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ABSTRACT. We begin by introducing the simple algebraic structure of cyclic, constacyclic,
quasi-cyclic (QC), quasi-twisted (QT), generalized quasi-cyclic (GQC), and multi-twisted
(MT) codes over finite fields. Then, we establish the correspondence between these codes
and submodules of the free F,[z]-module (Fy[z])‘. We show that an MT code is a linear code
over the principal ideal domain (PID) Fy[z]. Hence, a basis of this code exists and is used
to build a generator matrix with polynomial entries, called the generator polynomial matrix
(GPM). The Hermite normal form of matrices over PIDs is exploited to achieve the reduced
GPMs of MT codes. Some properties of the reduced GPM are introduced, for example, the
identical equation. A formula for a GPM of the dual code of an MT code is established.
At this point, special attention is paid to QC codes. We characterize GPMs for QC codes
that combine reversibility and self-duality /self-orthogonality. We show the existence of binary

self-orthogonal reversible QC codes that have the best known parameters as linear codes.
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1. INTRODUCTION

During data transmission, noise may undoubtedly cause data errors and distortion. Error
correction techniques provide transmission robustness by detecting and correcting data dis-
tortion. A code is defined as the set of all possible transmitted codewords. By defining a
metric, e.g., the Hamming distance, the code with the largest minimum distance between its
codewords has the greatest error-correcting capability. For fixed code length and code size,
the code with the largest minimum Hamming distance is called an optimal code. Researchers
use computer search to find optimal codes over different alphabets [6, [16]. Linear codes with
rich algebraic structure have found their superiority in engineering applications. For example,
cyclic codes constitute a class of linear codes with a rich algebraic structure. This was followed
by many generalizations for the algebraic structure of cyclic codes that led to other classes of
linear codes with more complicated algebraic descriptions.

A cyclic code over a ring R is a linear code with the structure of an ideal in the ring of
polynomials over R. The class of quasi-cyclic (QC) codes is obtained by not limiting the shift
index of cyclic codes to unity. A QC code is a linear code invariant under the cyclic shift of a
number of coordinates. QC codes have been addressed in several studies, e.g., [2, 8, 4]. Another
class of linear codes is the class of constacyclic codes, which is obtained by generalizing the
shift constant of cyclic codes. See [17] for a detailed description of constacyclic codes and their
algebraic structure. Although the shift index of QC codes is not limited to unity, the block
lengths are equal. Generalizing block lengths of QC codes, such that they are not necessarily
equal, has led to a more general class of codes known in the literature as generalized quasi-
cyclic (GQC) codes. In [18, 27], the algebraic structure of GQC codes is explained. However,
generalizing the shift constant of QC codes, such that it does not necessarily equal unity, led
to the class of quasi-twisted (QT) codes [19, 12]. In [1], QT and GQC codes are generalized
to multi-twisted (MT) codes. MT codes are similar to GQC codes in that the block lengths
are not necessarily equal, and they are similar to QT codes in that the shift constant is not
necessarily equal to unity, moreover, the shift constants for different blocks are not necessarily
the same. The algebraic structure of MT codes over finite fields is studied in [26, b].

In this study, we start by defining cyclic and constacyclic codes over finite fields and pre-
senting their algebraic structures as ideals in quotient rings. We unified the definition of QC,
QT, GQC, and MT codes over finite fields as invariant linear codes under some linear trans-
formations. Such invariance is the key behind defining an action on these codes which gives
them the structure of modules over a principal ideal domain (PID); cf. [21, 24]. Specifically,
we consider QC, QT, GQC, and MT codes as linear codes over PIDs. We show how genera-
tors of these codes can be deduced from their generator matrices. Hence, these generators are

used to construct a generator polynomial matrix (GPM) for the code as a linear code over a
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PID. For the broader class of MT codes, we aim to provide a minimal generating set and an
algorithmic technique for finding this minimal set. Many known properties of vector spaces
remain true for modules over PIDs. For instance, a submodule of a free module over a PID
is free [25]. This makes MT codes free modules over PIDs, and we show how a basis of MT
codes can be inferred. Although this basis is used to construct a GPM with entries from a
PID, we aimed to find a unique reduced matrix form. This reduced form can be achieved by
the Hermite normal form [20]. We show how to get the unique reduced GPM from any GPM.
We prove the relationship between the code dimension and the diagonal entries of the reduced
GPM. We present the identical equation satisfied by the GPM. The identical equation plays
a major role in constructing the GPM of the dual code. We describe the dual code of any
MT code, which has been shown to be MT as well. Using the identical equation, we explain
how to construct a GPM for the dual of an MT code. Specifying to subclasses of MT codes,
formulas for GPMs of the dual codes of QC, QT, and GQC codes are presented. Intuitively,
this provides conditions for the self-duality and self-orthogonality of these codes. In fact, a
code is self-dual if it is identical to its dual, while it is self-orthogonal if it is contained in its
dual.

