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ABSTRACT. This paper delves into the investigation of ideals and prime ideals within hoops,
a distinct class of algebraic structures. It seeks to identify and analyze specific properties of
prime ideals, which are essential for comprehending the behavior of hoops. The notion of a
local hoop is introduced, accompanied by an examination of its various equivalent definitions,
showcasing its importance within the broader framework of hoop theory. A notable result
presented is the proof that if a maximal ideal, denoted as M, exists in a hoop, the resulting
quotient structure is locally finite, shedding light on the constraints and characteristics of
these ideals. Furthermore, the paper introduces a topology on the set of all prime ideals
associated with a hoop and explores the conditions required for this topology to be Hausdorff,

offering new insights into the topological organization of prime ideals.

1. INTRODUCTION

Non-classical logic has become a crucial formal tool in computer science, particularly for

managing uncertain and fuzzy information. The algebraic counterparts of certain non-classical
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logics conform to the principle of residuation, placing them within the realm of residuated
lattices [19]. Notable examples include Héjek’s BL (Basic Logic [20]), Lukasiewicz’s MV
(Many-Valued Logic [17]), and MTL (Monoidal T-Norm-Based Logic [14]), which correspond
to BL-algebras, MV-algebras, and MTL-algebras, respectively. These algebras are built upon
a shared foundational structure: lattices with residuation. Therefore, exploring the properties
of algebras that incorporate residuation is important.

Hoops, introduced by B. Bosbach in [17] and later examined by J. R. Biichi and T. M. Owens
(although their work remains unpublished), are naturally ordered, commutative, residuated
integral monoids. Over the years, hoop theory has been significantly enriched with important
structural theorems (see [8, [L7]), many of which have greatly influenced fuzzy logic. Notably,
the structure theorem for finite basic hoops ([§], Corollary 2.10) offers a concise and elegant
proof of the completeness theorem for propositional basic logic ([8], Theorem 3.8), which was
initially introduced by Héjek in [20].

The algebraic structures associated with Héjek propositional fuzzy basic logic, known as
BL-algebras, are specific instances of hoops. A key example of BL-algebras is the interval
[0,1], equipped with a structure induced by a t-norm. Among the most notable classes of
BL-algebras are MV-algebras, product algebras, and Gddel algebras. Recent research has
increasingly focused on non-commutative generalizations of these structures.

Filter theory is crucial in the examination of these algebras. From a logical standpoint,
different types of filters correspond to various sets of provable formulas. In the realm of hoops,
filter theory has been thoroughly investigated, resulting in several notable findings. Specifically,
types of filters such as (positive) implicative filters and fantastic filters [9] have been introduced
and characterized in works like [5, 2, B, [1, 10, 12, 13, 21, 22, 23]. In MV-algebras, filters and
ideals represent dual concepts. However, it is essential to recognize that residuated lattices
and hoops are not comparable; not all hoops qualify as residuated lattices. A hoop, while
functioning as a meet semi-lattice with respect to the operator d Aw = d ® (d ~ w), does not
possess a complete lattice structure.

In [1l], the authors defined and characterized the concepts of implicative, maximal, and prime
ideals in hoops. They also explored the relationships among these concepts and demonstrated
that every maximal implicative ideal in a V-hoop satisfying the (DNP) property is also a prime
ideal.

Additionally, the authors introduced a congruence relation on hoops induced by ideals and
analyzed the resulting quotient structures. This framework enables the demonstration that an
ideal is maximal if and only if the quotient hoop is a simple MV-algebra. Furthermore, they

examined the relationship between ideals and filters by employing the set of complements.
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In this paper, we investigate the concepts of ideals and prime ideals in hoops, characterizing
various properties of prime ideals. We introduce the notion of a local hoop and explore different
equivalent definitions of this concept. Additionally, we prove that if M is a maximal ideal of
a hoop, the corresponding quotient structure is locally finite. Finally, we define a topology on

the set of all prime ideals of a hoop and examine the conditions under which this topology is
Hausdorff.

2. PRELIMINARIES

This section outlines the default contents that will be used in subsequent discussions.

Definition 2.1. By a hoop we mean an algebraic structure (H, ®, ~», 1) where, for all ¢,v,q €

*

( ) (H,®,1) is a commutative monoid;
(HP2) c¢~c=1;

(HP3) (c@u)~q=c~ (v~ q);
(HP4)

c®(c~v)=v© (v~c).

