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MAXIMUM RANDIĆ ENERGY OF UNICYCLIC GRAPHS

SHIVA SEPIDBON, NADER JAFARI RAD∗ AND AKBAR JAHANBANI

Abstract. Given a graph G = (V,E), the randić matrix of G is R(G) = (rij), where

rij = 1√
dvidvj

if vivj ∈ E(G) and 0 otherwise, and dvi is the degree of the vertex vi in G.

The randić energy is the sum of absolute values of the eigenvalues of randić matrix. The

R-polynomial of G is defined by ϕR(G, x) = det(xIn − R(G)). In this paper, we obtain the

R-polynomial as well as the randić energy of a unicyclic graph. In particular, we determine

all unicyclic graphs with maximum randić energy.

1. Introduction

Let G = (V,E) be a simple connected graph of order n and A(G) its adjacency matrix. For
a vertex v in G, the degree of v, denoted by dv = dG(v), is the number of vertices adjacent to
v. A vertex of degree one is referred as a leaf and its unique neighbor is referred as a support
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vertex. Let the characteristic polynomial ϕ(G, x) (or just ϕ(G)) of G be

ϕ(G, x) = det(xIn −A(G)) =

n∑
k=0

akx
n−k,

where a0(G), a1(G), . . . , an(G) are the coefficients of the characteristic polynomial of the graph
G. Since the adjacency matrix A(G) is a real symmetric matrix, its characteristic roots
(eigenvalues) are all real, and can be sorted as λ1 ⩾ λ2 ⩾ · · · ⩾ λn.
The randić matrix of a graph G is defined as rij = 1√

dvidvj
if vivj ∈ E(G) and 0 otherwise.

Since the randić matrix R(G) is real symmetric, we can order its eigenvalues so that ρ1 ⩾ ρ2 ⩾
· · · ⩾ ρn. In addition, the R-polynomial of G defined by ϕR(G, x) = det(xIn − R(G)) is the
R-characteristic polynomial of G. For references on chemical graph theory variants, see for
example, [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13].

A connected graph of order n is a tree (unicyclic) if it has n−1 (n, respectively) edges. It is
clear that a unicyclic graph contains precisely one cycle as an induced subgraph. In this paper
we use the following representation of a unicyclic graph. Let G be a unicyclic graph of order n
with the induced cycle C : v1v2 . . . vm of order m. Then removing all edges of C results m trees
T1, . . . , Tm, where vi ∈ V (Ti), for i = 1, 2, . . . ,m. We denote G by U(n,m;T1, T2, . . . , Tm).
Thus for any unicyclic graph G of order n, there is an integer 3 ≤ m ≤ n and m trees T1, . . . , Tm

such that G = U(n,m;T1, T2, . . . , Tm).
In this paper, we obtain the R-polynomial as well as the randić energy of a unicyclic graph.

In particular, we determine all unicyclic graphs with maximum randić energy.
For an integer k ≥ 1, we denote by m(G, k) the number of k-matchings of a graph G, that

is, the number of ways in which k independent edges can be selected in G. By definition,
m(G, 0) = 1 for all graphs, and m(G, 1) is equal to the number of edges of G. We also
denote by Kn, Pn and Cm to refer the complete graph, the path and the cycle on n vertices,
respectively.

The organization of the paper is as follows. In Section 2, we state the main result of this
paper. In Section 3, we state some known results including the Sachs theorem and known
results on R-polynomials of trees. In Section 4, we prove necessary lemmas and theorems by
introducing three operations and proving three lemmas on them. In Section 5, we prove the
main result of this paper.

2. Main result

The subdivision of an edge uv is the deletion of uv and the addition of two edges uw and
wv along with a new vertex w. A tree T is 2-spider if T = P3, T = P5 or T is obtained from
a star of order at least four by subdivision of all edges of the star. The center of a 2-spider T
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is a leaf of T if T = P3, the central vertex of T if T = P5 and the vertex of maximum degree,
otherwise. We will prove the following result.

Theorem 2.1. Let G = U(n,m;T1, T2, . . . , Tm) be a unicyclic graph with maximum randić
energy. then:
1. Assume that n−m is odd. If n−m = 1, then there is precisely one integer j ∈ {1, . . . .,m}
such that Tj = K2 and Ti = K1 for all i ∈ {1, 2, . . . ,m} − {j}, and if n − m ≥ 3 then
there are integers j1, . . . , jk ∈ {1, . . . ,m}, where 1 ≤ k ≤ m, such that Tjl is obtained by
joining the vertex vjl to the center of a 2-spider for l = 1, 2, .., k, and Ti = K1 for all
i ∈ {1, 2, . . . ,m} − {j1, . . . , jk}.
2. Assume that n−m is even. If n−m = 0, then G = Cm, and if n−m > 0 then G is obtained
from U(n− 1,m;T1, T2, . . . , Tm) by adding a leaf to a leaf of U(n− 1,m;T1, T2, . . . , Tm).

3. Known results

A weighted graph Gw is a graph whose edges are assigned values (weight of the edge w(eij)).
The matrix where entry (i, j) is the value of edge between vertices i and j is called the adjacency
matrix of the weighted graph Aw. A subgraph of G called a Sachs subgraph, if it K2 or a cycle
Cm for some m ≥ 3. The following Sachs theorem determines the coefficients of characteristic
polynomial of a graph depending on the structure of the graph G.

Theorem 3.1. (Sachs theorem) Let ϕ(G, x) =| xI − A |=
n∑

k=0

akx
n−k be the characteristic

polynomial of an arbitrary G. Then

ak =
∑
L∈Lk

(−1)P (L)2C(L) (k = 1, . . . , n),

where Lk denotes the set of all the Sachs subgraphs in G with exactly i vertices, which each of
its components is either a K2 or a cycle; and P (L) and C(L) are the number of components
and cycles of L respectively, where the summation is taken over all Sachs subgraphs in G. In
addition, a0 = 1.

