)

SO(G)= > Vd(u)?+d(v)?

wWwEB(G)
=B/ (@2p— 12+ (p— 1)? + |Ba|/(20 — 1)2 + (> — 1)?
+|Esly/(2p — 12+ (2p — 1) + [Ea[/(0? — 1)2 + (2p — 1)?
+Es |V (0? — 1) + (12 + | Es|v/(p — 1)2 + (2p — 1)?
=(p-1*V2r 12+ -1+ (- DV - 12+ (p? - 1)?
+p—1)*V22p - 12+ (p— D)V ({P? — 12+ (2p — 1)?
+p -1’V -2+ 1+ (- 1)V - 1>+ (2p - 12

After simplifying the above relation, the result is completed.

(i)

SOwa(G)= > /(d(u) - 1)> + (d(v) — 1)2

weE(G)

=BV (2p —2)2+ (p — 2)% + | Ea|V/(2p — 2)% + (p — 2)°
+|Es|v/(2p — 2)2 + (2p — 2)% + | Ealv/ (p? — 2)% + (2p — 2)?
HEs|V(P? — 22+ (1 - 12+ |Es|\/(p — 2)> + (2p — 2)°

=(p-1°V4p 12+ (p— 22+ (p— DV4(p - 1> + (p* - 2)?
+(p—1)*VB(p— 12+ (p— DV(P? —2)2 +4(p — 1)?

+Hp -1 —2)+(p—1)°V(p—2)2+4(p— 1)%

After simplifying the above relation, the result is completed.
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(iii) Since |V| = p? +2p — 2 and |E| = 4p* — 6p + 2, we have 2|“;E‘| —% Thus,
_ 2|E] 2B\
d
Ousl@= 2. < ) + (107

weE(G
8p2 — 12p +4 8p2 — 12p + 4\ 2

(- T ==
p>+2p—2 pe+2p—2

2

_l’_

8p? — 12p + 8p —12p+4
E 2p—1— 2 —
+| 2!\/(]3 S rop—2 P

p2+2p—2

8p —12p+4 2

+

8p —12p + 4)
2p —

p?+2p —2

p?+2p—2

p —12p+4\? L8 —12p+4)

p?+2p —2

2

8 —12p+4
D 14 i

p2+2p—2

) (e
rmea) (v
8p2 —12p+4>2+<2p  8p? —12p+4>
Tmee)
rmen) T

_8p?—12p+4 2
p2+2p—2

After simplifying the above relation and putting o = % + 1 the result follows.

1
mSO(G) =
(@) w;E(G) d(u)? + d(v)?

1 1
=|E (\/(21)_ 2+ (= 1)2) + [ B2l <\/(2p— 12 + (p2 — 1)2)
1 1
5| (\/(Qp— 12+ (2p - 1>2> I <¢(p2 —1)2+(2p— 1>2>

1 1
+|Es| <\/(p2 e (1)2> + | Eg| (\/(p_ 12+ (2p— 1)2) :

After simplifying above relation and using Table H, the result is completed.

1
MmS0,0q(G) =
() WGZE(G) V() = D2+ (d(0) — 12

1
-l (\/(2p—2)2+ (p—2)2> 15 <\/(2p—2)2

1 1
15| <\/(2p — 22+ (2p— 2)2) 1Bl <\/(p2 —2)24+ (2p— 2)2>

1

+(p? —2)2>
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1 1
HE (wp? —22 4 (1- 1>2> +rl (wp— 27 + @227 )

_ (p—1)* p—1 (—1)
Valp—1)2+(p \/4p 12+ (p \/8
p—1 (p—1)* (—1)

/e Ty A ) I/ s e

After simplifying the above relation, the result is completed.

(vi) Since A = p? — 1, we get

SOren(G)= > V(A —d(u)+1)2+ (A —d(v) + 1)

weB(G)
=BV —1-2p—- 1)+ 12+ (> —1—(p—1)+1)?
+HBo V(P2 —1—(2p—1) +1)2+ (p? — 1 — (p? — 1) + 1)?
HB V(P2 —1—2p—1)+1)2+ (PP —1— (2p— 1)+ 1)2
HEV P —1— (P2 -1+ 12+ (> —1-(2p—1) +1)?
+\E5\\/(p2—1—(p2—1)+1)2+(p2—1—(1)+1)2

( )+1)*+ (

+p—-1*V2p -1+ (p—- V14 (p—1)*

+p-12V1+ (P2 - 12+ (p—1)2/(p— D+ (p2 —p+1)2.

After simplifying the above relation, the result is completed.

