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ON THE POWER GRAPH OF HAMILTONIAN GROUPS

FATEMEH SAMNEIA, HOSSEIN DOOSTIE* AND BAHRAM VAKILI

ABSTRACT. A finite Hamiltonian group is a non-abelian group such that all of its subgroups
are normal. This paper studies the power graphs of such groups. By computing the degrees
of the vertices of the power graph we manage to give a necessary condition that a non-abelian
group of even order to be a Hamiltonian group. Moreover, by presenting an infinite class of
non-Hamiltonian groups we prove that the given condition is not sufficient. This study results
in two infinite classes of non-isomorphic Eulerian graphs of the same vertex set. The proper

power graphs of all Hamiltonian groups have been explicitly identified, as well.

1. INTRODUCTION

The study of associated graphs (directed or undirected) for algebraic structures is one of the
broad areas of research because of its significant and valuable applications in mathematics and
computer science. The well known power graph of a finite group is one of these graphs, one may
consult [@, ] as forerun sourcebook. This graph studied by many authors during the years
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and many interesting properties of power graph have been achieved concerning abelian groups
and their direct products, for an almost detailed list we may refer to [6, 7, 11, B, 4, 15, 116, 17].

Our notation here is merely standard. Following [9] we recall the definition of an undirected
power graph denoted by P(S), for any algebraic structure S with a binary operation. The
vertex set of P(S) is S and two distinct vertices = and y are adjacent if and only if one of the
equations z = ¥y or y = 2" holds in S, for some integer m > 2. Also, the enhanced power
graph of S denoted by P, (S) is defined to be an undirected connected graph where the vertex
set of P(S) is S and two distinct vertices z and y are adjacent if and only if for some element
z € S the equations z = 2™ and y = 2" hold for some positive integers m and n. Let us
remind the definitions of Fulerian and semi — Eulerian graphs as well. A connected graph is
called Fulerian or semi-FEulerian if every vertex is of even degree, either exactly two vertices
are of odd degrees. The cyclic group of order n will be denoted by Z,, the notation e will be
used for the identity element of a group G and o(g) denotes the order of an element g of a
group. Finally, we will use the well-known notation 7 = (X | R) for a presentation of a group
or semigroup where X is called the generating set and R is a set of relations (or relators) for
the considered group (or semigroup). For a useful and prolific information on the presentation
theory one may consult [8, 12, 19]. As usual, the notation gp(m) will be used to denote a group
presented by the presentation 7. Note that as in the graph theory we use the notation ”~” to
denote the adjacency of two vertices of a graph.

On the study of power graphs of non-abelian groups one may see [10, 18], for examples.
The power graphs of extra special p-groups have been identified in [18] and the article [10]
proves that the power graph of a finite group of even order is not Eulerian. An interesting
class of groups of even order is the class of Hamiltonian groups (groups where every subgroup
is normal). The Hamiltonian groups have been classified as Qg x Zé“' x A where Qg is the
quaternion group of order 8, k is any non-negative integer and A is an abelian group of odd
order. Also We will consider the class of non-Hamiltonian groups Day4 X Z§ x A where, Doyy
is the dihedral group of order 8. These two classes are non-isomorphic groups of the same
order 283 A|. By computing the degrees of all vertices of the power graphs of these classes
of groups we will show that the complement of their power graphs are Fulerian. First of all

consider the presentations,

m = (a,bci,...,c; | a® =a,b®=a%ba=a’bc}=cac; = cia,be; = b,
(i=1,2,...,k)),
m = (a,b,c1,...,cx | a® =a,b® =b,ba = a’b,c} = ¢;,ac; = ca,

bCi :Cib, (Z: 1,2,...,k5)>,

and let G1 = gp(m1), G2 = gp(m2) where k is a non-negative integer. Our main results are:
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Theorem 1.1. Suppose that A is an abelian group of odd order and G = G1 or Ga. For an
element z = (g, a) of the group G x A the degree of z as a vertex of P(G x A), equals:

(s —1) xdeg(g)+s+r—2, ifg+#e anda # ea,

deg(g), if g# e and a = es,
deg(z) =

s, if g=-e1 and a # e,

2518 % |Al - 1, if z = (e1,e2),

where, deg(g) is the degree of vertex g in P(G), | A | denotes the order of the group A and e;,
(i =1,2) denote the identity elements of G and A, respectively.

Theorem 1.2. If a finite non-abelian group G is a Hamiltonian group then P(G), the com-

plement of the power graph of G is an Eulerian graph.

Theorem 1.3. The Eulerianity of the graph P(G) is not sufficient for a group G to be

Hamiltonian.

Corollary 1.4. For every positive integer n = 0 (mod 8) there exist two non-isomorphic

FEulerian graphs of the same vertex set of cardinality n.

