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FINITE GROUPS WITH SOME HC−SUBGROUPS

MOHAMED RAMADAN SHAHIN∗

Abstract. Let G be a finite group. A subgroup H of G is called an H−subgroup in G if

Hg ∩NG(H) ≤ H for all g ∈ G. A subgroup H of G is called an HC−subgroup in G if there

exists a normal subgroup T of G such that G = HT and Hg ∩ NT (H) ≤ H for all g ∈ G.

In this paper, we give some new criteria for p−nilpotency and supersolvability of a group G

when certain subgroups of prime power orders of G are HC−subgroups.

1. Introduction

All groups considered in this paper will be finite. We use conventional notions and notation
as in Doerk and Hawkes [8]. A class of groups F is a formation if F contains all homomorphic
images of a group in F, and if G/M and G/N are both in F, then G/(M ∩N) is in F for any
normal subgroups M and N of G. A formation F is said to be saturated if G/Φ(G) ∈ F implies
that G belongs to F. Let U be the class of all supersolvable groups. Clearly, U is a saturated
formation. The U−hypercenter of G will be denoted by ZU (G), that is, the product of all
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normal subgroups N of G such that every chief factor of G below N has a prime order. For
more details about saturated formations, see [8], IV. The generalized Fitting subgroup F ∗(G)

of G is the set of all elements x of G which induce an inner automorphism on every chief factor
of G. Clearly, F ∗(G) is a characteristic subgroup of G, see [14], Chapter X, Section 13.

Maximal subgroups of Sylow subgroups play an important role in determining the structure
of a finite group. They have been studied by many scolars. A typical result in this direction is
due to Srinivasan [19]. It states that a finite group G is supersolvable if all maximal subgroups
of any Sylow subgroup of G are normal in G. This result has been widely generalized as
normality was extended. In [20], Wang generalized Srinivasan’s result by the weaker concept
of c-normality. Bianchi et al. [6] introduced the concept of H−subgroup as follows: A subgroup
H of a group G is called an H−subgroup in G if Hg ∩NG(H) ≤ H for all g ∈ G. Later, Asaad
[1] studied and analyzed the influence of H−subgroups of maximal subgroups of the Sylow
subgroups of a group G on the p−nilpotency and supersolvability of G. It has been proved that
the concepts of c-normality and H−subgroups provided better tools for us to investigate the
structure of finite groups. However, there is no inclusion relationship between two concepts, see
Examples 1 and 2 in [21]. Some attempts were made to unify and generalize the concepts of c-
normality and H−subgroup. In this direction, Asaad et al. [2] introduced a new concept, called
a weakly H−subgroup, which covers properly both c-normality and H−subgroup as follows:
A subgroup H of a group G is called a weakly H−subgroup in G if there exists a normal
subgroup T of G such that G = HT and H ∩T is an H−subgroup in G. Afterwards there was
a lot of interesting results concerning this concept; see for example [3, 4, 7, 9, 15]. Recently,
Wei and Guo [21] introduced the concept, called an HC−subgroup, which is a generalization
of both c-normality, H−subgroup and weakly H−subgroup as follows: A subgroup H of a
group G is called an HC−subgroup in G if there exists a normal subgroup T of G such that
G = HT and Hg ∩NT (H) ≤ H for all g ∈ G.

Like a normal subgroup, one can easily find a subgroup H of a group G may be
HC−subgroup in some subgroup containing H but not be HC−subgroup in G. For exam-
ple:

Example 1.1. Let G = C2

∫
C3 be the regular wearth product, where |C2| = 2 and |C3| = 3.

Then G = [N ]C3, where N is the direct product of three copies of C2. Clearly, C3 is not normal
in G. Let C2 =< x >, and let D = {(x, x, x)|x ∈ C2}, H = {(1, 1, 1), (1, x, 1), (x, 1, 1), (x, x, 1)}
be subgroups of N. Clearly, D is normal in G and H is not normal in G. It is clear that DH = N

and Hg ∩ND(H) = 1 for all g ∈ N which means that H is an HC−subgroup in N. Suppose
that H is an HC−subgroup in G. Then G has a normal subgroup T such that G = HT and
Hg ∩ NT (H) ≤ H for all g ∈ G. If T = G, then H is an H−subgroup in G, and since H is
subnormal in G, it follows by [6] Theorem 6(2), p. 151 that H is normal in G, a contradiction.
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Then T is a proper subgroup of G and so the order of T either 6 or 12. If |T | = 6 and since T

is normal in G, it follows that C3 is normal in G, a contradiction. Thus, we may assume that
|T | = 12. Clearly, C3 is not normal in T. Let A be a Sylow 2−subgroup of T. Then CT (A) = A

and since |T | = 12, we have that T ∼= A4. Clearly, T2 = {(1, 1, 1), (x, x, 1), }(1, x, x), (x, 1, x)} is
normal in G. Then T2C3 is a subgroup of G of order 12. Since C3 is not normal in G, it follows
that C3 is not normal in T2C3. Now it follows that T2C3