On hoop H, the relation “c < v if and only if ¢ ~ v = 1” is a partially order relation and
(H, <) is a poset. A bounded hoop is a hoop with the least element 0 € H.

If (H,®,~,0,1) is a bounded hoop, then we can define a unary operation “x” on #H by
c* =c~ 0, for all ¢ € H. If it holds that ¢** = ¢, for all ¢ € H, then the bounded hoop H is
said to have the double negation property (abbreviated as (DNP)).

A hoop H is called commutative, if for any c,v € H, (¢ ~» v) ~» v = (v ~ ¢) ~ c. If
(H,®,~-,0,1) is a bounded commutative hoop, then it is straightforward to see that H has
(DNP) property.

Suppose H has another binary operation V such that for any c,v € H, we have c Vv =
((c ~ v) ~ v) A ((v~ ¢) ~ ¢). If Vis a join operation on H, then the hoop H is called a
V-hoop, which is a distributive lattice.

The following proposition provides some properties of hoops.

Proposition 2.2. [14, 15] Let (H,®,~>,1) be a hoop. Then the following conditions hold, for
all c,v,q € H:

i) (H,<) is a meet-semilattice, with c N\v = c® (¢~ v);

i1) c@uv <qifand only if c < v~ q;

i) cOv<cvandc<v~~c

(
(
(
(tv) c~c=1landl~c=g¢;
(v) c<v~(cOV);

(

vi) ¢~ < (0~ ) v (e q);



4 M. Shirvani Bourojeni and A. Rajaei

(vit) c<wvimpliesc®q<v©@q g~c<qg~vandv~q<c~q;

(viti) if H is bounded, then ¢ < ¢, c©® ¢* =0 and ™ = ¢*;

(iz) if H is a V-hoop, then for anyn € N, (cVv)" v~ q¢g=AN{(d1®d2®@---®d,) ~ q| d; €
{c,v}};

() if H is a V-hoop, then c©® (vV q) = (c@v) V (c® q).

Note. From now on, suppose (H,®,~>,0,1) or H, for short, is bounded.

Definition 2.3. [[1] Let () # I C H. Then I is called an ideal of H if we have:

(I1) 0€l,

(I2) forany c,v €I, c*~vel,

(I13) for any c,v € H, if c<wvand v € I, then ¢ € I.

Clearly, # and {0} are the trivial ideals of . The set of all ideals of H is denoted by ZD(H).
1 is called a proper ideal if I is an ideal of H and I # H. Obviously, an ideal I is proper if and

only if it is not containing 1.
Let {I) | X € A} be a family of ideals in H. Then (,ox In € ID(H) but Uyca In € ZD(H).

Remark 2.4. [l] Let I € ZD(H). Then for any ¢ € H, ¢ € I if and only if ¢** € I. By
Proposition @(Vﬁi) and (I3), if ¢** € I, then ¢ € I. Let ¢ € I, since 0 € I, by (12),

c*=c®0€l, where cPv=c*~ .

Proposition 2.5. 1] Consider O # 1 C H. Then, for any c¢,v € H, the following statements
are equivalent:

(1) Ie€ID(H),

(i) 0€l, foranyc,vel, cdv el andifc*@v el andc€ I, thenv € I.

(iit) 0€l, foranyc,vel, cPv el and if (¢* ~v*)* €l andc €I, thenv €.

Proposition 2.6. [l| Let H be a bounded \V-hoop and I € TD(H). Then for any c,v € H, we
have

(i) cvelifandonlyifcvVvel;

(13) ifc,vel, thencAv el

Definition 2.7. [I] Let ) # X C H. We recall that the smallest ideal containing X in H is
called the generated ideal by X in ‘H and it is denoted by (X]. It is also the intersection of all
ideals of H contain X.

Theorem 2.8. [l] Let ) # X CH. Then
(X]={deH|IneN st forcico, - ,cn €X, d<c1P(ca® - D(Cno1Decp) )}

Notation 1. Consider d® (d®--- @ (d®d)---) =nd = ((n — 1)d)* ~ d. If H has (DNP),
then c® v =v @ c and nd = ((d*)™)*.
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Proposition 2.9. [l Let I € TD(H) and d € H. Then

(1) (d={ceH|IneN st c<nd};

(17) if H has (DNP), then (IU{d}| ={ceH |IneN s.t. c® (nd)* € I};
(#i1) if H is a V-hoop with (DNP), then (I U{c}|N (I U{v}] = (T U{cAv}].

