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ABSTRACT. In this paper, we investigate the diameter and distance energy of the complement
of a regular graph G. We improve and extend earlier results on the diameter and distance
energy of graph complements obtained by Indulal [Algebr. Struct. Appl. 4 (2017) 53-58],
removing the restrictions on the relationship between the degree r and the order n of the graph.
We also derive a formula for the distance energy of the complement of a regular graph in terms
of its adjacency energy and eigenvalues. This formula facilitates the characterization and
construction of families of distance equienergetic graphs from adjacency equienergetic ones.
Furthermore, we enhance some findings related to an open problem concerning adjacency and

distance equienergetic graphs.
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1. INTRODUCTION

Let G be a simple graph of order n and size m. The number of edges that are incident to
the vertex v is the vertex’s degree. An r-reqular graph is defined as a graph in which every
vertex has degree r. The distance between two vertices v; and vy is equal to the length of
the shortest path between them and is denoted by dj; and the diameter of G is the maximum
distance between any two vertices of G' and denoted as 6(G).

Let A(G) denote the adjacency matriz of graph G, defined as A(G) = [a;i], where aj; =1
if v; is adjacent to vy and aji = 0 otherwise. The distance matriz of a connected graph G,
denoted by D(G), is defined as D(G) = [dji], where d;), denotes the distance between the
given vertices vj and vy. The eigenvalues of the adjacency (or distance) matrix of a graph G
are referred to as the A (or D )-eigenvalues of G.

The concept of adjacency energy or A-energy of a graph G denoted by £4(G), was introduced
by I. Gutman in 1978. It is defined as the absolute sum of the eigenvalues associated with
the adjacency matrix of graph G. If £4(G1) = £4(G2), then two graphs G and G2 of same
order are A-equienergetic or adjacency equienergetic graphs. The distance energy or D-energy
of graph G was introduced by Indulal et al. [10] is defined as absolute sum of distance
eigenvalues of graph G and is denoted by Ep(G). If Ep(G1) = Ep(G2), then two graphs
G1 and G of same order are D-equienergetic or distance equienergetic graphs. Indulal [8, 9]
presented an open problem regarding the characterization or construction of graph families
that share equal energy properties concerning both their adjacency and distance matrices. An
affirmative answer to this problem is provided in the work by Ramane et al. [15].

The complement G of a graph G shares the same set of vertices, but two vertices in G are
adjacent if and only if they are not adjacent in G. The line graph L(G) [6] associated with
a graph G is constructed by using the edge set of G as its vertex set, in which two vertices
are considered adjacent if the corresponding edges in £(G) share a common vertex. The k-th
iterated line graph of G, defined as £¥(G) = L(L*Y(G)); k = 1,2,..., where £L°(G) = G
and L1(G) = L(G). Let nf, ng and n, represent the counts of positive, negative and zero
eigenvalues of a graph G respectively. The study of distance energy and A-equienergetic
graphs can be seen in [8, 9, [7, 10, 11, 18, 14, 12, [13, L5, 16, 17] and references cited therein.

For undefined notation and terminology, we follow [3].

. [ . _ -1
Proposition 1.1. [2] Let G be a graph of order n with a minimum degree of at least "5=.

Then the diameter §(G) =2 and G is connected.

Proposition 1.2. [13] Let Gy be an ri-reqular graph and G2 be an ro-reqular graph, both
having the same order n and same A-energy with no A-eigenvalues in the interval (—1,0).

Then the graphs G1 and Go are A-equienergetic if and only if ri + ng, =r2+ng,.
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Let ny, and rj, represent the order and size of £LF(G).

Proposition 1.3. [I] Let G be an r-reqular graph of order n. Then LF(G) is a (2Fr—2F+1 4-2)-
reqular graph of order o H?;g@jr —20F 49y,

Theorem 1.4. 4] Let G be an r-regular graph of order n with diameter §(G) < 2. If r = A\
and \j;2 < j < n are the A-eigenvalues of G, then the D-eigenvalues of G are 2n —r —2 and

2. RESULTS

It is interesting to characterize the particular class of graphs with diameter 2. The following

provides insight into regular graphs.

Proposition 2.1. If G is an r-regular graph of order n, then the diameter of G or G is at

most 2.

Proof. If G or G is a complete graph K,;n > 1, then §(G) = 1 or 6(G) = 1. In case of
r> "T_l, by Proposition @, it is clear that the diameter 6(G) = 2. If r # %‘1, that is, in case
n—1

of r < "Tfl, we haven—r—1>n—"-=—-1= an’ which shows that the graph G satisfies the
condition in Proposition EI Therefore, the diameter §(G) = 2. Hence, §(G) < 2 or §(G) < 2.

0

Remark 2.2. Theorem 2.1 of [7] states that for an r-regular graph G with r < 251, the
diameter §(G) = 2. It is noted that this result is a direct consequence of Proposition EI,

based on the fact that if r < ”771, thenn—7r—1> "Tfl

For an r-regular graph, the following Theorem is same as Theorem 2.2 in [[7], but it doesn’t

impose restrictions on 7 in terms of n. Here, we provide its proof for completeness.

Theorem 2.3. If G is an (> 1)-reqular graph of order n > 8, then the diameter §(L*(G)) = 2
for all k> 1.

