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ABSTRACT. The §-primary hyperideal is a concept unifing the n-ary prime and n-ary primary
hyperideals under one frame where § is a function which assigns to each hyperideal @ of
a hyperring G a hyperideal §(Q) of the same hyperring with specific properties. In this
paper, for a commutative Krasner (m,n)-hyperring (G, h, k) with scalar identity 1, we aim
to introduce and study the notion of (¢,n)-absorbing d-semiprimary hyperideals which is a
more general structure than J-primary hyperideals. We say that a proper hyperideal @ of G
is an (t, n)-absorbing é-semiprimary hyperideal if whenever k(a'"~ ') € Q for a!"~'** € G,
then there exist (¢t — 1)n — t + 2 of the a;s whose k-product is in 6(Q). Furthermore, we
extend the concept to weakly (¢,n)-absorbing J-semiprimary hyperideals. Several properties
and characterizations of these classes of hyperideals are determined. In particular, after
defining srongly weakly (¢, n)-absorbing d-semiprimary hyperideals, we present the condition
in which a weakly (¢,n)-absorbing §-semiprimary hyperideal is srongly. Moreover, we show
that k(Q“"*tH)) = 0 where the weakly (¢,n)-absorbing d-semiprimary hyperideal @ is not
(t,n)-absorbing d-semiprimary. We give a type of Nakayama’s Lemma on a commutative
Krasner (m,n)-hyperring. Also, we investigate the stability of the concepts under intersection,

homomorphism and cartesian product of hyperrings.
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1. INTRODUCTION

For the first time, the idea of 2-absorbing ideals as an extension of prime ideals was presented
by Badawi in [5]. This concept and it’s generalizations have been widely studied by many
researchers e.g. in [1], [11], [19] and [23]. The notion of 2-absorbing J-semiprimary ideals
in a commutative ring which is an expansion of the 2-absorbing ideals was introduced by
Celikel. From [6], a proper ideal I of a commutative ring R refers to a (weakly) 2-absorbing
o-semiprimary ideal if z,y,z € R and (0 # zyz € I) xyz € I imply zy € 6(I) or yz € §(I) or
xz € 6(I) where § is a function that assigns to each ideal I an ideal §(I) of the same ring.

Study on n-ary algebras goes back to Kasner’s lecture [[13] at a scientific meeting in 1904.
In 1928, the first paper was written concerning the theory of n-ary groups by Dorente. The
n-ary structures have been studied in [7], [10], [14], [15], [16], [17], [18] and [21]. There is
a hyperring in which the addition is a hyperoperation, while the multiplication is an ordi-
nary binary operation. The hyperring introduced by Krasner is called Krasner hyperring.
The Krasner (m,n)-hyperring as a generalization of the Krasner hyperrings and a subclass
of (m,n)-hyperrings was introduced by Mirvakili and Davvaz in [18]. (G, h,k), or sim-
ply G, is a Krasner (m,n)-hyperring if: (1) (G,h) is a canonical m-ary hypergroup; (2)
(G,k) is a m-ary semigroup; (3) The operation k is distributive with respect to the hy-
peroperation h , i.e., for every gi_l,g?ﬂ,m{” € G,and 1 < i < n, k(gi_l,h(aﬁ’f‘),gﬁrl) =
h(k(gifl,xl,ggﬁrl), e k:(gifl,a:m,g;ﬂrl)); (4) 0 is a zero element of the n-ary operation k, i.e.,
for every g5 € R, k(0,g5) = k(g2,0,95) = --- = k(g5,0) = 0. A non-empty subset H of G
is a subhyperring of G if (H, h, k) is a Krasner (m,n)-hyperring. The non-empty subset I of
G is a hyperideal if (I, h) is an m-ary subhypergroup of (G, h) and k:(gifl, I,g7% ) C I, for all
gy € Gand 1 <i<n. By glj we mean the sequence g;, gi+1,. .., g; and it is the empty symbol
if j <. Then we have h(a1,...,a;,bit1,...,bj,¢j41,...,Cn) = h(a’i,b{+1,c?+1), and we write
h(ay, b=, ¢, ), where by = -+ = bj = b. We define h(GT) = U{h(g}") | i € Gi,1 < i <n},
where G are non-empty subsets of G. Recall from [2] that a proper hyperideal P of G is called
n-ary prime if k(GY) C P, for hyperideals G} of R implies that G; C P, for some 1 < i < n. If
k(g}) € P, for all gf € G and some hyperideal P of G implies that g; € P, for some 1 <1i <n,
then P is an m-ary prime hyperideal of G, by Lemma 4.5 in [2]. Let I be a hyperideal in
G with scalar identity 1. By rad(I), we mean the intersection is taken over all n-ary prime
hyperideals P which contain I. rad(I) = G, if the set of all n-ary prime hyperideals containing
I is empty . It was shown (Theorem 4.23 in [2]) that if g € rad(I), then there exists s € N such
that k(g(®),1"=%)) e I, for s < n, or k(l)(g(s)) €1, for s=1(n—1)41. A proper hyperideal I
of G with the scalar identity 1 is an n-ary primary hyperideal if k(¢7) € I and g; ¢ I, imply
k(gi=t1, gi1) € rad(I), for some 1 < i < n. Theorem 4.28 in [2] shows that the radical of an