A code is called reversible if it is invariant under reversing the coordinates of its codewords.
Massey [23] considered reversibility in the class of cyclic codes. He demonstrated that a cyclic
code over a finite field is reversible if and only if its generator polynomial is self-reciprocal.
Since QC codes generalize cyclic codes, it was natural to study reversibility in the class of
QC codes. In [8, 10, 9], reversibility for some classes of QC codes has been considered. We
show an explicit formula for a GPM of the reversed code of a QC code, where the reversed
code is the code obtained by reversing the coordinates of all codewords. Using this formula,
we summarize some of the results of [11] about the relations between reversibility, self-duality,
and self-orthogonality of QC codes and their impact on the GPMs. We restrict ourselves to
QC codes because this class contains many codes with the best known parameters [22], where
a code has the best known parameters if its minimum distance meets the upper bound in
[16]. Specifically, we present some QC codes that combine reversibility, self-orthogonality, and
optimality. We conclude the study by listing some results obtained by computer search for

binary optimal self-orthogonal reversible QC codes in Table m

2. FROM CYCLIC TO MULTI-TWISTED CODES

Let I, be the finite field of order ¢, where ¢ is a prime power. If ¢ is a prime number, then
[F, is isomorphic to the quotient ring Z/(g), where (q) = {0,+q, +2¢,£3q, ...} is the ideal
generated by ¢ in the ring of integers Z. In Z/{q), additions and multiplications are carried

modulo ¢. However, if ¢ = p? for a prime p and an integer d > 1, then [F, is isomorphic to
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the quotient ring Fp[z]|/(f(x)), where [F,[x] is the ring of polynomials in the indeterminate
with coefficient from F,, f(z) € F,[z] is an irreducible polynomial of degree d, and (f(z)) =
{a(x)f(z)a(z) € Fpla]}.

A code C over the alphabet Fy of length n is a subset of the vector space . The elements of
C are called codewords. The weight of a codeword of C is the number of non-zero coordinates in
the codeword. The minimum weight of C is the smallest weight among all non-zero codewords.
The Hamming distance between two codewords of C is the number of coordinates at which
the two codewords differ. The minimum Hamming distance of C, denoted duin(C) or dmin,
is the smallest Hamming distance between each pair of unequal codewords. If C is a code
over F, of length n and minimum distance dyn, then the first n — din + 1 coordinates of all

n=dmint1 codewords in C. This gives

the codewords are distinct. Hence, there are at most ¢
the following fundamental bound on the minimum distance of a code, which is known as the

Singleton bound.

Theorem 2.1 (Singleton Bound). Let C be a code of length n over an alphabet of size q. If C

has a minimum distance dmin, then
‘C‘ < qn_dmin+l.

A code C is linear if it is a subspace of Fy, that is, C is closed under addition and scalar
multiplication by elements of F,. The dimension £ of a linear code is its dimension as a vector
space over F,. Therefore, the size of a linear code of dimension k is |C| = ¢*. The minimum
weight and the minimum Hamming distance are equal for any linear code, and the Singleton

bound takes the form

(1) dmin < n_k+1

There are other minimum distance bounds, for example, sphere-packing bound [[7] and Gilbert—
Varshamov bound [[14]. For fixed alphabet, code length, and dimension, a code with the largest
minimum Hamming distance is best for practical communication systems. A code that achieves
the upper bound of any of the bounds on the minimum distance is called optimal. In particular,
a code that achieves the Singleton bound is called maximum distance separable (MDS), while
a code that achieves the sphere-packing bound is called perfect. Researchers are interested in
using computer searches to find optimal codes. Their results yield codes with the best known
dmin for fixed n and k. These records can be found in [16].

