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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper S will denote a monoid. We refer the reader to [, [L1] for basic results,
definitions and terminology relating to semigroups and acts over monoids and to [12, [13], for
definitions and results on flatness which are used here.

A monoid S is called right (left) reversible if for every s, s’ € S, there exist u,v € S such
that us = vs’'(su = s'v). A right ideal K of a monoid S is called left stabilizing if for every
k € K, there exists [ € K such that Ik = k.

An element s of a monoid S is called right e-cancellable, for an idempotent e € S, if s = es
and kerps < kerpe, i.e. ts = t's, t,t’ € S, implies te = t'e. A monoid S is called left PP if
every element s € S is right e-cancellable, for some idempotent e € S. It is easy to see that S
is left PP if and only if for every s € S there exists e € FE(S), such that kerps = kerp.. This
is equivalent to the projectivity of every principal left ideal of S. Similarly a right PP monoid
is defined. An element s € S is called right semi-cancellative if ts = t's, t,t' € S, implies there
exists r € S such that s = rs and ¢tr = t'r. A monoid S is called left PSF if all principal left
ideals of S is strongly flat. It is easy to see that S is left PSF if and only if every element
s € § is right semi-cancellable.

An element s € S is called regular, if szs = s, for some x € S. S is called a regular monoid
if all its elements are regular. An element s of a monoid S is called left almost reqular if there
exist elements r, 71, ...,7m, S1, ..., S;m € S and right cancellable elements ¢y, co, ..., ¢, € S such

that

s1€1 = S8r,
§2C2 = 8172,
SmCm = Sm—1Tm,
S = S&,TSs.

If all elements of S are left almost regular, then S is called left almost reqular. We can see
that every left almost regular monoid is left PP ([11, Proposition 4.1.3]).

A right S-act is a non-empty set A, usually denoted Ag, on which S acts unitarian from
the right, that is, (as)t = a(st) and al = a, for every a € A,s,t € S, where 1 is the identity
of S. Left S-acts are defined similarly. We say Ag satisfies Condition (P) if as = d'¢/, for
a,a’ € Ag, s,s' € S, implies the existence of a” € Ag and u,v € S such that a = a"u, a’ = a’v
and us = vs'.

A right S-act Ag satisfies Condition (F) if as = as’, for a € Ag, s, € S, implies the

existence of a’ € Ag and u € S such that a = a’u and us = us’.
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In [[12], the notation P(M, N, f, g,Q) was introduced to denote the pullback diagram

4!
SP _— SM

D2 f

SNT*SQ

of homomorphisms f : M — s@Q and g : gN — g@Q in the category of left S-acts. Tensoring

such a diagram by Ag produces the outer square in the diagram

As® gP

\ idg ®p1

24 —) Asg ® gM
idg ®po
Pl ida®f

Ag ® gN —— Ag ® sQ
ida ®g

(in the category of sets) that may or may not be a pullback diagram, depending on whether

or not the mapping ¢ is bijective. Here,
P'={(a@m,a’ @n) € (As ® sM) x (As @ sN)|a® f(m) = a' ® g(n)}

with p] and p), the restrictions of the projections is the pullback of mappings id4 ® f and
idg ® g in the category of sets, and the mapping ¢, obtained via the universal property of
pullbacks, is given by

pla® (m,n)) = (a®@m,a@mn),

for all a € Ag and (m,n) € gP.

We recall from [, 12, 13] that:

The S-act Ag is weakly pullback flat, if the corresponding ¢ is bijective for every pullback
diagram P(S, S, f,g,95).

The S-act Ag is weakly kernel flat if the corresponding ¢ is bijective for every pullback
diagram P(I,1I, f, f,S), where I is a left ideal of S.

The S-act Ag is principally weakly kernel flat if the corresponding ¢ is bijective for every
pullback diagram P(Ss, Ss, f, f,S), where s € S.
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The S-act Ag is translation kernel flat if the corresponding ¢ is bijective for every pullback
diagram P(S, S, f, f,5).

The S-act Ag is weakly homofiat, if for all elements s,t € S, all homomorphisms f :
s(SsUSt) — ¢S, all a,a’ € Ag, if af(s) = d'f(t), then there exist ¢’ € Ag, u,v € S,
st € {s,t} such that a ® s = ¢” @ us’ and '’ ®t = ¢’ @ vt’ in Ag ® g(SsUSt) and
fus’) = f(ot)).

The S-act Ag is principally weakly homoflat, if for all a,a’ € Ag, s € S,

as =a's = (3a" € Ag)(Fu,v € S)(a = a"u,d’ = a"v,us = vs).

Recall from [7] that Ag is called ETF if every e € E(S) acts injectivity on Ag, that is, if
ae = d'e, a,a’ € Ag, then a = d/. Tt is easy to see that Ag is ETF if and only if for every
a € Ag,e € E(S), ae = a. Also an act Ag is called strongly torsion free or STF if every s € S
acts injectively on Ag, that is, if as = d’s, a,a’ € Ag, then a = d’.

We use the following abbreviations,

e weak pullback flatness := W PF,

e weak kernel flatness := WKF,

e principal weak kernel flatness := PWKF,
e translation kernel flatness := TKF,

e weak homoflatness := (WP),

e principal weak homoflatness := (PW P).

2. GENERAL PROPERTIES

In this section we introduce Condition (PW Py;.) and give some properties of it.

Definition 2.1. An element s € S is called right idempotent-cancellative if ts = t's, t,t' € S,
implies there exists e € E(S), such that s = es and te = t'e.

Definition 2.2. A right S-act Ag is called strongly idempotent-cancellative-(PWP) or satisfies
Condition (PW Py;.) if as = d’s, for all a,a’ € Ag and s € S, implies ae = a’e and es = s, for
some e € E(5).