n-ary primary hyperideal of G is an n-ary prime hyperideal of G. Let HZ(G) denote the set of
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all hyperideals of G. Recall from [3] that a function ¢ from HZ(G) to HZ(G) is a hyperideal
expansion of G if I C §(I), and if I C J, for any hyperideals I, J of G, then 6(I) C §(J). For
example, the mapping dp, 61 and dg, defined by do(I) = I, 61(I) = rad(I) and ér(I) = R, for
all hyperideals I of GG, are hyperideal expansions of G. Furthermore, the function ¢4, defined
by 64(I/J) = 6(1)/J, for any hyperideal I of G containing hyperideal J and an expansion
function 0 of G, is a hyperideal expansion of G/J. A proper hyperideal P of G is an (t,n)-
absorbing hyperideal as in [12] if k(¢! ~**1) € P, for some ¢i"~**1 € G, implies that there exist
(t —1)n —t+ 2 of the g;s whose k-product is in P. From the paper, a proper P of G is called

an (t,n)-absorbing primary hyperideal if k(gi"~'*') € P, for some ¢!"~**! € G implies that

k(g§t_1)n_t+2) € P or a k-prodect of (t — 1)n —t 42 of the g;s except k(g™ **?) is in rad(P).
The notion of n-ary d-primary hyperideals was introduced in a Krasner (m,n)-hyperring in
[B]. This concept unifies the n-ary prime and n-ary primary hyperideals under one frame. A
proper hyperideal @ of G is called d-primary hyperideal if k(a') € @ for a} € G, implies that
a; € Q or k:(azfl, La? ;) € 6(Q), for some 1 < i < n. Also, a proper hyperideal Q of G is
(t,n)-absorbing d-primary if for ¢! € @, k(a!"**1) € Q, implies that k:(agt_l)n_t+2) €Q,
or a k-product of (¢ —1)n —t+ 2 of a; s except k:(agtfl)nftw) is in §(Q). Morover, the idea of
weakly (t,n)-absorbing (primary) hyperideals in Krasner (m,n)-hyperrings was proposed by
Davvaz et al. in [9].

Now in this paper, we aim to define and study the notion of (¢, n)-absorbing d-semiprimary
hyperideals which is more general than the concept of J-primary hyperideals in a Krasner
(m,n)-hyperring. Additionally, we present an extension of the notion called weakly (¢,n)-
absorbing J-semiprimary hyperideals. Among many results in this paper, it is shown (The-
orem ) that if @ is a weakly (¢,n)-absorbing d-semiprimary hyperideal of G that is not

tn=t+1)y — 0. A version of Nakayama's Lemma is

(t,n)-absorbing d-semiprimary, then k(Q!
considered for strongly weakly (¢,n)-absorbing §-semiprimary hyperideals in Theorem .
Moreover, the stability of these concepts are examined under intersection, homomorphism and

cartesian product of hyperrings.

2. (t,n)-ABSORBING 0-SEMIPRIMARY HYPERIDEALS

Throughout this section, G is a commutative Krasner (m, n)-hyperring with scalar identity

1. Initially, we give the definition of (¢,n)-absorbing §-semiprimary hyperideals of G.

Definition 2.1. Let § be a hyperideal expansion of G and t be a positive integer. A
proper hyperideal @ of G is called an (¢,n)-absorbing é-semiprimary hyperideal if whenever
k(a1 € @, for a!" ' € @, then there exist (t — 1)n — ¢ + 2 of the a}s whose k-product
is in §(Q).
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Example 2.2. Assume that (Z,+,-) is the ring of integers and K = {—1,1}. Consider the
Krasner (m,n)-hyperring (G = {g | g € Z}, h, k), where g = gK, and the 3-ary hyperoperation

h and 5-ary multiplication k are defined as follows:

hgi) ={z |z C g1+ 72+ 73},
k(37) = 9192939435 -

Then (pK) is an (3, 5)-absorbing dp-semiprimary hyperideal of G for all prime numbers.

Example 2.3. Suppose that G = {0, 1,2}, and define 3-ary hyperoperation h and 3-ary
operation k on G as follows:
h(0,0,0) = 0, h(0,0,2) = 2, h(1,1,2) = G,
h(0,0,1) =1, h(2,2,2) = 2, h(0,1,1) =1,
h(1,1,1) =1, h(0,1,2) = G, h(0,2,2) = 2,
h(1,2,2) = G,
and
k(1,1,1) =1,
k(1,2,2) = k(1,1,2) = k(2,2,2) = 2,
k(ri,7r2,0) =0,
for r1,79 € G, such that h and k are commutative. Then, (G, h, k) is a Krasner (3, 3)-hyperring

1
1

by Example 4.10 in [2]. In the hyperring G, @Q = {0,2} is an (2, 3)-absorbing d;-semiprimary
hyperideal of G.

Remark 2.4. For all n-ary prime hyperideal of GG, we have
n-ary prime = n-ary J-primary = (t,n)-absorbing d-primary = (¢,n)-absorbing J-

semiprimary

The next example shows that an (¢,n)-absorbing J-semiprimary hyperideal may not be

prime.

