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MAXIMUM RANDIC ENERGY OF UNICYCLIC GRAPHS

SHIVA SEPIDBON, NADER JAFARI RAD* AND AKBAR JAHANBANI

ABSTRACT. Given a graph G = (V, E), the randi¢ matrix of G is R(G) = (ri;), where

1
Ty, o

i

rij = if v;u; € E(GQ) and 0 otherwise, and d., is the degree of the vertex v; in G.

The randié energy is the sum of absolute values of the eigenvalues of randi¢ matrix. The
R-polynomial of G is defined by ¢r(G,x) = det(zl, — R(G)). In this paper, we obtain the
R-polynomial as well as the randi¢ energy of a unicyclic graph. In particular, we determine

all unicyclic graphs with maximum randié¢ energy.

1. INTRODUCTION

Let G = (V, E) be a simple connected graph of order n and A(QG) its adjacency matrix. For
a vertex v in G, the degree of v, denoted by d, = dg(v), is the number of vertices adjacent to

v. A vertex of degree one is referred as a leaf and its unique neighbor is referred as a support
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vertex. Let the characteristic polynomial ¢(G,x) (or just ¢(G)) of G be
$(G,x) = det(xl, — A(G)) = apz" ",
k=0

where ag(G),a1(G), ..., a,(G) are the coefficients of the characteristic polynomial of the graph

G. Since the adjacency matrix A(G) is a real symmetric matrix, its characteristic roots

(eigenvalues) are all real, and can be sorted as \; > Ao = --- > \,.

\/#ij if v;v; € E(G) and 0 otherwise.

Since the randi¢ matrix R(G) is real symmetric, we can order its eigenvalues so that p; > pa >
> pp. In addition, the R-polynomial of G defined by ¢r(G,z) = det(zl, — R(G)) is the

R-characteristic polynomial of G. For references on chemical graph theory variants, see for

example, [1, 2, B, 4, b, 6, [7, 8, 10, 11, 12, 13].

The randi¢ matriz of a graph G is defined as r;; =

A connected graph of order n is a tree (unicyclic) if it has n—1 (n, respectively) edges. It is
clear that a unicyclic graph contains precisely one cycle as an induced subgraph. In this paper
we use the following representation of a unicyclic graph. Let G be a unicyclic graph of order n
with the induced cycle C : vivs ... vy, of order m. Then removing all edges of C results m trees
Ty,..., Ty, where v; € V(T;), for i = 1,2,...,m. We denote G by U(n,m;T1,Ts,...,Ty).
Thus for any unicyclic graph G of order n, there is an integer 3 < m < n and m trees T3, ..., Ty,
such that G = U(n,m; Ty, Ts, ..., Tp).

In this paper, we obtain the R-polynomial as well as the randi¢ energy of a unicyclic graph.
In particular, we determine all unicyclic graphs with maximum randi¢ energy.

For an integer k > 1, we denote by m(G, k) the number of k-matchings of a graph G, that
is, the number of ways in which &k independent edges can be selected in G. By definition,
m(G,0) = 1 for all graphs, and m(G,1) is equal to the number of edges of G. We also
denote by K,, P, and C), to refer the complete graph, the path and the cycle on n vertices,
respectively.

The organization of the paper is as follows. In Section 2, we state the main result of this
paper. In Section 3, we state some known results including the Sachs theorem and known
results on R-polynomials of trees. In Section 4, we prove necessary lemmas and theorems by
introducing three operations and proving three lemmas on them. In Section 5, we prove the

main result of this paper.

2. MAIN RESULT

The subdivision of an edge uv is the deletion of uv and the addition of two edges uw and
wv along with a new vertex w. A tree T is 2-spider if T' = P53, T' = P5 or T is obtained from

a star of order at least four by subdivision of all edges of the star. The center of a 2-spider T
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is a leaf of T if T = P3, the central vertex of T if T'= P5 and the vertex of maximum degree,

otherwise. We will prove the following result.

Theorem 2.1. Let G = U(n,m;T1,Ts,...,T,) be a unicyclic graph with maximum randié
energy. then:

1. Assume that n —m is odd. If n —m = 1, then there is precisely one integer j € {1,....,m}
such that T; = Ko and T; = Ky for all i € {1,2,...,m} — {j}, and if n —m > 3 then
there are integers ji,...,jk € {1,...,m}, where 1 < k < m, such that T}, is obtained by
joining the vertex v;, to the center of a 2-spider for | = 1,2,..,k, and T; = Ki for all
ie{1,2,....m}—{ji,.... gk}

2. Assume that n—m is even. If n—m =0, then G = Cy,, and if n—m > 0 then G is obtained

fromU(n —1,m;Th,Ts,...,Ty) by adding a leaf to a leaf of U(n — 1,m;T1,Ts, ..., Ty).
3. KNOWN RESULTS

A weighted graph G, is a graph whose edges are assigned values (weight of the edge w(e;;)).
The matrix where entry (i, j) is the value of edge between vertices ¢ and j is called the adjacency
matriz of the weighted graph A,,. A subgraph of G called a Sachs subgraph, if it Ko or a cycle
Cy, for some m > 3. The following Sachs theorem determines the coefficients of characteristic
polynomial of a graph depending on the structure of the graph G.