It is easy to see that if S is left PP, then Sg satisfies Condition (PW Ps;.). Also if Sg satisfies
Condition (PW Py;.), then S is left PSF. The following examples show that the converse of

these relations is not true, but the converse holds for any regular monoid S.
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Example 2.3. Suppose S; = (N \ {1}, max) and S2 =< a > be an infinite monogenic
semigroup. Let T'= 57 U Sy with the multiplication
mazx{x,y}, if z,y € Sy,
T*Y =9 Yy, if z,y € Sy,
y=yxxz, ifxzel,yes,,

and let S = T'. It is easy to see that S is a monoid which satisfies Condition (PW Pgc), but
for y € Sy there exist no idempotent e € E(S) such that kerp, = kerpe, and so S is not left
PP.

Example 2.4. Let (I, <) be a totally ordered set which has no maximum element. Consider
the commutative monoid

S={z"lieI,meN}U{l},

such that
x?, ifi<j
:c?%? = J ’
gt if i =

Clearly S is left PSF but it doesn’t satisfy Condition (PW Pi;.). Indeed, for i < j < k, 2"z}, =

x;bxz, but there exist no idempotent e € E(S) such that z]"e = zie.

Now we establish some general properties.

Proposition 2.5. The following statements hold:
(1) Og satisfies Condition (PW Pgc).
(2) Let Ag be an act satisfying Condition (PW Pg.). Then every subact of Ag satisfies
Condition (PW Pg).
(3) Ss satisfies Condition (PW Pgc) if and only if every element of S is right idempotent-

cancellative, equivalently

(Vz,y,s € S)(zs =ys = (Je € E(9))(ze = ye Nes = s)).

(4) Let A = J;cAi, where every A;, i € I, is a subact of A. Then A satisfies Condition
(PW Pgic) if and only if A; satisfies Condition (PW Ps;.), for every i € I.

(5) Let {A; |i € I}, is a chain of subacts of A. Then A = J;c; Ai, satisfies Condition
(PW Pgic) if and only if A; satisfies Condition (PW Ps;.), for every i € I.

(6) A right S-act Ag is STF if and only if Ag is ETF and satisfies Condition (PW Pg;c).

Proof. The proof of parts (1), (2), (3), (4) and (5) are straightforward.
(6). Suppose that Ag be STF. Then Ag is ETF, by definition. Now let as = a’s, for

a,a’ € Ag, s € S. By assumption, a = a’. Thus 1s = s,al = d’l, and so Ag satisfies
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Condition (PW Ps;.). Conversely let as = d’s, for a,a’ € Ag, s € S. By assumption, there
exists e € E(S) such that es = s and ae = d’e. Since Ag is ETF, we have a = d/, and so Ag
is STF.

As defined in [11], a subset U # 0 of a right S-act Ag is said to be a generating set of Ag if
every element a € Ag can be presented as a = us, for some u € U and s € S. In other words,

U is a set of generating elements for Ag if < U >:= |J uS = Ag where uS = {us s € S}. We
uelU
say that a right S-act Ag is finitely generated if Ag =< U >, for some U, |U| < co. We call

Ag a cyclic S-act if Ag =< u >, where u € Ag.

Here we give a criterion for a cyclic right S-act to satisfy Condition (PW Pg;.).

Proposition 2.6. Let p be a right congruence on monoid S. Then the right act S/p satisfies
Condition (PW Pg.) if and only if, for all x,y,s € S, (zs)p(ys) implies (xe)p(ye) and es = s,
for some e € E(S).

Proof. Necessity. Let (zs)p(ys), for z,y,s € S. Then [z],s = [y],s. By assumption, there
exists e € F(S) such that [z],e = [y],e, es = s and so (ze)p(ye).

Sufficiency. Let [z],s = [y],s, for z,y,s € S. Then (xs)p(ys). By assumption, there exists
e € E(S) such that es = s, (xze)p(ye), and so [z],e = [y],e. Thus S/p satisfies Condition
(PW Pgc) .o

Proposition 2.7. Let w € S and p = p(w,1). Then the right act S/p satisfies Condition
(PW Pg;c) if and only if for all x,y,s € S and non-negative integers m,n,

(wmzs = w"ys = (Ip,q € No)(Te € E(S))(wPre = wiye A es = s)).

Proof. Necessity. Let w™xs = w"ys, for x,y,s € S, m,n € Ng. It follows by [11, Corollary
3.8.7], (zs)p(ys), and so by Proposition @, there exists an idempotent e € E(S) such that
es = s and (xze)p(ye). Then, by [11, Corollary 3.8.7], there exist p, ¢ € Ny, with wPze = wiye,
as required.

Sufficiency. Let (zs)p(ys), x,y,s € S. By [L1, Corollary 3.8.7], there exist m,n € Ny, such
that w™xzs = w"ys. Hence, by assumption, there exist e € E(S), p,q € N, with wPze = wlye

and es = s. Then (ze)p(ye), by [L1, Corollary 3.8.7], and so S/p satisfies Condition (PW Ps;.),
by Proposition @ 0
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In the previous proposition if w = 1, then S/p = S/p(w,1) = S/p(1,1) = S/Ag = Sg. Thus
Sg satisfies Condition (PW P;) if and only if for z,y,s € S, xs = ys implies the existence
e € E(S) such that ze = ye and es = s. Hence the assertion (3) of Proposition 2.5 is a

corollary of the previous proposition.

Proposition 2.8. The following statements hold:
(1) Ewvery act satisfying Condition (PW Ps;.) is principally weakly flat.
(2) If S is a left PP monoid then every principally weakly flat act satisfies Condition
(PW Psic).