Example 2.5. In the Krasner (2,2)-hyperring (G = [0,1],H, o), that “o” is the usual multi-

plication on real numbers and 2-ary hyperoperation “H” is defined by

max{a,b}t}, ifa # b,
o Jmastanyy. it

[0, al, ifa = b,

the hyperideal @ = [0,0.5] is a (2,2)-absorbing d;-semiprimary hyperideal of G but it is not

2-ary prime.
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Example 2.6. Assume that Q is a hyperideal of
(G, h,k). Then the set G/Q = {h(¢i™",Q, git1) | gi_l,gﬁl € G}, with m-ary hyperopera-
tion h and n-ary operation k defind as h(h (glgZ 2 ,Q, g1 i) )s - (g%l Y » Q> I (i1 ) =

h(h(gi), - bl 1)), Q. hlg mlfﬁ)) Sh(git), for all gif",....gn" € G, and
k(h(gry ™ l,cz gl @H)) g Y Qugmm ) = h(k(gE), - R (gr 1) Qo k(gL
k(gm)), for all gif* ... g™ € G, construct a Krasner (m,n)-hyperring [2]. Now, let
us assume that G = Z3[X,Y,Z] and Q = (X3Y3Z3). Then G/Q is a Krasner (m,n)-
hyperring with ordinary addition and ordinary multiplication. In this hyperring, rad(0g /Q)
is not a (1,3)-absorbing do-semiprimary hyperideal of G/Q, where 0g/o = Q/Q, because
2XYZ+Q=02X+Q)(Y +Q)(Z+Q) €rad(0g)qg), but no power of elements 2X,Y and Z
are in () which means none of the elements (2X + @), (Y + @) and (Z + Q) are in rad(0g/q)-

In the following, we investigate the relationship between an (¢, n)-absorbing d-semiprimary

hyperideal of G and its radical.

Theorem 2.7. Let QQ be an (t,n)-absorbing §-semiprimary hyperideal of G with rad(6(Q)) C
0(rad(Q)). Then rad(Q) is an (t,n)-absorbing d-semiprimary hyperideal of G.

Proof. Let k(a1 € rad(Q), for a" "' € G, such that all products of (t — 1)n —t + 2 of
the a}s, other than k(a; (t=)n— 2y
none of the k-products of the ajs are in rad(6(Q)). Since k(a}" 1) € rad(Q), there exists
s € N, with k(k(a" ")) 1(=9)) € Q, for s < n, or kqy (k(af™™ 1)y € Q, for s > n, and
s =1(n—1) + 1. In the first possibility, we get k(k(a1)®, k(a2)®), ... k(am_¢s1)®,107%)) €
Q. Since @ is an (t,n)-absorbing d-semiprimary hyperideal of G, we conclude that
k(k(a1)®), k(a2)®, . k(ag_1ynmps2) D, 1079)) = k(k(al™ ") 1079) € 6(Q), be-
cause none of the k-products of the as are in rad(6(Q)). Then, we get the result that
k( (=Un=t52) o 5(rad(Q)), as k(a!""V"""?) € rad(6(Q)) and rad(3(Q)) C S(rad(Q)). If
K (k(ay tn=t+1)(s)) € Q, for s > n, and s = I(n — 1) 4 1, then we are done similarly. Thus
ad(Q

are not in §(rad(Q)). By the assumption, we conclude that

) is an (¢, n)-absorbing J-semiprimary hyperideal of G.

The following result is a direct consequence of the previous theorem.

Corollary 2.8. If Q is an (t,n)-absorbing 1 -semiprimary hyperideal of G, then rad(Q) is an
(t,n)-absorbing hyperideal of G.

From [2], the hyperideal generated by an element g in G is defined by < g >=
k(G,g,12) = {k(r,g,1®2) | r € G}. The following theorem will give us a characteri-

zation of (t,n)-absorbing d-semiprimary hyperideals.
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Theorem 2.9. Every proper hyperideal is an (t,n)-absorbing 0-semiprimary hyperideal of G
if and only if every proper principal hyperideal is an (t,n)-absorbing §-semiprimary hyperideal

of G.

Proof. = It is obvious.

<= Assume that Q is a proper hyperideal of G' and k(ai*~**1) € Q, for "' € G.
Therefore k:(a’i"_tﬂ) e< k(atln_tﬂ) >. Since every proper principal hyperideal is an (¢,n)-
absorbing d-semiprimary hyperideal of G, there exist (¢t —1)n—t+2 of the a}s whose k-product
is in §(< k(a""1) >) C 6(Q). Hence Q is an (t,n)-absorbing J-semiprimary hyperideal of

G. g

Recall from [3] that a hyperideal expansion § of G is called intersection preserving if it
satisfies 6(P N Q) = §(P) N d(Q), for all hyperideals P and @ of G. For example, hyperideal

expansion 01 of G is intersection preserving.

Theorem 2.10. Let the hyperideal expansion § of G be intersection preserving. If Q7 are
(t,n)-absorbing d-semiprimary hyperideals of G Such that §(Q;) = P, for each 1 < i < s, then
Q =;_, Qi is an (t,n)-absorbing d-semiprimary hyperideal of G with 6(Q) = P.

Proof. Assume that k(a!" ") € Q for )" '*! € G, such that k(a&til)n*tﬁ) ¢ 6(Q). Since
0(Q) = 6(N_1Qi) = N;_16(Q;) = P, then there exists 1 < u < s, such that k(a&t_l)n_ﬁz) ¢
§(Qy). Since Q, is an (t,n)-absorbing §-semiprimary hyperideal of G' and k(a}" ") € Q,,
then there is a k-product of (t—1)n—t+2 of the a;sis in §(Qy) = P = §(Q). Thus Q = N;_; Qi
is an (t,n)-absorbing d-semiprimary hyperideal of G with 6(Q) = P.