Theorem 2.10. [11] Let I € ITD(H). Define the relation ~y on H by:

cr~rv & (ewmo) el (vwe) el VeveH.

Then ~r is a congruence relation on H. For any ¢ € H, assume § = {v € H | ¢ ~1 v}.

Consider ? = {% | c € H} and we define some operations on ? as follows:

0 1
—cy -=1, andj:{c*€I|c€’H}.

(cov) v
I I 1

©

D

¢
"I

~l <
~

¢

I
c v . H H

Also, define the order $ < 7 if and only if (¢ ~ v)* € I on —. Then (7, ©, ~=,

7 ,%) s a hoop
and (7;, g) is a poset.

~lo

0 1
It is straightforward to see that in ?, 7= {ceH |ce I}, 7= {ceH |c eI}

Definition 2.11. [1] Let P be a proper ideal of H. P is called a prime ideal of H if, cAv € P,
then ¢ € P or v € P, for any ¢,v € H. The set of all prime ideals of H is denoted by Spec(H).

Proposition 2.12. [ Let H be a \V-hoop with (DNP) and P be a proper ideal of H. Then
(1) P is a prime ideal of H if and only if, for any I, J € TD(H) such that INJ C P, we get
ICPorJCP.

(ii) for any proper ideal I of H there exists P € Spec(H) such that I C P.

Proposition 2.13. [1] Let H be a \VV-hoop with (DNP), I be a proper ideal of H and ) # S C H
such that I'NS = (0. If S is N-closed, then there exists P € Spec(H) such that I C P and
PNS=40.

Definition 2.14. [l] Let M be a proper ideal of H. Then M is called a mazimal ideal of H
if, no proper ideal of H strictly containing M. It means that if there exists an ideal of H such
as J that M C J C H, then M = J or J = H. The set of all maximal ideals of H is denoted
by Max(H).

Proposition 2.15. [1] Let H be a V-hoop with (DNP). Then every mazimal ideal of H is a

prime one.

We recall that a lattice-ordered group (£-group) is an algebra (G;V,A,+,—,0) such that
(G;V, A) is a lattice, (G;+, —,0) is a group, and + is an order-preserving map. We denote by
Gt={g9eG|g>0}and G- ={g€ G |g<0}.
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Let H and G be £-groups. We define the lexicographic product H X G as the group addition
on the direct product H x G endowed with the lexicographic order (hi,g1) < (ha,g2) for
(h1,91),(h2,92) € H x G iff either hy < hg or hy = hy and g1 < go. Then HXG is a
partially-ordered group that is an ¢-group iff H is linearly ordered, see [18, (d) p. 26].

3. PRIME IDEALS ON HOOPS

In this section, we characterize certain properties of prime ideals. We introduce the notion
of a local hoop and examine various equivalent definitions of this concept. Furthermore, we
prove that if M is a maximal ideal of a hoop, the corresponding quotient structure is locally
finite. Finally, we define a topology on the set of all prime ideals of a hoop and investigate the
conditions under which this topology becomes Hausdorff.

Note. From now on, we let (H,®,~-,0,1) or H for short, is a bounded hoop.

Note. For any c,v € H, we define c®v = ¢* ~» v and cHv = ¢* ~ v**. Clearly,

clHv=cov**.

Proposition 3.1. (i) If H is commutative, then the operation @ is commutative and associa-
tive.

(13) The operation B is commutative and if H is commutative, then B is associative.

(7i1) c,v < c®v and c,v < cHw.

(W) 1®dc=cdl=1,1Hc=cBHl=1and cBc =1.

(v) chbv<cHuw.

If ‘H is commutative, then

(vi) c®v =cBuv and * ©v* = (cBwv)*.