Now Sach’s theorem can be reformulated for weighted graphs as follows. Let Gw be an
arbitrary weighted graph with characteristic polynomial ϕ(Gw, x) =| xI − Aw |=

n∑
k=0

akx
n−k.

Then

ak =
∑
L∈Lk

(−1)P (L)2C(L)
∏

e∈E(L)

w(e)t(e,L),

where Lk denotes the set of all the Sachs subgraphs in Gw with exactly k vertices, such
that each of its components is either a K2 or a cycle; and P (L) and C(L) are the number
of components and cycles of L, respectively, t(e, L) is 1 if e ∈ E(Ci) and 2 otherwise, and∏

e∈E(L)w(e)
t(e,L) is the product of the weights of the edges that are contained in subgraphs
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to the power of t(e, L), where E(L) is the set of edges of L.
Since the Randić matrix is the adjacency matrix of the weighted graph, where the weight of
each edge is w(eij) =

1√
dG(vi)dG(vj)

, we have a new formula when applied to Randić matrix R

immediately (for more details see [4]).

Corollary 3.2. Let G be a arbitrary graph with R-polynomial

ϕR(G, x) =

n∑
k=0

qkx
n−k.

For ei = vivi we have
∏

ei∈E(L)w(ei) =
∏

ei∈E(L)(
1√

dG(vi)dG(ui)
) =

1∏
vi∈V (L) dG(vi)

. Let

V (L) = {v1, v2, . . . , ek} denotes the set of vertices of L. Then the coefficients of R-polynomial
as follows

qk =
∑
L∈Lk

(−1)P (L).
2C(L)∏

vi∈V (L) dG(vi)
,

where i = 1, 2, . . . , k.

We next state some results on the R-polynomial of trees which was presented in [5]. Since
in a tree T the set all Sachs subgraphs with k vertex are k-matchings Lk(G) = Mk(G) ∈ Γ(G),
and C(L) = 0 for L ∈ Lk (acyclic) and P (L) = k, we find that for V (L) = {v1, v2, . . . , vk} the
R-polynomial graph G is

ϕR(G, x) =
n∑

k=0

qkx
n−k =

n∑
k=0

(−1)k(
∑
L∈Lk

1∏
vi∈V (L) dG(vi)

)xn−k,

since all the odd coefficients k of R-polynomial are equal to zero, and its even coefficients are
related to k = 1, 2, . . . , ⌊n2 ⌋, and in addition a0(G) = 1. The R-polynomial of trees has been
calculated in [5], as follows: Let T be a tree of order n and Lk(T ) = Mk(T ) be the set of all
k-matchings of T , for 1 ≤ k ≤ ⌊n2 ⌋. For ei = uivi ∈ E(T ) and L = {e1, e2, . . . , ek} ∈ Mk(T ),
the R-polynomial of T can be written as

ϕR(T, x) =| xI −R(T ) |=
⌊n
2
⌋∑

k=0

(−1)kb(R(T ), k)xn−2k,

where b(R(T ), 0) = 1 and b(R(T ), k) =
∑

L∈Mk(T )

(RT (L)) for 1 ≤ k ≤ ⌊n2 ⌋ with

RT (L) =
1∏

ei∈L dT (ui)dT (vi)
.
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4. Operations and lemmas

In this section we introduce three operations, namely, Operation 1, Operation 2 and Oper-
ation 3 on a unicyclic graph U(n,m;T1, T2, . . . , Tm).

Operation 4.1. Assume that there is a tree Ti with two leaves us, wq at distance at least two
from vi, where us has a support vertex us−1 with dT (us−1) = 2. Then remove the edge usus−1

and add the edge wqus, (see Figure 1).

Figure 1. Unicyclic graphs U and U ′.

Operation 4.2. Assume that there is a tree Ti with at least two leaves u ̸= vi and wq ̸= vi

such that d(wq, vi) ≥ d(ws, vi) for every leaf ws of Ti. Then remove u and add a new vertex
and join it to wq, (see Figure 2).

Figure 2. Unicyclic graphs U and U ′.

Operation 4.3. Assume that there is a Ti of order ni > 4 such that Ti−{vi, ui} has precisely
one component Pk, where k ≥ 4) and all other components are P2, where ui is adjacent to vi.
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Assume that us ̸= ui is the leaf of the Pk-component of Ti − {vi, ui} and us−1 is adjacent to
us (s ≥ 5). Then remove the non-pendant edge of us−1 and join ui to us−1, (see Figure 3).

Figure 3. Unicyclic graphs U and U ′.

To use the above operations in proving our main result we need to prove the following two
theorems.

Theorem 4.4. For an arbitrary unicyclic graph U ,

ϕR(U, x) =

⌊n
2
⌋∑

k=0

(−1)kb(R(U)), k)xn−2k

+
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U − Cm), k)xn−|V (Cm)|−2k,

where b(R(T ), 0) = 1 and for ei = viui, b(R(U), k) =
∑

L∈Lk(U)

(RT (L)) for 1 ≤ k ≤ ⌊n2 ⌋ with

RT (L) =
1∏

ei∈L dT (ui)dT (vi)
.