Theorem 3.1. (Sachs theorem) Let ¢(G,x) =| I — A |= i arpx" % be the characteristic

k=0
polynomial of an arbitrary G. Then

ap =Y (-1)FE20W) (k=1,... n),
LeLy,
where Ly, denotes the set of all the Sachs subgraphs in G with exactly i vertices, which each of
its components is either a Ko or a cycle; and P(L) and C(L) are the number of components
and cycles of L respectively, where the summation is taken over all Sachs subgraphs in G. In

addition, ag = 1.

Now Sach’s theorem can be reformulated for weighted graphs as follows. Let G, be an
arbitrary weighted graph with characteristic polynomial ¢(Gy,,x) =| I — Ay, |= i apx™ ",
Then =

ap = Z (—1)P(L)9C(L) H w(e) D),
LeLy, ecE(L)
where L denotes the set of all the Sachs subgraphs in G, with exactly k vertices, such
that each of its components is either a Ky or a cycle; and P(L) and C(L) are the number
of components and cycles of L, respectively, t(e, L) is 1 if e € E(C;) and 2 otherwise, and

HeeE(L) w(e)' L) is the product of the weights of the edges that are contained in subgraphs
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to the power of t(e, L), where E(L) is the set of edges of L.

Since the Randi¢ matrix is the adjacency matrix of the weighted graph, where the weight of
1

dg(vi)da(v5)

immediately (for more details see [4]).

each edge is w(e;;) = , we have a new formula when applied to Randi¢ matrix R

Corollary 3.2. Let G be a arbitrary graph with R-polynomial

¢r(G x)=> qa" .
k=0

1
1 _
HeiEE(U(\/dc(vi)dG(ui)) " evin de(w)
V(L) = {v1,v,...,ex} denotes the set of vertices of L. Then the coefficients of R-polynomial

Let

For e; = v;v; we have HeieE(L)w(ei) =

as follows

2C(L)

dr = Z (_1)P(L)'H

LeLy vev(r) e (vi)’

where 1 =1,2,...,k.

We next state some results on the R-polynomial of trees which was presented in [5]. Since
in a tree T the set all Sachs subgraphs with &k vertex are k-matchings Ly (G) = My (G) € I'(G),
and C(L) =0 for L € Ly, (acyclic) and P(L) = k, we find that for V(L) = {v1,va,...,vi} the
R-polynomial graph G is

n

or(G) = 3 g = S (DY S,
k=0

k=0 LeLy H'UiGV(L) de (vi)

since all the odd coeflicients k of R-polynomial are equal to zero, and its even coefficients are
related to k = 1,2,...,|5], and in addition ag(G) = 1. The R-polynomial of trees has been
calculated in [5], as follows: Let T" be a tree of order n and Ly (T) = My(T) be the set of all
k-matchings of T', for 1 < k < [§]. For ¢; = u;v; € E(T) and L = {ey,e,...,ex} € My(T),
the R-polynomial of T' can be written as

l3]

or(T,x) =| «I — R(T) |= ) _(~1)*o(R(T), k)z"~?*,
k=0

where b(R(T'),0) =1 and b(R(T),k) = > (Rr(L))for 1 <k < [§] with
LeMy(T)

1
[1e,er dr(ui)dr(vi)

Ry(L) =



Alg. Struc. Appl. Vol. 13 No. 2 (2026) 145-164. 149
4. OPERATIONS AND LEMMAS

In this section we introduce three operations, namely, Operation 1, Operation 2 and Oper-

ation 3 on a unicyclic graph U(n,m; Ty, Ts, ..., Tp).

Operation 4.1. Assume that there is a tree T; with two leaves ug, wq at distance at least two
from v;, where us has a support vertex us—1 with dp(us—1) = 2. Then remove the edge usus—1
and add the edge wqus, (see Figure B)

FIGURE 1. Unicyclic graphs U and U’.

Operation 4.2. Assume that there is a tree T; with at least two leaves u # v; and wy # v;
such that d(wq,v;) > d(ws,v;) for every leaf ws of T;. Then remove u and add a new vertex

and join it to wy, (see Figure @)

FIGURE 2. Unicyclic graphs U and U’.

Operation 4.3. Assume that there is a T; of order n; > 4 such that T; — {v;, w;} has precisely

one component Py, where k > 4) and all other components are Py, where u; is adjacent to v;.
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Assume that us # u; is the leaf of the Py-component of T; — {v;,u;} and us—1 is adjacent to

us (s > 5). Then remove the non-pendant edge of us_1 and join u; to us_1, (see Figure B)

operation 3
cee @@ —» °
Up Uy Uz Uy Us  UgqUg

FIGURE 3. Unicyclic graphs U and U’.