∼= A4. Clearly, A = T2 ≤ T. It is
easily to see that NT (H) = T2. Then H(123) ∩NT (H) = H(123) ∩ T2 = {(1, 1, 1), (1, x, x)} ≦̸ H

for some (123) ∈ G which implies that H is not HC− subgroup in G, a contradiction (see [5]).

However, according to this example it is natural to ask the following question:
If a finite group G does have some HC−subgroups, what can we say about the structure of

G?

The purpose of this paper is to present positive answer of the above question. In detail, we
got new results about the p−nilpotency and supersolvability of a finite group G when certain
subgroups of prime power orders of G are HC−subgroups. More precisely, we prove:

Theorem 1.2. Let p be the smallest prime dividing the order of a group G and P a Sylow
p−subgroup of G. If every maximal subgroup of P is an HC−subgroup in NG(P ) and P

′ is
normal in G, then G is p−nilpotent.

Theorem 1.3. Let E be a normal subgroup of a group G. Suppose that for every Sylow
subgroup P of E, every maximal subgroup of P is an HC−subgroup in NG(P ) and P

′ is
normal in G. Then E ≤ ZU (G).

Theorem 1.4. Let F be a saturated formation containing the class of all supersolvable groups
U and let E be a normal subgroup of a group G such that G/E ∈ F. Let X = E or X = F ∗(E).

Suppose that for every prime p dividing the order of X and for every Sylow p−subgroup P of
X, every maximal subgroup of P is an HC−subgroup in NG(P ) and P

′ is normal in G. Then
G ∈ F.

Remark 1.5. The hypothesis that “P ′ is normal in G” in Theorem 1.2 is essential. For
example: Let G = S4 be the symmetric group of degree 4 and P a Sylow 2−subgroup of G.

Obviously, NG(P ) is a non-abelian group of order 8. It is clear that every maximal subgroup
of P is an HC− subgroup in NG(P ) and P

′ is not normal in G, but G is not 2−nilpotent.

Furthermore, the Theorem 1.2 is not true if we replace the assumption that “P ′ is normal
in G” by “P ′ is subnormal in G”, for example, consider G = S4, and P a Sylow 2−subgroup
of G.

Remark 1.6. The hypothesis that “p is the smallest prime dividing the order of a group G” in
Theorem 1.2 can not be remove. For example: Let G = A5 be the alternating group of degree
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5 and P a Sylow 3−subgroup of G. Then every maximal subgroup of P is an HC−subgroup
in NG(P ) and P

′ is normal in G, but G is not 3−nilpotent.

2. Preliminaries

In this section, we collect some results which are required in the proofs of our main results:

Lemma 2.1. ([21], Lemmas 2.3 and 2.4) Let H and K be subgroups of a group G. Then
(1) If H is an HC−subgroup in G and H ≤ K ≤ G, then H is an HC−subgroup in K.

(2) If H is an HC−subgroup in G and N a normal subgroup of G such that N ≤ H, then
H/N is an HC−subgroup in G/N.

(3) Let H be a p−subgroup of G and N a normal p′−subgroup of G. If H is an HC−subgroup
in G, then HN is an HC−subgroup in G and HN/N is an HC−subgroup in G/N.

Lemma 2.2. [11], Lemma 3.6.10) Let N be a normal subgroup of a group G and let P be a
p−subgroup of G. Then NG/N (PN/N) = NG(P )N/N if one of the following holds:

(1) P is a Sylow p−subgroup of G.

(2) (|N |, p) = 1.

Lemma 2.3. Let K be a normal p′−subgroup of a group G and P a Sylow p−subgroup of G
for some prime p dividing the order of G. If every maximal subgroup of P is an HC−subgroup
in NG(P ), then every maximal subgroup of PK/K is an HC−subgroup in NG/K(PK/K).