The power graphs of the groups G; and G» will be studied in Section 2. The proofs of the
main results will be given in Section 3. Finally, the last section is devoted to study of the

enhanced power graphs and the proper power graphs of the studied groups.

2. THE POWER GRAPHS OF (1 AND (5

Throughout this section suppose that k is a positive integer. The simplified presentations

for G1 and G4 are as follows:

Gi1= (a,b,c1,...,cx | at =e, b =a? ba=a3b,c? = e, ac; = cia,be; = ¢;b,
(1=1,2,...,k)),

Go = (a,b,c1,...,cx | at =e,b® =e,ba = a®b,c? = e,ac; = c;a,be; = ¢;b,
(1=1,2,...,k)),

where, e represents the identity element. Evidently, both of these groups are of exponent 4 and
any element may be represented as y = a'bc{'c5? ... c* where, i € {0,1,2,3}, j € {0,1} and
€1, €92,...6k € {0,1}. The study of the power graphs of these groups needs some preliminary
results concerning the new relations in these groups. The following lemma is one of these

preliminaries.
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Lemma 2.1. For every values of €1, €2,...€x € {0, 1}, the relations

i). (a'cites? ... cF)? = a?, i=1,3,
ii). (a’c]tes? ... cF)? =e, i=2,

iii). (a'beiics? ... cF)? =a?, i=1,2,3,
iv). (beites? ... k) = a?,

hold in G;.

(
(
(
(

Proof. Proofs are easy by considering the relations of the group Gi.

Lemma 2.2. For every values of €1, €2,...€x € {0, 1}, the relations:

37,.E1 .E2 Ek S
a’beitey” ook, i=1,
1. E1 E2 Ek\3 __ €1 _£2 Ek ;
(a’bei'cl? ... f ) = q beics? ...k, i=2,
£1 .£2 Ek y
abcitcy® ...qf, i =3,

hold in G1.

Proof. We use the relations of GG; and get:
(abcitcs? ...ciF)3 = (ab)3cites? ... ¢
= a(baba)bc 5 ...
= a(a®ba®b)bci 2 . .. i
= a?(bab?)ci 5 ... ik
= a?(a®b®) e e5? ... G = albe( R ..k,

when ¢ = 1. There are similar proofs when i =2 or i = 3.

Our method of calculation based on decomposition of the set of elements of groups. The

set G1 \ {e} may be decomposed into the union of disjoint sets:

A1 = H{af' ... ¢F | er,ea... e, €{0,1}},

Ay = {d®},

Az = {d®c'? ... & | er,e2,.. . e €{0,1},e1 + 62+ - + &5 # 0},
Ay = {52 ... & | er,e2,. .. e € {0,1}],

As = {§'G...Gf |er,ea,...,e,€{0,1}, 61 +e2+ -+ + e # 0},
Ag = {a'be'cy ...k |i=0,1,2,3,¢e1,6,...,6; € {0,1}}.

To facilitate the proof of the next key lemma we summaries the results of previous lemmas in
Table E
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y € G y y?
1 aclc? ...k a? | a3 et ok
2 a® e a?
3 sk (e teat o He £0) | e | aPte? L o
4 adciies? ... & a® | acié? ..ok
5 etk e | c'c?...Gf
6 bete? ... ¢f a® | a?beitcs? ..ok
7 abcit et .. a? | adbcite? .. ok
8 a?betcs? ... ok a’ | bete? .. Gk
9 adbciics? ... i a® | abciies? .. ek

Lemma 2.3. For every positive integer k and all values of €1,€9,...,e1 € {0,1} if y € Gy

then degree of y, as a vertex of P(G1) is equal to:

1, if y€ A3U As,

3, if ye Ay UA4U Ag,
deg(y) =

1+3x 2L ifye A,

\2’€+3f1, if y=e.

Moreover, P(G1) is an Eulerian graph.

Proof. The vertex corresponds to e is adjacent to all of the other vertices in P(G1). Hence,
P(G4) is connected and deg(e) = 2¥+3 — 1. For the non-identity elements of G we consider
three cases. As the results of the last two lemmas which have been gathered in table E, we
simply refer to this table in the proof.

case 1: y € A3 U As. As a quick result of the third and fifth rows of the table we get
deg(y) = 1.

case 2: y € A; U Ay U Ag. In this case y is adjacent to e, a® and a?y. Indeed, the second
and the third columns of the table together with the appropriate and possible rows give us
the result by considering the relation a* = 1. For y € A; consider the first row, for y € Ay,
the fourth row and in the case when y € Ag it is sufficient to observe the rows 6, 7, 8 and 9.
So, deg(y) = 3.