Proof. Suppose that U = U(n,m;T1, T2, . . . , Tm) is a unicyclic graph with n vertices and Cm

is its cycle. Since the R-polynomial ϕR(U, x) is determined by its coefficients, ϕR(U, x) can be
calculated by Γ(U), the set of all Sachs subgraphs U and Lk(U) ∈ Γ(U) are either matchings
or a cycle with k vertices. By corollary 3.2 we have

ϕR(U, x) =

n∑
k=0

qkx
n−k =

n∑
k=0

(
∑
L∈Lk

(−1)P (L).
2C(L)∏

vi∈V (L) dU (vi)
)xn−k,

where b(R(U), 0) = 1,b(R(U), k) =
∑

L∈Li(U)

(RU (L)), 1 ≤ k ≤ ⌊n2 ⌋ with RU (L) =

1∏
vi∈V (L) dU (vi)

and V (L) = {v1, v2, . . . , ek}, i = 1, 2, . . . , k. Firstly, note that there is no

Sachs graphs with one vertex and so b(R(U)), 1) = 0. Furthermore, the Sachs graphs with
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two vertices have one component which is a K2-graph and the Sachs graphs with three ver-
tices have one component which is a triangle (C3) and the Sachs graphs with four vertices are
those that are corresponding to either a cycle C4 or two K2-graphs, and Sachs graphs with
five vertices are either a cycle C5 or have two-component consisting of a triangle C3 and a
K2-graph. The other Sachs graph can be also described. So, all Sachs subgraphs are in the
form Γ(U) = Γ1(U) ∪ Γ2(U), where Γ1 contains only k-matchings, and Γ2(U) contains the
rest Sachs subgraphs. Now, we write the R-polynomial of a graph in terms of R-polynomial
of sachs subgraphs according to the classes Γ1(U) and Γ2(U).
Case 1: Γ1(U).
The coefficients of the R-polynomial is determined only by number k-matchings. Then by
means of corollary 3.2, the R-polynomial of this class of sachs subgraphs of U can be written
as:

⌊n
2
⌋∑

k=0

(−1)kb(R(U), k)xn−2k,

where for ei = uivi, b(R(U), k) =
∑

L∈Lk(U)

(
1∏

ei∈L dU (ui)dU (vj)
) and ⌊n2 ⌋ is the integer part

of the real n
2 value.

Case 2: Γ2(U).
If k = m, then since there are only one cycle Cm contained in unicyclic graphs, there is only one
sachs subgraph that is Ck. Thus, Lk = {Ck} ∈ Γ2(U). Also we have C(L) = 1 and p(L) = 1,
and so by corollary 3.2 we have 2

dv1 . . . dvm
and b(R(U), 0) = 1. Then the R-polynomial of U

can be written as 2

dv1 . . . dvm
xn−m. Thus assume that k > m. We know that the subgraphs

U −Cm have no cycles, thus the graph U −Cm is acyclic, and so we consider Sachs subgraphs
of U that are cycle Cm together with k−m

2 -matchings of U −Cm, that is, Γ2(U) is the set of all
k−m
2 -matchings of U together with the cycle Cm. Thus, the Sachs subgraphs are of two types,

either disjoint copies of K2 (arising only when k−m is even) or one copy of Cm. In particular,
we have C(L) = 1, for 1 ≤ k ≤ k−m

2 . Hence Lk(U) = {Cm, e1, e2, . . . , e k−m
2

} ∈ Γ2(U), where
{e1, e2, . . . , e k−m

2
} is the set of all k-matchings of U −Cm. By Corollary 3.2, the R-polynomial

of U can be written as:

2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=1

(−1)k+1b(R(U − Cm), k)xn−2k,

where for ei = uivi, b(R(U), k) =
∑

L∈Lk(U)

(
1∏

ei∈L dU (ui)dU (vj)
).

We now compare the Randić energies of two unicyclic graphs. In [5], the Randić energies of
two bipartite graphs were compared by means of their coulson integral formula. This method
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can be used to compare the Randic energies of two unicyclic graphs. As a result, for a unicyclic
graph U , the coulson integral formula can be rewritten as

(1) ER(U) =
1

2π

∫ +∞

−∞

1

x2
ln[(

⌊n
2
⌋∑

k=0

b(R(U), k)x2k) +
2

dv1 . . . dvm
(

⌊n−m
2

⌋∑
k=0

b(R(U −Cm), k)x2k)]dx,

where b(R(T ), 0) = 1 and for ei = viui, b(R(U), k) =
∑

L∈Lk(U)

(RT (L)) for 1 ≤ k ≤ ⌊n2 ⌋ with

RT (L) =
1∏

ei∈L dT (ui)dT (vi)
.

Theorem 4.5. Let U(n,m;T1, T2, . . . , Tm) and U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) be two unicyclic graphs

and their R-polynomials be

ϕR(U, x)=

⌊n
2
⌋∑

k=0

(−1)kb(R(U, k)xn−2k

+
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U − Cm), k)xn−|V (Cm)|−2k,

ϕR(U
′, x)=

⌊n
2
⌋∑

k=0

(−1)kb(R(U ′, k)xn−2k

+
2

dv′1 . . . dv′m

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U ′ − Cm), k)xn−|V (Cm)|−2k,

respectively. Assume that b(R(U ′), k) ≥ b(R(U), k) holds for all k ≥ 1, and there is an
integer k such that b(R(U), k) > b(R(U ′), k). Furthermore, assume that 2

dv′1 . . . dv′m
b(R(U ′ −

Cm), k) ≥ 2

dv1 . . . dvm
b(R(U − Cm), k) for all k ≥ 1, and there is an integer k such that

2

dv′1 . . . dv′m
b(R(U ′ − Cm), k) >

2

dv1 . . . dvm
b(R(U − Cm), k). Then ER(U ′) > ER(U).