Proof. Let M/K be a maximal subgroup of PK/K. Then M = K(P ∩ M). Thus |PK/K :

M/K| = |PK : (P∩M)K| = |P : P∩M | = p, which implies that P∩M is a maximal subgroup
of P. Write H = P ∩M. By hypothesis, H is an HC−subgroup in NG(P ). Then NG(P ) has a
normal subgroup T such that NG(P ) = HT and Hx∩NT (H) ≤ H for all x ∈ NG(P ). It follows
from Hx ≤ P ≤ NG(H) that (H ∩ T )x = Hx ∩ T = Hx ∩NG(H)∩ T = Hx ∩NT (H) ≤ H ∩ T

for all x ∈ NG(P ) as H is an HC−subgroup in NG(P ). This means that H ∩ T is normal in
NG(P ).

Since NG(P ) = HT, we have that NG(P ) = PT. It is easy to note that P ∩ T = P ∩ TK

and so H ∩ T = H ∩ TK. It is clear that NG(P )K = (HK) (TK). Let g ∈ NG(P )K. Then
g = xk, where x ∈ NG(P ) and k ∈ K. Since NG(HK) = NG(H)K, it follows that (HK)g ∩
NTK(HK) = HgK∩TK∩NG(HK) = (Hg∩TK)K∩NG(H)K = (H ∩TK)gK∩NG(H)K =

(H ∩ TK)xkK ∩ NG(H)K = [(H ∩ TK)xK ∩ NG(H)K]k = [(H ∩ TK)x ∩ NG(H)K]kK =

[Hx ∩ TK ∩NG(H)K]kK = [Hx ∩ (NG(H) ∩ TK)K]kK = [Hx ∩NTK(H)K]kK.
Let P1 be a Sylow p−subgroup of NTK(H)K. Then for some y ∈ NTK(H)K, (Hx ∩

NTK(H)K)y = Hxy ∩ NTK(H)K ≤ P1 ≤ NTK(H) as (|K|, p) = 1. Then it follows
that (Hx ∩ NTK(H)K)y = Hxy ∩ NTK(H)K ≤ Hxy ∩ NTK(H) = (Hx ∩ NTK(H))y =

(Hx∩TK∩NG(H))y = ((H∩TK)x∩NG(H))y = ((H∩T )x∩NG(H))y = (Hx∩T ∩NG(H))y =
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(Hx∩NT (H))y ≤ Hy as H is an HC−subgroup in NG(P ). Thus, from the previous paragraph
of this proof, we conclude that (HK)g ∩ NTK(HK) = (Hx ∩ NTK(H)K)kK ≤ HK for all
g ∈ NG(P )K. Furthermore, NG(P )K = (HK)(TK). Therefore, M = HK is an HC−subgroup
in NG(PK) = NG(P )K. By Lemma 2.1(3), M/K = HK/K is an HC−subgroup in
NG(P )K/K. Since NG/K(PK/K) = NG(P )K/K by Lemma 2.2, it follows that M/K is an
HC−subgroup in NG/K(PK/K).

Lemma 2.4. ([21] Theorem 3.7) Let p is the smallest prime dividing the order of a group G

and P a Sylow p−subgroup of G. If every maximal subgroup of P is an HC−subgroup in G,
then G is p−nilpotent.

Lemma 2.5. ([17], II, Lemma 7.9) Let P be a nilpotent normal subgroup of a group G. If
P ∩ Φ(G) = 1, then P is a direct product of some minimal normal subgroups of G.

Lemma 2.6. Let H be a normal subgroup of a group G and P a Sylow p−subgroup of H. If
N is a normal p′−subgroup of G and every maximal subgroup of P is an HC−subgroup in
NG(P ), then every maximal subgroup of PN/N is an HC−subgroup in NG/N (PN/N).

Proof. By Lemma 2.2(2), NG/N (PN/N) = NG(P )N/N and so the result holds similar argu-
ments as in the proof of Lemma 2.3.

Lemma 2.7. ([12] Theorem 3.4) Let P be a normal p−subgroup of G. If all maximal subgroups
of P are HC−subgroups in G, then P ≤ ZU (G).

Lemma 2.8. ([3], Lemma 4.5) Let F be a saturated formation containing the class of all
supersolvable groups U and let E be a normal subgroup of a group G such that G/E ∈ F. If
E ≤ ZU (G), then G ∈ F.

Lemma 2.9. ([14], Chapter X, Section 13) Let G be a group.
(1) If G ̸= 1, then F ∗(G) ̸= 1.

(2) If F ∗(G) is solvable, then F ∗(G) = F (G).