To use the above operations in proving our main result we need to prove the following two

theorems.

Theorem 4.4. For an arbitrary unicyclic graph U,

L5]
or(U,x) = 3 (=1)'B(R(U)), k)a" "
k=0
9 L5
kL _ n—|V(Cm)|—2k
T > (D)M(RU = C), k) ,
™™ k=0
where b(R(T),0) = 1 and for e; = viu;, b(R(U), k) = > (Rp(L)) for 1 <k < [5] with
LeLy(U)
1
Rp(L) = .
r(L) [1e,er dr(ui)dr(v;)

Proof. Suppose that U = U(n,m;T1,Ts,...,Ty,) is a unicyclic graph with n vertices and C,,
is its cycle. Since the R-polynomial ¢r(U, x) is determined by its coefficients, ¢pr(U, z) can be
calculated by I'(U), the set of all Sachs subgraphs U and Li(U) € T'(U) are either matchings
or a cycle with k vertices. By corollary @ we have

n n QC(L)
Sr(U,x) =Y qua"F = (> (-1)F"). )"k,
k=0 k=0 LeLy, Hvz‘EV(L) dy (vi)
where b(R(U),0) = 1,b(R(U),k) = > (Ru(L)), 1 < k < [%]) with Ry(L) =
LeL;(U)
1
and V(L) = {v1,va,...,ex},i = 1,2,... k. Firstly, note that there is no
HU@EV(L) dU(Ui)

Sachs graphs with one vertex and so b(R(U)),1) = 0. Furthermore, the Sachs graphs with
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two vertices have one component which is a Ks-graph and the Sachs graphs with three ver-
tices have one component which is a triangle (Cs) and the Sachs graphs with four vertices are
those that are corresponding to either a cycle Cy or two Ko-graphs, and Sachs graphs with
five vertices are either a cycle C5 or have two-component consisting of a triangle C3 and a
Ks-graph. The other Sachs graph can be also described. So, all Sachs subgraphs are in the
form T'(U) = T'1(U) UT2(U), where I'; contains only k-matchings, and I'o(U) contains the
rest Sachs subgraphs. Now, we write the R-polynomial of a graph in terms of R-polynomial
of sachs subgraphs according to the classes I'1 (U) and T'2(U).

Case 1: I'1(U).

The coefficients of the R-polynomial is determined only by number k-matchings. Then by
means of corollary @, the R-polynomial of this class of sachs subgraphs of U can be written

as:

!

0|3

|
(—1)*b(R(U), k)a" 2,
=0

o

where for e; = u;v;, b(R(U), k) = > (
LeL(U) HeieL dy (u;)dy (vj)

) and | 5] is the integer part

of the real § value.

Case 2: T'y(U).

If kK = m, then since there are only one cycle C,,, contained in unicyclic graphs, there is only one
sachs subgraph that is C. Thus, Ly = {Cy} € T'2(U). Also we have C(L) =1 and p(L) =1,

and so by corollary @ we have T and b(R(U),0) = 1. Then the R-polynomial of U
vy -y,
2

can be written as ﬁx"_m. Thus assume that & > m. We know that the subgraphs
o dy

v - Uy
U — C}, have no Cyclelzs, thus the graph U — C,, is acyclic, and so we consider Sachs subgraphs
of U that are cycle Cy, together with £5™-matchings of U — C,,, that is, To(U) is the set of all

2
I“Tm—matchings of U together with the cycle Cy,. Thus, the Sachs subgraphs are of two types,

either disjoint copies of K» (arising only when k& —m is even) or one copy of Cy,. In particular,
we have C(L) = 1, for 1 < k < 5™ Hence Ly(U) = {Cyn,e1,€2,...,€xm} € I'o(U), where
{e1,€e2,...,er_m } is the set of all k-matchings of U — C,,,. By Corollary B.2, the R-polynomial
of U can be W2ritten as:

2 Lni:mj(—l)k“b(R(U G, k)2

dy, .. .dy me ’

mook=1

1
where for e; = uv;, b(R(U), k) = >, ( .0
LeL,(U) HeieL du (u;)dy (vs)

We now compare the Randi¢ energies of two unicyclic graphs. In [5], the Randi¢ energies of

two bipartite graphs were compared by means of their coulson integral formula. This method
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can be used to compare the Randic energies of two unicyclic graphs. As a result, for a unicyclic

graph U, the coulson integral formula can be rewritten as

1 tee 1 2k 2 2k
(1) €)= 5 [ IO MR D) + (3 HR(U - Co) R,
- k=0 vt Tme ko

where b(R(T),0) = 1 and for e; = vju;, b(R(U),k) = > (Rp(L)) for 1 <k < |§] with

1

B (L) = M ()