Proof. Let U = U(n,m;T1, T2, . . . , Tm) and U ′ = U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) be two unicyclic

graphs with the same number of vertices and cycle length m, and let ϕR(U, x) and ϕR(U
′, x)

be their R-polynomials of degree n, respectively, where b(R(U, k)), b(R(U − Cm, k)) and
b(R(U ′, k)), b(R(U ′ − Cm, k)) are the coefficients of the R-polynomials. We know the R-
polynomials ϕR(U, x) and ϕR(U

′, x) are determined by their coefficients that are the number
of k-matchings and cycle Cm in the graphs U , U −Cm and U ′, U ′ −Cm, respectively. Clearly,
for U , we have k = 0, 1, . . . , ⌊n2 ⌋. As a result, to compare the randić energies of U and U ′,
we compare the coefficients of two R-polynomials with the parameter k. Thus, by applying
eq. (1), from the coulson integral formula (see eq. (1)), ER(U) is a monotonically increasing
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function of b(R(U), k) for k = 0, 1, ..., ⌊n
2
⌋ and b(R(U −Cm), k) for k = 0, 1, ..., ⌊n−m

2
⌋. Con-

sequently, if U and U ′ are unicyclic graphs for which b(R(U ′), k) ≥ b(R(U), k) holds for all
k ≥ 0 and b(R(U ′ − Cm), k) ≥ b(R(U − Cm), k) holds for all k ≥ 0, then ER(U ′) ≥ ER(U).

We now are ready to prove three lemmas related to the three operations.

4.1. Lemmas associated to operations. We first prove the following lemma associated to
Operation 1.

Lemma 4.6. Let U(n,m;T1, T2, . . . , Tm) be a unicyclic graph and U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) be

the graph obtained from U(n,m;T1, T2, . . . , Tm) by Operation 4.1. Then

ER(U ′(n,m;T ′
1, T

′
2, . . . , T

′
m)) = ER(U(n,m;T1, T2, . . . , Tm)).

Proof. Let U ′ = U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) and U = U(n,m;T1, T2, . . . , Tm) be unicyclic graphs

of order n with cycle Cm and by Theorem 4.4 let the R-polynomials of U and U ′ be

ϕR(U, x) =

⌊n
2
⌋∑

k=0

(−1)kb(R(U, k)xn−2k +
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U − Cm), k)xn−|V (Cm)|−2k,

ϕR(U
′, x)=

⌊n
2
⌋∑

k=0

(−1)kb(R(U ′, k)xn−2k +
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U ′ − Cm), k)xn−|V (Cm)|−2k.

respectively, where b(R(U), 0) = b(R(U ′), 0) = b(R(U−Cm), 0) = b(R(U ′−Cm), 0) = 1 and for
ei = viui, b(R(U), k) =

∑
L∈Lk(U)

(RU (L)) for 1 ≤ k ≤ ⌊n2 ⌋ with RU (L) =
1∏

ei∈L dU (ui)dU (vi)

and for ei = viui, b(R(U − Cm), k) =
∑

L∈Lk(U−Cm)

(RU (L)) for 1 ≤ k ≤ ⌊n−m
2 ⌋ with RU (L) =

1∏
ei∈L dU (ui)dU (vi)

. Then for k = 1 we have

b(R(U ′), 1)− b(R(U), 1) =
∑

L∈Lk(U ′)

(RU ′(L))−
∑

L∈Lk(U)

(RU (L))

=RU ′(us−2us−1) +RU ′(wq−1wq) +RU ′(wqus)−RU (us−2us−1)

−RU (us−1us)−RU (wq−1wq)

=
1

dU ′(us−2)dU ′(us−1)
+

1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(us)

− 1

dT (us−2)dT (us−1)
− 1

dT (us−1)dT (us)
− 1

dT (wq−1)dT (wq)
= 0.
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That is, b(R(U ′), 1) = b(R(U), 1). Now similar to the case k = 0 in the second summation

b(R(U ′ − Cm), 0) = b(R(U − Cm), 0) = 1,

1

dU ′(v1) . . . dU ′(vm)
=

1

dU (v1) . . . dU (vm)
.

Similar to the case k = 1 in U − Cm we have b(R(U ′ − Cm), 1)− b(R(U), 1) = 0. That is,

b(R(U ′ − Cm), 1) = b(R(U − Cm), 1).

For k = 2, . . . , ⌊n2 ⌋, let U1 = U−{us−1us}−{wq} and U ′
1 = U ′−{us−1}−{wqus} be subgraphs

of U and U ′, respectively. Then

b(R(U ′), k) =
∑

L∈Lk(U
′
1)

RU ′(L) +

(
1

dU ′(us−2)dU ′(us−1)
+

1

dU ′(wq)dU ′(us)

)
×

∑
L∈Lk−1(U

′
1−{us−2})

RU ′
1−{us−2}(L)

+

(
1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(us)

) ∑
L∈Lk−1(U

′
1−{wq−1})

RU ′
1−{wq−1}(L)

+

(
1

dU ′(us−2)dU ′(us−1)
+

1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(us)

)
×

∑
L∈Lk−1(U

′
1−{us−2}−{wq−1})

RU ′
1−{us−2}−{wq−1}

+

(
1

dU ′(us−2)dU ′(us−1)
× 1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(us−2)dU ′(us−1)

× 1

dU ′(wq)dU ′(us)

) ∑
L∈Lk−2(U

′
1−{us−2}−{wq−1})

RU ′
1−{us−2}−{wq−1}(L).