Proof. (i) Consider c¢,v,q € H. Since every bounded commutative hoop, has (DNP) property

we have
chv=c"wo=c v =0 " =v"wc=vdec,
and
(c@®v)@g= ()" ~»qg=(»v7) wqg=("©@v")~0)" ¢
= (@) g=("@V) mg=c"w (VT g) =cB (VD g).
(ii) Let ¢,v € H. Then
cBHBv=c" v =0v" " =vHec

The proof of other case is similar to (i).
(iii) By Proposition @(Viii) and (vii) the proof is clear.
(iv) By definition of operations and Proposition @(iv) the proof is clear.
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(v) By Proposition @(viii) and (vii), v <v*™*, and so cPv ="~ v < "~ v =cHw.

(vi) Since H is commutative, the proof is straightforward.

Proposition 3.2. I € ZD(H) if and only if (I3) holds and for any c,v € I, we have cBv € I.

Proof. Suppose I € ZD(H). Then (I3) holds. Let ¢,v € I. By Remark @, we know that
since v € I, then v** € I. By (I12), I 5 c® v** = ¢* ~» v** = cHv. Hence, cBv € I.
Conversely, obviously (I3) holds. By Proposition @(V), c®v < cHw, since cBv € I, by (I3)
we get cdv € I. Hence, I € ID(H).

The order of an element ¢ € H, denoted by ord(c), is the smallest natural number n € N
such that ¢” = 0 and we write ord(c) = n. If no such n exists (that is, ¢" # 0 for every n € N)
we say that the order of c is infinite and we write ord(c) = oo.

A hoop H is called locally finite if every non-unit element of H (1 # ¢ € H) has finite order.

Proposition 3.3. Let H be commutative. Then for any ¢ € H, there exists I € TD(H) proper
such that ¢ € I if and only if ord(c*) = co.

Proof. Assume I € ID(H) is proper and ¢ € H such that ord(c¢*) # oo. Then there is
n € N such that (¢*)” = 0, and so 1 = ((¢*)")* = nc € I, which is a contradiction. Hence,
ord(c*) = oc.

Conversely, suppose ord(c*) = co. If (] is not proper, we get 1 € (¢]. By Proposition @, we
get nc = 1 and so (nc)* = 0, for n € N. Since H is commutative, we get (¢*)” = 0, and so

ord(c*) # oo a contradiction. Hence, (c] is proper.

Proposition 3.4. Let P € ITD(H). If P € Spec(H), then ¢ Nv** € P implies ¢ € P or
vE P.

Proof. Consider P € Spec(H) and ¢** Av** € P. Since by Proposition @(Viii), cAv < AU
we get ¢ Av € P. Since P € Spec(H), we obtain c € P or v € P.

Theorem 3.5. Let H be a commutative V-hoop and P € TD(H). Then P € Spec(H), if and
only if * Nv** € P impliesce P orv € P.

Proof. By using Proposition we suppose I, J € ID(H) such that INJ C P. If I ¢ P and
J ¢ P, then there are ¢ € I\ P and v € J \ P. Since by Remark @, c* e I and v** € J,
from ¢ A v** < ¢ 0™, we get ¢ AV € INJ C P. By assumption ¢ € P or v € P, which
is a contradiction. Therefore, P € Spec(H).
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Converse by Proposition @ holds.

Proposition 3.6. Let P € ZD(H). If for any c,v € H, (¢ ~> v)* € P or (¢ ~» v)* € P, we
get P € Spec(H).

Proof. By assumption and Theorem , since for any ¢,v € H, (¢ ~» v)* € Por (¢ ~ v)* € P,

we get 5 < p or 5 < 5. Thus, % is a chain. Suppose ¢ Av € P. Then C’\T” = 9 and so

P>
cAv 0 g H s ; c _ 0 v _0
+/\ p = p. Since % is a chain, we get 5 = 5 or 5 = 5. Hence, c € P or v € P. Therefore,

P € Spec(H). g

Remark 3.7. (i) Clearly, if A is a chain, then for any deal of H. Since for any c,v € H, ¢ < v
or v < ¢, thus (¢~ v)* =0¢€ Por (v~ ¢) =0¢€ P. It means that if H is a chain, then
every ideal of H is prime.

(ii) If H is a chain, then for any c¢,v € H, c®v* € P or v® ¢* € P. Since H is a chain, we get
(c~v)*=0€Por (v~ ¢)" =0¢€ P. By Proposition @(viii) and (vii), we have

cEV" < (cev)"=(c~v")" < (c~v)"€P,
and so ¢ ® v* € P. The proof of other case is similar.