Let (G1,h1,k1) and (Ga, he, k2) be two Krasner (m,n)-hyperrings such that 1g, and 1g,
be scalar identities of G; and Go, respectively. Then (G1 x Ga,h = hy X ha,k = k1 X k3) is a

Krasner (m,n)-hyperring where
h1 X hg((al, bl), ey (am,bm)) = {(CL, b) ‘ a < hl(aT), be hQ(bT)},

k1 x ka((a1,b1),. .., (an, bp)) = (k1(at), k2(07)),
for all a; € G1 and b; € Go [8]

Theorem 2.11. Let §; and d2 be two hyperideal expansions of Krasner (m,n)-hyperrings
G1 and Ga, respectively, such that 6(Q1 X Q2) = 61(Q1) X 02(Q2), for hyperideals Q1 and
Q2 of G1 and Ga, respectively. If Q = Q1 X Q2 is an (t + 1,n)-absorbing J-semiprimary
hyperideal of G = G1 x Ga, then either Q1 is an (t+ 1,n)-absorbing 01-semiprimary hyperideal
of G1 and 02(Q2) = Ga, or Q2 is an (t + 1,n)-absorbing do-semiprimary hyperideal of Go and
01(Q1) = G1, or Q; is an (t,n)-absorbing d;-semiprimary hyperideal of G; for each i € {1,2}.
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Proof. Let Q = Q1 x Q2 be an (t + 1, n)-absorbing d-semiprimary hyperideal of G = G; x Ga.
Assume that §;1(Q1) # G1 and 62(Q2) = Ga. Let us suppose that kl(agtﬂ)n*t) € @1, for
some agtﬂ)n_t € G, such that all products of tn —t + 1 of the a}s except kl(atln_tH) are
not in §(Q1). Note that k((a1,0),...,(a¢sr1)m—t,0)) € @, and all products of tn — ¢ + 1
of the (a;,0)s are not in §(Q). Since @ is an (¢ + 1,n)-absorbing J-semiprimary hyper-
ideal of G, we get k((a1,0),...,(am—t+1,0)) € 6(Q) = 01(Q1) X 02(Q2), which means
kl(a'i”_tﬂ) € 0(Q1). Thus Q; is an (¢t + 1,n)-absorbing d;-semiprimary hyperideal of
G1. Similiar for the second assertion. For the third assertion, assume §1(Q1) # Gi1 and
02(Q2) # Ga. Moreover, let us suppose that @)1 is not an (¢,n)-absorbing J-semiprimary
hyperideal of G; and kl(aﬁn_tﬂ) € Q1. We define the following elements of G: z1 =
(a1,1c,), 22 = (a2, 1Gy)s s Tin—t+1 = (am,tﬂ,1G2),:L'(t_1)n_t+2 = (1¢,,0). Therefore we
have k(z{" ") = (ky(a"1),0) € Qu k@Y = (ku(a ), 16,) ¢ 6(Q) and
E(x1, o Ziy e Ta—tyn—tg2) = (k1(at, .., @iy a—1)n—t42),0) ¢ 6(Q), for some 1 < i <
tn —t + 1, a contradiction. Thus @ is an (¢,n)-absorbing d;-semiprimary hyperideal of G;.

Similarly, we conclude that Q2 is an (¢, n)-absorbing do-semiprimary hyperideal of Ga. ¢

Theorem 2.12. Let 01,...,0i—1+1 be hyperideal expansions of Krasner (m,n)-hyperrings
G1,...,Gin—t+1, such that 6(Q1 X +++ X Q—t+1) = 01(Q1) X -+ X dn—14+1(Qin—t+1), for hy-
perideals Q1, ..., Qin—t+1 of G1,...,Gin—ty1, respectively. If Q = Q1 X -+ X Qp—t+1 95 an
(t + 1,n)-absorbing d-semiprimary hyperideal of G = G1 X -+ X Gyn—t41, then either @, is
an (t + 1,n)-absorbing 6-semiprimary hyperideal of G, for some 1 < u < tn —t+ 1, and
0i(Qi) = Gy, for each 1 < i <tn—t+1 and i # u or Q, and Q, are (t,n)-absorbing &y ,-
semiprimary hyperideals of Gy, and Gy, respectively, for some u,v € {1,...,tn —t + 1} and

0i(Q;) =Gy, for alll <i<tn—t+1, but i # u,v.

Proof. 1t can be seen that the idea is true in a similar manner to the proof of Theorem . 0

Now, we want to extend the notion of (¢, n)-absorbing d-semiprimary hyperideals to weakly
(t,n)-absorbing d-semiprimary hyperideal. Although different from each other in many aspects,

they share quite a number of similar properties as well.

Definition 2.13. Let § be a hyperideal expansion of G and ¢ be a positive integer. A proper
hyperideal @ of G refers to a weakly (¢,n)-absorbing d-semiprimary hyperideal if ai"_t'H € @G,
and 0 # k(a{" ") € Q, then there exist (t —1)n —t+2 of the a)s whose k-product is in §(Q).

Example 2.14. Suppose that Zio is the set of all congruence classes of integers modulo 12

and H = {1,5,7,11} is multiplicative subgroup of units Zi2. Construct G as Zi2/H. Then we
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4 =8=1{4,8}, 6 = {6}. Consider Krasner hyperring (G, ®,*), that for all a,b € G, axb = ab

and 2-ary hyperoperation & is defined as follows:

®| 0 1 2 3 4 6
0 | {0} {1} {2 {33 {4+ {6}
114{1} {0,2,4,6} {1,3} {2,4} {1,3} {1}
2 {2t {13t {04y {1} {26} {4}
313 {24} {1+ {o,6} {1+ {3}
4144 {13+ {26} {1} {04} {2}
6 | {6} {1} {44 {32 {2t {0}

semiprimary.