Proof. (1). Suppose that Ag satisfies Condition (PW Ps;c). Let a ® s = a’ ® s in A ®g S, for
a,a’ € Ag, s € S. Then, by [11, Proposition 2.5.13], as = d’s, and so by assumption, there
exists e € E(S) such that es = s and ae = a’e. Thus

/ / /
aR®s=a@es=aeRs=aeRs=a Kes=a K s,

in A®g Ss. Hence Ag is principally weakly flat.
(2). It follows from [11, Theorem 3.10.16].

3. CLASSIFICATION BY CONDITION (PW Pg;.) OF RIGHT ACTS

In this section we give a classification of monoids when acts with other properties satisfy
Condition (PW Ps;.) and vice versa. We also give some classifications of monoids when all
their acts satisfy Condition (PW P;.).

Note that, in act categories we call a monomorphism f : Ag — Bg an embedding of Ag
into Bg. If there exists such a monomorphism we say that Ag can be embedded into Bg or
Bg contains (an isomorphic copy of) Ag or Bg is an extension of Ag. If Ag C Bg is a subact,

then the restriction (idpg)|ay is called the inclusion or natural embedding of Ag into Bg.

Proposition 3.1. The following statements are equivalent:

(1) all right S-acts satisfy Condition (PW Pg;.);

2) all finitely generated right S-acts satisfy Condition (PW Pgc);
3
4
5

all right S-acts generated by at most two elements satisfy Condition (PW Ps;.);

all right S-acts generated by exactly two elements satisfy Condition (PW Ps;c);

all cyclic right S-acts satisfy Condition (PW Pg;.);

all monocyclic right S-acts satisfy Condition (PW Ps;.);

7) all monocyclic right S-acts of the form S/p(s,s?), s € S satisfy Condition (PW Pg.);
8) for all x,y,s € S there exists e € E(S) such that es = s, (xe)p(zs,ys)(ye);

(=}

(2)
3)
(4)
()
(6)
(7)
(8)
(9)

9) for all x,y,s € S, there exists r € S such that rs = s, (xr)p(xs,ys)(yr);



8 H. Mohammadzadeh saany, P. Rezaei and L. Nouri

10
11
12
13

(10) all right Rees factor acts of S satisfy Condition (PW Ps;.);

(11)

(12)

(13)

(14) all finitely generated weakly injective right S-acts satisfy Condition (PW Pgc);
(15)

(16)

(17)

(18)

all right Rees factor acts of S of the form S/sS, s € S satisfy Condition (PW Ps;.);
all divisible right S-acts satisfy Condition (PW Pg;c);
all principally weakly injective right S-acts satisfy Condition (PW Pgc);

15
16
17
18

all weakly injective right S-acts satisfy Condition (PW Pg;.);
all injective right S-acts satisfy Condition (PW Ps;.);
all cofree right S-acts satisfy Condition (PW Pgc);

S is regular.

Proof. Implications (1) = (2) = (3) = (4), (3) = (5) = (6) = (7), (5) = (10) = (11) and
(8) = (9) are obvious.

Since Cofree = Injective = weakly injective = finitely generated weakly injective = prin-
cipally weakly injective = divisible, implications (1) = (12) = (13) = (14) = (15) = (16) =
(17) are obtained immediately.

(4) = (18). Let s € S. If sS = S then there exists x € S such that sz = 1, and so sxs = s.
Thus s is regular. Now suppose that sS # S. Set

Ag=ST1 S ={(z)|leS\sS}UsSU{(t,y)teS\sS)

Obviously Ag = (1,2)S U (1,y)S =< (1,x), (1,y) >. Since Ag is generated by two elements,
then, by assumption, Ag satisfies Condition (PW Ps;.). Thus the equality s = (1,z)s = (1,y)s
implies the existence of e € E(S) such that es = s and (1,z)e = (1,y)e. The second equality
implies e € s5, and so there exists ¢ € S such that e = sx. Hence s = es = sxs, that is s is a
regular element. Thus S is regular.

(7) = (18). By Proposition @, part (1), all monocyclic right S-acts of the form
S/p(s,s%),s € S, are principally weakly flat. Therefore by [11, Theorem 4.6.6], S is a regular
monoid.

(11) = (18). By Proposition @, part (1), all right Rees factor acts of S of the form S/sS,
s € S, are principally weakly flat. It follows by [11, Theorem 4.6.6] that S is a regular monoid.

(9) = (18). We show that all cyclic right S-acts are principally weakly flat. Let p be a right
congruence on S and [z],s = [y],s, for z,y,s € S. Then (xs)p(ys), and so p(zs,ys) C p. Now,
by assumption, there exists r € S such that rs = s and (zr)p(zs, ys)(yr), and so (zr)p(yr).
Thus

[z], @ s =[z],@rs =[z],r@s=[zr],®s=[yr],® s
=[yl,r®s=[yl,ors=[y],®s.

in S/p® Ss. Hence all cyclic right S-acts are principally weakly flat and so by [L1, Theorem
4.6.6], S is regular.
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(17) = (18). Since every act can be embedded into a cofree act, by assumption, every S-act
is a subact of act which satisfying Condition (PW Ps;.). By Proposition @, part (2), all right
S-acts satisfy Condition (PW Pg.). It follows, by Proposition @, that all right S-acts are
principally weakly flat. Thus by [11, Theorem 4.6.6], S is a regular monoid.

(18) = (1). By [11, Theorem 4.6.6], all right S-acts are principally weakly flat. Since every
regular monoid is left PP, by Proposition @, part (2), all right S-acts satisfy Condition
(PW Pgc).

(6) = (8). Let x,y,s € S. By assumption S/p(xs,ys) satisfies Condition (PW Ps;.). Since
(xs)p(xs,ys)(ys), by Proposition @, (8) is satisfied.

Note that, by Proposition @, if S is not regular, then there exists at least one cofree right
S-act which does not satisfy Condition (PW Pg;c).