Proposition 3.8. Consider H to be a chain. For every P € Spec(H), the set P = {I €
ID(H) | P C I and I # H} is totally ordered by inclusion.

Proof. Suppose P is not a chain. Then there exist I1,ls € ZD(H) such that I SZ I> and
Iy ¢ I. Thus, there are ¢ € I \ I and v € I, \ I;. By Remark @(ii), we have c® v* € P
or v ® ¢ € P. Thus by definition of P, we have c©@ v* € I1 NIy or v® ¢* € Iy N Is.
Suppose v ® ¢* € I;. Since ¢ € I, we get ¢® (v ® ¢*) € I;. By Proposition @(ii), we get
v<c"w (vec)=cd(vec) e l;. Then v € I which is a contradiction. The proof of

other case is similar. Hence, P is a chain.

By [19], N(G) = (G~,®,—,0) is a hoop, where ® and — are defined as follows:
(1) gOh=g+h, g—h=(h—g)AN0, Vg, heG .

Example 3.9. Let G be the Abelian ¢-group of integers with natural ordering, Z. Then N(G)
is a totally ordered hoop. Consider an element | ¢ Z and set X = {1,0,—1,—2,...}. Define

binary operation [J and = on X as follows:
x—y if x,y€{0,—-1,-2,...},
r=>y: =<1 if v =1,

1 ife=1,ye{0,—-1,-2,...}
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xoy if z,y € {0,—1,-2,...},
il ifx=1lory=1;

xy:=

by routine calculation we can show that (z,,=,0) is bounded hoop with the least element

1 and the greatest element 0. In addition, { L} is a maximal ideal of c.

Example 3.10. Consider the Abelain ¢-group R of real numbers with natural partially ordered
relation. Then G = RXR is a totally ordered group and G[(1,0)] bounded hoop. {(0,0)} is a
prime ideal of G[(1,0)]. Thus this example satisfies the assumption Proposition @

Remark 3.11. In a hoop H, if (P;);c;r C Spec(H) is a totally ordered family of prime ideals
of H, then P = (P, € Spec(H) and Q = \/ P; € Spec(H). Indeed, let ¢,v € H such that
cNhv € P, if ¢ ;éEIP and v ¢ P, then therzeejare i1,i2 € I such that ¢ ¢ P;, and v ¢ P,,.
Since P;,, P;, are prime ideals and c Av € P;,, F;,, then c € P, or v € P;, and ¢ € P;, or
v € P,,. Since the family (P;);er C Spec(H) is a totally ordered, then P;, C P;, or P;, C P;,.
If P, C P,,, then v € P;,, a contradiction. The proof of other case is similar. It follows that
c€ Porwve P, that is, P € Spec(H). Also, suppose ¢ Av € Q. Then there is i € I such that
cAv € P;, and since P; € Spec(H) we get ¢ € P; or v € P;. Hence, c € Q or v € Q. Therefore,

Q € Spec(H).

Corollary 3.12. By all conditions in Remark , the set of all prime ideal of H makes a

complete lattice.

Proposition 3.13. Suppose H is a commutative \V-hoop. Then ord(c*) < oo if and only if
c ¢ P, for any P € Spec(H).

Proof. Assume ord(c*) < oo and there is a prime ideal P such that ¢ € P. So, for any n € N,
nc € P. Also, since ord(c*) < oo, there exists n € N such that (¢*)” = 0 and so ((¢*)")* = 1.
Since H is commutative, by Notation 1, nc = ((¢*)")* = 1 € P, which is a contradiction, since
P € Spec(H).

Conversely, suppose for any P € Spec(H), ¢ ¢ P and ord(c*) = co. Clearly, (c] is proper and
by Proposition (ii), there is P € Spec(H) such that (¢] C P, and so ¢ € P, a contradiction.

|

Proposition 3.14. Suppose X is a subalgebra of a commutative \/-hoop H and P, € Spec(X).
Then there exists P € Spec(H) such that P, = PN X.

Proof. Let Py € Spec(X) and S = X \ P;. Clearly, SN P = (. Also, for any c,v € S,
since P; € Spec(X), we get cANv € S. So, S is A-closed. Then by Proposition , there is
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P € Spec(H) such that P, C P and PN .S = (). Moreover, from PNS =PN (X \ P), we get
PCP,andso PL=XNP. g

Proposition 3.15. Suppose H is commutative. Then M € Max(H) if and only if (c ¢ M <
there exists n € N such that (nc)* € M.