(vii)

= > VW (d(v) +1)

weE(G)

=B/ (2p)2 + () + | E2|V/(2p)2 + (p?)?
+|E3[v/(2p)? + (20) + | Ea| v/ (P?)? + (2p)?
+Es[v/(p?)? + (2)2 + [Es|V/ ()% + (20)°

== 1)2V(20)2 + (0)? + (0 — 1)V (2p)% + (p?)?
+p = 1)°V2(2p)2 + (p — D)V (0?)? + (2p)?
+p— 1)V P2 +4+ (p—1)*V(0)2 + (2p)>-

After simplifying the above relation, the result is completed.
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(viii) Since 0 = 1, we have

RSO(G)= > V(A +36—du)?+ (A+3— d(u)?
weE(G)

> V(A —d(u) +1)2+ (A —d(v) + 1)2
uweE(G)
= 50,s(G).

Therefore, RSO(G) = SOyey(G).

In the following theorem, we obtain the Banhatti-Sombor topological indices defined in

Table m of the zero-divisor graph I' (Z,, x Zay).

Theorem 2.4. Let I' (Zy, x Zap) for prime number p > 2 be the zero-divisor graph. Then

(i) BSO: (I (Z, x Zp)) = (p— 1) (ﬁ(p_” Ty 2\/p4+2(p_1)2> |

(2p-1) 2p—1 p+1 (2p—-1)(»*-1)

2_ 4 __
(i) RBSO, (T(Z, x Zsy)) = L2(p— 1) + \/5pp_122p+8Jr \/pp2_8§+8.

(iii) BSOy (T (Zp x Zop)) = 2L

(\/5(2]9_ 1) + 4(p—1)(2p—1) + 2(p2—1) + 2(p+1)(2p—1)> .

Ve —6pt2  \/p1-20242 /P 2(p—1)?

. o 1\2 - 4(p—2)(p—1) 4(p?—2)

Proof. Let G be the zero-divisor graph I‘(Zp X ng). Based on the definition of the Banhatti-
Sombor indices in Table E and using the degree of vertices and the edge-partition shown in

Tables H and B, respectively, we have

(i)

1 1
BSO,(G)= Z ()’ +d(v)2
weE(G

1 1
1'\/2p 1>2+'E2'\/<2p—1>2+<p2—1>2
1 1
+\E3|\/(2p_ 1 5 + o= +| 4|\/ 2p— 2

After simplifying the above relation, the result is completed.
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(ii) Based on the definition of the first Banhatti-Sombor index in Figure E], for any wv €
E(G) where d(u) # 1 and d(v) # 1, we get

1 1
RBSONG)= D, \/ (d(w) = 12 " ()~ 1)2

weE(G),d(u)#1,d(v)#1

1 1 1 !
:|E1|\/(2p— 22 -2 EZ‘\/@p— 2 P —2p

1 1
+'E6’\/ ep-22 " p-2p

After simplifying the above relation and using Table B, the result is completed.

(iii)

-1

1 1 =3 1 1 =3
:'E1'<<2p—1>2+<p—1>2> +|E2|<(2p—1)2+(p2—1)2>

-1

1 1 5 1 1 =3
1B <<2p— 02 @ 1>2> 1B <<p2 BRI 1>2>

1 1\7 1 1 \7
I (<p2 et <1>2) 1 Esl (<2p— 02 1>2> |

After simplifying the above relation, the result is completed.

(iv) Based on the definition of the second Banhatti-Sombor index in Figure m, for any

uv € E(G) where d(u) # 1 and d(v) # 1, we get

1 1 T
RBSOy(G) = > <(d(u) —1)2 * (d(v) — 1)2>

weE(G),d(u)#1,d(v)#1

1 1 \7 1 1 =2
:'El'(@p—z)?*(p—m?) +'E2’<<2p—2>2+<p?—2>2>
1 1 =3 1 1 =3
1B <<2p—2>2 ’ <2p—2>2> 1Bl <<p2 o g 2>2>

1 1 \7
1B <<2p—2>2 e 2>2> |

After simplifying the above relation and using Table B, the result is completed.

1
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3. CONCLUSION

In this paper, we investigated the Sombor-type topological indices of the zero-divisor graph
I'(R) for the commutative rings R = Z, x Z,» and R = Z, X Z3, , where p > 2 is a prime.
By analyzing the structure of I'(R), we computed several topological indices, which provide
insights into the properties of the graph and its connection to the algebraic structures of the
rings.

Our results demonstrate that the topological indices of I'(R) are closely related to the prime
p and the specific structure of the rings. The computations reveal patterns that highlight the
interplay between ring theory and graph theory, particularly in the context of zero-divisor
graphs.

Future work could extend this study to other classes of rings or explore additional topological
indices to further understand the relationship between algebraic structures and their associated

graphs.
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