A linear code C over [, of length n is cyclic if it is invariant under cyclic shifts of its

coordinates. Namely,

(007 Cly---,Cn-2, Cnfl) ceC= (Cnflv €0y -+, Cn-3, Cn72) eC.
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The main advantage of using cyclic codes over other codes in communication systems is that
cyclic codes can be efficiently encoded using shift registers. Let &% be the quotient ring
Fq[z]/(z™ — 1). Elements of & are represented by polynomials in the indeterminate x over
F, of degree at most n — 1 with addition and multiplication carried out modulo z" — 1. In
addition, #Z can be viewed as a vector space over F, of dimension n, so # is isomorphic to
Fy. It is usual to use this isomorphism to represent codewords by polynomials rather than
vectors. Precisely, the word (ag,a1,...,an—2,an-1) € [y has a polynomial representation
ao+ a1z + -+ an_ox™ 2 4+ ap,_12" ! for its correspondence in Z. In its polynomial repre-
sentation, a linear code is an Fy-subspace of %Z. Since multiplication is carried modulo 2™ —1,
cyclic shift of a codeword corresponds to multiplying its polynomial representation by x. The
ring # can be thought of as an #Z-module. Therefore, the property of a cyclic code being
invariant under cyclic shifts makes this code acts as an Z-submodule of Z, i.e., an ideal in
Z. There is a one-to-one correspondence between cyclic codes over I, of length n and ideals
of #. This property is generalized to a broader class, the class of constacyclic codes. For a

non-zero A € Fy, a linear code C is A-constacyclic if
(Co, Cly...,Cp—2, Cnfl) eC=> ()\Cnfl, COy -+, Cn—3, Cnfg) eC.

We call X the shift constant. A 1-constacyclic code is simply a cyclic code. A (—1)-constacyclic
code is called negacyclic; any negacyclic code over a ring of characteristic 2 is cyclic. The
class of constacyclic codes includes cyclic and negacyclic codes. Analogous to cyclic codes,
constacyclic codes have a polynomial representation. Consequently, a A\-constacyclic code over
F, of length n is an ideal in the quotient ring Z)\ = Fy[z]|/(z™ — \), and there is a one-to-one
correspondence between A-constacyclic codes and ideals of Z).

A PID is an integral domain in which each ideal is principal. That is, an integral domain
R is a PID if for every ideal I of R, there is an element a € I such that I = Ra = {ra|r € R}.
The element a is a generator of I and we write I = (a). Examples of PIDs are the ring of
integers Z, the quotient ring Z[z]/(2z? + 1), and the ring of polynomials F,[z]. PIDs play an
important role in the algebraic structure of some classes of codes. For instance, for constacyclic

codes, we have the following:

Proposition 2.2. Let C be a A-constacyclic code over F, of length n and dimension k. Then

C = (g(x)) for some g(x) € Fylx] such that g(x)| (™ — X). Moreover, k =n — deg(g(x)).

Proof. We know that C is an ideal in Z). However, the projection map 7 : Fy[z] — %) defines
a bijection between ideals of Fy[x] that contain (z" — A) and ideals of #\. Then, C can be
shown as an ideal of [Fy[z] containing (z™ — A). Since Fy[z] is a PID, C = (g(z)) 2 (2™ — A) for
some g(z) € Fylz]. But (g(x)) 2 (2™ — A) if and only if g(z)| (" — N), i.e., a(z)g(x) = 2™ — A
for some a(z) € Fy[z]. We call a(x) the check polynomial of C. The dimension of C is the
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dimension of (g(x))/(z™ — A) as an F,-vector space. Therefore, k = deg(a(z)) = n—deg(g(x)).

O

The polynomial g(x) is not uniquely specified; any g(x) such that C = (g(x)) is called
a generator polynomial of C. However, restricting g(x) to be monic ensures its uniqueness.
Thus, one can uniquely define g(x) to be the least degree monic polynomial in C as an ideal
in F,[z]. So far we have shown that a A-constacyclic code C is completely determined by the
monic polynomial g(z) € C that divides 2™ — X and generates C as an ideal in the PID F[x].
Consequently, all A-constacyclic codes over [, of length n can be enumerated by decomposing
x™— X into irreducible factors in Fy[z]. We aim to give the corresponding unique representation

in the broader class of multi-twisted codes.

Example 2.3. Let Fo = {0,1,2,0,20,1 + 6,1 + 20,2 + 6,2 + 20}, where 62 + 20 +
2 = 0. We construct a 2-constacyclic code C over Fg of length 5. In Fg, 2 = —1,
then C is negacyclic as well. Factorizing 2> — 2 to irreducible factors yields 2° — 2 =
(z+1) (#* + 20z + 1) (2® + (6 + 2)z + 1). Different 2-constacyclic codes over Fy of length
5 are obtained through different choices of generator polynomials from the factorization of
25 — 2 in Fg[z]. Let C = (g(x)), where g(z) = 2? + 20z + 1. The dimension of C is k =
n —deg (g(z)) = 3. The check polynomial of C is a(z) = 202 — (z+1) (z*+ (0 +2)z +1).