Theorem 4.5. Let U(n,m;Th,Ts, ..., Tyn) andU'(n,m; T7,T5, ..., T! ) be two unicyclic graphs

and their R-polynomials be

k=0
+d d Z (—1)k+1b(R(U Cm) k;)xn—\v(()m)\—%
ULttt TUme g

k=0

9 L%
- -1 k+1b r - k n—|V(Cm)|—2k
o kZO< )* (R = C), k) :

respectively. Assume that b(R(U’),k) > b(R(U),k) holds for all k > 1, and there is an

integer k such that b(R(U), k) > b(R(U’), k). Furthermore, assume that ﬁb(R(U’ -
v - Gur
2
Cn), k) > ﬁb(R(U — Cw), k) for all k > 1, and there is an integer k such that
vy -y,
2 2

b(R(U — Cp), k). Then Eg(U’) > Er(U).

Proof. Let U = U(n,m;T1,Ts,...,T,n) and U = U'(n,m;T},T5,...,T),) be two unicyclic
graphs with the same number of vertices and cycle length m, and let ¢r(U, z) and ¢r(U’, x)
be their R-polynomials of degree n, respectively, where b(R(U,k)), b(R(U — Cp,k)) and
b(R(U',k)), b(R(U" — Cp,k)) are the coefficients of the R-polynomials. We know the R~
polynomials ¢r(U,x) and ¢r(U’, z) are determined by their coefficients that are the number
of k-matchings and cycle C,, in the graphs U, U — C,,, and U’, U’ — C,,, respectively. Clearly,
for U, we have k = 0,1,...,[§]. As a result, to compare the randi¢ energies of U and U’,
we compare the coefficients of two R-polynomials with the parameter k. Thus, by applying

eq. @)v from the coulson integral formula (see eq. (m)), Er(U) is a monotonically increasing
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n—m

function of b(R(U), k) for k = 0,1, ..., ng and b(R(U —Cy,), k) for k=0,1,..., | |. Con-
sequently, if U and U’ are unicyclic graphs for which b(R(U’),k) > b(R(U), k) holds for all
k>0 and b(R(U" — Cp), k) > b(R(U — Cy,), k) holds for all k > 0, then Eg(U’') > Er(U).

We now are ready to prove three lemmas related to the three operations.

4.1. Lemmas associated to operations. We first prove the following lemma associated to

Operation 1.

Lemma 4.6. Let U(n,m; Ty, T, ..., Ty) be a unicyclic graph and U'(n,m; Ty, T5,...,T),) be
the graph obtained from U(n,m;Ty,Ts,...,Ty) by Operation m Then

Er(U' (n,m; T}, Ty, ..., T.)) = Er(U(n,m;Th, T, . .., Tpn))-

Proof. Let U' = U'(n,m; T1,T%,...,T}) and U = U(n,m;T1,Ts,...,Ty) be unicyclic graphs
of order n with cycle C), and by Theorem @ let the R-polynomials of U and U’ be

!

w3
i
—
3

|

3
.

2 2
or(U,x) =D (=DM B(RU k)" 2 4 ———— 3 (- (R — Cp), K)oV EI2E,
k=0 VL Tme g—g
L3 9 L%
Or(U"2)=) (=DM b(R(U' k)a" 2 4+ o 3 7 (“1)HB(R(U” = Cop), )1V ()12,
k=0 vrenr e =g

respectively, where b(R(U),0) = b(R(U"),0) = b(R(U —C,,),0) = b(R(U'—C},),0) = 1 and for
1

e; = viug, b(R(U), k) = (Ry(L)) for 1 < k < |Z| with Ry(L) =

LeLX,;(U) L3 [1e.er du(ui)du(vi)

and for e; = vju;, b(R(U — Cp,), k) = > (Ry(L)) for 1 <k < |"5™] with Ry (L) =

1

. Then for £ = 1 we have
[1e,er du(ui)du(vi)

B(R(U'), 1) =b(R(U),1) = Y (R(L) = Y (Ru(L))

LeL,(U") LeLiy(U)

=Ry (us—ous—1) + Ry (wq—lwq) + RU’(wqus) — Ry (us—2us—1)

- RU(us—lus) - RU(wq—lwq)

1 1 1
= + +
dU’ (us—Q)dU’ (us_l) dU’ (wq_l)dU/ (wq) dU’ (wq)dU/ (Us)
1 1 1

=0.

dr(uso)dr(us1)  dr(us1)dr(us)  dr(wg—1)dr(w,)
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That is, b(R(U’),1) = b(R(U), 1). Now similar to the case k = 0 in the second summation

H(R(U" = Cm),0) = b(R(U — Cr),0) =1,
1 1

dU’(Ul) . dU’(Um) B dU(Ul) ce dU(Um).

Similar to the case k = 1 in U — C,,, we have b(R(U' — C,,),1) — b(R(U),1) = 0. That is,

B(R(U' — Cy),1) = b((R(U — C), 1).

