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ABSTRACT. A vertex v in a connected graph G strongly distinguishes two edges e; and es
if d(e1,v) = d(ez2,v) + d(e1, e2) or d(ez,v) = d(e1,v) + d(e1, e2), where for an edge e = zy,
d(e,v) = min{d(z,v),d(y,v)} and also the distance between two edges e; = zy and ez = uv
is d(e1,e2) = min{d(ei,u),d(e1,v)}. A nonempty set S C V(G) is a strong edge metric
generator of a graph G if for any two distinct edges e1, e2 € E(G), there exists a vertex s € S
such that s strongly distinguishes e; and e2. A strong edge metric generating set with the
smallest number of elements is called a strong edge metric basis of G and the number of
elements in a strong edge metric basis is called the strong edge metric dimension of G and it
is denoted by sedim(G). In this paper, we propose this concept as an extension of the strong
metric dimension and we determine the strong edge metric dimension of several classes of
graphs. Moreover, the sedim for the G-generalized join graph is investigated. Furthermore,
we study the strong edge metric dimension of the comaximal graph of the ring of integers
modulo n. Finally, we pose an integer linear programming model for finding the strong edge

metric dimension of graphs.
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1. INTRODUCTION

Let G = (V, E) be a simple connected graph and V(G) and E(G) denote the vertex set and
edge set of G, respectively. We denote the number of vertices of G by |G|. For distinct vertices
u and v of G, we write u ~ v if v and v are adjacent in G and the edge e between uw and v
is denoted by e = wv. Also the distance between two distinct vertices v and v, denoted by
d(u,v), is the length of the shortest path connecting u and v, if such a path exists; otherwise,

we set d(u,v) := oo. The distance between an edge e = xy and a vertex v is defined as follows:
d(e,v) = min{d(z,v),d(y,v)}.
Also the distance between two edges e; = xy and ey = uv is defined as follows:
d(e1,e2) = min{d(e, u),d(e1,v)}.

A vertex = resolves two vertices u and v if d(z,u) # d(x,v). A nonempty set S C V(QG)
is a resolving set of a graph G if for any two distinct vertices of G there exists a vertex of
S which resolves them. A resolving set with the smallest number of elements is called the
metric basis of G and the number of elements in a metric basis is called the metric dimension
of G and it is denoted by dim(G). Also a vertex w strongly resolves two vertices u and v if
d(w,u) = d(w,v) + d(v,u) or d(w,v) = d(w,u) + d(u,v). A nonempty set S C V(G) is a
strongly resolving set of a graph G if for any two distinct vertices of G there exists a vertex of
S which strongly resolves them. A strongly resolving set with the smallest number of elements
is called the strong metric basis of G, and the number of elements in a strong metric basis is
called the strong metric dimension of G. It is denoted by sdim(G). A vertex v distinguishes
two edges ey and ey if d(e;,v) # d(e2,v). A nonempty set S C V(G) is an edge metric
generator of a graph G if for any two distinct edges e1,e2 € E(G), there exists a vertex s € S
such that s distinguishes e; and e;. An edge metric generating set with the smallest number
of elements is called an edge metric basis of G, and the number of elements in an edge metric
basis is called the edge metric dimension of G. It is denoted by edim(G).

The concept of metric dimension was first introduced by Slater in 1975 [22]. Since then
lots of work has been done on these topics because of their wide range of applications in
modeling of real world problems [11, 9, B]. For instance, Garey and Johnson in [g], and
Epstein, Levin, and Woeginger in [7] studied NP-hardness of computing of metric dimension.
Also, this invariant was investigated over the Cartesian product of graphs in [§], over the
lexicographic product of graphs in [19], over the deleted lexicographic product of graphs in [6],
and over the hierarchical product of graphs in [24]. A close parameter to the metric dimension
is the strong metric dimension of a graph which was introduced in [21]. The problem of

determining the strong metric dimension of a graph is NP-hard. Many researchers obtained
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the strong metric dimension for various classes of graphs, see [13, [14, 17]. For more detail on
the study of strong metric dimension of a graph, one can refer to [12]. In 2018, Kelenc, Tratnik
and Yero introduced the concept of edge metric dimension [[10] in analogy with the classical
metric dimension dim(G), which was introduced in [22]. See [27] for more details on edim(G).
Recently in [1, 16], the edge metric dimension of some graph operations was investigated.

In the present work, we expand the concept of strong metric dimension as strong edge
metric dimension which is a close parameter to the edge metric dimension. We say that a
vertex v strongly distinguishes two edges e and eg if d(eq,v) = d(e2,v)+d(e1, e2) or d(eg,v) =
d(e1,v) + d(e1,e2). A nonempty set S C V(G) is a strong edge metric generator of a graph
G if for any two distinct edges e1,es € E(G), there exists a vertex s € S such that s strongly
distinguishes e; and e;. A strong edge metric generating set with the smallest number of
elements is called a strong edge metric basis of G, and the number of elements in a strong edge
metric basis is called the strong edge metric dimension of G and we denot it by sedim(G).