Proof. To prove §(LF(G)) = 2 for all k > 1, it is enough to prove that ry < "’“T_l by Proposition

@. By Proposition B, we have, nj = of H?;é(er — 2t 4 9) = SET H?;g@jr —H 4
2)5 (28 r =284+ 2) = ny_4(2"2r — 2571 4+1). Therefore nj,—1—2r), = nj_1 (28" 2r—2F141)—
1-2(2Fr — 2641 42) = py 4 (28 2r =281 4 1) —1-8(2F 2p—2F 141 3) = ny_1p—1-8(p—1),

where p = 2872 — 28=1 11, This implies ny — 1 —2r; = (np_1 —8)p+3>0asp > 0ifr > 1

and ng—1 > n > 8, which completes the proof.
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Proposition @ guarantees that examining a regular graph with a complement diameter

0(G) < 2 covers all regular graphs. In light of this, the following result is obtained.

Theorem 2.4. Let G be an r(> 0)-reqular graph of order n with 6§(G) < 2. If r = A\ and
Aji2 < j < n be the A-eigenvalues of G, then

(1) Ep(G)=2n+Ea(G) —2nE—2 > (N —1).
A;€(0,1)

Proof. For any real number y, we have
lyl -1, ify=>1,

(2) ly=1=1q|yl+1, ify<o,
—lyl+1, ifo<y<1.

If r = A\ and A\;;2 < j < n are the A-eigenvalues of G, then the A-eigenvalues of G are
n—r—1and —1— A;;2 < j < n. By Theorem @, G has the D-eigenvalues n +r — 1 and
A\j — 1;2 < j < n. Therefore, the D-energy of G is,

5D(é) :n+r—1+2\)\j—1|
=2

n
=n-+ ZP\J — 1|
7j=1

=+ Y (D + Y DS (N -1 by @)

;<0 A;€(0,1) Aj>1
=n+ >INl 0) = D Xl na((0,1) + D 1Al = na(lt, M),
)\]'SO /\jG(O,l) )\jzl

where ny(I) represents the count of eigenvalues of a graph G that fall within a given interval
I and ny([A, p]) = 0 if A > p. Additionally, we have

n = nx([An, 0]) +nx((0,1)) + 1A ([1, M]) = na([An, 0]) + g,

and

EAG) =D INI+ DD Il+ DIl

)\jgo )\jE(O,l) )\jzl
Using these two facts, we arrive at
Ep(G)=2n+E4(G) =2 > |N|—2nk+2n,((0,1))
/\jE(O,l)
=2m+E4(G)—2nf -2 > (N -1),
AjG(O,l)

which concludes the proof.
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For \; € (0,1), it’s clear that
oD <oni+ > (A—1)>0,
A;€(0,1) A;€(0,1)
and

> (A —1)=0if and only if A; ¢ (0,1).
AjE(O,l)

Using these facts, we derive the following from equality @)

Corollary 2.5. Let G be an r(> 0)-regular graph of order n with §(G) < 2. Let r = \; and
Aji2 < j < n be the A-eigenvalues of G. Then

2n + Ea(G) — 2nf < Ep(G) < 2n + Ea(G).
The left-side equality is true if and only if \;j ¢ (0,1) for any j € {1,2,...,n}.

Now constructing distance equienergetic graphs is an easier task with the aid of Theorem

@ and adjacency equienergetic graphs.

Corollary 2.6. Let G1 be an ri-regular graph and Go be an ro-reqular graph, both having
the same order n and same A-energy, along with their eigenvalues \1(G1) > Ao(G1) > -+ >
A (G1) and M1 (G2) > A2(G2) > -+ > M\u(G2), respectively. Let the complement graphs G and
G2 both have diameter 5(G1) < 2 and §(G2) < 2. Then the graphs G1 and Go are distance
equienergetic if and only if
ng + Y, NG =D=nd,+ D (N(Ga) - ).
A (G1)€(0,1) Aj(G2)€(0,1)

Especially, when neither G1 nor Gy have eigenvalues in the interval (0,1), the graphs G1 and

Gy are distance equienergetic if and only if ngl = na.

Proof. The proof can be derived directly from Theorem @ by considering two equienergetic

graphs of the same order and utilizing the fact that Y (A—1) =0 if and only if G does not
A€(0,1)
has any eigenvalue A within the interval (0,1). g

The Cartesian product GOH of graphs G and H is the graph with vertex set V(G) x V(H),
in which two vertices (u;,v;) and (up,vy) are adjacent if and only if either (a) u; is adjacent

to up, in G and vj = v, or (b) u; = uy, and v; is adjacent to vy in H.

Example 2.7. It is observed that for all & > 1 and n > 6, the graphs [,k(Kn,nDKn_l)
and £F (Kp—1,,—10K,) are non-isomorphic regular A-equienergetic graphs. They are integral
graphs which share identical counts of positive and negative eigenvalues, as well as having the
same order and same degree [17]. Also, 6(LF(K,, ,OK,—1)) = 6(LF(Kp—1,—10K,)) = 2 for all
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k > 1 and n > 6. Therefore, by Corollary @ and Proposition @, the graphs L*(K,, ,O0K,,_1)
and LF(K,_1,-10K,) are distance equienergetic as well as adjacency equienergetic for all
n>6and k> 1.

Remark 2.8. The Theorem @, Theorem @ and Corollary @ offer more generalized results
than those in the paper [[7]. Also, the findings concerning the open problem on adjacency and
distance equienergetic graphs, as outlined in Propositions 3.15, 3.26 and 3.32 in [15], can be
extended without limitations on the value of r in relation to n if G is an (> 1)-regular graph

with order n > 8.

3. CONCLUSION

In this work, we examined the diameter and distance energy of the complement of a regu-
lar graph, improving and generalizing earlier results on the diameter and distance energy of
complements of iterated line graphs of regular graphs. We derived a formula expressing the
distance energy of the complement in terms of its adjacency energy and eigenvalues, providing
a framework for constructing distance equienergetic graphs from adjacency equienergetic ones.
This study can be extended to non-regular graphs, offering potential for further generaliza-

tions.
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