Similarly,

b(R(U), k) =
∑

L∈Lk(U1)

RU (L) +

(
1

dU (us−2)dU (us−1)
+

1

dU (us−1)dU (us

)
×

∑
L∈Lk−1(U1−{us−2})

RU1−{us−2}(L)

+

(
1

dU (wq−1)dU (wq
+

1

dU (us−1)dU (us)

) ∑
L∈Lk−1(U1−{wq−1})

RU1−{wq−1}(L)

+

(
1

dU (us−2)dU (us−1
+

1

dU (us−1)dU (us)
+

1

dU (wq−1)dU (wq)

)
×

∑
L∈Lk−1(U1−{us−2}−{wq−1})

RU1−{us−2}−{wq−1}
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+

(
1

dU (us−2)dU (us−1
× 1

dU (wq−1)dU (wq)
+

1

dU (us−1)dU (us
× 1

dU (wq−1)dU (wq)

)
×

∑
L∈Lk−2(U1−{us−2}−{wq−1})

RU1−{us−2}−{wq−1}(L).

Note that in U ′ and U we have∑
L∈Lk(U

′
1)

RU ′(L) =
∑

L∈Lk(U1)

RU (L),

∑
L∈Lk(U

′
1−{us−2})

RU ′
1−{us−2}(L) =

∑
L∈Lk(U1−{wq−1})

RU1−{wq−1}(L),

∑
L∈Lk(U

′
1−{wq−1})

RU ′
1−{wq−1}(L) =

∑
L∈Lk(U1−{us−2})

RU1−{us−2}(L),

∑
L∈Lk−2(U

′
1−{us−2}−{wq−1})

RU ′
1−{us−2}−{wq−1}(L) =

∑
L∈Lk−2(U1−{us−2}−{wq−1})

RU1−{us−2}−{wq−1}(L).

Since the corresponding coefficients are equal, so

b(R(U ′), k) = b(R(U), k).

Similarly, b(R(U ′ − Cm)), k)− b(R(U − Cm), k) = 0, which implies that

b(R(U ′ − Cm), k) = b(R(U − Cm), k).

By Theorem 4.5, the lemma holds.

We next prove the following lemma associated to Operation 2.

Lemma 4.7. Let U(n,m;T1, T2, . . . , Tm) be a unicyclic graph and U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) be

the graph obtained from U(n,m;T1, T2, . . . , Tm) by Operation 4.2. Then

ER(U(n,m;T1, T2, . . . , Tm)) ≤ ER(U ′(n,m;T ′
1, T

′
2, . . . , T

′
m)).

Proof. Let U ′ = U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) and U = U(n,m;T1, T2, . . . , Tm) be unicyclic graphs

of order n with cycle Cm and by Theorem 4.4 let the R-polynomials of U and U ′ be

ϕR(U, x) =

⌊n
2
⌋∑

k=0

(−1)kb(R(U, k)xn−2k

+
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U − Cm), k)xn−|V (Cm)|−2k,
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ϕR(U
′, x) =

⌊n
2
⌋∑

k=0

(−1)kb(R(U ′, k)xn−2k

+
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=0

(−1)k+1b(R(U ′ − Cm), k)xn−|V (Cm)|−2k,

respectively, where b(R(U), 0) = b(R(U ′), 0) = b(R(U − Cm), 0) = b(R(U ′ − Cm), 0) = 1 for
ei = viui, b(R(U), k) =

∑
L∈Lk(U)

(RU (L)) for 1 ≤ k ≤ ⌊n2 ⌋ with RU (L) =
1∏

ei∈L dU (ui)dU (vi)

and for ei = viui, b(R(U−Cm), k) =
∑

L∈Lk(U−Cm)

(RU (L)), where 1 ≤ k ≤ ⌊n−m
2 ⌋ and RU (L) =

1∏
ei∈L dU (ui)dU (vi)

.

Since dU ′(v2) = dU (v2) and dU ′(vt) = dU ′(vt), for k = 1 we have

b(R(U ′), 1)− b(R(U), 1) =
∑

L∈Lk(U ′)

(RU ′(L))−
∑

L∈Lk(U)

(RU (L))

=RU ′(v1v2) +RU ′(v1vt) +RU ′(v1w1) +RU ′(wq−1wq) +RU ′(wqu)

−RU (v1v2)−RU (v1vt)−RU (v1u)−RU (v1w1)−RU (wq−1wq)

=
1

dU ′(v1)dU ′(v2)
+

1

dU ′(v1)dU ′(vt)
+

1

dU ′(v1)dT ′(w1)

+
1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(u)
− 1

dU (v1)dU (u)

− 1

dU (v1)dU (v2)
− 1

dU (v1)dU (vt)
− 1

dU (v1)dU (w1)

− 1

dU (wq−1)dU (wq)

=
1

dU ′(v1)dU ′(v2)
+

1

dU ′(v1)dU ′(vt)
+

3

4
+

1

2dU ′(v1)

− 1

(dU ′(v1) + 1)dU ′(v2)
− 1

dU ′(((v1) + 1))dU ′(vt)
− 3

4

− 1

2(dU ′(v1) + 1))
> 0.

Then b(R(U ′), 1) > b(R(U), 1).
For k = 2, . . . , ⌊n2 ⌋, we denote P = w1w2 . . . wq−1. Then

b(R(U ′), k) =
1

dU ′(wq)dU ′(u)

∑
L∈Lk−1(Cm∪P )

RU ′(αk−1) +
1

dU ′(wq)dU ′(u)

∑
L∈Lk−1(Cm−v1∪P )

RU ′(αk−1)

+ (
1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(u)
)

∑
L∈Lk−1(Cm∪(P−wq−1))

RU ′(L)

+ (
1

dU ′(wq)dU ′(u)
)

∑
L∈Lk−1(Cm∪(P−w1))

RU ′(L)
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+
( 1

dU ′(v1)dU ′(w1)
+

1

dU ′(wq)dU ′(u)

) ∑
L∈Lk−1((Cm−v1)∪(P−w1)

RU ′(L)

+
1

dU ′(v1)dU ′(w1)
× 1

dU ′(wq)dU ′(u)

) ∑
L∈Lk−1((Cm−v1)∪(P−w1)

RU ′(L)

+
( 1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(u)

) ∑
L∈Lk−1((Cm−v1)∪(P−wq−1)

RU ′(L)

+
( 1

dU ′(wq−1)dU ′(wq)
+

1

dU ′(wq)dU ′(u)

) ∑
L∈Lk−1((Cm)∪(P−w1−wq−1)

RU ′(L).