In Section 2 of this paper, we determine the strong edge metric dimension of several classes
of graphs. Moreover, the sedim for the G-generalized join graph is investigated. In Section
3, we study the strong edge metric dimension of the comaximal graph of the ring of integers
modulo n. In Section 4, we present an integer linear programming model for computing sedim
of graphs.

Throughout this paper our notation is standard and taken mainly from [4].

2. BASIC RESULTS

In this section, we present some basic results on the strong edge metric dimension of graphs
and we determine the strong edge metric dimension of several classes of graphs.

The following proposition gives the sedim of the path P,.
Proposition 2.1. Let n > 2. We have

1; if n=2,
n — 2; otherwise.

Proof. If n = 2, then clearly sedim(FP,) = 1. Assume that n > 3 and let S be a strong edge
metric generating set. For each two adjacent edges e; and eg, since d(ej,ez) = 0, only their
common vertex strongly distinguishes e; and ez, and so it should belong to S. Hence all vertices
of degree two belong to S. Thus sedim(P,) > n — 2. Now suppose that X = V(P,) \ {v1, v},
where v1, v, are the vertices of P, of degree one. Then X is a strong edge metric generator of

P, and so sedim(P,,) < n — 2. Therefore sedim(P,) =n —2.
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In the complete graph K, clearly sedim(K3) = 1. Also for n = 3,4, since for each two
adjacent edges, either their common vertex or a vertex whose distance to the edges are equal,
can strongly distinguishe them, we have sedim(K,) = 3. In the following proposition we

determine the sedim of the complete graph K,,, when n > 5.
Proposition 2.2. Letn > 5. We have

3; if n=2>5,
sedim(K,) =

n — 3; otherwise.

Proof. Let n > 5 and S be a strong edge metric generating set. If |[S| < n — 4, then there are
vertices a,b,c,d ¢ S. Consider the edges ab and cd. Now for each x € S, we have d(z,ab) =
d(z,ed) = d(ab,cd) = 1. So none of the vertices of S can strongly distinguish the edges ab
and cd, which is impossible. Hence sedim(K,) > n — 3. Let n =5 and V(K5) = {a,b,c,d, e}.
If S = {d,e} is a strong edge metric generating set, then none of the vertrices d or e can
strongly distinguish the edges ae and ad. So |S| > 3. Also S = {a,d,e} is a strong edge
metric generating set for K5, and so sedim(K5) = 3. Now let n > 6 and consider the set
S" = V(Ky) \ {a,b,c}, where a,b,c are arbitrary vertices of K,. Since n > 6, there exist
vertices s1, 892,53 € S’. Clearly each two edges of ab, ac,bc can be strongly distinguished by
either of the elements of S’ and the edges as; and asy can be strongly distinguished by ss.
Now one can see that S’ is a strong edge metric generating set. So sedim(K,) < n — 3, and

therefore sedim(K,) =n — 3, for n > 6.

The following proposition gives the sedim of the cycle C,,.
Proposition 2.3. Let n > 3. We have

n; if nis odd,
sedim(C),) =

53 if nis even.
Proof. Let S be a strong edge metric generating set of C,,. We know that for each two adja-
cent edges, either their common vertex or a vertex whose distance to the edges are equal, can
strongly distinguish them. So when n is odd, for each two adjacent edges of C},, only their com-
mon vertex can strongly distinguish them and hence all vertices of C}, should be in S. Therefore
sedim(C),) = n when n is odd. Now suppose that n is even and V(C,) = {g1,92,...,9n}. In
this situation, for strongly distinguishing adjacent edges, half of the vertices should be in S,
and so |S| > §. On the other hand, one can easily see that the set {g1,g2,... ,g%} forms a

strong edge metric generating set of order %. Thus sedim(Cy,) = § when n is even.
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Recall that the wheel graph Wi, is the graph obtained from a cycle (), and the graph Ky
by adding all the edges between the vertex of K; and every vertex of C,.

The least integer greater than or equal to a number m is denoted by [m]. Also, the greatest
integer less than or equal to a number m is denoted by |m|.

In the following proposition, we investigate the strong edge metric dimension sedim (W7 ).

Proposition 2.4. Let W1, be a wheel graph. Then

3; if n<7,
sedim(Wy ,,) =

3+ (22 if n>8.