T og(x)
By listing all codewords of C, one can observe that the codewords with the fewest number of

monomials in their polynomial representation contain three monomials. Therefore, dmi, = 3.
From @), C achieves the Singleton bound, and is therefore MDS.

Constacyclic codes generalize cyclic codes by generalizing the shift constant A. A different
generalization of cyclic codes is obtained by generalizing the shift index, and this leads to the
class of QC codes.

Definition 2.4. A linear code C over F, of length n is /-QC if it is invariant under cyclic shift
by ¢ coordinates. Namely,

(2) (617623 sy Cn) eC= (Cn—ﬂ—i-l, <oy Cn,yC1,C2, - - 7Cn—f) eC.
Define the index of a QC code to be the smallest positive integer ¢ satisfying (E) Hereinafter,
the index is denoted by /.

Proposition 2.5. The index ¢ of a QC code divides the code length n.

Proof. Let m be the unique positive integer defined such that 0 < mf — n < £. Since C is
invariant under ¢ shifts of coordinates, it is invariant under m¢ — n shifts. Then m¢ —n =0

because m¢ —n < £ and ¢ is the smallest integer satisfying (E) Thus n = ml and ¢|n.
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The integer m = n// in the proof of Proposition @ is called the co-index of C. A codeword

of an (-QC code C of length n and co-index m can be partitioned as follows:

(3) €= (€0,1,€0,2s---5C0,6,CL,15CL2,-++,Clls--3Cm—1,1,Cm—12,-+>Cm—1,) -

A linear code C is QC if and only if, for every ¢ € C in the form of (E), C contains the codeword

(Cm—l,lv Cm—1,25---yCm—1,£,€0,1,€0,25---,€C0,0y--+,Cm—21,Cm—2,2,--- 7Cm—2,€) .

Let Ty be the automorphism of Fy that corresponds to shifting by ¢ coordinates. That is,
Ty : (a1, a9, ..., an) = (@n_py1,---,0n, 01,02, ..., a,¢) for every (ay,az,...,a,) € Fy. In the
standard basis of Fy/, Ty has the n x n matrix representation
O¢x (n—0) Ioxe

Lo tyx(n-t) Om-pxe)
where 0;4; and I; are the zero matrix of size i X j and the identity matrix of size i x 1,
respectively. An alternative definition of an ¢-QC code is a linear subspace of Fy that is
invariant under Ty. This invariance is used to give QC codes the structure of module over
PID. Although QC codes generalize cyclic codes because cyclic codes are QC with £ =1, QC
codes do not generalize constacyclic codes. One can find a class containing QC and constacyclic
codes as subclasses by generalizing the linear operator 7. For 0 # A € Fy, let T{y y) be the
automorphism of Fy such that Tiy ) : (a1,a2,...,an) = (Aan—rt1,..., Aan,a1,a2,...,an_¢).
In the standard basis of Fy, T(y ) has the n x n matrix representation
(4) M — Opx(ney Mo

Iooy Opryxe

Obviously Ty = T{y,1), and this generalizes QC codes to QT codes. From (H), we have M™ =
A, hence %ng N is the identity map on Fy. Then M mt — T, and T(’Zg\) is the identity map,

where t is the multiplicative order of ), i.e., t is the least positive integer such that A\t = 1.

Definition 2.6. For a non-zero A € F,, a linear code C is called (¢,\)-QT if C is invariant
under T, 5). That is,

(5) (Cla C2y .., Cn) €eC= ()‘Cn—ﬂ-l—l, cee )‘CTLa C1,C2, ... acn—E) eC.

The index of C is the smallest positive integer £ that satisfies (a) We call A the shift constant
of C.

Similar to QC codes, the index of a QT code divides its length. The co-index of C is the
integer m = n/{. By partitioning the codewords of a linear code C of length m¢ to m blocks
of length ¢ each, then C is (¢, \)-QT if and only if

(ACmfl,l,)\Cmez, e ,ACm—l,e, €0,1,€0,25+--3,€C045+++3Cm—2,1,Cm—22, - - - ,Cm—2,€) ,
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is a codeword in C for every codeword in the form of (E) The class of QT codes generalizes QC
and constacyclic codes because an ¢-QC code is (¢,1)-QT, a A-constacyclic code is (1, \)-QT,
and a cyclic code is (1,1)-QT.

Theorem 2.7. Let C be a linear code over F, of length n, dimension k, and a k X n generator

matrix G. Then, C is (¢, \)-QT if and only if the rank of the block matrix

G

(6) t
GM

is k, where ! stands for matriz transpose and M is given by (@)

Proof. Assume G satisfies

G
rank = k.