Recall, from [[12, 2, 3] that a right S-act Ag satisfies Condition (E’) if as = as’ and sz = §'z,
for a € Ag, 5,5,z € S, imply that there exist ' € Ag and u € S such that a = a’u and
us = us’. A right S-act Ag satisfies Condition (EP) if as = at, for a € Ag, s,t € S, implies
that there exist ' € Ag and u,v € S such that a = a’u = a’v and us = vt. A right S-act
Ag satisfies Condition (E'P) if as = at and sz = tz, for a € Ag, s,t,z € S, imply that
there exist ' € Ag and u,v € S such that a = a'u = a’v and us = vt. It is obvious that
(E) = (EP) = (E'P) and (F) = (F') = (E'P).

Proposition 3.2. The following statements are equivalent:

(1) all right S-acts satisfy Condition (PW Pg;c);
(2) all right S-acts satisfying Condition (E), satisfy Condition (PW Ps;.);
(3) all right S-acts satisfying Condition (E'), satisfy Condition (PW Ps;.);
(4) all right S-acts satisfying Condition (E'P), satisfy Condition (PW Pg;c);
(5) all right S-acts satisfying Condition (EP), satisfy Condition (PW Pg;.);
(6)

S is regular.

Proof. Since (E) = (E') = (E'P) and (FE) = (EP) = (E'P), implications (1) = (4) =
(3) = (2) and (4) = (5) = (2) are obvious.

(2) = (6). Let s € S. If sS = S, then there exists € S such that sz = 1. Hence szs = s,
and so s is regular. Now suppose that sS £ S. Set

sS
Ag =S S={(l,z)|le S\ sS}UsSU{(t,y)| t €S\ sS}
Obviously

Bs={(l,z)| 1€ S\ sS} UsS=Ss={(t,y)|t € S\sS}UsS=0Cs.
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Moreover Bg and Cg are subacts of Ag, where generated by (1,z) and (1,y), respectively. Ag
is generated by (1,z) and (1,y), because Ag = Bg U Cgs. By the above isomorphisms, Bg
and Cjg satisfy Condition (E), and so Ag satisfies Condition (E). By assumption, Ag satisfies
Condition (PW Py;.). Hence the equality (1,z)s = (1,y)s implies there exists e € E(S) such
that (1,z)e = (1,y)e and es = s. From the equality (1,z)e = (1,y)e we get e € sS. Thus
there exists © € S such that e = sx. Therefore s = es = sxs, and so s is regular. Thus S is
regular.

(6) = (1). It is true, by Proposition @ 0

Note that the above proof implies that the previous theorem is true for finitely generated
right S-acts and right S-acts generated by at most (exactly) two elements. Thus if S is not
regular, then there exists at least one right S-act generated by at most (exactly) two elements

satisfying Condition (E), but does not satisfy Condition (PW Ps;.).

Recall, from [14, 6, b, 4] that a right S-act A satisfies Condition (PF"), if for every a,a’ € A
and s,s',t,t',z,w € S, as = d's’, at = d't’, and sz = tw = t'w = 'z imply a = a""u, a’ = a’v,
for some a” € A, u,v € S with us = vs’ and ut = vt’. A right S-act A satisfies Condition (P’),
if for every a,a’ € A and t,t',z € S, at = d't’ and tz = t'z imply a = a"u, @’ = a"v, for some
a’ € A u,v € S with ut = vt’. A right S-act A satisfies Condition (Pg), if for every a,a’ € A
and 5,5’ € S, as = a's’ implies ae = a"ue, d'f = a"vf, es = s, fs' = &', for some a” € A,
u,v €S, e, f € E(S) with us = vs’. A right S-act A satisfies Condition (PW Pg), if for every
a,a’ € Aand s € S, as = a's implies ae = a"ue, d'f = a"vf, es = s = fs, for some a” € A,

u,v € S, e, f € E(S) with us = vs.

Proposition 3.3. Suppose that (U) be a property of S-acts which implies principally weak
flatness and Sg satisfies the property (U). Then the following statements are equivalent:
(1) all right S-acts satisfying property (U), satisfy Condition (PW Ps;.);
(2) all finitely generated right S-acts satisfying property (U), satisfy Condition (PW Ps;.);
(3) all cyclic right S-acts satisfying property (U), satisfy Condition (PW Ps;.);
(4) Sg satisfies Condition (PW Ps;.).

Proof. Implications (1) = (2) = (3) are obvious.

(3) = (4). Since Sg is a cyclic act satisfying property (U), by assumption Sg satisfies
Condition (PW Ps;.).

(4) = (1). Suppose that Ag be a right S-act satisfying property (U). Let as = d's, for
a,a’ € Ag and s € S. Since Sg satisfies Condition (PW Ps;.), S is left PSF. Also, by
assumption, Ag is principally weakly flat, and so, by [17, Lemma 1.3], there exists u € S such
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that au = a’u and us = s. Since Sg satisfies Condition (PW P;.), we get e € E(S) such that

ue = e and es = s. Thus ae = aue = a’'ue = d’e, and so Ag satisfies Condition (PW Py;.). 0

Note that property (U) in the above proposition can be any property as free, projective gen-
erator, projective, strongly flat, equalizer flat, WPF, (PF"), WKF, PWKF, TKF, (WP),
(P), (P, (PWP), flat, weakly flat, (Pg), (PW Pg), principally weakly flat.