Example 2.15. In Example @, 0q/q is a weakly (1, 3)-absorbing do-semiprimary hyperideal
of G/Q, and rad(0g/¢) is not a weakly (1,3)-absorbing do-semiprimary hyperideal of G/Q.

Theorem 2.16. If Q is a (weakly) (t,n)-absorbing d-semiprimary hyperideal of G, then @ is

(weakly) (v,n)-absorbing d-semiprimary for all v > n.

Proof. By using an argument similar to that in the proof of Theorem 4.4 in [12], one can

complete the proof.

Theorem 2.17. Let Q be a proper hyperideal of G. If 6(Q) is a (weakly) (t,n)-absorbing
hyperideal of G, then @Q is a (weakly) (t,n)-absorbing §-semiprimary hyperideal of G.

Proof. Let (0 # k(a!" ") € Q) k(a""*!) € Q, such that all products of (t — 1)n —t + 2 of
the a}s, other than k(a(lt_l)n_Hz), are not in 6(Q). Since 6(Q) is a (weakly) (t,n)-absorbing
hyperideal of G and @ C 6(Q), we conclude that k:(agt_l)n_tH) € 0(Q). This shows that @ is
a (weakly) (t,n)-absorbing d§-semiprimary hyperideal of G.

Theorem 2.18. Let Q be a proper hyperideal of G, such that 6(6(Q)) = 6(Q). Then §(Q) is
a (weakly) (t,n)-absorbing hyperideal of G if and only if §(Q) is a (weakly) (t,n)-absorbing
d-semiprimary hyperideal of G.

Proof. = Assume that 0(Q) is a (weakly) (¢, n)-absorbing hyperideal of G. Since §(§(Q)) =
0(Q), we are done by Theorem .
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<= Let §(Q) be a (weakly) (t,n)-absorbing d-semiprimary hyperideal of G. Suppose that
(0 # k(@) € 6(Q)) k(ai" ") € §(Q). Since §(Q) is a (weakly) (t,n)-absorbing 4-
semiprimary hyperideal of G, then there exist (¢t — 1)n —t 4 2 of the a}s whose k-product is in
3(6(Q)). Since 6(6(Q)) = 6(Q), then the k-product of the (t —1)n —t+ 2 of the a}s is in 6(Q),
which means 0(Q) is a (weakly) (¢,n)-absorbing hyperideal of G.

The following theorem is a trivial relation. Hence the proof is omitted.

Theorem 2.19. Assume that 0 and ~y are two hyperideal expansions of G. If Q is a (weakly)
(t,n)-absorbing §-semiprimary hyperideal of G such that §(Q) C v(Q), then Q is a (weakly)
(t,n)-absorbing y-semiprimary hyperideal of G.

Theorem 2.20. Let Q be a (weakly) (t,n)-absorbing §-semiprimary hyperideal of G and P be
a proper hyperideal of G such that P C Q. If 6(Q) = §(P), then P is a (weakly) (t,n)-absorbing
d-semiprimary hyperideal of G.

Proof. Assume that (0 # k(a!" ') € P) k(a!" ") € P, for a!""**! € G. By the assumption,
we get (0 # k(a!" ") € Q) k(a"""*1) € Q, which implies there exist (t—1)n—t+2 of the a}s
whose k-product is in §(Q) because @ is a (weakly) (¢, n)-absorbing d-semiprimary hyperideal
of G. From 6(Q) = 0(P), it follows that the k-product of (¢t — 1)n —t + 2 of the a}s is in 6(P)
which means P is a (weakly) (¢,n)-absorbing d-semiprimary hyperideal of G.

A proper hyperideal @ of G refers to a strongly (weakly) (¢,n)-absorbing d-semiprimary
hyperideal if (0 # k(Q’i"*tH) C Q) k(Q’i”*tH) C @, for some hyperideals Qt{h”l of G,
then there exist (¢t — 1)n — ¢ 4+ 2 of Qs whose k-product is a subset of §(Q). Moreover,
(a1,...,am—t+1) is called a d-(t, n)-zero of a weakly (k,n)-absorbing d-semiprimary hyperideal

Q of G if k(a""**1) = 0, and none k-product of the terms (¢ — 1)n — ¢ + 2 of ajs is in 6(Q).

Theorem 2.21. If Q) is a strongly weakly (t,n)-absorbing d-semiprimary hyperideal of G and
(a1,...,am—t+1) 1 a 6-(t,n)-zero of Q, then for 1 < iy, -+ ,is <tn—t+1, and 1 < s <
(t—1n—t+2,

k(at,. .. @iy Gigs ey Qiny e Gintg1, @) = 0.
Proof. We use the induction on s.  Assume that s = 1. Then we will prove
that k(a1,...,@ip, ..., 0m—t4+1,Q) = 0.  Without loss of generality, we show that
k:(aé"*tﬂ,q) = 0, that is, we eliminate a;. Suppose on the contrary k(atZ”*tH,Q) #*