Similarly, we have dU (u) = 1 and

b(R(U), k) =
1

dU (wq−1)dU (wq)

∑
L∈Lk−1(Cm∪P−wq−1)

RU (L)

+
1

dU (v1)dU (u)

∑
L∈Lk−1(Cm−v1∪P )

RU (L) +
∑

L∈Lk−1(Cm∪P−w1)

RU (L)

+ (
1

dU (wq−1)dU (wq)
+

1

dU (v1)dU (u)
)

∑
L∈Lk−1(Cm−v1∪(P−wq−1)

RU (L)

+ (
1

dU (wq−1)dU (wq)
× 1

dU (v1)dU (u)
)

∑
L∈Lk−1(Cm−v1∪(P−wq−1)

RU (L)

+ (
1

dU (v1)dU (u)
+

1

dU (v1)dU (w1)
)

∑
L∈Lk−1(Cm−v1∪(p−w1)

RU (αk−1)

+ (
1

dU (wq−1)dU (wq)
)

∑
L∈Lk−1(Cm∪(P−w1−wq−1)

RU (L).

Note that

∑
L∈Lk(Cm−v1∪P )

RU ′(L) =
∑

L∈Lk(Cm−v1∪P )

RU (L),

∑
L∈Lk−1(Cm∪(P−wq−1)

RU ′(L) =
∑

L∈Lk−1(Cm∪(P−wq−1)

RU (L),

∑
L∈Lk−1(Cm∪(P−w1)

RU ′(L) =
∑

L∈Lk−1(Cm∪(P−w1)

RU (L),

∑
L∈Lk−1(Cm−v1∪(P−w1)

RU ′(L) =
∑

L∈Lk−1(Cm−v1∪(P−w1)

RU (L),

∑
L∈Lk−1(Cm−v1∪(P−wq−1)

RU ′(L) =
∑

L∈Lk−1(Cm−v1∪(P−wq−1)

RU (L),

∑
L∈Lk−1(Cm∪(P−w1−wq−1)

RU ′(L) =
∑

L∈Lk−1(Cm∪(P−w1−wq−1)

RU (L).
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So, we obtain

b(R(U ′), k)− b(R(U), k) =
∑

L∈Lk−1(Cm∪P )

RU ′(L) + (
1

2
− 1

dU (v1)
)

∑
L∈Lk−1(Cm−v1∪(P )

RU (L)

+ (
3

4
− 1

2
)

∑
L∈Lk−1(Cm∪(P−wq−1)

RU ′(L)

+ (
1

2
− 1)

∑
L∈Lk−1(Cm∪P−w1)

RU (L)

+ (
1

2
− 3

4dU (v1)
+

1

2dU ′(v1)
)

∑
L∈Lk−1(Cm−v1∪(P−w1)

RU (L)

+ (
3

4
− 1

2dU (v1)
)

∑
L∈Lk−2(Cm−v1∪(P−wq−1)

RU (L)

+ (
3

4
− 1

2
)

∑
L∈Lk−2(Cm∪(P−w1−wq−1)

RU (L).

On the other hand dU (v1) = (dU ′(v1)) + 1 and dU ′(v1) ≥ 3, dU (v1) ≥ 4, also since∑
L∈Lk−1(Cm∪P )

RU (L) ≥
∑

L∈Lk−2(Cm−v1∪(P )

RU (L),

∑
L∈Lk−1(Cm∪(P−wq−1)

RU (L) ≥
∑

L∈Lk−2(Cm−v1∪P (−wq−1)

RU (L),

∑
L∈Lk−1(Cm∪P−w1)

RU (L) ≥
∑

L∈Lk−2(Cm−v1∪(P−w1)

RU (L),

∑
L∈Lk−1(Cm∪P−w1)

RU (L) ≥
∑

L∈Lk−2(Cm∪(P−w1−wq−1)

RU (L),

∑
L∈Lk−1(Cm−v1∪P )

RU (L) ≥
∑

L∈Lk−2(Cm−v1∪(P−w1)

RU (L),

we obtain that

b(R(U ′), k)− b(R(U), k) ≥(
1

2
− 3

4dU (v1)
+

3

2dU ′(v1)
)

∑
L∈Lk−2(Cm−v1∪(P−w1)

RU (L))

+ (1− 1

2dU (v1)
)

∑
L∈Lk−2(Cm−v1∪(P−wq−1)

RU (L))

+
∑

L∈Lk−2(Cm∪(P−w1−wq−1)

RU (L))

>0.

That is, b(R(U ′), k) > b(R(U), k). Now, for k = 0 in the second summation we have
1

dU ′(v1) . . . dU ′(vm)
>

1

dU ′(((v1) + 1)) . . . dU ′(vm)
=

1

dU (v1) . . . dU (vm)
.
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Next, let U1 = U − Cm and U ′
1 = U ′ − Cm. For k = 1 in the second summation we have

b(R(U ′
1), 1)− b(R(U1), 1) = (

1

dU ′(wq−1)dU ′
1
(wq)

+
1

dU ′
1
(wq)dU ′

1
(u)

)− (
1

dU1(wq−1)dU1(wq)
)

> 0.