Proposition 3.4. The following statements are equivalent:

) all right S-acts satisfy Condition (PW Pg;.);
2) all generator right S-acts satisfy Condition (PW Pgc);
) all finitely generated generator right S-acts satisfy Condition (PW Ps;.);
) all generator right S-acts generated by at most three elements satisfy Condition
(PW Pyic);
(5) S x Ag satisfies Condition (PW Ps;c) for every right S-act Ag;
(6) S x Ag satisfies Condition (PW Ps;.) for every finitely generated right S-act Ag;
(7) S x Ag satisfies Condition (PW Ps;.) for every right S-act Ag generated by at most
two elements;
(8) S x Ag satisfies Condition (PW Ps;.) for every generator right S-act Ag;
(9) S x Ag satisfies Condition (PW Ps;.) for every finitely generated generator right S-act
As;
(10) S x Ag satisfies Condition (PW Py.) for every generator right S-act Ag generated by
at most three elements;
(11) a right S-act Ag satisfies Condition (PW Ps;c) if Hom(Ag, Ss) # 0;
(12) a finitely generated right S-act Ag satisfies Condition (PW Ps;.) if Hom(Ag, Sg) # 0;
(13) a right S-act Ag generated by at most three elements satisfies Condition (PW Pg.) if
Hom(Ag, Ss) # 0;
(14) S is regular.

Proof. Implications (1) = (2) = (3) = (4), (5) = (6) = (7), (1) = (8) = (9) = (10) and
(1) = (11) = (12) = (13) are obvious.

(1) < (14). It follows from proposition @

(7) = (1). Suppose that Ag be a right S-act and as = d’s for a,a’ € Ag and s € S. Let
Bs = aSUd'S. Tt is obvious that Bg is generated by at most two elements. By assumption,
S x Bg satisfies Condition (PW Ps;.). Now (1,a)s = (1,a)s implies the existence of e € E(5)
such that (1,a)e = (1,a’)e and es = s. Hence ae = d’e and es = s, and so Ag satisfies
Condition (PW Ps;.).
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(2) = (5). Let Ag be a right S-act. Consider the map 7 : S x Ag — Sg where 7(s,a) = s,
for s € S,a € Ag. Obviously 7 is an epimorphism. It follows from [11, Theorem 2.3.16] that
S x Ag is a generator in Act-S. Thus, by assumption, S x Ag satisfies Condition (PW Ps;.).

(13) = (4). Suppose that Ag be a generator right S-act generated by at most three elements.
Since Ag is a generator, there exists an epimorphism 7 : Ag — Sg, by [11, Theorem 2.3.16].
Thus Hom(Ag, Sg) # 0, and so by assumption, Ag satisfies Condition (PW Ps;.).

(4) = (2). Suppose that Ag be a generator right S-act and as = a’s, for a,a’ € Ag and
s € S. Since Ag is a generator, there exists an epimorphism 7 : Ag — Sg, by [11, Theorem
2.3.16]. Let 7(a”) = 1. Set Bg = aSUd'SUA"S. It is obvious that 7|, is an epimorphism
from Bg onto Sg, and so Bg is a generator. Since Bg is generated by at most three elements,
by assumption, Bg satisfies Condition (PW Ps;.), and so as = d's, for a,a’ € Bg, implies the
existence of e € F(S) such that ae = d’e and es = s. Thus Ag satisfies Condition (PW Pg;).

(10) = (2). Applying the proof of (4) = (2), S x Bg satisfies Condition (PW Pg;.). Since
as =d'sin Ag, (1,a)s = (1,a’)s, in S x Bg. Thus there exists e € F(S), such that es = s and
(1,a)e = (1,d’)e, and so ae = a’e. Hence Ag satisfies Condition (PW Ps;c). [

Proposition 3.5. The following statements are equivalent:

(1) all torsion free right S-acts satisfy Condition (PW Ps;c);
(2) all torsion free finitely generated right S-acts satisfy Condition (PW Psg;c);
(3) all torsion free cyclic right S-acts satisfy Condition (PW Py;.);
(4) all torsion free right Rees factor acts of S satisfy Condition (PW Pgc);
(5) S is left almost regular.
Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). By Proposition @, part (1), all torsion free right Rees factor acts of S are
principally weakly flat. It follows from [11, Theorem 4.6.5] that S is left almost regular.

(5) = (1). By [11, Theorem 4.6.5], all torsion free right S-acts are principally weakly flat.
On the other hand by dual of [11], Proposition 4.1.3] every left almost regular monoid is a left
PP monoid. Now by Proposition @, part (2), all torsion free right S-acts satisfy Condition

(PW Psic). 0

Recall from [18] that the right S-act Ag is called R-torsion free if for any a,b € Ag and for
any right cancellable element ¢ € S, ac = bc and afRb imply that a = b.

Proposition 3.6. The following statements are equivalent:

(1) all R-torsion free right S-acts satisfy Condition (PW Ps;.);
(2) all R-torsion free finitely generated right S-acts satisfy Condition (PW Ps;.);
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(3) all R-torsion free right S-acts generated by at most two elements satisfy Condition
(PW Pyic);

(4) all R-torsion free right S-acts generated by exactly two elements satisfy Condition
(PW Pyic);

(5) S is regular.

Proof. Implications (1) = (2) = (3) = (4) are obvious.
(4) = (5). Let s € S. If sS = S, then there exists x € S such that sx = 1, and so szs = s.

Thus s is a regular element. Now assume that sS # S. Set
sS
Ag=ST S={(l,z)| 1€ S\ sS} UsSU{(t,y)| t €S\ sS}.

Using the same proof to that of Proposition @ (2 = 6), Ag satisfies Condition (E) and is
generated with two elements (1,z) and (1,y). By [18, Proposition 1.2], Ag is fR-torsion free,
and so by assumption, Ag satisfies Condition (PW Ps;.). Again the same proof to that of
Proposition @ (2 = 6), implies that s is a regular element. Thus S is regular.

(5) = (1). Note that every PR-torsion free right S-act is principally weakly flat, by [L8§,
Proposition 4.5]. Moreover every regular monoid is left PP. Hence by Proposition @, part
(2), principal weak flatness equivalent to Condition (PW Ps;.). Thus all fi-torsion free right
S-acts satisfy Condition (PW Pg.).