Fork=2,...,|5],let Uy = U—{us_1us} — {wy} and U] = U’ —{us_1} —{wqus} be subgraphs
of U and U’, respectively. Then

B(R(U'), k)= ) RU/(L)+<dU,< ! ! )

_l’_
LeLy(UY) us—2)dy(us—1)  dyr(we)dy (us)

X Z Ry —fu,_53 (L)

LGLk,1 (U{*{US—Q})

1 1
+ + Ry (L
<dU’(wq—1)dU/(wq) dU,(wq)dU’(Us)> LeLkl(%:_{wa}) Uf~{wg-1} (L)

+< ! + ! + ! >
dyr(us—2)dyr(us—1) ~ dyr(wg—1)dur(wg) — dur(wg)dy (us)

x > Rujfuy 2} {wy 1)
LEkal(U{—{Us—Q}_{wq—l})

+< 1 o 1 4 1
dyr(us—2)dyr (us—1)  dyr(wg—1)dyr (wg) — dyr(us—2)dyr (us—1)

@)
X ———————— Z RU/—{’LLS_Q}—{’LU _1}(L)
do(wa)dvr(us)) oy ooy tonay) '
Similarly,
WRWU)LK) = Y Ro(l)+ ! + !
T v dy (us—2)dy (us—1)  dy(us—1)du (us

LeL(Ur)

X Z Ry, —qu,_o1 (L)

LELk_l(Ul_{u572})

1 1
+ + R —Jw,_ L
<dU<wq_1>dU<wq dU<us_1>dU<us>)L€Lk1(§{wa}) -t ()

+< ! + ! + ! >
dy(us—2)dy(us—1  du(us—1)dy(us)  dy(wg—1)dy(wg)

X Z RUl*{Us—2}7{wq—1}
LeLp_1(Ui—{us—2}—{wg—1})
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1 1 1
" (dU(us—2)dU(us—1 * Qo (wg1)do(wy)  dp(u1)dp(u, dU(wq—l)dU(wq)>

x . Ry oo} {w,-1} (L)
LeLp_o(Ui—{us—2}—{wg—1})

Note that in U’ and U we have

> Rp(L)= Y Ru(l),

LEL}C(U{) LELk(Ul)
Z RU{—{“572}(L> = Z RUI_{wq—l}(L)7
LELk(U{—{usfg}) LGLk(Ulf{wq,1})
Z RU{—{wqfl}(L) = Z RUl*{us_Q}(L)v
LeLy(Ui—{wg-1}) LeLy(Ur—{us—2})
> Ry —fus 2}~ {we-1} (L) = > Ruy—fu—s}—{wq1}(L):
LeLy—2(Uj—{us—2}—{wq—1}) LeLy—o(U1—{us—2}—{wq—1})

Since the corresponding coefficients are equal, so

Similarly, b(R(U' — Cp,)), k) — b(R(U — Cy,), k) = 0, which implies that
b(R(U' — Cp), k) = b(R(U — Cpy), k).

By Theorem @, the lemma holds.

We next prove the following lemma associated to Operation 2.

Lemma 4.7. Let U(n,m;T1,Ts,...,Ty) be a unicyclic graph and U'(n,m;Ty,T5,...,T),) be
the graph obtained from U(n,m; Ty, Ts,...,Ty) by Operation @ Then

Er(U(n,m; Ty, Ty, ..., Tpn)) < Er(U' (n,m; 1Y, T5,...,T))).

Proof. Let U' =U'(n,m; T}, T,...,T),) and U = U(n,m; Ty, T, ..., T,) be unicyclic graphs
of order n with cycle C,, and by Theorem @ let the R-polynomials of U and U’ be
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2
4 2 Z (_1)k+1b(R(U/ _ Cm), k)l'ni‘v(cm)‘iQk,
P k=0
respectively, where b(R(U),0) = b(R(U"),0) = b(R(U — Cy,),0) = b(R(U' — C,,),0) = 1 for
1
e; = viug, b(R(U), k) = Ry (L)) for 1 < k < |2]| with Ry(L) =
( ( ) ) Le[,zk(U)( U( )) L2J U( ) HeieL dU(Uz)dU(Uz)

and for e; = vju;, b(R(U — Cp,), k) = > (Ry(L)), where 1 < k < |%5™ | and Ry(L) =
LEL}C(U—Cm)

1

[1e,cr dv(ui)dy (vi)
Since dy(vg) = dy(ve) and dyr(vy) = dy(ve), for k = 1 we have

BR(U),1) = b(R(U),1) = > (Rew(L)— > (Ru(L))

LeL,(U") LeLy(U)

ZRU/ (1)1?)2) + RU/ (vlvt) + RU/(Ulwl) + RU/(wq_1wq) + RU/(wqu)