Proof. 1t is clear that W3 = K4. By Proposition @, sedim(Wi3) = 3. So assume that
n > 4. Let {g1,92,...,9n} be the vertices of degree 3 in Wi ,. For each two distinct edges
e and ¢/, and each vertex z in Wi, we have d(e,€¢’) € {0,1,2} and d(z,e) € {0,1,2}. If
d(e,e’) = 0, then there exists a vertex that has a same distance from the edges e and €’ and
can strongly distinguish them. If d(e,e’) = 1, then either a vertex which is an end vertex
of e or € can strongly distinguish them, or a vertex which has distance one from one of the
edges and distance two from the other one can strongly distinguish them. Also, if d(e,e’) = 2,
then only an end vertex of either e or €’ can strongly distinguish them. Now, for n < 7, one
can see that the set {g1, g2, 93} is a strong edge metric basis for Wi ,. Assume that n > 8.
Let S be a minimal strong edge metric generating set. Since d(g192, 9495) = d(9394, g697) =
d(g596, gng1) = 2 and also d(g293,9596) = d(9495,9798) = d(g6g7,9192) = 2, without loss of
generality, we assume that gs, 94,96 € S. Since from each two edges of distance two on the
path g7 ~ gg ~ -+ ~ gn_9 ~ gn_1 ~ gn ~ g1, at least one of their end vertices should
belong to S, half of the vertices on the path gy ~ gg ~ -+ ~ g,_2, which is [W] vertices
should be in S. Hence |S| > 3 + [252]. Also one can easily see that if n is an even number,
then S = {g2,94,96,- -, gn—2} is a strong edge metric generating set, and for an odd number
n, S = {92,94,96,---,9n—3} is a strong edge metric generating set of order 3 + [”T_Q] So
sedim(Wi,,) = 3+ [%52], when n > 8.

Similarly to the wheel graph, the fan graph, which is denoted by F7 ,, is the graph that is
obtained from a path P, and the graph K by adding all the edges between the vertex of Kj
and every vertex of P,.

In the following proposition, we investigate the sedim of F7 ,,.
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Proposition 2.5. For the fan graph Fi, we have

1; if n=1,
3; if n=2,
sedim(F1,,) = 1 2; if n=3,4,5,

2[2]+1;  if n=1(mod5),

2[%1; otherwise.

Proof. By Propositions @ and @, we have sedim(F7 ;) = 1 and sedim(F12) = 3. Let
{91,92, ..., gn} be the vertices of the path P, in the structure of F},, and = be the vertex of
degree n. For n = 3,4,5, clearly the set S = {g2,¢93} is a strong edge metric basis for F} .
Let n > 6 and S be a minimal strong edge metric generating set. For each two distinct edges
e and ¢’ with zero distance, only a vertex that has a same distance from the edges e and €’ can
strongly distinguish them. Since d(g1g2,291) = d(9293,xg2) = d(g293, xg3) = d(g394,xg3) = 0,
we have ¢o,¢g3 € S. Note that g3 strongly distinguishes the edges g495 and xgs. Now we
consider the following cases:

Case 1. n = 5k, for some positive integer k. In this case the set

S =192,93,97:98: - - -, 95t+2: G543 - - - » G5k—3, J5k—2}
where 0 < t < (k — 1), is a strong edge metric generating set. Also it is a strong edge metric
basis for F1, with |S| =2k = 2[%].

Case 2. n = 5k + 4, for some positive integer k. In this case one can easily see that the set

S = {927 93,97,98, - -+, g5t4+2, g5t4+35 - - - ag5k+27g5k‘+3}7

where 0 <t <k, is a strong edge metric basis for F ,, with [S| =2(k+ 1) = 2[¢].

Case 3. n = 5k + 1, for some positive integer k. In this case one can easily see that the set

S =1{92,93: 95642+ 95t 43+ - - - » G5k—3> G5k—25 G5k—1}»

where 0 <t < (k — 1), is a strong edge metric basis for I, with [S| =1+2k =2|2 ]| + 1.
Case 4. n € {5k + 2,5k + 3}, for some positive integer k. In this case one can easily see
that the set
S =192,093: -, G5t+2, G5t-+35 - - - » G5k—3, G5k—25 Ik I5k-+1
where 0 <t < (k — 1), is a strong edge metric basis for I, with |S| =2+ 2k =2[2].

Now, by considering the above cases, the results hold.

Proposition 2.6. Let G be a connected graph. Then sedim(G) = 1 if and only if G is a star
graph.