Lemma 2.10. ([18] Theorem B) Let F be a formation and let E be a normal subgroup of G.

If F ∗(E) ≤ ZF(G), then E ≤ ZF(G).

3. Proofs of the main results

Proof of Theorem 1.2
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Proof. Suppose that the theorem is false and let G be a counterexample of minimal order.
Then

(1) Op′ (G) = 1.

Suppose that Op′ (G) ̸= 1. Since (POp′ (G)/Op′ (G))
′
= P

′
Op′ (G)/Op′ (G) and P

′ is normal
in G by hypothesis, (POp′ (G)/Op′ (G))

′ is normal in G/Op′ (G). Furthermore, every maximal
subgroup of POp′ (G)/Op′ (G) is an HC−subgroup in NG/O

p
′ (G)(POp′ (G)/Op′ (G)) by Lemma

2.3. Therefore, G/Op′ (G) satisfies the hypothesis of the theorem. By the minimality choice of
G, we have that G/Op′ (G) is p−nilpotent and so G is p−nilpotent, a contradiction.

(2) If H is a proper subgroup of G with P ≤ H, then H is p−nilpotent.
It is clear that P

′ is normal in H and NH(P ) ≤ NG(P ). By Lemma 2.1(1), every maximal
subgroup of P is an HC−subgroup in NH(P ). Thus H satisfies the hypothesis of the theorem.
By the minimal choice of G, we have that H is p−nilpotent.

(3) If L is a normal p−subgroup of G such that 1 < L < P, then G/L is p−nilpotent.
Let G = G/L and P = P/L. Then, by Lemma 2.2, NG(P ) = NG(P )/N. By Lemma 2.1(2),

every maximal subgroup of P is an HC−subgroup in NG(P ). It follows that G satisfies the
hypothesis of the theorem. Thus, the minimal choice of G implies that G is p−nilpotent.

(4) P > Op(G) ≥ P
′
> 1, G is p−solvable and CG(Op(G)) ≤ Op(G).

Suppose that P is normal in G. Then G is p−nilpotent by Lemma 2.4, which is a contradic-
tion. Therefore, NG(P ) < G and hence Op(G) < P. Suppose that P

′
= 1. Since NG(P ) < G,

it follows from (2) that NG(P ) is p−nilpotent and thus NG(P ) = CG(P ), which implies that
G is p−nilpotent by Burnside’s Theorem [10], Theorem 7.4.3, a contradiction. Hence P

′
> 1.

As P
′ is normal in G by hypothesis, we have that Op(G) ≥ P

′
> 1. Now, by applying (3), we

have that G/Op(G) is p−nilpotent. It follows that G is p−solvable. By (1) and [10], Theorem
6.3.2, we have that CG(Op(G)) ≤ Op(G).

(5) There exists a Sylow q− subgroup Q of G with q ̸= p such that G = PQ.

Since G is p− solvable by (4), there exists a Sylow q− subgoup Q of G such that PQ = QP

for any prime q ̸= p by [10] Theorem 6.3.5. If PQ < G, then by (2), PQ is p−nilpotent.
It follows that Q ≤ CG(Op(G)), and hence the step (4) provides a contradiction.

(6) Op(G) = P
′ is the unique minimal normal subgroup of G.

From (1) and (4), Φ(G) ≤ Op(G). If Φ(G) ̸= 1, then by (3), G/Φ(G) is p−nilpotent. By
[13], Hilfssatz 6.3, p. 689, G is p−nilpotent, a contradiction. Hence Φ(G) = 1. By Lemma
2.5, Op(G) is the direct product of minimal normal subgroups of G. If N1 and N2 are minimal
normal subgroups of G lying in Op(G) with N1 ̸= N2, then by (3), G/N1 and G/N2 are
p−nilpotent and so G/(N1 ∩ N2) ∼= G is p−nilpotent, a contradiction. Thus Op(G) is the
unique minimal normal subgroup of G. Thus, it follows from (4) that Op(G) = P

′ as desired.
(7) Final contradiction.
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Since Op(G)Q∩P = Op(G) = P ′ ≤ Φ(P ), it follows by Tate’s Theorem [13], Satz 4.7, p. 431
that Op(G)Q is p− nilpotent. Thus Op(G)Q = Op(G)×Q and hence Q ≤ CG(Op(G)) ≤ Op(G)

by (4), which provides a final contradiction.