- RU(Ul’UQ) - RU(vlvt) - RU(vlu) - RU(vlwl) - RU(wq_lwq)
1 1 1
~dyr(01)dy (vg) - dy (v1)dyr (ve) * dy (v1)dpr (wr)
1 1 1
"y (wgr ) wg)  d(wg)dy () dy(or) iy (w)
B 1 B 1 _ 1
du(vi)du(v2)  du(vi)du(ve)  du(vi)du(wi)
1
- dy (wg—1)dy (wq)
= ! + UROTRN S
_dU/ (’Ul)dU/ (UQ) dU/ (vl)dU/(vt) 4 QdU/ (’1}1)
_ 1 N 1 3
(dy:(v1) + Ddyr(v2)  dyr(((v1) +1))dyr(vr) 4
1
 2(dyr(vr) + 1))
Then b(R(U"), 1) > b(R(U), 1).

For k =2,...,[5], we denote P = wjws ... wy—1. Then

w

> 0.

1 1
WRUN) k) =— Ryrlogp_1) + — Ry (v
( ( ) ) dU/(wq)dU/(u)LeLk_lz(;JmuP)U( b 1) dU/(wq)dU/(u)LeLk_l(%;n—vluP)U( g 1)

+ ! S 3 Ry (L)

+
dU’ (’wq,1 )dU’ (wq) dU’ (wq)dU’ (U) LeLy_1 (ComU(P—wg—1))

1
bty Y Re
dyyr (wq)dy () LeLy_1(CnU(P—w1))
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1 1
+ (dU/(m)dU/ (w1) * dyy (wq)dU/(u)> Z Ry(L)

LGkal((Cmf’vl)U(wal)

1 1
+ Ry (L)
dU’(Ul)dU’(wl) dU’ dU/(u)> Lel,. 1((Cm§:vl)U(Pw1)
1 1
+ Ry/(L)
(dU/(wa)dU/ (1wq) dU/(wq)dU/( )) LeLk—l((Cm—Z’Ul)U(P_wq—l) g
1 1
(dU'(wa)dU'(wq) dy (wq)dyr (u >)L6Lk_l((cm§lj_wl_wa) g
Similarly, we have dyy(u) = 1 and
1
b(R(U), k) = Ry (L)
dU(wqfl)dU(wq) LGLkl(C%EJP—wa)
1
+ m Z Ry(L) + Z Ry (L)
v\Pu LeLk_1(Cm—v1UP) LeLy_1(CrnUP—w1)
1 1
+ ( + ) > Ry(L)

du(wg—1)du(wg) — dy(vi)du(u) Ly (oo (P—tig1)

(o S S Ru(L)

du(wg—1)du(wg) — dy(vi)du(u) Ly (Cor oo (P—tig1)

g L ) Ru(ox-1)

dy(vi1)dy(uv) — dy(vi)dy(wr) LeLy_1(Cm—v1U(p—w1)

) 3 Ry(L).

dy(wg—1)dy (wy) LeLj_1(CrnU(P—w1—wy_1)

_l’_

Note that

Z Ry (L) = Z Ry (L)a

LeLk(CmfmuP) LGLk(CmfvlLJP)

> Ry(L) = > Ry (L),
LeLy_1(CrnU(P—wg—1) LeLj_1(CrnU(P—wq—1)

> Ry (L) = > Ry (L),

LeLy 1 (CrnU(P—w1) LeLy_1(CrnU(P—w1)

> Ry/(L) = > Ry (L),
LeLy_1(Cm—v1U(P—w1) LeLg_1(Cm—v1U(P—w1)

> Ry(L) = > Ry (L),

LEkal(Cm—Ulu(P—’wq_l) LGkal(Cm—UlLJ(P—’wq_1)

> Ry (L) = > Ry (L).

LGLk,l(CmU(walqu,l) LGkal(CmU(walf’wqfl)
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So, we obtain

DR —bRULE) = Y Re)+G-—0 S Ry

LELy_1(CrmUP) 2 dy(v) LeLy_1(Cr—v1U(P)

3 1
+ (1 - 5) Z Ry/(L)
LGkal(CmU(waqfl)

YooY R

LeL; 1 (CryUP—w1)

TS AR - 3 Ru(L)

2 4dy(v1) | 2dyi(vn) LELy—1(Crm—v1U(P—w1)

3 1
4 ) 2 Ry (L)

LeLy_2(Cm—v1U(P—wg_1)

+ (% - %) > Ry(L).