Alg. Struc. Appl. Vol. XX No. X (20XX) XX-XX. 7

Proof. If G is a star graph with center x, then S = {z} is a strong edge metric generating
set and so sedim(G) = 1. Now assume that G is a connected graph with n vertices and
sedim(G) = 1. So there exists a vertex x such that S = {z} is a strong edge metric generating
set. If n = 2, then we are done. Hence let n > 3. Assume on the contrary that G is not
a star graph, and so there are at least two vertices of degree two. Let a # x be a vertex of
degree two. If a ~ x, then since deg(a) > 2, there exists a vertex b # x such that a ~ b. Since
d(z,ax) = 0 = d(ax, ab), the vertex x can not strongly distinguish the edges ax and ab, which
is impossible. Now assume that a and = are not adjacent. Let a =ag ~ a1 ~ -+~ a, ~ x be
a shortest path connecting a to x. Then one can easily see that the vertex x can not strongly

distinguish the edges a,z and a,_1a,, which is again impossible. Therefore the result holds.

0

Proposition 2.7. For the complete bipartite graph K., , we have

1; if m=1lorn=1,

; if 2=m < n,
sedim(Kp, ) =

3; if 3=m < n,

min{m — 1,n — 1} otherwise.

Proof. By Proposition @, we have sedim(K,, ) =1, form =1 orn = 1. Now let V(K ) =
Vi U Vi, where |Vi| = m, |Va| = n and m < n. Suppose that Vi = {a1,...,an} and Vo =
{b1,...,bn}. Let S be a strong edge metric generating set. Suppose that 2 = m < n and
without loss of generality, assume that a; € S. Then the edges a1b; and a2b; can be strongly
distinguished only by one of the elements in V5. Therefore S = {a1,b;} is a strong edge metric
basis for K, ,, where 2 = m < n. Now assume that 3 = m < n. Since d(a1b1, agby) = 1
and also d(aj,a1b1) = d(aj,a2b2) = 1 = d(bj,a1b1) = d(b;,azbs), for j > 2, the only vertex
that can strongly distinguish the edges a1b; and agby should belong to the set {a1, ag, b1, b2}.
So from each two nonadjacent edges e; and eo, at least one of their end points should belong
to S. If there are a;,a; € V1 \ S and there are b,,bs € V5 \ S, then none of the vertices in
S can strongly distinguish the edges a;b, and a;bs, which is impossible. Hence without loss
of generality, we may assume that ai,a2 € S. Now the edges a1b; and asb; can be strongly
distinguished by either az or an element in V5. So S = {a1,as,a3} is a strong edge metric
basis for K, ,, where 3 =m < n. Let 4 < m < n. First note that the set V; \ {a;} and also
the set V5 \ {b;} are strong edge metric generating sets, for some 1 < i< mand 1 < j < n.
Now assume that S is a minimal strong edge metric generating set. If V; \ {a1} € S, then

the minimality of S implies that S = V; \ {a1}. So suppose that there exists a; € Vi \ {a1}
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such that a; ¢ S, for 2 < i < m. If there exists a; ¢ S, for 1 < j # i < m, then at most one
element from V5, say by, can be not in S. In other words, V5 \ {b1} C S, and the minimality
of S implies that S = V5 \ {b1}. Hence we assume that V; \ {a;} C S, which the minimality
of S again implies that S = Vj \ {a;}. Therefore any minimal strong edge metric generating
set of Ky, is of the form Vi \ {a;} or Vo \ {b;}, for some 1 < i <mand 1 < j < n. So

sedim(Ky, ) = min{m — 1,n — 1}.

If we consider disconnected graphs, then sedim could be easily defined by considering the
distance between two vertices and therefore two edges in two different components as infinity.

In fact we have the following result.

Remark 2.8. Let G be a disconnected graph with components Gy,...,G,. If I = {i |
G; has at least two edges}, then
1; if =40,
sedim(G) =
Yicrsedim(Gy);  if T #0.

Recall that for two graphs H; and Hs with disjoint vertex sets, the join Hi V Ho of the
graphs Hi and Hs is the graph obtained from the union of H; and Hs by adding new edges
from each vertex of H; to every vertex of Hy. The concept of join graph is generalized (in
[18], it is called as a generalized composition graph). Assume that G is a graph on k vertices
with V(G) = {v1,ve,...,vt}, and let Hy, Hy, ..., H be k pairwise disjoint graphs. The G-
generalized join graph G[Hy, Ha, ..., Hy] of Hy, Ho, ..., Hy is the graph formed by replacing
each vertex v; of G by the graph H; and then joining each vertex of H; to each vertex of H;
whenever v; ~ v; in the graph G. Now, if the graph G consists of two adjacent vertices, then
the G-generalized join graph G[H;, Hs| coincides with the join Hy V Hs of the graphs H; and
H,. For simplicity, we denote the order of a graph H, by |H|.

In the following proposition, we study the strong edge metric dimension of the G-generalized

join graph G[Hy, Ha, ..., Hg], in the case that H;’s are empty graphs.