0. Therefore we get the resul that 0 # k(atQ"_tH,q) C @, for some g € Q.
Since @ is a strongly weakly (¢,n)-absorbing d-semiprimary hyperideal of G and 0 #
Bl R, 0, 0%2) = h(k(af™,ar), K(e~,0),00") € Q, we conclude that
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a k-product of the (t — 1)n — ¢ 4+ 2 of ajs including ¢ is in §(Q). We may assume
E(af™ " h(ar, q,00"=2))) = h(k(ad", ar), k(a5 q),00"=2)) C §(Q), which implies
k(a1 ar) € h(—k(ad"1 ¢),00m D) C §(Q), a contradiction. This means that
k(ay

k:(al,...,ail,...,ZL\iQ,...,ais,...,atn_tﬂ, 5)) # 0. We may assume that k(a,, tn— tH ,Q 5)) #0,
that is, we omit aj. Hence 0 # k(a Z’_’Htﬂ,ql) € @, for some ¢ € Q. Thus 0 #
k(azﬁltﬂ h(a1,q1,00m"=2), ..., h(as, gs,00"=2))) C @, by induction hypothesis. So,

tn=t+l q) = 0, and so k(ai,...,ds,...,6tmt+1,Q) = 0. Now, let us suppose that

k( 211t+1 h(ala q1, 0(771—2)), R h(ala qi1, O(m72))i15 ey h(CLQ, q2, 0(m72))i27 ey

—

h(an—la dn—1, O(m_2))in71a v 7h(a87 qs, O(m—2))) g 5(@);

or
k(a5+1, cee )a’is_q.la o 7ai5+27 .. 7ais+n_17 ey Qin—t41, h(ala qi1, O(miz)% ey h(asa gs, 0(m72)))
C0(Q),
for some i € {1,...,s}. Therefore, we get the result that k(asy1,...,@Gm—t+1,---,an,...,05) €
0(Q) or E(astn,...,0tn—tt1,-..,a;) € 06(Q), a contradiction. Thus, we have
k(al,...,ail,...,&}2,...,az-s,...,am_tH,Q(s)) =0. O

Theorem 2.22. Let Q be a strongly weakly (t,n)-absorbing d-semiprimary hyperideal of G
but is not (t,n)-absorbing d-semiprimary. Then k(QUn—t+1)) =0,

Proof. Since @ is not (t,n)-absorbing d-semiprimary, it has a 6-(t,n)-zero of @, say
(aﬁ”_tﬂ). Suppose on the contrary that k(Q (tn— tH)) # 0. Then we conclude that
0 # g(qi"‘“’l) € Q, for some ¢\~ 1 ¢ Q. Then we get the result that 0 #
k(h(a]_,(:h_,0(m_2)),h(a/2,q2,0(m 2)),--~ ,h(atn,tﬂ,qtn,tH,O(m_?))) C @, by Theorem .
Since @ is a strongly weakly (¢,n)-absorbing J-semiprimary hyperideal of G, there exists
(t—1)n—t+2 of h(as, g;,00™2))'s whose k-product of is a subset of §(Q). We may assume that
k(h(az,q2,00"2)), h(az,q3,0" ), -+ h(ag—1)n—t+3 Gn-n—t+3, 0" ?)) C rad(Q), without

loss of generailty. Then, we conclude that h(k(aétil)n*ﬁg), k(a%,qy), k(qgtfl)"*t“), 0(m=1)) C
rad(@), such that v + v = (¢t — 1)n — t + 2. Therefore, k(ag_l)"—H?’) €

h(—k(ag,qi’,—k(qit Ln= HZ) 0lm=w+1)y C rad(Q), which means k(agt n= t+3) € rad(Q),

w—1

which is impossible. Consequently, k(Q"~+1)) =0. 4

As an instant consequence of the previous theorem, we have the following explicit results.
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Corollary 2.23. Let Q be a weakly (t,n)-absorbing §-semiprimary hyperideal of G but is not
(t,n)-absorbing 0-semiprimary. Then Q C rad(0).

Corollary 2.24. Assume that the commutative Krasner (m,n)-hyperring G has no non-zero
nilpotent elements. If Q is a weakly (t,n)-absorbing 0-semiprimary hyperideal of G, then Q is
an (t,n)-absorbing d-semiprimary hyperideal of G.

The following example verifies that a proper hyperideal @ staisfying k(Q("~**1) = 0, may

not be a weakly (¢,n)-absorbing J-semiprimary hyperideal.

Example 2.25. Consider Krasner (4, 3)-hyperring (Zss:, +, -), where 4+ and - are usual addi-
tion and multiplication and ¢ > 4. In the hyperring, Q = (5') is not a weakly (2, 3)-absorbing
do-semiprimary hyperideal of Zgs:, since 5.5.5.5.5/™% € Q, but 5.5.5,5.5.5 ™% ¢ 60(Q). However,

Q° = 0.

The next theorem provides us how to determine weakly (t,n)-absorbing

d-semiprimary hyperideal to be (t,n)-absorbing d-semiprimary.

Theorem 2.26. Let Q be a weakly (t,n)-absorbing §-semiprimary hyperideal of G such that
0(Q) = §(0). Then Q is not (t,n)-absorbing d-semiprimary if and only if there exists a
0-(t,n)-zero of 0.

Proof. = Assume that @ is not an (¢,n)-absorbing J-semiprimary hyperideal of G. This
implies that k(a'"~ 1) = 0, and none k-product of the terms (t — 1)n —t +2 of a;s is in 6(Q),
for some a!" ! € G. From §(Q) = 6(0), it follows that (a'™~**') is a §-(,n)-zero of 0.

<= Straightforward.