LeLy_o(CrnU(P—wi—wg—1)

On the other hand dy(v1) = (dy(v1)) + 1 and dyr(vi) > 3, dy(v1) > 4, also since

> Ruy(L) > > Ry (L),

LeLyk_1(CnUP) LeLg_o(Cm—v1U(P)
3 Ru(L) > 3 Ry(L),

LEkal(CmU(P—’LUq,1) LGLk72(Cm—fU1UP(—'LUq71)

> Ry(L) = > Ry (L),
LELk_l(CmUP—wl) LELk_Q(Cm—’Ulu(P—wl)

> Ry(L) = > Ry (L),
LELk_l(CmUP—’wl) LELk_Q(CmU(P—wl—UJq_l)

Y R > ) Ru(L),
LeLg_1(Cm—v1UP) LeLg_o(Crm—v1U(P—w1)

we obtain that
BR(U"), k) — b(R(U),K) 2(5 — o 4 =) > Ry(L))
’ ’ -2 4dU(Ul> 2dU/(v1) v

LeLk,g(Cmfvlu(wal)

1
+(1- 2dU(v1))LeLk_2(Cm§:1U(P_wq_l)RU(L))
+ > Ry (L))

LELk,Q(CmU(walqu_ﬂ

>0.

That is, b(R(U’), k) > b(R(U), k). Now, for k = 0 in the second summation we have
1 1 1

dyr(v1) ... dyr(vm) = dy(((v) + 1)) ... dy(v)  dy(vy)...dy(vm)
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Next, let Uy = U — C,,, and U{ = U’ — C),. For k =1 in the second summation we have

1 1 1
= —+ —
dyr(wg—1)dy; (wq) — dyy (wg)dy; (w)”  du, (wg—1)du, (wg)

b(R(U{)a 1) - b(R(Ul)v 1) )

> 0.

For k = 2,...,|5] let P = wiws...wg—1 and note that the edges outside the cycle in the

second summation are in Uy = U’ — Cy,, U] = U’ — Cy,. Then

bRV, )~ DR(ULLE) = (o (wq_f) O wiu” Oy - <”m>)%le%1wf“(m
oo T ) 2
- (2)%,(@1) . 2 dU’@m))LeLg(UQRML)
BT (Es e s,

Since dy((v1) +1) > dy(v1), and

Y. Ru(l)= ) Rul),

LeL_1(UY) LeLy—1(U1)

we have
b(R(U'), k) — b(R(U), k) > 0.

By Theorem @, the lemma holds.

Next we prove the following lemma associated to Operation 3.

Lemma 4.8. Let U(n,m; Ty, T, ..., Ty) be a unicyclic graph and U'(n,m; Ty, T5,...,T).) be
the graph obtained from U(n,m;Ty,Ts,...,Ty) by Operation B Then

gR(U(nv m; le T27 v 7Tm)) < SR(UI(nv m; T{7 T2/7 s 7Trln))

Proof. Let U' = U'(n,m;T{,Ty,...,T),) and U = U(n,m;T1,Ts,...,Ty) and let the R-
polynomials of U and U’ be

or(U,z) =Y (—1)*b(R(U, k)z" =2 — £
dy, ... dy,,
k=0
, L=
—1)k+1 _ _ .99, n—2k
b 2o CDMRU = O = {uiwglos € V() D), R,

mo k=1
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2
Or(U", ) =3 (~1FB(R(U, ka2 g
— dor - do
2 Lngmj
b S ()R~ G — {wiylos € V(Ca)}), K2,
o

respectively, where b(R(U),0) = b(R(U’),0) = b(R(U — Cp, — {vivjlv; € V(Cp)}),0) =
B(R(U’ — Con — {uivslus € V(Cn)}),0) = 1. Since dyr(us) = (dy(us) + 1), dyr(vs) = dyr(vs),
dyr(ui) = j+3, dy(w;) = j+ 2, dy(v;) > 3, for k = 1 we have

, 1 j+2 1
b(R(U )7 1) B b(R(U)’ 1) :dU/ (US_3)dU/ (US_Q) + Z(dU(UZ‘) + 1) + (dU(uZ) + 1)dU(ui1)
1 1 j+1 1
dp(us—3)dr(us—a)  dr(us—o)dr(us—1) 2dp(w;)  dr(v;)(dr(u;))
Cjt2 1 1 1 j+1 1

T2 +3) 2 )G +8) 2 2G+2) do)(G+2)
_ (G +2)%dy(v) +2( +2) — (5 + 1)(J +3)du(vi) — 2(j +3)
2(j +2)(j + 3)dy(vi))

_ dU(Ui) -2
2(j +2)(J + 3)du(vi))

> 0.

That is, b(R(U"),1) > b(R(U), 1).

Now, for k£ = 0 in the second summation we have

1 1

dyr(v1) ... dyr(vm) N dy(v1) ... dy(vm) .