Proposition 2.9. Assume that G is a connected graph on k wvertices with V(G) =
{v1,va,..., v}, and let Hy, Ha, ..., Hy be k pairwise disjoint empty graphs and the number of
H;’s of order more than one ist. Then

k

sedim(G[Hy, Hy, ..., Hi]) < Y |Hi| —¢.

i=1
Proof. Clearly the induced subgraph of G[H1, Ha, ..., Hy] on the vertex set H; U H; is either
an empty graph or it is isomorphic to K\p,) |, depending on wether v; is adjacent to v; or

not, for 1 < ¢ # j < k. Assume that v; is adjacent to v; and there are two nonadjacent edges
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hihj and Rk} in K\ g, ;- Since d(hihy, hih;) = 1, and d(=, hih;) = d(=, hih}), for each vertex

707700 IR AR
x ¢ {hi, hj, hi, h’;}, we have that the edges h;h; and h;h’; only can be strongly distinguished by
one of the vertices of the set {h;, hj, hi, h}}. Let {H;,, Hjy, ..., H;,} be of order more than one.

Then the set S = U;:l(Hij \ hi;) U?:t-‘,—l{hij}? for some h;; € V(H;;), is a strong edge metric
generating set, and so sedim(G[Hy, Ha, ..., Hy]) < S0 |Hy| —t+k —t = Zle |H;| —t. o

Assume that G is isomorphic to the graph Ks and Hi, Ho, H3 be pairwise disjoint
empty graphs such that |Hy| = |Hs| = 1 and |H3| = 2. Then it is easy to see that
sedim(K3[H1, Ha, H3|) = Zg’:l |H;| —1 = 3. Therefore the inequality in Proposition @ is
sharp.

Lemma 2.10. Assume that G is a connected graph on k vertices with V(G) = {v1,va, ..., vt },
and let Hy, Ho, ..., H} be k pairwise disjoint graphs. Suppose that the edges e and €' of G are

strongly distinguished by a vertex v in G. Then we have the following statements.

(i) Let v be not an end vertex of the edges e = h;h; and ¢’ = hyhs in G[Hy, Hs, ..., Hy),
where h; € H;, hj € Hj, h, € H, and hy € Hgs. Then if d(e,€’) # 0, then v strongly
distinguishes all pair of edges hih’; and hih, and if d(e,e’) = 0, then v strongly

7 ritss
distinguishes all pair of edges hilh’; and hi.h; with zero distance, where h; € H;, h'; € Hj,
hl. € H, and I, € Hy.
(i) Ifv is an end vertex of one of the edges e = h;hj ore’ = hyhs in G[Hy, Ha, ..., Hy|, then
v strongly distinguishes all pair of edges hih; and hi.hy, where h;, hi; € H;, hj, b’ € Hj,

r'Yss i J

hr,hl. € Hy, hs,hl, € Hy, in the case that d(e,e’) = 0.

Proof. (i) Suppose that v is not an end vertex of the edges e = h;h; and ¢ = h,hy in
G[Hi,Hs, ..., Hy|, where h; € H;, hj € Hj, h, € H, and hy € Hy;. We have d(v, e) = d(v, hih,)

J 177

and d(v, e’) = d(v, hy.hy), for each b} € H;, h; € Hj, by € Hy and b € Hs. Now if d(e, €’) # 0,

»Irtts

then d(e,e’) = d(hih’, hlh.), and so in this situation v strongly distinguishes every pair of

iP5 torlts

edges h;h’; and hihy, for each hi € H;, h; € Hj, hy € H, and hy € H,. If d(e,e’) = 0, then

(2 r'vs)y

for each pair of edges hih’; and h;h} with zero distance, where hi € H;, h; € Hj, hj € H,,

K3
hy € Hs, since d(e, e') = d(hih}, hyhy), we have that v strongly distinguishes them.
(ii) Assume that d(e,e’) = 0. Then v should be the common end vertex of the edges e and

e’. Now one can easily see that v strongly distinguishes all pair of edges hjh; and hyhy, where

i rls
hi,h{ € H;, hj,h/~ S Hj, hr,h, € H,, hs,hls € H,.

% J r

Example 2.11. Consider the graph G[H;, Ha, H3|, where G = K3 with vertex set vy, v, vs
and Hy = Ky, |Ha| = |Hs| = 1. Let hy, b} be the vertices of Hy and hg, hg be the vertices of
Hs and Hs, respectively. Suppose that the induced subgraph on {hi, he, hs} is isomorphic to
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G. Consider the edges e = hihg and €’ = hihg. Then d(e, ') = 0 and h; strongly distinguishes
the edges e and ¢/. By Lemma (i), h1 also strongly distinguishes the edges h)ho and hfhs.

In the follwing proposition, we determine the strong edge metric dimension of the G-
generalized join graph G[Hi, Ha, ..., H,|, in the case that H;’s are empty graphs and G is
the path Ps.