Assume that M is a non-empty set and (G, h, k) is a commutative Krasner (m, n)-hyperring

. If (M, R') is an m-ary hypergroup and the map

E:Gx...x GxM — P*(M),

n—1

statisfied the following conditions:

(1) K@~ H(a]) = h’(k’( T ar),-- K(a ”*1,am)),

( ) ( -1 h’(yl )7 ’H—l ) h’(k,( 7y1’ H_l 9 )7""k/(xli_lymax;;__ll?a)%

(3) K(ay k(a7 el a) = K (2T K (2 ),

(4) 0=K(271,0,27,a),
then the triple (M, ', k') is called an (m, n)-hypermodule over (G, h, k) [4]. In following theo-
rem, Nakayama’s Lemma is considered for a weakly (¢, n)-absorbing d-semiprimary hyperideal

of G.
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Theorem 2.27. Let (M,h, k') be an (m,n)-hypermodule over (G,h,k) and Q be a weakly
(t,n)-absorbing §-semiprimary hyperideal of G that is not (t,n)-absorbing §-semiprimary. If
M =k (Q,1"=2) M), then M = {0}.

Proof. Assume that @ is a weakly (¢, n)-absorbing d-semiprimary hyperideal of G that is not
(t,n)-absorbing é-semiprimary. and M = k'(Q,1("=2), M). By Theorem , we get the result
that &/(k(Q™),1"=2) M) = {0}. On the other hand,

K (k(QM), 12 M) = K(k

Il
2
=

<
3

|
=
-
S~—
—_
i

K

=

_ k‘l(Q, 1(n—2)’ k’/(Q, 1(n—2)’ M))
= KQ10, M)

= M.

Then, we conclude that M = {0}.

Let (G1,h1,k1) and (Ga, ha, ko) be two commutative Krasner (m,n)-hyperrings. Recall
from [18] that a mapping f : G; — G2 is called a homomorphism if we have f(hi(al")) =
ho(f(a1),..., f(am)) and f(k1(0})) = ka(f(b1),..., f(by)), for all a]* € G; and b} € G;. Let 0
and 0’ be hyperideal expansions of G and G, respectively. Recall from [3] that f : G; — Go
is called a 66’-homomorphism if 6(f~1(Q2)) = f~1(6'(Q2)), for hyperideal Q3 of G2. Note that
8" (h(Q1) = h(6(Q1), for §6’-epimorphism f and for hyperideal @1 of Gy with Ker(f) C Q.

Theorem 2.28. Let (Gy,h1,k1) and (Ga, ha,ka) be two Krasner (m,n)-hyperrings and f :
G1 — Go be a §6'-homomorphism. Then the followings hold:

(i) If Q2 is an (t,n)-absorbing &'-semiprimary hyperideal of Ga, then f~1(Q2) is an
(t,n)-absorbing §-semiprimary hyperideal of G1.

(i) If Q2 is a weakly (t,n)-absorbing & -semiprimary hyperideal of Go and Kerf is a
weakly (t,n)-absorbing §-semiprimary hyperideal of G1, then f~1(Q2) is a weakly (t,n)-
absorbing 6-semiprimary hyperideal of G1.

(iii) Let f be an epimorphism and Q1 be a proper hyperideal of Gy containing Kerf. If Qq
is a (weakly) (t,n)-absorbing d-semiprimary hyperideal of G1, then f(Q1) is a (weakly)
8’ -semiprimary hyperideal of Gs.
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Proof. (i) Let ki (al"""1) € f=1(Q2), for a?"**1 € G;. Therefore we obtain f (ki (al"~*1)) =
ka(f(a1),..., flam—t41)) € Q2. Since Q2 is an (t,n)-absorbing ¢’-semiprimary hyperideal of
Go, then there exist (t — 1)n —t + 2 of f(a;)’s whose ko-product is an element in §'(Qs2). It
follows that the image f of (¢t — 1)n —t + 2 of a} whose kz-product is in ¢’(Q2) which means
there exist (t — 1)n — ¢ + 2 of a; whose kj-product is in f~1(6'(Q2)) = d(f~1(Q2)). Thus
f71(Q2) is an (t,n)-absorbing d-semiprimary hyperideal of G1.

(i) Assume that ki(a" ) € f71(Qy), for /" "' € Gy. Therefore we get
FR1(a™™ Y)Y = Ko(f(ar), -, f(am—t11)) € Qa. If 0 # f(ki1(af™ ")), then it can be
proved by using an argument similar to that in the proof of the part (i). Let us assume
that f(k1(a)"**1)) = 0. Then we obtain ki(a!"~**') € Kerf. Since Kerf is a weakly
(t,n)-absorbing d-semiprimary hyperideal of G1, then there exist (t — 1)n — ¢t + 2 of as
whose ki-product is an element in §(Kerf). From d(Kerf) = §(f71(0)) C 6(f~1(Q2)), it
follows that f~1(Q2) is a weakly (¢,n)-absorbing d-semiprimary hyperideal of Gy. (iii) Let
(0 # k(0" € £(Q1)) koW ") € £(Q1), for some bi" 1 € Gy. Since f be an epi-
morphism, then there exists a; € Gy, for each 1 < i < tn — ¢ + 1, such that f(a;) = b;.
Hence, ko(b" ") = ko(f(a1), ..., flam—is1)) = f(ki(@"71)) € £(Q1). Since Q; contain-
ing Kerf, we conclude that (0 # ki (" ") € Q1) k1(a™ ") € Q1. As Qq is a (weakly)
(t,n)-absorbing d-semiprimary hyperideal of G'1, then there exist (t — 1)n —t + 2 of a}s whose
ki-product is in §(Q1). Now, since f is a homomorphism and f(§(Q1)) = ¢'(f(Q1)), the proof

is completed.