GM!

For any codeword ¢ € C, there exists a € IF’; such that ¢ = aG. Since the dimension of C is k,
rank(G) = k and

G
rank > k.
cM?
But
G I 0 G
rank = rank = rank F ok < rank =k.
cM? aGM! 01 a GM! GM!
Then
G
rank =k.
cM!

This shows that eM" € C and C is (£, \)-QT because it is invariant under 7Ty .
Conversely, if C is (¢, A\)-QT, then rows of GM" are codewords and

G
rank =k.

GM*
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Example 2.8. Let C be the linear code over Fy of length n = 9, dimension £ = 6, and

systematic generator matrix

6 1
1

0

0

0 1
1+0

o O = O O O
o = O O O O

0 0 +
0 0 0
1 0 1 0
0 0 0
0 0 0
0 1 1

o O o o o =
o o o o ~ O

1+0

where %2 +60 + 1 = 0. By Theorem @, C is (3,0)-QT code because

1 0 0 0 0O0 O 1+0 1
0 1 0O 000 14+6 0 1
0 0 1 000 1 0 0
0 0 0 1 00 1 0 0
0 0 0 010 0 0 1
rak _ rank 0 0 0 001 1+90 1 1+40 Y
GM! 0 1 0 100 0 0 0
1146 6 01 0 0 0 0
g 0 146 0 0 1 0 0 0
g 1+60 1+60 0 0 O 1 0 0
01466 6 0 0 0 O 1 0
1 0 1 000 O 0 1
In fact, C is optimal because its minimum distance is dp;, = 3, which is the best known

minimum distance for a linear code over Fy of length 9 and dimension 6, see [16].

The linear transformation 7y ) is an automorphism of the vector space Fg‘g . Define an F[z]-
module structure on ]FZI”Z such that the action of x on F{’]”Z is the action of T} ). Specifically,
the action of f(z) =Y, fra” € Fylaz] on a € F* is defined by f(z)a =3, thZ]?A (a). Let C
be an (¢, \)-QT code over [, of length mf. Since C is a T} y-invariant F,-subspace of IFZ‘E, it
is an F,[z]-submodule of IF’q”é . The opposite is also true; meaning that an F,[x]-submodule of
IF'Z”Z is an (4, A\)-QT code over F, of length mf. In addition, the following result shows that an
(¢, M)-QT code corresponds to an [Fy[z]-submodule of %’f\, where Z) = Fy[z]/(z™ — A). This

correspondence leads to the definition of the polynomial representation of (¢, \)-QT codes.

Theorem 2.9. There is a one-to-one correspondence between (¢, \)-QT codes over Fy of length
ml and Fy[z]-submodules of %5, where %y = Fy[z]/(x™ — ).
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Proof. Let ¢ : FZ‘K — %f\ be the F4-vector space isomorphism such that

(25 a = (CL071, ap2,---,000,1,1,A1,25---5,01 05+, Am—1,1,Am—1,2, - - - ,amfl’g)

— a(x) = (a1(z), az(x),. .., a(z)),

where a;(x) = ag; + a1 ;@ + a27jx2 + 4 am,l,jxm_l € %) for 1 < j < £. Consider the

following diagram of F,-vector space isomorphisms

¢ ¢ ¢
Fq“ — X

(8) Te,,\l l@b

Ft —— %

where ¥ : (a1(z),az2(x),...,ap(x)) — (zai(x),zaz(z),...,zae(z)). Diagram (E) is commuta-

tive because

poTpr(@)=¢ (Aam—1,1, Aam—12, -, AAm—1,6,00,1,00,2,--,000; - s Cmn—2.1,Cm—2,2, - - -, An—2.0)

2 m—1
=Aam-1,1 + aopz + a1 12>+ + amog 1™, L,

2 “1
Aam—1,0 + Q0% + a1 03 + - + Qg ez )
2 —1
=(am-1,12™ +ao iz + a112° + -+ am_g1z™ .,
m 2 m—1
Am—10T + ag ¢x + a1, +-+ Am—24% )
1 1
=z (a1 + a1+ + am_112™ a0 Fare + o+ a1 ™)

=z¢(a) =y od(a).

For any f(z) =Y, fna" € Fyz], we have

f@)g (@)=Y fua"d(a) =D fubtogp(a)=> fado Ty (a) = ¢ (f(Tr)(a)).
h h h

Then ¢ is an Fy[z]-module isomorphism, where the module structure of IF’qne is described in
the paragraph before Theorem @ This isomorphism determines the correspondence between

submodules of %ﬁ and submodules of IFZI”Z , i.e., (¢,A)-QT codes over F, of length m{.