case 8: y € A,. Considering all possible values of ¢;,8 in the rows numbered 1, 4, 6, 7,
8 and 9 yields that a? is adjacent to 2% 4- 2% 4+ 28 + 2k 4+ 9% 1 9F (different vertices. Hence,
deg(a?) = 1+3 x 281, Consequently, {1,3,1+ 3 x 21} is the set of degrees of P(G1). Since

G is of even degree then P(G1) is a graph with every vertex of even degree.
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The set of elements of G2 \ {e} may be decomposed into the following eight disjoint sets:

Bi = {§'G...¢f |er,ea,...,e,€{0,1}, 61+ €2+ -+ + e # 0},
By = {bci'c?...cf | er,e2,.. e, € {0,1}},

By = {d®c'c?... ¢ |er,e2,. .. e € {0,1},61 + 2+ -+ + e, # 0},
By = {a®bcj'cy? ...k |er,e9,... e € {0,1}},

By = {aci'c?...c;f |er,ea... 65 € {0,1}},

Bs = {d®c'c?...¢F | er,e2,. .. e € {0,1}},

Br = {a'bcj'cy?...clF | (i =1,3),e1,€9,...,c1 € {0,1}},

By = {a*}.

By these comments we get:

Lemma 2.4. Let G = Gs.
2k+1 2k+3

Proof. Evidently, deg(y) = 23 —

Then, the set of degrees of the vertices of P(G) equals {1,3,1+
— 1}, for every positive integer k. Moreover, P(G2) is an Eulerian graph.

1 if y = e, Hence, P(G2) is connected. Suppose that y is a

non-identity element of Go. Then, the degree of y, as a vertex of P(G3), satisfies,

L

deg(y)

3,

14 2k+1,

if y € By UByU B3 U By,

if y € B5 U Bg U Br,

if y € Bs.

This may be checked by considering the relations of G2 together with the new relations:

(5152 ) =e,e1+ea+ - +e #0,
(b ey ... ) =e,

(a2b70’ilc§2 . CZ’“)2 =e, (=0,1),
(acitcs? .. .ck )4 (a3c‘ilc§2 . CZ’“)4 =e,
(abctes? ... ci’“)2 = (a3bc?c§2 . ci’“)2 =e,
(acics? ... ¢, )3 = agc‘ilcgz LG,
(asc‘ilcg2 S F)3 = acitcs? ...k,

(acics? ... ¢, )2 = (agc‘ilcgz . CZ’“)2 = a2,
(a*)? =

which hold for every integer £ > 1 and all values of €1, ¢9, ...

ek € {0,1}.
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The last two lines give us deg(a?) = 1 + 25! because of the 2 x 2¥ possible values of &;,8
and the adjacency of the vertices e and a®. The first three lines yield that deg(y) = 1 for
every y € By U By U Bs U By. Finally, by the lines four, five, six and seven we conclude that
deg(y) = 3, for every y € Bs U Bg U B7. Since G is of even order and every vertex of P(G2)

is of odd degree then P(G2) is an Eulerian graph. This completes the proof.

3. PROOFS OF MAIN RESULTS

As well as in the last section suppose that k is a positive integer and A is an abelian group
of odd order n = p{'py?...p%m where, p;,s are distinct odd primes and «;,s are non-negative

integers.

Proof of Theorem 1.1. Consider the vertex z = (g,a;) of P(G x A) where g # e; and
a1 # ea. We show that there are exactly (s — 1) x deg(g) + s + r — 2 vertices adjacent to z
where, deg(g) is the degree of the vertex g in P(G), r = o(g) and s = o(a1).

There are two types of vertices adjacent to z. The first type consists of the vertices of the
set {z™ | m =2,3,...}. We show that this set is finite and is of cardinality rs — 1. Indeed,

the existing distinct elements are:

(¢%,a}), i=2,3,...,mr+1,
(¢%,ay), i=r+2,7+3,...,2r2r+1,
tat), i=2r+2,2r+3,...,3r,3r+1,

(¢%,ay), i=(s—1r+2,(s=1)r+3,....,(s—1)r,(s—1)r+ 1.

The second type of the vertices adjacent to z are vertices of the form 2z = (¢, a}) where
(z/)™ = z, for some integer m > 2. Hence, (¢')™ = ¢ and (a})™ = a1. So, ¢’ ~ ¢g in P(G)
and a} ~ a; in P(A). Since o(a;) = s then there are s — 1 possible values for a}. However,
the number of possible values for ¢ is deg(g) — r + 1 where r = 0o(g) (indeed, by considering
the vertices of the first type the powers of g are excluded.) Hence, the possible number of the
vertices 2/ = (¢’,a}) of the second type is equal to (deg(g) —r+1)(s—1). Consequently, there

are exactly,
deg(z) =rs—1+(s—1)(deg(g) —r+1) =(s—1) x deg(g) + s +r —2,

adjacent vertices with z = (g, a1) where g and ay are non-identity. To complete the proof one

may easily verify the assertion in the remained three cases.
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Proof of Theorem 1.2. By Lemma 2.3 and the Theorem 1.1 we conclude that every vertex
of the graph P(G1 x A) is of odd degree. Since the group G x A is a group of even order then
the degree of each vertex of the graph P(G1 x A) should be even. Consequently, P(G1 x A)

is an Eulerian graph.