Definition 3.7. The principal left ideal Ss, s € S, is called finitely definable if there exist
(u1,v1), ..., (Un,vy) € S x S such that:
(1) uis = vis (1 <1< n),

(1) if zs = ys, x,y € S, then there exist s, s2, ..., s, € S such that

r = Siu,
$1V1 = Saug,
SpUp = Y.

If S is a monoid, the cartesian product S’ is a right and left S-act with the action compo-

nentwise, where I is a nonempty set. For more information the reader is referred to [17].

Proposition 3.8. [17, Proposition 2.2] The following statements are equivalent:
(1) Sé is principally weakly flat, for each nonempty set I;
(2) for any a € S, the mapping fa : S5 ® Sa — (Sa)! given by f.((si)1 ® sa) = (s;sa)s is
injective, for each nonempty set I;

(3) all principal left ideals of S are finitely definable;



14 H. Mohammadzadeh saany, P. Rezaei and L. Nouri

(4) ngs is principally weakly flat.

We recall from [10], if Ag is an S-act and its second dual exists, then the mapping 4 :
As — Hom(Hom(Ag,Ss),sS) = (Ag)*™ defined by pa(a)(f) = f(a), for every a € A and
f € Hom(Ag, Ss), is Homomorphism. An act Ag is called torsionless if ¢ 4 is injective. Also
an act Ag, |Ag| > 1, is torsionless if and only if for every z,y € Ag, * # y, there exists
f € hom(Ag, Ss) such that f(x) # f(y).

Proposition 3.9. The following statements are equivalent:

(1) all torsionless right S-acts satisfy Condition (PW Pg.);

(2) all torsionless right S-acts are principally weakly flat and Sg satisfies Condition
(PW Pgic);

(3) all torsionless right S-acts are principally weakly flat and S is left PSF;

(4) Sé satisfies Condition (PW Py.), for any nonempty set I;

(5) S35 satisfies Condition (PW Pc);

(6) Sg satisfies Condition (PW Ps;c) and SL is principally weakly flat, for any nonempty
set I;

(7) S is left PP.

Proof. (1) = (2). By assumption and Proposition @, all torsionless right S-acts are princi-
pally weakly flat. Moreover, by [10, Lemma 2.3], Sg is a torsionless act and so, by assumption,
Sg satisfies Condition (PW Py;.).

(2) = (3). It is obvious by definition.

(3) = (7). It follows, from [[10, Lemma 2.5], that for each nonempty set I, S’ is torsionless.
Then it is principally weakly flat, by assumption. Now, by [17, Proposition 1.5], S is left PP.

(1) = (4). It follows, from [[10, Lemma 2.5], that for each nonempty set I, S is torsionless,
and so by assumption, Sé satisfies Condition (PW Ps;.).

(4) = (5). It is obvious.

(5) = (6). By Proposition @, S'g x5 is principally weakly flat. It follows, from Proposition
@, that Sé is principally weakly flat, for every nonempty set I. Now we prove Sg satisfies
Condition (PW Py;.). Let xs = ys, for z,y,s € S. Set |S x S| = I. Suppose that for ig € I,
i, = =,Y;, =y and for i € T\ {ip}, #; = y; = 1. Then we have (2;);5 = (y;),s. Since S5*°
satisfies Condition (PW Pg;.), there exists e € E(S) such that (x;);e = (y;);e and es = s. Now
x;e = y;e, for every ¢ € I, and so ze = x;e = y;,e = ye. Therefore Sg satisfies Condition
(PW Psic).

(6) = (7). Since Sg satisfies Condition (PW Ps;.), S is left PSF, and so, by [17, Proposition
1.5], S is left PP.
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(7) = (1). Assume that Ag be a torsionless right S-act. By [Ll0, Proposition 2.6], there
exists the nonempty set I such that Ag can be embedded into Sé. Thus there exists subact
Bg of Sé such that Ag = Bg. Since S is a left PP monoid, by [17, Proposition 1.5], Sé is
principally weakly flat. It follows, from Proposition @, that S satisfies Condition (PW Py;).
On the other hand every subact of an act satisfying Condition (PW Pj;.), satisfies Condition
(PW Ps;.). Thus Bg, and so Ag satisfy Condition (PW Ps;.)..q

Proposition 3.10. The following statements are equivalent:

(1) all faithful right S-acts satisfy Condition (PW Pgc);

(2) all faithful finitely generated right S-acts satisfy Condition (PW Py;.);

(3) all faithful right S-acts generated by at most two elements satisfy Condition (PW Pg;c);
(4) all faithful right S-acts generated by exactly two elements satisfy Condition (PW Pgic);
(5) S is regular.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). Let s € S. If sS = S then there exists z € S such that sz = 1, and so szs = s.
Thus s is regular. Now assume that sS # S. Set Ag = § ﬁ S. Since Ag is faithful, by
assumption, Ag satisfies Condition (PW P;.). By the proof of Proposition @(2 = 6), s is
regular, and so S is regular.

(5) = (1). By Proposition @, all right S-acts satisfy Condition (PW Ps;.). Thus all faithful
right S-acts satisfy Condition (PW Ps;c).

Lemma 3.11. [9, Lemma 3.7] The following statements are equivalent:

(1) there exists at least one strongly faithful right S-act;
2
3
4

(2) there exists at least one cyclic strongly faithful right S-act;
(3) there exists at least one monocyclic strongly faithful right S-act;
(4) there exists at least one finitely generated strongly faithful right S-act;
(5) for all s € S, sS is a strongly faithful right S-act;
(6) there exists s € S, such that sS is a strongly faithful right S-act;
(7) Ss is a strongly faithful right S-act;
(8) for all s € S, the elements of sS are left cancellable;
(9)
(10) S is left cancellable.

there exists s € S such that all elements of sS are left cancellable;

Proposition 3.12. The following statements are equivalent:

(1) all strongly faithful right S-acts satisfy Condition (PW Ps;.);
(2) all strongly faithful finitely generated right S-acts satisfy Condition (PW Ps;c);
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(3) all strongly faithful right S-acts generated by at most two elements satisfy Condition
(PW Pyic);

(4) all strongly faithful right S-acts generated by exactly two elements satisfy Condition
(PW Pyic);

(5) S is not left cancellable or S is a group.