Let C be an (¢,\)-QT code over F, of length m¢. Then C is an F,[z]-submodule of Fgw,
and f(xz) € Fy[z] acts on a codeword ¢ € C by f(1y)(c). Since QT codes generalize the
constacyclic codes, we aim to provide a polynomial representation for (¢,\)-QT codes similar
to that of cyclic and constacyclic codes. The polynomial representation of an (¢, \)-QT code

C C F;"f is ¢ (C), its image under the isomorphism defined in the proof of Theorem @
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Specifically, the codeword ¢ given by (E) is represented by the polynomial vector

C(:L‘) = (CO,l +crir+ 02’11'2 4+ Cmfl,ll‘m_l,

2 -1
(9) €p,2 + C12T + Co 2" + -+ + Cm_LQZCm ey

Co0 + C1eT + Co g+ F ey ™) € .

We do not distinguish between the code and its polynomial representation. That is, an (¢, \)-
QT code C over F, of length m/ is an F,[z]-submodule of %Z. Hence, C is a torsion F,[z]-module
[25]. In fact, (™ — A) annihilates all codewords c(x) € C, i.e., (™ — ) ¢(x) = 0. Then, the
ideal (™ — A) C Fy[z] is in the annihilator of C. This allows C to be seen as an Z#)-module.
However, our interest will be in the Fy[z]-module structure of C. But more than that, we need

to make C into an Fy[z]-submodule of (F, [2])%; the following result leads to this.

Theorem 2.10. There is a one-to-one correspondence between (¢, \)-QT codes over F, of

length m{ and F,[z]-submodules of (Fq[x])g that contain the submodule
M = (2™ = \)Fq[z])".
Proof. (F, [2])¢ is a free F q¢lz]-module of rank ¢ and M is the submodule
M = {(@" = Nfil@), @™ = Nfa(),..., (@™ = N) fi(2))

such that f;(z) € Fylz] for 1 < j </},
Let 7 : (Fy [2])" — (Fy, [2])"/M be the projection homomorphism. Then, 7 defines a one-to-one
correspondence between submodules of (F, [2])¢ that contain M and submodules of (F, [2])¢/
M. In addition, let 7 be the natural Fy[z]-module isomorphism between (IF, [2])¢/M and R

Then, 7 induces one-to-one correspondence between submodules of %’f\ and the submodules of
(F,[2])* that contain M. The result follows from Theorem @ 0

Theorem @ presents any (¢,A)-QT code C as an F,[z]-submodule of %5. While Theorem
presents C as an Fy[x]-submodule of (I, [2])¢. The proof of Theorem provides a way
to get generators of C as a submodule of (I, [z])* from those generating C as a submodule of

%f{. Specifically, let C be generated as a submodule of %)f{ by the set
{(92’,1(30) + (@™ = N), gi2(x) + (@™ = N), .. gie(x) + (@ = N)) | 1< < r} ,

where g; j(x) € Fylz] for 1 < i < rand 1 < j < £ Then C as a submodule of (Iﬁ‘q[ac])Z is

generated by

{(gi1(®), gig(x), ..., gie(x)) |1 <i < r}U
{(z™ = X0,...,0),(0,2™ — X,0,...,0),...,(0,...,0,2™ — \)}.
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Example 2.11. We continue discussing the (3,6)-QT code C started in Example @ Rows
of the generator matrix given by (H) generate C as an Fy-subspace of F). Hence, they gener-
ate C as an Fy[z]-submodule of F}, see the paragraph before Theorem @ The polynomial
representations of these rows are their image under the isomorphism ¢ given in the proof of

Theorem @; they construct the set
{(1, (1+ 9)m2,x2) , ((1 +6)z%,1+ 0m2,:n2) , ($2, 0,1+ 93}2) ,
(ZL‘ + 22, 91‘2,9332) , (O,x + 9.%'2,.%'2) , ((1 +0)z?, 2% x4+ (1+ 9).%'2)} C %3.

Since ¢ is an Fy[z]-module isomorphism, the above set generates C as an Fy[z]-submodule of

Xy. From (@), a generating set for C as an Fy[z]-submodule of (Fy[z])? is
{(1, (1+ 9)962,332) , ((1 +0)z%, 1 + 9962,:02) , (:/c2, 0,1+ (93:2) ,
(:E + 22,022, 0:1:2) , (O,:c + 9:62,:02) , ((1 +0)z? 2% x4+ (1 + 9):02) ,

(z* +60,0,0), (0,2° +6,0), (0,0,2° + 0) } .