For k = 2, . . . , ⌊n2 ⌋ let P = w1w2 . . . wq−1 and note that the edges outside the cycle in the
second summation are in U ′

1 = U ′ − Cm, U ′
1 = U ′ − Cm. Then

b(R(U ′
1, k)− b(R(U1, k) = (

1

dU ′(wq−1)dU ′
1
(wq)

+
1

wqu
)(

2

dU ′
1
(v1) . . . dU ′(vm)

)
∑

αk−1∈Mk−1(U
′
1)

RU ′
1
(L)

− (
1

dU (wq−1)dU (wq)
)(

2

dU ((v1)) . . . dU (vm)
)

∑
L∈Lk−1(U1)

RU (L)

= (
3

4
)(

2

dU ′(v1) . . . dU ′(vm)
)

∑
L∈Lk−1(U

′
1)

RU ′(L)

− (
1

2
)(

2

dU ′(((v1) + 1)) . . . dU ′(vm)
)

∑
L∈Lk−1(U1)

RU (L).

Since dU ((v1) + 1) > dU (v1), and∑
L∈Lk−1(U

′
1)

RU ′(L) ≥
∑

L∈Lk−1(U1)

RU (L),

we have

b(R(U ′), k)− b(R(U), k) > 0.

By Theorem 4.5, the lemma holds.

Next we prove the following lemma associated to Operation 3.

Lemma 4.8. Let U(n,m;T1, T2, . . . , Tm) be a unicyclic graph and U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) be

the graph obtained from U(n,m;T1, T2, . . . , Tm) by Operation 4.3. Then

ER(U(n,m;T1, T2, . . . , Tm)) ≤ ER(U ′(n,m;T ′
1, T

′
2, . . . , T

′
m)).

Proof. Let U ′ = U ′(n,m;T ′
1, T

′
2, . . . , T

′
m) and U = U(n,m;T1, T2, . . . , Tm) and let the R-

polynomials of U and U ′ be

ϕR(U, x) =

⌊n
2
⌋∑

k=0

(−1)kb(R(U, k)xn−2k − 2

dv1 . . . dvm
xn−m

+
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=1

(−1)k+1b(R(U − Cm − {vivj |vi ∈ V (Cm)}), k)xn−2k,
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ϕR(U
′, x) =

⌊n
2
⌋∑

k=0

(−1)kb(R(U ′, k)xn−2k − 2

dv1 . . . dvm
xn−m

+
2

dv1 . . . dvm

⌊n−m
2

⌋∑
k=1

(−1)k+1b(R(U ′ − Cm − {vivj |vi ∈ V (Cm)}), k)xn−2k,

respectively, where b(R(U), 0) = b(R(U ′), 0) = b(R(U − Cm − {vivj |vi ∈ V (Cm)}), 0) =

b(R(U ′ − Cm − {vivj |vi ∈ V (Cm)}), 0) = 1. Since dU ′(ui) = (dU (ui) + 1), dU ′(vi) = dU (vi),
dU ′(ui) = j + 3, dU (ui) = j + 2, dU (vi) ≥ 3, for k = 1 we have

b(R(U ′), 1)− b(R(U), 1) =
1

dU ′(us−3)dU ′(us−2)
+

j + 2

2(dU (ui) + 1)
+

1

(dU (ui) + 1)dU (ui1)

− 1

dT (us−3)dT (us−2)
− 1

dT (us−2)dT (us−1)
− j + 1

2dT (ui)
− 1

dT (vi)(dT (ui))

=
j + 2

2(j + 3)
+

1

2
+

1

(dU (vi))(j + 3)
− 1

2
− j + 1

2(j + 2)
− 1

dU (vi)(j + 2)

=
(j + 2)2dU (vi)) + 2(j + 2)− (j + 1)(j + 3)dU (vi)− 2(j + 3)

2(j + 2)(j + 3)dU (vi))

=
dU (vi)− 2

2(j + 2)(j + 3)dU (vi))

> 0.

That is, b(R(U ′), 1) > b(R(U), 1).
Now, for k = 0 in the second summation we have

1

dU ′(v1) . . . dU ′(vm)
=

1

dU (v1) . . . dU (vm)
.

Next, for k = 2, . . . , ⌊n2 ⌋, in the second summation let P = ui1ui2 . . . us−3. Then

b(R(U ′, k) =(

j∑
k=1

1

dU ′(u′k)dCm∪P (ui)
)

∑
L∈Lk−1(Cm∪(p)

RU ′(L))

+ (
1

dU ′(vi)dU ′
1
(ui)

× 1

dU ′(us−1)dU ′
1
(us)

)
∑

L∈Lk−2(Cm−vi∪(P )

RU ′(L))

+ (
1

dU ′(ui)dU ′
1
(ui1)

(

j∑
k=1

1

dU ′(u′k)dCm∪P (uk)
))

∑
L∈Lk−2(Cm∪(P−ui1

)

RU ′(L))

+ (
1

dU ′(ui)dU ′
1
(ui1)

× 1

dU ′(us−1)dU ′
1
(us)

)
∑

L∈Lk−2(Cm∪(P−ui1
)

RU ′(L))

+ (
1

dU ′(us−3)dU ′
1
(us−2)

(

j∑
k=1

1

dU ′(u′k)dCm∪P (uk)
))

∑
L∈Lk−2(Cm∪(P−us−3)

RU ′(L))
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+ (
1

dU ′(us−3)dU ′
1
(us−2)

(

j∑
k=1

1

dU ′(u′k)dCm∪P (ui)
))

∑
L∈Lk−2(Cm∪(P−us−3)

RU ′(L))

+ (
1

dU ′(us−1)dU ′
1
(us)

× 1

dU ′(us−3)dU ′
1
(us−2)