Proposition 2.12. Assume that G is the path Ps with V (P3) = {v1,v2,v3} and let Hy, Ho, Hs

be & pairwise disjoint empty graphs of order m,n,t, respectively. Then

.

1; if n=1,

2; ifn>1l,m=t=1,

n; if ne{2,3}

sedim (K p,); if t,tn>1,m=1,
sedim(P3[Hy, Ho, H3]) = sedim (K, 1,); if mn>1t=1,

min{m +t,n — 1}; if n¢{2,3},m,t e {2,3},

min{m +t—1,n—1}; if me{2,3},n,t ¢ {2,3},

min{m +t—1,n—1}; if t€{2,3},m,n ¢ {2,3},

min{m +t—2,n—1}; if m,n,t > 4.

Proof. By Propositions @, @ and Lemma , the result holds.

In the following theorem, we determine the strong edge metric dimension of the G-
generalized join graph G[Hi, Hs, ..., H,|, in the case that H;’s are empty graphs and G is
the complete graph K.

Theorem 2.13. Assume that G = K, with V(G) = {v1,va,...,vn}, n > 2, and let
Hy,Hs,...,Hy, ben pairwise disjoint empty graphs such that |Hy,| = max{|H;| | 1 <i<n} >1
and set | = Y7 |Hi| — 1. Then we have
sedim(G[Hy, Ho, . .., Hy]) = SOz,
3; if 1<3.
Proof. For each two distinct edges e and €', we have d(e,e’) € {0,1}. Note that any subset
of V(G[H1, Ha, ..., Hy]), say S with |S| < 3 can not strongly distinguish all pair of adjacent
edges, and so can not be a strong metric generating set. Because if S = {a} or S = {a,b},
then the edges ac and cb are not strongly distinguished by the elements of S, for some ¢ # a, b.
Hence sedim(G[H1, Ho, ..., Hy]) > 3. Now let S C H; U Hy U H3 with |S| = 3. Suppose that
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S ={a,b,c} and e, ¢’ are two adjacent edges in G[Hy, Ho, ..., H,]. If a,b, ¢ are the end points
of the edges e and €/, then clearly their common end point strongly distinguishes them. Now
assume that there exists an element of S, say a, which is not an end poin of the edges e and €’.
Then since d(a,e) = 1 = d(a, €’), we have that a strongly distinguishes the edges e and ¢’. So
the minimum number of vertices for strongly distinguishing all pair of edges with zero distance,
is three. Let e and €’ be two nonadjacent edges in G[Hy, Ha, ..., Hy]. If  is a vertex which is
not an end point of any of the edges e and ¢/, then since d(e,e¢’) = 1 = d(z,e) = d(x,¢€’), the
vertex z can not strongly distinguish the edges e and €¢/. Thus for each two edges with distance
one from each other, only one of their end points can strongly distinguish them. Assume that
S is a minimal strong edge metric generating set. If there are four H,’s such that H; ¢ S,
then there will be two nonadjacent edges that non of their end points belong to .S, which is
impossible. Hence we have the following cases:

Case 1. There are three H;’s such that H; ¢ S, say Hy, Ha, Hs. Then for each j > 3 we have
H; C S, and if |H; \ S| > 1, for some i € {1,2,3}, then we have two nonadjacent edges such
that none of their end points belong to S, which is impossible. Therefore |S| = "1" | |H;| — 3,
and so sedim(G[H1, Ha, ..., Hy]) < > |Hi| — 3.

Case 2. There are two H;’s such that H; ¢ S, say Hy, Hy. Then if |[H; \ S| = 1, then by the
minimality of S, we should have H,NS = () which implies that |S| = >"7" 5 |H;|+|H1|—1. Now
if |Hy \ S| > 1, then we should have |Ha \ S| = 1, and since S is minimal, we have Hy NS = 0,
and so in this situation we have |S| = >""" 5 |H;|+|H2|—1. Therefore in this case by considering
|H,,| = max{|H;| | 1 <i < n}, we have sedim(G[Hy, Ha, ..., Hy]) < Y0 |Hi| - 1.

Case 3. There is one H; such that H; ¢ S, say Hy. Since S is minimal, H; NS = (. On
the other hand, S\ {h;}, for some h; € H;, where 2 < i < n, is a strong edge metric generating
set, which is a contradiction with the fact that S is minimal. Hence this case never happen.

Now by considering the above cases, we have that sedim(G[H1,Ho,...,H,]) =
max{3, Y7 |H;| — 1}, where |H,| = max{|H;| | 1 <i<n}>1.q

Example 2.14. Consider the graph K3[H;, Hy, Hs|, where H, Ha, Hs are pairwise disjoint
empty graphs such tha |H;| = |H1| = 1 and |Hs| = 2. Then by Theorem , since [ =1 < 3,
we have sedim(G[H1, H2, Hy|) = 3. In this example, if we consider |H;| = |H;| = 3, then
I =5, and by Theorem P.13, we have sedim(G[H1, Ha, Hy]) = 5.