Proof. Suppose M € Max(H) and ¢ ¢ M. Then (M U{c}] = H, and so 1 € (M U{c}]. By
Proposition @(ii), there is n € N such that 1 ® (nc)* € M. Hence, (nc)* € M. Conversely,
suppose ¢ € M and there exists n € N such that (nc)* € M. Since M is ideal, we get nc € M
and so 1 = (nc) ® (nc)* € M, a contradiction.

Suppose [ is a proper ideal of H such that M C I. If I # M, then there is ¢ € I\ M.
By assumption, there exists n € N such that (nc)* € M, and so (nc)* € I. Since ¢ € I and
I is ideal, we get nc € I for any n € N, thus 1 = (nc) ® (nc)* € I, which is a contradiction.
Therefore, I = M, and so M € Max(H).

Theorem 3.16. Suppose M is a proper ideal of H. Then M € Max(H) if and only if % 18
locally finite.

Proof. Suppose M € Max(H) and 57 # ﬁ Then ¢* ¢ M. By Proposition , there exists
n € N such that (nc*)* € M. Thus, ((¢**)")* € M. Since M is ideal, by Remark @, e M,
and so (ﬁ)n = %. Hence, % is locally finite.

Conversely, suppose I is a proper ideal of H such that M C I. Then there is ¢ € I\ M.
Thus, % =+ ﬁ Since if % = ﬁ, then ¢™* € M, and so ¢ € M, a contradiction. Also, % is
locally finite, thus there is n € N such that (Cﬁ)n = -, and so (¢*)" € M. Hence, (¢*)" € I,
and so 1 € I, which is a contradiction. Therefore, M = I, and so M € Maxz(H).

Theorem 3.17. Every prime ideal of H is contained in a unique mazximal ideal of H

Proof. Let P € Spec(H) and P ={I € ID(H) | P C I and I # H}. By Proposition @, P is

totally ordered by inclusion. Set M = |JP;. Clearly, M is a proper ideal of H and it is the
il

only maximal ideal containing P.

Let G be an arbitrary Abelian /-group with neutral element 0 and the binary operation +.
For every a > 0, by [19], G[a] = ([0,a], ®, —,0,u) is a bounded hoop, where

(2 goh=(9+h—-a)Vv0, g—h=(h—g+a)Aa, Vg,hel0,al={gcG|0<g<a}.
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Example 3.18. Let H be an arbitrary Abelian ¢-group with neutral element 0 and the binary
operation 4. Consider the lexicographic products of I-groups G = Z?’H. It is an Abelian
l-group and we have (0,0) < (1,0). Thus, G[(1,0)] is a Wajsberg hoop, where it underlying set
is ({0} x HY)U ({1} x H™). An easy calculation shows that I = {0} x H" is unique maximal
ideal of the hoop G[(1,0)]. In addition, {(0,0)} is a prime ideal of G[(1,0)].

Proposition 3.19. Consider H is commutative. Set J = {c € H | ord(c*) = oo}. Then the
following statements are equivalent:

(1) J € ID(H).

(13) (J] is a proper ideal of H.

(13i) H has just one mazimal ideal.

(

iv) Mazx(H) ={TJ}.

Proof. (i) = (ii) Obviously, (J] = J. Since 1 ¢ J, so (J] is proper.

(i1) = (i) Clearly, 0 € J and so J # 0 and (I1) holds. Suppose v € J and ¢ < v. Since
ord(v*) = co and by Proposition @, we have v* < ¢*, thus ord(c*) = oco. Hence, ¢ € J, and
so (I3) holds. Assume c¢,v € J. Then ord(c*) = co and ord(v*) = co. If c®v ¢ J, then there
is n € N such that ((¢ @ v)*)" = 0. By Proposition @(viii) and (vii) we have

< s (e ) < (o)t = (e o)t

Thus,

(€ ©0)" < (¢ 0" = (€ v™)")" < (@)Y =0,
So (¢* ® v*)™ = 0. Since H is a commutative monoid, we get (¢*)" ® (v*)™ = 0, and so
((c)" @ (v*)™")* = 1. By Proposition @(viii) we have

L= ((¢")"@@")")" = (07)" ~ ((")")" = ()" ~ ((e)")™ = (")) ~ ((v7)")" = (ne)@(nv).