Proof. Tmplications (1) = (2) = (3) = (4) are obvious.
(4) = (5). Suppose that S be a left cancellable monoid. We claim that S is a group. It is
sufficient to show that S is regular. Let s € S. If s§ = S then s is regular. Otherwise set

sS
Ag=ST S={(l,z)| 1€ S\ sS} UsSU{(t,y)| t €S\ sS}.
Now we have
Bs={(l,z)|l € S\sS}UsS=Ss={(t,y)|t € S\sS}U sS=0Cs.

Obviously As =< (1,z),(l,y) >= Bg U Cgs. Since S is left cancellable, by Lemma ,
Sg is strongly faithful. By using the above isomorphisms, Bg and Cg as subacts of Ag are
strongly faithful. Hence Ag is strongly faithful. Since Ag is generated by exactly two elements,
by assumption Ag satisfies Condition (PW Pg;.). It follows, from the proof of Proposition
@(2 = 6), that s is regular. Thus S is regular. For every s € S, from regularity S, there
exists € S such that szs = s, and so xs = 1, since S is left cancellable. This means that
every element of S is left invertible. Thus .S is a group.

(5) = (1). If S is not left cancellable, then, by Lemma , there exist no strongly faithful
right S-act. Otherwise if S is a left cancellable monoid then, by assumption, S is a group.

Thus S is regular, and so by Proposition @, the statement (1) is obtained.

Lemma 3.13. [J, Lemma 3.9] Suppose that p be a right congruence on a monoid S. Then

S/p is a strongly faithful right S-act if and only if p = Ag and S is left cancellable.

Proposition 3.14. The following statements are equivalent:

(1) all strongly faithful cyclic right S-acts satisfy Condition (PW Pgc);
(2) S is not left cancellable or Sg satisfies Condition (PW Ps;c);

Proof. (1) = (2). Suppose S be a left cancellable monoid. Then, by Lemma , Sg as a
cyclic right S-act is strongly faithful, and so by assumption, Sg satisfies Condition (PW Ps;.).

(2) = (1). If S is not left cancellable, by Lemma , there exist no a strongly faithful right
S-act. Thus (1) is obtained. If S is left cancellable, by Lemma , there exists at least one
strongly faithful cyclic right S-act. Thus we can assume S/p is a strongly faithful cyclic right
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S-act. By Lemma , p = Ag, and so S/p = Sg, which by assumption, satisfies Condition
(PW Pgc). 0

Proposition 3.15. The following statements are equivalent:

(1) there exists at least one strongly faithful cyclic right S-act which satisfies Condition
(PW Pyic);

(2) S is left cancellable and every strongly faithful cyclic right S-act satisfies Condition
(PW Pyic);

(3) S is left cancellable and Ss satisfies Condition (PW Pgc).

Proof. (1) = (2). It follows, from assumption and Lemma , that S is left cancellable.
Suppose that S/p be a strongly faithful cyclic right S-act. By Lemma , p = Ag, and so
S/p = Sg satisfies Condition (PW Ps;.).

(2) = (3). This is true, by Lemma .

(3) = (1). Since S is a left cancellable monoid, by Lemma , there exists at least one
strongly faithful cyclic right S-act as S/p. Then p = Ag, by Lemma , and so S/p = Sg,
which by assumption, satisfies Condition (PW Pg;.).

Proposition 3.16. The following statements are equivalent:

(1) all right S-acts satisfying Condition (PW Ps;.) are (strongly) faithful;

(2) all finitely generated right S-acts satisfying Condition (PW Py;.) are (strongly) faithful;
(3) all cyclic right S-acts satisfying Condition (PW Pg;.) are (strongly) faithful;

(4) all right Rees factor acts of S satisfying Condition (PW Ps;.) are (strongly) faithful;
(5) 5={1}

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). It follows, by Proposition @, part (1), that S/Sg = Og satisfies Condition
(PW Pgc). Thus, by assumption, Og is (strongly) faithful. Let s,t € S. Then ws = wt
implies s = ¢, and so S = {1}.

(5) = (1). If S = {1} then all right S-acts are strongly faithful, and so (1) is obtained. g

Proposition 3.17. The following statements are equivalent:
(1) all right S-acts satisfying Condition (PW Ps;.) are (projective) generator;
(2) all finitely generated right S-acts satisfying Condition (PW Py;.) are (projective) gen-
erator;

(3) all cyclic right S-acts satisfying Condition (PW Pg.) are (projective) generator;
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(4) all right Rees factor acts of S satisfying Condition (PW Ps;.) are (projective) generator;

(5) S = {1}.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). It follows, by Proposition @, part (1), that S/Sg = Og satisfies Condition
(PW Pg;c). By assumption, ©g is (projective) generator. By [11, Theorem 2.3.16], there exists
an epimorphism 7 : Og — Sg. Thus S = {1}.

(5) = (1). If S = {1} then all right S-acts are (projective) generator, and so (1) is obtained.

Proposition 3.18. The following statements are equivalent:
(1) all right S-acts satisfying Condition (PW Ps;.) are free;
(2) all finitely generated right S-acts satisfying Condition (PW Ps;.) are free;
(3)
(4) all right Rees factor acts of S satisfying Condition (PW Pg;.) are free;
(5) S ={1}.

all cyclic right S-acts satisfying Condition (PW Ps;.) are free;

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). By assumption, all right Rees factor acts of S satisfying Condition (PW Pj;.)
are generator. It follows, from Proposition , that S = {1}.