In the following proposition, we determine the strong edge metric dimension of the G-
generalized join graph G[Hy, Ha, ..., Hy,], in the case that H;’s are complete graphs and G is
a path P,.
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Proposition 2.15. Assume that G is a path on n > 2 vertices with V(G) = {vi,va,...,v,},

and let Hi, Ho, ..., H, be n pairwise disjoint complete graphs of order more than two. Then
sedim(G[Hy, Hy, ..., Hy)) = |Uj—y Hi| —3[57.

Proof. The induced subgraph on H; U H;41 is isomorphic to K|y, 1, ,|, and by Proposition
@, its strong edge metric dimension is equal to |H;| + |H;+1| — 3. So in order to detr-
mine a strong edge metric basis for G[Hy, Ha, ..., Hy], it is enough that from the vertex set
V(G|[H1, Hs, ..., Hy]), ommit three vertices from each of the graphs Hy,_1, for 1 <k < [§].
Hence we have sedim(G[Hy, Ha, ..., Hy]) = |Ui—; Hil = 3[5]. o

Example 2.16. Consider the graph P;[Hy, Hs], where H; and Hs are pairwise disjoint com-
plete graphs of order 3. Then by Theorem , we have sedim(G[H, Hs]) = 3.

In the following proposition, we determine the strong edge metric dimension of the G-
generalized join graph G[H1, Ho, ..., H,], in the case that H;’s are complete graphs and G
is isomorphic to the cycle C,,, where n > 3. Note that the case n = 3 is obtained by by

Proposition @

Proposition 2.17. Assume that G is a cycle C,, with vertex set V(G) = {vi,ve,..., 05},

n > 3, and let Hy, Ho, ..., H, be n pairwise disjoint complete graphs of order more than two.
Then sedim(G[Hy, H, ..., H,]) = Ui, Hi| — 3| %].

Proof. Since the induced subgraph on H; U H; is isomorphic to K|g, 411 by Proposition

i+1"
@, its strong edge metric dimension is equal to |H;| + |Hi+1| — 3. Now in order to detr-
mine a strong edge metric basis for G[Hy, Ho, ..., Hy], it is enough that from the vertex set
V(G[H1, Ha,...,Hy]), ommit three vertices from each of the graphs Hop_1, for 1 < k < | %].

2
Hence we have sedim(G[Hy, Ha, ..., Hy]) = |Ui=; Hil = 3[5]. o

3. STRONG EDGE METRIC DIMENSION OF I'(Z,)

Let R be a commutative ring with nonzero identity. We denote the set of all unit elements
and zero divisors of R by U(R) and Z(R), respectively, and Z*(R) = Z(R) \ {0}. Also, for
n > 1, Z, denotes the ring of integers modulo n. Sharma and Bhatwadekar [20] defined the
comaximal graph of a commutative ring R. The comaximal graph of R is a simple graph whose
vertices consists of all elements of R, and two distinct vertices a and b are adjacent if and only
if aR + bR = R, where cR is the ideal generated by ¢, for ¢ € R. Let I'(R) be an induced
subgraph of the comaximal graph with nonunit elements of R as vertices. The properties of
the graph I'(R) were studied in [15], [23] and [25].
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For two integers r and s, the notation (7, s) stands for the greatest common divisor of 7 and
s. Also we denote the elements of the ring Z,, where n > 1, by 0,1,2,...,n — 1. For every
nonzero element a in Z,, if (a,n) = 1, then a is a unit element; otherwise, (a,n) # 1, and so
a is a zerodivisor. Therefore, |U(Z,)| = p(n) and |Z(Z,)| = n — p(n), where ¢ is the Euler’s
totient function.

An integer d is said to be a proper divisor of n if 1 <d < n and d | n. Now let dy,da, ..., dy
be the distinct proper divisors of n. For 1 <1 < k, set

Ay, ={x € Z, | (z,n) =d;}.

Clearly, the sets Ag,, Aq,, ..., Aq, are pairwise disjoint and we have

k
Z*(Zn) = Ad1 UAd2 J--- UAdk7

and
V(IN(Zn)) = {0} UAg, UAG, U---UAg,.

The following lemma is stated from [26].

Lemma 3.1. [26, Proposition 2.1] Let 1 <i < k. Then |Ag,| = o(F)-

T

In this section, the induced subgraph of I'(Z,,) on the set Ay, is denoted by I'(Ag4,), where
1< <k.

The following lemma states some adjacencies in I'(Zy,,).