Hence, by Proposition @, 1 € (J], which is a contradiction.

(tv) = (4i7) The proof is clear.

(#4i) = (iv) Let H has just one maximal ideal such as M. By definition of 7, for any ¢ € 7,
ord(c*) = oo, we get (c] is a proper ideal and it can extend to a maximal ideal such as M..
Since H has just one maximal ideal such as M, we get M. = M. Hence, ¢ € M, and so
J C M. On the other side, since M is proper, by Proposition @, we get M C J. Hence,
Maz(H) ={T}.

(i) = (iv) For proving that J is maximal, we suppose ¢ ¢ J. Then ord(c*) < oo, and so
there is n € N such that (¢*)” = 0. By assumption, (nc)* = ((¢*)")** = 0. By Proposition
, we get J € Max(H). Suppose there exists a proper ideal I such that I ¢ J. Then
there is ¢ € I\ J. Thus there is n € N such that (¢*)” =0, and so nc = ((¢*)")* =1€ I, a
contradiction. Hence, Maz(H) ={T}. o
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A hoop H is called local if it has just only one maximal ideal.

Theorem 3.20. If H is a commutative local hoop, then for any ¢ € H, ord(c) < oo or
ord(c*) < oo.

Proof. Suppose for any ¢ € H and n € N, we get ¢" > 0 and (¢*)"” > 0. By Proposition @(Vﬁi),
(¢**)™ > 0. Thus, by Proposition , c,c* € J,and so 1 € J, which is a contradiction.

Now, by using the notion of prime ideal on hoop we can define spectral topology on hoops,
as follows:

Suppose that H is a non-trivial hoop. For any I € ZD(H), define
V(I) ={P € Spec(H) | I C P}.

Proposition 3.21. Consider H is commutative. The family of {V(I;)}icr of subsets of

Spec(P) satisfies the axioms for closed sets in a topological space.

Proof. Clearly, V(H) = 0 and V({0}) = Spec(H). We show that for any I,J € ID(H),
V(I)UV(J) =V nJ). For this suppose P € V(I)UV(J). Then I C P or J C P. Since
INJ CI,J, weget INJ C P,and so P € V(I NJ). Conversely, suppose P € V(I NJ).
Then I NJ C P. Since P € Spec(H), by Proposition , we get I C P or J C P. Hence,

P e V(I)UV(J). Now, we show that "V([;) =V (\/I,) For this, suppose P € V().
i€l i€l i€l

Then for any ¢ € I, P € V(I;), thus, forany i € I, I; C P. So, \/ I; CPandsoPEV(\/Ii)

el i€l
In addition, if P € V< , we get \/I; C P. Since I; C \/I; C P, we get P € V(I;), for
zG] i€l el
any i € I. Hence, P € (V(I;). Therefore, all axioms for closed sets in a topological space
iel
hold.

According to above proposition, the set of V(I) is closed subset so the complement of them
is open. So, V(I)¢ = {P € Spec(H) | I € P} is open subset of H. Hence, Uy = {V(I)¢ | I €
D(H)} is called a spectral topology on H.

Theorem 3.22. Suppose H is a hoop where for any c € H, c AN c* =0. Then (Spec(H), Vy)
is Hausdorff.

Proof. Let P; and P, be two distinct prime ideals of H such that Py € P> or P, € P.
Without loss of generality, we may assume that P; ;{ Py. So, there is ¢ € P; \ P». Consider
I = Vc) and J = V¢(c*). Clearly, I and J are neighborhoods of P; and P, respectively.
Then INJ = V°(c)NV(c*) = V(cAc*) = V(0) = (). Therefore, (Spec(H), V) is Hausdorff.

|



Alg. Struc. Appl. Vol. XX No. X (20XX) XX-XX. 13
4. CONCLUSIONS AND FUTURE WORKS

In this paper, the concept of ideals and prime ideals in hoops are explored and characterized
certain properties of prime ideals. The notion of a local hoop is introduced and examined
various equivalent definitions of this concept. Furthermore, it is proved that if M is a maximal
ideal of a hoop, the corresponding quotient structure is locally finite. Finally, a topology on
the set of all prime ideals of a hoop is defined and investigated the conditions under which

this topology becomes Hausdorff.
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