+
1

dU ′(us−1)dU ′
1
(ui)

× 1

dU ′(us−3)dU ′
1
(us−2)

)
∑

L∈Lk−2(Cm∪(P−us−3)

RU ′(L))

=(
j

2
)

∑
L∈Lk−1(Cm∪(P )

RU ′(L) + (
j

4(j + 3)

∑
L∈Lk−2(Cm∪(P−ui1

)

RU ′(L))

+
1

4(j + 3)

∑
L∈Lk−2(Cm∪(P−ui1

)

RU ′(L)) + ((
j

4
)

∑
L∈Lk−2(Cm∪(P−us−3)

RU ′(L))

+ ((
1

4(j + 3)
)

∑
L∈Lk−2(Cm∪(P−us−3)

RU ′(L)) + (
1

4

+
1

4(j + 3)
)

∑
L∈Lk−2(Cm∪(P−us−3)

RU ′(L)),

and

b(R(U, k) =((

j∑
k=1

1

dU ′(u′k)dCm∪P (ui)
))

∑
L∈Lk−1(Cm∪(P )

RU (L))

+ (
1

dU (ui)dU (ui1)

j∑
k=1

1

dU ′(u′k)dCm∪P (uk)
+

1

dU (ui)dU (ui1)
(

1

dU (us−2)dU (us−1)

+
1

dU (us−1)dU (us)
))

∑
L∈Lk−2(Cm∪(P−ui1

)

RU (L))

+ (
1

dU (us−3)dU (us−2)
+

1

dU (us−2)dU (us−1)
+

1

dU (us−1)dU (us)

× (

j∑
k=1

1

dU ′(u′k)dCm∪P (ui)
+ (

j∑
k=1

1

dU ′(u′k)dCm∪P (uk)
))

∑
L∈Lk−2(Cm∪(P−us−3)

RU (L))

+ (
1

dU ′(u′k)dCm∪P (us−3)
× 1

dU ′(u′s−1)dCm∪P (us)
)

∑
L∈Lk−2(Cm∪(P−us−3)

RU (L))

=(
j

2
)

∑
L∈Lk−1(Cm∪(P )

RU (L)) + (
1

(j + 2)
(
j

4
) +

1

2(j + 2)
(
3

4
))

∑
L∈Lk−2(Cm∪(P−ui1

)

RU (L))

+ ((
j

2(j + 2)
) + (

j

2
)

∑
L∈Lk−2(Cm∪(P−us−3)

RU (L))

+ (
1

4
× 1

2
)

∑
L∈Lk−2(Cm∪(P−us−3)

RU (L)).
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Since in graphs U ′ and U we have∑
L∈Lk−1(Cm∪P )

RU ′(L) =
∑

L∈Lk−1(Cm∪(P )

RU (L),

∑
L∈Lk−2(Cm∪(P−ui1

)

RU ′(L) =
∑

L∈Lk−2(Cm∪P−ui1
)

RU (L),

∑
L∈Lk−2(Cm∪(P−us−3

)RU ′(L) =
∑

L∈Lk−2(Cm∪P−us−3)

RU (L),

∑
L∈Lk−2(Cm∪(P−ui1

)

RU ′(L) =
∑

L∈Lk−2(Cm∪P−us−3)

RU (L),

and also ∑
L∈Lk−2(Cm∪(P

RU ′(L) ≥
∑

L∈Lk−2(Cm∪P−us−3)

RU (L),

∑
L∈Lk−2(Cm∪(P

RU ′(L) ≥
∑

L∈Lk−2(Cm∪P−ui1

RU (L),

we obtain that

b(R(U ′, k)− b(R(U, k) > 0.

By Theorem 4.5, the lemma holds.

5. Proof of Theorem 2.1

We are now ready to present the proof of the main result of this paper.

Proof. Let G = U(n,m;T1, T2, . . . , Tm) be a unicyclic graph with maximum randić energy and
Cm = v1v2 · · · vmv1 be the unique cycle of G and Ti, 1 ≤ i ≤ m, be the trees attaching to the
vertices of Cm. We know that the number of vertices outside the cycle is n−m. We proceed
with the following cases.

Case 1: n−m is odd. If n−m = 1, then clearly G is cycle Cm with a leaf attached to one
of its vertices and the result follows.
Now assume that n − m ≥ 3. Assume that there is a Ti with at least two leaves us, wq at
distance at least two from vi. Let ui be a leaf of Ti such that dTi(vi, ui) is as maximum as
possible, and let P be the shortest path from vi to ui. We apply Operation 4.1, repeatedly,
to enlarge the path P (by adding vertices at the end of P ), to obtain a tree T ′

i . Assume that
U ′ is the resulted unicyclic graph, and let P ′ be the path from vi to the farthest leaf of T ′ of
vi. By Lemma 4.6, ER(U) ≤ ER(U ′). We apply Operation 4.2, repeatedly, to change T ′

i to a
path. Assume that U ′′ is the resulted unicyclic graph that shown in Figure 4. By Lemma 4.7,
ER(U ′) ≤ ER(U ′′).
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Figure 4. Unicyclic graphs U ′′.

Now we apply Operation 4.3, repeatedly. Assume that U ′′′ is the resulted unicyclic graph
that shown in Figure 5. By Lemma 4.8, ER(U ′) ≤ ER(U ′′′).

Case 2: n−m is even. If n−m = 0, then clearly G = Cm. Thus assume that n−m > 0.
Then similar to the first case, we apply Operations 4.1, 4.2 and 4.3 on the graph G. Then a
leaf remains, which we join it to the graph obtained in the first case, that is G is obtained
from first case graph by adding a leaf to it.

Figure 5. Unicyclic graphs U ′′′.
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