Theorem 2.29. Let P and Q be two proper hyperideals of G with P C Q. If Q is an (t,n)-
absorbing 0-semiprimary hyperideal of G, then Q/P is an (t,n)-absorbing d,-semiprimary
hyperideal of G/P.

Proof. By considering the natural homomorphism = : G — G/P, defined by w(a) =
f(a, P,0(m=2)) and using Theorem , we are done.

Theorem 2.30. Let Q be an (t,n)-absorbing §-semiprimary hyperideal of G. If G' is a
subhyperring of G such that G' € Q, then QNG is an (t,n)-absorbing 6-semiprimary hyperideal
of G'.

Proof. 1t follows by Theorem . 0O

Theorem 2.31. Let 1 and d2 be two hyperideal expansions of Krasner (m,n)-hyperrings Gy
and Ga, respectively, such that 6(Q1 X Q2) = 01(Q1) X 92(Q2), for hyperideals Q1 and Q2 of
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G1 and Ga, respectively. If Q = Q1 X G is a weakly (t,n)-absorbing §-semiprimary hyperideal
of G1 x Ga, then it is an (t,n)-absorbing §-semiprimary hyperideal of G1 x Ga.

Proof. Assume that Q1 x Go is a weakly (¢, n)-absorbing d-semiprimary hyperideal of G1 x G.
Since k(QU~**t1) £ 0, we conclude that Q = Q1 x Gy is an (¢, n)-absorbing d-semiprimary
hyperideal of G; x G5 by Theorem . 0

We say that § has () property if it satisfies the condition: 6(Q) = G, if and only if Q = G,
for all hyperideals @ of G.

Theorem 2.32. Let d1,...,0m—t+1 be hyperideal expansions of Krasner (m,n)-hyperrings
G1,...,Gi—t4+1, such that each §; has () property and §(Q1 X -+ X Qu—t+1) = 01(Q1) X

X Opp—t+41(Qtn—t+1), for hyperideals Q1, -+ ,Qin—t+1 of G1, -+, Gin—t+1, respectively. If
Q = Q1 X X Quu—t+1 s a weakly (t,n)-absorbing §-semiprimary hyperideal of G = G X

<X Gip—ty1, then Q is an (t,n)-absorbing §-semiprimary hyperideal of G = G1 X+ X Gp—t41-

Proof. Let @ is a weakly (t,n)-absorbing d-semiprimary hyperideal of G. Let us consider the
following elements of G: x; = (1g,. ..., 1q;_1, @i, Lgiyys -+ s LGun_syq ), forall 1 < i <itn—t41.
Then we have 0 # k(z}"~"*1) € Q. Since Q = Q1 x -+ X Q441 is a weakly (t,n)-absorbing
0-semiprimary hyperideal of G = Gy X - -+ X Gp—¢41, then there exists (t — 1)n — ¢t + 2 of the
x;s whose k-product is in §(Q) = 61(Q1) X -+ X dtn—t+1(Qn—t+1). This implies that there
exists some 1 < j < tn —t + 1, such that 1g, € 0;(Q;), which means §;(Q;) = G;. Since J;
has () property, then Q; = G;. Hence we conclude that k(Q"~t+1)) = 0, which implies Q
is an (t,n)-absorbing d-semiprimary hyperideal of G by Theorem . 0O

Theorem 2.33. Let 01,...,01—1+1 be hyperideal expansions of Krasner (m,n)-hyperrings
Gi,...,Gip—t+1, such that each &; has (B) property and §(Q1 X -+ X Q—t+1) = 61(Q1) X

X Opn—t4+1(Qin—t+1), for hyperideals Q1,...,Qim—t+1 of G1,...,Gin—t4+1, respectively. If
Q = Q1 X+ X Qtn—ty1 15 a weakly (t + 1,n)-absorbing d-semiprimary hyperideal of G =
G1 X -+ X Gip—ty1, then either there exists 1 <u <tn—1t+1, such that Q is an (t +1,n)-
absorbing §-semiprimary hyperideal of Gy, and Q; = G;, for each 1 <i <itn—t+1 and i # u,
or Qu and Q, are (t,n)-absorbing o, ,-semiprimary hyperideals of G,, and G, respectively, for

some u,v € {1,--- ;tn—t+ 1} and Q; = Gy, for all1 <i<tn—t+1, but i # u,v.

Proof. Let Q = Q1 X+ - X Qn—t+1 be a weakly (t+1,n)-absorbing d-semiprimary hyperideal of
G = G1 X ... X Gp—t+1. Therefore we conclude that @ is an (¢ + 1, n)-absorbing -semiprimary
hyperideal of G by Theorem . Now, by using Theorem , we are done.
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3. CONCLUSION

This research contributes to the idea of (¢, n)-absorbing d-semiprimary hyperideals in Kras-
ner (m,n)-hyperrings, and gives a description of these hyperideals. We examined whether
the radical of an (¢,n)-absorbing d-semiprimary hyperideal preserves the algebraic structure.
Additionally, we generalized this notion to weakly (¢,n)-absorbing d-semiprimary hyperide-
als. We gave many special results illustrating these structures. Furthermore, a version of
Nakayama's Lemma was studied on commutative Krasner (m, n)-hyperrings. We investigated
the images and inverse images of (weakly) (¢, n)-absorbing d-semiprimary hyperideals under a
homomorphism. Also, some characterizations of these concepts were given on cartesian prod-
uct of Krasner (m,n)-hyperrings. In future work, one can study similar notions in the context

of (m,n)- hypermodules.
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