Next, for k= 2,...,|5], in the second summation let P = u; u;, ...us—3. Then

Z Ry:(L))

LeLy_1(CnU(p)

! ‘ ! )Y Ru(L)

+
(dU/(vi)dU{ (w) ~ dyr(usa)dyg(ws)” - L=

Ly ! ) S RuD)

dur (i) dy; (wir) 5= dor () deyup (uk) LELy_(CrnU(P—us,)

deUP (ul)

Z dU’ uk

1 1
N y Ry (L
(dU’(Ui)dU{(uh) dU’(%l)dU{(us))LeLk 2(CZ,:U(P—u- ) v
— m i1
1 ! 1
+ R (L
(dU’(uS—3)dU{ (US—Q) (; dU/ (U;C)deUP(uk))) LGLkQ(C§(P_US3) v ( ))
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1 I 1
" (dU' (ts—3)dyr; (us—2) (; du (uy)de,,up(us) ) 2 Ry (1))

LeLy_2(CrmU(P—us—3)

1 1

" (dU’(“sﬂ)dU; (us) " dyy (tas)dgy (15 2)
1 1
T (g (@) o)y (i) > R (L)

LELk_Q(CmU(P—u573)

- Y R > R

LeLy_1(CrnU(P) 4(j + 3> LELk,Q(CmU(Pfuil)

: > Re@+() Y Re@)

+ —
4(] + 3) LELk—Q(CnLU(P_uil) LeLk_Q(CTnU(P_uS?B)

) X Be)+(

4(‘7 + 3) LeLly_o(CrU(P—us—3)

TR S R (L)),

40 +3) LeLy_o(CmU(P—us—3)

and

ZdU’ uk dC UP(U'L))) Z RU(L))

LeLy 1(CrnU(P)
" 1 J 1 . 1 ( 1
dy (ui)dy (uiy ) £ dyr(wp)de,up(ur) — du(ui)dy (uiy) " dy(us—2)dy (us—1)
1
+ ) > Ry (L))
- LeLy_2(CrnU(P—ui;)
1 1 1

+ (dU(us 3)dy (us—2) * dU(Us—Q)dU(uS_l) + du (us—1)dy (us)
Z dU/ uk dc up ul Z dU/ uk dC UP(uk) LeLk—z(C%(P—us:s)RU(L))
* 1 ; ) >, Ry (L))

dyr (uy)de,,up(us—3) dU’( _1)de,up(us) LeLi (G (P—ue_s)

_d L gy, L 3
=3 2 RuD)+(g <4>+2(j+2)<4>>LELk2(C§ij(P_%)RU<L>>

(L) + (L) 3 Ry(L))

LELk_Q(CmU(P—u573)

tGxy Y ReD)

LeLy_o(CrnU(P—us—3)
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Since in graphs U’ and U we have

> Ry(L)= > Ry (L),

LELk_l(CmUP) LELk_l(CmU(P)
> Ry/(L) = > Ry (L),
LGLk,Q(CmU(Pf’U,il) LeLk72(CmUP7U]Z’1)
> )R (L) = > Ry(L),
LeLg_2(CyU(P—us—_3 LeLy_2(CryUP—us_3)
> Ry (L) = > Ry (L),
LELk_Q(CmU(P_uil) LEL}C_Q(CmUP—U/S73)

and also

S Ry(L)> > Ry(L),

LGLk72(CmU(P LELk72(CmUP_U573)
SR> Y R,
LeLk_Q(CmU(P LeLk_Q(CmUP_uil

we obtain that
b(R(U’, k) — b(R(U,k) > 0.

By Theorem @, the lemma holds.

5. PROOF OF THEOREM EI

We are now ready to present the proof of the main result of this paper.

Proof. Let G =U(n,m;T1,Ts,...,T,) be a unicyclic graph with maximum randi¢ energy and
Cy = V109 - - - Upv1 be the unique cycle of G and T;, 1 < ¢ < m, be the trees attaching to the
vertices of C},. We know that the number of vertices outside the cycle is n — m. We proceed
with the following cases.

Case 1: n—m is odd. If n —m = 1, then clearly G is cycle C,, with a leaf attached to one
of its vertices and the result follows.
Now assume that n —m > 3. Assume that there is a T; with at least two leaves ug, w, at
distance at least two from v;. Let u; be a leaf of T; such that dr, (v;,u;) is as maximum as
possible, and let P be the shortest path from v; to uw;. We apply Operation @, repeatedly,
to enlarge the path P (by adding vertices at the end of P), to obtain a tree 7]. Assume that
U’ is the resulted unicyclic graph, and let P’ be the path from v; to the farthest leaf of T of
v;. By Lemma @, Er(U) < Er(U’"). We apply Operation @, repeatedly, to change T} to a
path. Assume that U” is the resulted unicyclic graph that shown in Figure @ By Lemma @,
Er(U") < ER(UM).
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FIGURE 4. Unicyclic graphs U”.

Now we apply Operation @, repeatedly. Assume that U"” is the resulted unicyclic graph
that shown in Figure H By Lemma @, Er(U") < ER(U™).

Case 2: n —m is even. If n —m = 0, then clearly G = C},,. Thus assume that n —m > 0.
Then similar to the first case, we apply Operations EI, @ and @ on the graph G. Then a
leaf remains, which we join it to the graph obtained in the first case, that is G is obtained

from first case graph by adding a leaf to it.

FIGURE 5. Unicyclic graphs U".
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