This set is not necessarily a minimal generating set of C, but we will show later how it can be

reduced to a minimal one.

Again, we will not distinguish between an (¢, A\)-QT code C as a T} y-invariant subspace of
F;”Z and the corresponding F[x]-submodule of (F, [z])® that contains M. That is, C is a linear
code over Fy[z] of length ¢, where a linear code over a ring R of length £ is an R-submodule of
R®. On the other hand, a linear code over F,[z] of length ¢ is an (£, \)-QT code if it contains
M. However, we note that the minimum distance, code length, and rank of C as a linear code
over F,[z] are different from those of C as a linear code over F,. We aim to find a generator
matrix for C as a linear code over F,[z]. We call any such matrix a GPM of C because its
entries are polynomials over F,. A GPM can be constructed from the generating set given by
(@) Since a GPM is a matrix over the PID F,[z], one might ask for a unique reduced form
GPM. Matrices over PIDs and their reduced form are discussed in Section E

We conclude this section by defining the class of MT codes that provides an additional
generalization of QT codes. This generalization is based on generalizing the co-index into /¢

block lengths, which are not necessarily equal.

Definition 2.12. Let mj,mg,...,my be positive integers and A = (A1, \a,...,\r), where
0#X €, for1 <5</l AA-MT code over Fy of code length n = mq +ma +--- +my and

block lengths (my, ma, ..., my) is an Fy[z]-submodule of (I, [z])¢ that contains the submodule
My = {((=™ = M) f(@), (@™ = ) fa(@), .o, (2™ = Ne) fo(2))
such that f;(z) € Fylz] for 1 < j </},

From Theorem , an (¢, \)-QT code is A-MT of equal block lengths and A = (A, A, ..., A).
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Theorem 2.13. There is a one-to-one correspondence between (A1, A2, ..., \¢)-MT codes over
Fy of block lengths (my,ma,...,my) and Tr-invariant Fy-subspaces of Fy, where n = my +

ma + -+ +my and Ty is the automorphism of Fy given by

(11)

TA : (ao’l, ceesAmy—1,1,00,2y -+ -y Amg—1,25 -+ -, A0 45+« - ame_lx) —
(z\laml_m, ap,1,---5am;—2,1, )\zam2_1,2, ap,2,---,Amg—2,25 - - - ,)\game,Lg, ao,g, e ,ame,Q,g) .

Proof. For 1 < j < /{,let %, »; = Fylz]/(x™ — \;) and 7; : Fy[x] — %y, 5, be the projection

homomorphism. Then 7 = @?Zlﬂj : (Fy, [%])f — @lez%’mj,,\ is a surjective homomorphism

;
with kernel M. Actually, m defines a one-to-one correspondence between F,[z]-submodules of
@lee%?’mj, »; and Fy[z]-submodules of (I, [z])* that contain M, given in Definition . Hence,
there is a one-to-one correspondence between (A1, A2, ..., Ag)-MT codes over I, of block lengths
(mq, ma, ..., my) and submodules of @?Zlﬁmj,)\j.

The automorphism T) makes Fy into an Fy[z]-module, where the action of  on Fy is the
action of Ty. In this setting, Fy[z]-submodules of [y are precisely the T)-invariant FF,-subspaces
of Fy. We establish a one-to-one correspondence between submodules of @leﬂmj, A; and Th-
invariant Fy-subspaces of Fy by obtaining an F, [x]-module isomorphism between @gzlﬁmﬁ A

and . There is an Fy-vector space isomorphism ¢ : Fj — @gzlﬁmﬁ A; given by
(12) (@015 -y Ay =115+, G0 -+ - Gmy—1,¢) — (@1(T), a2(x), ..., ar(x)),

where a;(x) = apj + a1+ -+ amj,uxmj_l for 1 < 7 < £. Consider the following diagram

of Fg-vector space isomorphisms

@
Fy —— @§=1%mjv)‘j

(13) TAJ lw

¢
g % 1 Pm;

where ¥ : (a1(x),a2(x),...,a¢(x)) = (zai(x),zaz(zx),...,zap(z)). From Equation (El), Dia-

gram (@) is commutative. To see this, we have for any a € Fy

Y(p(a)) =xp(a) =20 (a0, 0mi—1,1,---500,05- - Amy—1,¢) = & (a1(x), az(x),. .., ae(x))
= (za1(x),zaz(2),...,zar(x)) = ¢ (Ta (a)).
Therefore, ¢ is an F,[z]-module isomorphism.
If Cis a (A1, Mg, ..., Ag)-MT code over F, of block lengths (m1,ma,...,my), then ¢~Lom (C)

is a Th-invariant [F-subspace of F”. Conversely, the image of any Th-invariant F -subspace of
q q Y. g y q