As an immediate consequence of Theorem 1.2, we have:

Corollary 3.1. Let p be the smallest prime dividing the order of a group G and let H be a
normal subgroup of G such that G/H is p−nilpotent. Let P be a Sylow p−subgroup of H and
suppose that every maximal subgroup of P is an HC−subgroup in NG(P ) and P

′ is normal in
G. Then G is p−nilpotent.

Proof. We prove the result by induction on the order of G. It is clear that P
′ is normal in H

and NH(P ) ≤ NG(P ). By Lemma 2.1(1), every maximal subgroup of P is an HC−subgroup
in NH(P ). By applying Theorem 1.2, H is p−nilpotent. Let K be a normal p−complement in
H. Then K is normal in G and (G/K)/(H/K) ∼= G/H is p−nilpotent. In veiw of Lemmas 2.1
and 2.6, we conclude that G/K satisfies the hypothesis of the theorem for its normal subgroup
H/K.

If K ̸= 1, then G/K is p−nilpotent by induction and so G is p−nilpotent. Thus we may
assume that K = 1 and therefore H = P is a p−group. Let S/H be a normal p−complement in
G/H. By Schur−Zassenhaus Theorem, there is a complement S1 of H in S whence S = HS1.

It is clear that S satisfies the hypothesis of the Theorem 1.2 and therefore, S = H×S1. Hence
S1 is a normal p−complement in G. This completing the proof.

Corollary 3.2. Let G be a group. Suppose that for every p ∈ π(G), there exists a Sylow p−
subgroup P of G such that evey maximal subgroup of P is an HC−subgroup in NG(P ) and P

′

is normal in G. Then G has a Sylow tower of supersolvable type.

Proof. Let p be the smallest prime dividing the order of G and P a Sylow p−subgroup of G.

By Theorem 1.2, G is p−nilpotent. Let K be a normal p−complement of G. It is clear that
K satisfies the hypothesis of the result, and therefore by induction on the order of G, K has
a Sylow tower of supersolvable type, whence G has a Sylow tower of supersolvable type.

Now, we prove the following theorem:

Theorem 3.3. Let G be a group such that for every prime p dividing the order of G, there
is a Sylow p−subgroup P of G with the property that every maximal subgroup of P is an
HC−subgroup in NG(P ) and P

′ is normal in G. Then G is supersolvable.
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Proof. Suppose that the theorem is false and let G be a counterexample of minimal order.
Using Corollary 3.2, G has a Sylow tower of supersolvable type. Then G has a normal Sylow
p−subgroup P, where p is the largest prime dividing the order of G. Let N be a minimal
normal subgroup of G contained in P. By Lemmas 2.3 and 2.6, G/N satisfies the hypothesis
of the theorem. Then the minimal choice of G implies that G/N is supersolvable. Now, if
P ∩ Φ(G) ̸= 1, then G/P ∩ Φ(G) is supersolvable and since P ∩ Φ(G) ≤ Φ(G), we have by
[13], Satz 8.6, p. 713 that G is supersolvable, a contradiction. Thus we may assume that
P ∩ Φ(G) = 1. By Lemma 2.5, P is the direct product of minimal normal subgroups of G

which are contained in P. Hence if N1 and N2 are two distinct minimal normal subgroups
of G lying in P, then G/N1 and G/N2 are supersolvable by the above argument and so G is
supersolvable, a contradiction. Thus P is the unique minimal normal subgroup of G. Let P1

be a maximal subgroup of P. By hypothesis, P1 is an HC−subgroup in NG(P ) = G. Then G

has a normal subgroup T such that G = P1T and P x
1 ∩NT (P1) ≤ P1 for all x ∈ G. It follows

from P x
1 ≤ P ≤ NG(P1) that (P1 ∩T )x = P x

1 ∩T = P x
1 ∩NG(P1)∩T = P x

1 ∩NT (P1) ≤ P1 ∩T

for any x ∈ G. This means that P1 ∩ T is normal in G. Since P is a unique minimal normal
subgroup of G, we have that P1 ∩ T = 1. Since G = P1T = PT, then |P ∩ T | = p. Since P ∩ T

is normal in G, we have that P = P ∩T is a cyclic group of order p. In view of supersolvability
of G/P, we get that G is supersolvable, a final contradiction completes the proof.