(5) = (1). If S = {1} then all right S-acts are free, and so (1) is obtained.

4. CLASSIFICATION BY CONDITION (PW Pg;.) OF RIGHT REES FACTOR ACTS

In this section we give a classification of monoids by Condition (PW Py;.) of right Rees

factor acts.

Proposition 4.1. Let Kg be a right ideal of S. The right Rees factor S-act S/Kg satisfies
Condition (PW Ps;c) if and only if Kg fulfills in the following conditions
(I) for all x,y,s € S,

[(zs =ys € S\ Kg) = (e € E(5))(es = s Axe = ye)].
(II) for all x,y,s € S,
[(zs,ys € Kg) = (Je € E(S))(es = s A (ze = ye V xe,ye € Kg))].
Proof. Necessity. Let s = ys € S\ Kg, for z,y,s € S. Then (zs)px(ys), which implies the

existence of e € F(S) such that es = s and (ze)px (ye), by Proposition @ Thus xze = ye or

ze,ye € Kg. If ze,ye € Kg then ys = xs = zes € Kg which is a contradiction. Hence xe = ye
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and es = s, and so (/) is obtained. Now let xs,ys € Kg, for z,y,s € S. Thus (zs)pk(ys),
and so Condition (PW Ps;.) implies the existence e € E(S) such that es = s and (xe)pk (ye).
Hence ze = ye or xe,ye € Kg, as required.

Sufficiency. Note that if Kg = S then S/Kg = ©g which satisfies Condition (PW Ps;.), by
Proposition @ Assume that Kg is a proper right ideal of S and (xs)pk (ys), for z,y,s € S.
Then zs,ys € Kg or xs = ys. If xs,ys € Kg, then by condition (1), there exists e € E(S)
such that es = s and (ze)pk(ye), as required. If zs = ys then there are two cases as follows:

Case 1: s = ys € Kg. This is similar to the situation where zs,ys € Kg.

Case 2: zs = ys € S\ Kg. By condition (I), there exists e € E(S) such that es = s
and ze = ye. Hence es = s and (ze)pgi(ye). Therefore, by Proposition @, S/Kg satisfies
Condition (PW Ps;.), as required.

Remark. Note that it is easy to show that if the right ideal Kg satisfies condition (I7) of
Proposition @, then Kg is left stabilizing.

Proposition 4.2. Let Kg be a right ideal of S. All right Rees factor acts of S satisfying
Condition (PW Py;.) are (weakly) flat if and only if S is right reversible.

Proof. Necessity. Since S/Sg = ©g satisfies Condition (PW Py;.), by assumption Og is
(weakly) flat, and so by [L1, Exercise 3.12.2], S is right reversible.

Sufficiency. Suppose that .S be a right reversible monoid. Let Kg be a right ideal of .S such
that S/Kg satisfies Condition (PW Py;.). If Kg = S, it follows from [11, Theorem 3.12.17],
S/Kg = S/Sg = Og is (weakly) flat. Otherwise, by Proposition @, K satisfies conditions
(1) and (I1). It follows from above remark that Kg is left stabilizing. Now, by [L1, Theorem
3.12.17], S/Kg is (weakly) flat.

Proposition 4.3. The following statements are equivalent:

(1) all right Rees factor acts of S satisfying Condition (P) satisfy Condition (PW Py;.);
(2) all WPF right Rees factor acts of S satisfy Condition (PW Ps;.);

(3) all strongly flat right Rees factor acts of S satisfy Condition (PW Ps;.);

(4) all projective right Rees factor acts of S satisfy Condition (PW Ps;.);

(5) all projective generator right Rees factor acts of S satisfy Condition (PW Ps;.);

(6) all free right Rees factor acts of S satisfy Condition (PW Pgc);

(7) Ss satisfies Condition (PW Ps;.) or S does not contain a left zero.

Proof. Since free = projective generator = projective = SF = WPF = (P), implications
(1) = (2) = (3) = (4) = (5) = (6) are obtained immediately.
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(6) = (7). Suppose that S contains a left zero as z. Then Kg = 25 = {z} is a right ideal
of S. Since |Kg| = 1, by [11, Proposition 1.5.22], S/Kg = Sg is free, and so by assumption,
S/Kg = Sg satisfies Condition (PW Ps;.).

(7) = (1). Let Kg be a right ideal of S such that S/Kg satisfies Condition (P). If Kg =S
then S/Kg = Og satisfies Condition (PW Ps;.), by Proposition @ If Kg # S then, by [11
Proposition 3.13.9], |[Kg| = 1 and so, Kg = 25 = {z}. Thus z is a left zero of S, and so by
assumption, Sg = S/Kg satisfies Condition (PW P;.), as desired.

We recall from [15, 16] that Ag is called GP-flat, if for every s € S, and a,d’ € Ag,
a®s=a ®sin Ag® ¢S implies the existence of a natural number n such that a ® s" = a ® s"
in Ag®gSs™. The S-act Ag is called GPW -flat, if for every s € S, there exists n = n(, 44) € N,
such that the functor Ag ® g— preserves the embedding of the principal left ideal g(Ss™) into
sS. It is obvious that every principally weakly flat act is GPW-flat and every GPW-flat is

G P-flat. Also every G P-flat act is torsion free, but the converse of these relations is not true.

Now we pose the following open questions for consideration:
1. What is the specification of S, for which every right S-act satisfying Condition (PW Py;.)
has a certain flatness properties between free and principally weakly flat?
2. When all (GPW-flat) GP-flat right S-acts satisfy Condition (PW Ps;.)?
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