Proof of Theorem 1.3. The results of Lemma 2.4 and the Theorem 1.1 yield that every

vertex of the graph P(Ggy x A) is of even degree. However, the group G2 x A is not Hamiltonian.

O

Proof of Corollary 1.4. Every positive integer n = 0 (mod 8) may be decomposed in primes
as n = 2“pf1pg2 .. .pg{"’ where, a > 3, £1,82,...,8m > 0 and p;,s are distinct odd primes.
1p,§2 Bm,

We may rewrite n as n = 23.2]“.]01 ...Pm® where, kK = a — 3 > 0. There are exactly two

non-isomorphic groups,

Qs x Z x 20 x 782 % - x Zm,
Doyy X ZE x ZBV x Z2 x -+ x ZPm,

of order n, for, Qg and Dyyx4 are two exclusive groups of order 8 which are non-isomorphic
and non-abelian. The complements of the power graphs of these groups are FKulerian graphs
as proved in the Theorems 1.2 and 1.3. The groups are non-isomorphic so the resulted graphs

are non-isomorphic graphs.

4. CONCLUSION

Remind the definition of enhanced power graph and recall the definition of proper power
graph which is the graph P*(G) = P(G) — e, for a finite or infinite group G. Coinciding the
power graph and the enhanced power is of interest and studied in [2]. Recalling the Theorem
18 of this article yields us a necessary and sufficient condition on a finite group G as, the
graphs P(G) and P.(G) coincide if and only if every cyclic subgroup of G is of order a power

of a prime. This gives us:

Remark 4.1. For an abelian group A of odd order and for every integer k > 1 consider the
Hamiltonian group G where, G = Qg x Z§ x A or G = Qg x A. Then, P.(G) = P(G) if and
only if A is the trivial group.

Proof. Let A be the trivial group. Since Qg and Qg x Z§ are 2-groups then every cyclic
subgroup of each one is of order of a power of the prime p = 2. Moreover, if A is a non-trivial

abelian group of odd order n = p1#1pyP2 ... p,,P7, the equation P.(G) = P(G) doesn’t hold
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where G = Qg x A or G = Qg x Z§ x A. This is because of existing of cyclic subgroups of
orders 2 x p;#i in G where, 1 <i < m. 0

The connectivity of the proper power graph and its complement studied in [[l]] to identify
certain classes of finite groups (mainly abelian). In the next remark we identify the connectivity

of proper power graph of Hamiltonian groups.

Remark 4.2. For a Hamiltonian group G,

(i). P*(G) is connected if G = Qg x A where, A is an abelian group of odd order,

(ii). P*(G) is connected if G = Qg x Z§ x A where, k is a positive integer and A is a
non-trivial abelian group of odd order,

(iii). P*(G) is disconnected if G = Qg x Z§ where, k is a positive integer.

Proof. To prove (i) we show that any vertex z = (g,e2) of P*(Qs x A) is adjacent to every
vertex 2/ = (g,a1). Since g # ey then o(g) = 2 or o(g) = 4. For a given a1 € A let o(a1) = s

where s is an odd integer. Then we get:

2* = (¢%,a3) = (¢°,a1) = (g,a1), for, o(g) =2 and s = 1(mod 2),
25 = (gSQ,CL‘f) = (gSQ,al) = (g,a1), for, o(g) =4 and s = 1(mod 4).

So, P*(Qg x A) is connected.

There are almost similar proof for the part (ii). It is sufficient to consider the different cases
for the non-identity element g € Qg % Zé“ . Indeed, g is of order 2 or 4, in this case.

To prove (iii) we use the results of Section 2 where the degrees of vertices of P(Qs x Z5)

are identified. Following the notations of Lemma 2.3 the degree of vertices of P(Qg x Z&) are:

1, if y e A3 U A5,

3, ifye Ay U Ay U Ag,
deg(y) =
143 x 281 if y € Ay,

k3 _ 1, if y=e.

So, there are exactly 2(2F — 1) vertices of degree 1 (each of the sets Az and As are of cardinality
2k —1). However, these vertices are of degree 0 in the proper power graph. Proving that P*(Q)

is not connected.
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