Proof of Theorem 1.3

Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. By
Lemma 2.1 and Theorem ??, E is supersolvable. Then E has a normal Sylow r−subgroup R,

where r is the largest prime dividing the order of E. It is clear that R is normal in G. Hence
by Lemma 2.7, R ≤ ZU (G) and so R < E. Write G = G/R and E = E/R. It is clear that
the commutator subgroup of every Sylow subgroup of E is normal in G = G/R. By Lemma
2.3, every maximal subgroup of P = PR/R of E is an HC−subgroup in NG(P ). Then by the
minimal choice of G, E/R ≤ ZU (G/R). Since R ≤ ZU (G), we have that E/R ≤ ZU (G/R) =

ZU (G)/R and so E ≤ ZU (G), a final contradiction.

Proof of Theorem 1.4

Proof. Let X = E. By Theorem 1.3, E ≤ ZU (G). Then by Lemma 2.8, G ∈ F.
Let X = F ∗(E). By Lemma 2.1 and Theorem 3.3, F ∗(E) is supersolvable. Then by Lemma

2.9(2), F ∗(E) = F (E). Let P be any Sylow p−subgroup of F (E). Then by Lemma 2.7, P ≤
ZU (G) and hence F ∗(E) = F (E) ≤ZU (G). By Lemma 2.10, E ≤ ZU (G). Again by Lemma 2.8,
G ∈ F.
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4. Some corollaries of the results

Our main theorems have many corollaries as follows:

Corollary 4.1. Let P be a Sylow p−subgroup of a group G, where p is the smallest prime
dividing the order of G. If all maximal subgroups of P are c-normal in NG(P ) and P

′ is normal
in G, then G is p−nilpotent.

Corollary 4.2. Let P be a Sylow p−subgroup of a group G, where p is the smallest prime
dividing the order of G. If all maximal subgroups of P are H−subgroups in NG(P ) and P

′ is
normal in G. Then G is p−nilpotent.

Corollary 4.3. Let P be a Sylow p−subgroup of a group G, where p is the smallest prime
dividing the order of G. If all maximal subgroups of P are weakly H−subgroups in NG(P ) and
P

′ is normal in G. Then G is p−nilpotent.

Corollary 4.4. If all maximal subgroups of every Sylow subgroup P are c-normal in NG(P )

and P
′ is normal in G, then G is supersolvable.

Corollary 4.5. If all maximal subgroups of every Sylow subgroup P are H−subgroups in
NG(P ) and P

′ is normal in G, then G is supersolvable.

Corollary 4.6. If all maximal subgroups of every Sylow subgroup P are weakly H−subgroups
in NG(P ) and P

′ is normal in G, then G is supersolvable.

Corollary 4.7. Let G be a group with a normal subgroup E of G such that G/E is supersolv-
able. If all maximal subgroups of every Sylow subgroup P of E are HC−subgroups in NG(P )

and P
′ is normal in G. Then G is supersolvable.

Corollary 4.8. Let G be a group with a normal subgroup E of G such that G/E is super-
solvable. If all maximal subgroups of every Sylow subgroup P of E are weakly H−subgroups
in NG(P ) and P

′ is normal in G. Then G is supersolvable.

Corollary 4.9. Let G be a group with a normal subgroup E of G such that G/E is super-
solvable. If all maximal subgroups of every Sylow subgroup P of F ∗(E) are HC−subgroups in
NG(P ) and P

′ is normal in G. Then G is supersolvable.

Corollary 4.10. Let G be a group with a normal subgroup E of G such that G/E is supersolv-
able. If all maximal subgroups of every Sylow subgroup P of F ∗(E) are weakly H−subgroups
in NG(P ) and P

′ is normal in G. Then G is supersolvable.

Corollary 4.11. Let G be a group. If all maximal subgroups of every Sylow subgroup P of
F ∗(G) are HC−subgroups in NG(P ) and P

′ is normal in G. Then G is supersolvable.
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Corollary 4.12. Let G be a group. If all maximal subgroups of every Sylow subgroup P of
F ∗(G) are weakly H−subgroups in NG(P ) and P

′ is normal in G. Then G is supersolvable.

Corollary 4.13. Let F be a saturated formation containing the class of all supersolvable
groups U and let G be a group has a solvable normal subgroup E such that G/E ∈ F. If all
maximal subgroups of every Sylow subgroup P of F (E) are HC−subgroups in NG(P ) and P

′

is normal in G, then G ∈ F.

Corollary 4.14. Let G be a solvable group. If all maximal subgroups of every Sylow subgroup
P of F (G) are HC−subgroups in NG(P ) and P

′ is normal in G, then G ∈ F.

Note that Corollary 4.14 is not true if the solvability of G is omitted as the nonabelian
simple groups shows.
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