Lemma 3.2. [2, Lemma 2.2] The following statements hold:

(i) Two distinct vertices x and y are adjacent in I'(Zy,) if and only if (z,y) € U(Zy,).
(ii) For1<i <k, I'(Aq,) is isomorphic to F¢(d£i).
(iii) For 1 < i # j < k, a vertexr of Aq, is adjacent to a vertex of Ay, if and only if
(di7 d]) =1

Now, we introduce a simple graph G, which plays an important role in the structure of
I'(Z,). The graph G, is the simple graph with vertex set {d1, da, ..., di}, where d;’s, 1 <1i < k,

are the proper divisors of n, and two distinct vertices d; and d; are adjacent if and only if

(d;, dj) = 1.
Let n = p{*p5?...p{" be the factorization of n to its prime powers, where t,aq,..., o
are positive integers and pi,...,p; are distinct prime numbers. Every divisor of n is of the

form pflp§2 .. .pft, for some integers f31,..., 0, where 0 < f8; < «; for each i € {1,2,...,t}.

Hence the number of proper divisors of n is equal to Hle(ni + 1) — 2. Therefore we have
k=|V(Gn) = [Tizi (ni +1) — 2.
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Let I'*(Z,,) = I'(Z,) \ {0}. Consider the graph G,, and replace each vertex d; of G,, by
I'[Ag4]. In view of Lemma @, we have

T*(Zn) = GnlK 30y, Ky Kp(go)].

Now, since the zero element is adjacent to non of the vertices of I'*(Z,,), we have
[N(Z,) = (K1 UT*(Zy)).

The following theorem in which we study the Strong edge metric dimension of I'(Z,,), follows
from Proposition @ and Remark @

Theorem 3.3. Assume that dy,do,...,dy, where k > 1, are the proper divisors of n. Then

we have

sedim(I(Z)) < 30 (7) — F,

=1
where n # 2d; for all 1 < i < k. Otherwise

sedim(T(Z,)) < Y 90(3) — k41
i=1 v

Example 3.4. Consider the ring Zi5. We have dy = 2,ds = 3,d3 = 4, and dy = 6. Then G
is the graph 2 ~ 3 ~ 4 U {6}, which is isomorphic to P3 U K. Hence we have

['(Z12) = K1 U G12[K9, Ko, Ko, K1,

and in view of Remark @, we have that the strong edge metric basis of I'(Z12) is {2, 3}, and
so sedim(I'(Z12)) = 2.

In the rest of this section, we discuss the strong edge metric basis of I'(Z,,), for (i) n = p?,
(ii) n = pq and (iii) n = p?q, where p and ¢ are distinct prime numbers and t is a positive

integer.

t—1

(i) Let n = p'. Then I'(Z,) is an empty graph with p* — ¢(p’) = p'~! vertices, and so

I'(Zp) = Kp-1. Now, by Remark @ we have sedim(I'(Z,:)) = 1.
(ii) Let n = pq, where p and ¢ are distinct prime numbers with p < ¢. Since the only proper

divisors of n are p and ¢, the graph G, is p ~ g. So we have

[(Zpg) = K1 U Gy [Kso(qﬁkw(p)]‘

Now, by Proposition @, we have

p; if pe{2,3},
sedim(I'(Zypq)) = 2.3}

p—1; otherwise.
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iii) Let n = p?q, where p and ¢ are distinct prime numbers. Since p, ¢, and pq are the
pq p

proper divisors of n, the graph Gz, is p ~ q ~ p? U {pq}. Hence we have

F(Zzﬁq) =K U Gp2q[Ks@(pq)7 Ks@(pQ)’fcp(Q)’FsO(p)]'

Now by Remark @, we have sedim(I'(Zyz2,)) = sedim(P3[K ,(9), K (p2), Kp(q)]) which can
be obtained by Proposition .

4. INTEGER LP MODEL

In this section, we present an ILPM for the strong edge metric basis. To do this, we need
to introduced some notations.

Let G be a graph with V(G) = {v1,...,v,} and E(G) = {e1,...,en}. For e, e; € E(G)
and v, € V(G), dfj =1 if d(e1,vx) = d(e2,vx) + d(ey, e2) or d(ez,vy) = d(e1,vr) + d(e1, e2),
and dfj = 0 otherwise. Now we are ready to present an ILPM for the strong edge metric basis.

Let F': {0,1}" — Ny be defined by
F(xi,...,xp) =21+ -+ Tp.

Then our aim is to determine min F' subject to the constraints
n
D diwy >0, 1<i<j<m.
k=1

Therefore, it is not difficult to see that if z,...,z] is a set of values for which F' attains its

n

minimum, then S = {v; : z} = 1} is a strong edge metric basis for G.
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