F? under the map 7! o ¢ is an F,[z]-submodule of (F, [2])¢ that contains My.
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In literature, an MT code may mean a Tj-invariant subspace of Fy, a submodule of

the three representations, and the representation used is determined by context. However, the

;» or a submodule of (I, [x])g that contains My. We do not distinguish between

polynomial representation of an MT code is the corresponding submodule of @gzlﬁmjy A
Similar to what we did with QT codes, if a A-MT code C is generated as a submodule of
@leﬂmj’%. by the set

{(gin (@) + (@™ = A1), gig(@) + (@™ = X2), ..., gie(@) + (@™ = A)) [1 < i < r},

where g; j(xz) € Fylz] for 1 < i < rand 1 < j < ¢, then C is generated as a submodule of
(Iﬁ‘q[:c])g by the set

{(gi,l(ﬂf)agz‘g(iﬁ),---791',2(33)) }1 <i< 7“} U
{(a:ml —/\1,0,...,0),(0,337”2 —AQ,O,...,O),...,(O,...,O,l’ml —)\g)}.

Hence, C is a linear code over Fy[z] of length ¢ with generator matrix

gii(z)  gi2x)  giz(@) - gre(w)
g21(x)  ge2(x)  g23(x) - goe(w)
G — gr(z) gr2(x)  gr3(@) o gre(®)
™ — )\ 0 0 - 0
0 ™2 — A9 0 e 0
0 0 0 a2

Since the entries of G are polynomials, so it is called GPM. Rows of G are not necessary to
form a minimal generating set for C. However, a reduced form for G can be obtained, see the
next section.

In the standard basis of Fy, the matrix representation of T} is the block diagonal matrix
(14) MA :dlag [M)q,mlvM)\z,mza"-7M)\g,mg]a

where

015 (m;—1) Aj

My, m; = for 1 <j </

I, —1)  O@m;—1)x1

Although the following result can be proven in a similar way to the proof of Theorem @, we

will present another proof.
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Theorem 2.14. Let C be a linear code over Iy of length n, dimension k, and a k xn generator

matricr G. Then, C is (A1, A2, ..., Ae)-MT with block lengths (mi,ma,...,mg) if and only if

G
rank = k.

GM',

Proof. Assume C is (A1, A2, ..., A\¢)-MT with block lengths (mq,ma,...,my). Then the rows
of GM', are codewords in C, which means that GM", = NG for some k x k matrix IN. Thus

G
rank =rank (G) = k.
GM',
Conversely, if
G
rank =k,
GM'

and since rank (G) = k, there exits a k x k matrix N such that GMY = NG. Applying the
linear transformation Ty to the codeword aG yields aGM'Y = aNG = a’G, which is again
a codeword. Hence, C is (A1, A2, ..., A¢)-MT. g

Example 2.15. Let C be the linear code over F3 of length 60, dimension 6, and generator
matrix G = (16 N), where N is given by

12122102021201101102020022020610112220220610100110102°0221
1TP0001012220021211212222¢06212221112012212111101211122210
1T012220021020012222%06212221112012212111101211122210211?2
0601ro0122200210220621222220621222111201221211110121112221°02171
001012220021021212222021222111201221211110121112221°021
212210202120120110202002206020101122022010100110102022T11

By brute-force, the minimum distance of C is 36, hence C is optimal according to [16]. Further-
more, Theorem emphasizes that C is (2,1)-MT with block lengths m; = 20 and mg = 40

because

rank = 6.
G,



222 R. Taki Eldin

A generating set S for C as an Fs[z]-submodule of %202 @ Z10,1 can be obtained from the

polynomial representations of rows of G. Namely,

S = { (1 + 28 + 227 + 28 4+ 20% 4 220 M 2218 4 2215 4 210 4 2217 4 210,
1+ 22+ 2% +22° + 227 + 2210 4+ 221 + 2213 4 215 4+ 217 4 218 4 2219 4 2420
+22%2 4 228 + 2% 4 2% 4+ 230 4 23 4 233 4 22% 4 2257 2278 4 239)
(z+2%+ 20+ 22 + 221 4+ 221 + 221° 4 2218 4 217
24+ 2%+ 223 + 2 + 22° + 225 + 227 + 228 + 2210 + 21 4 2212 + 2213
+2$14+$15+CE16+1‘17—|—21‘18+ZL‘20+2$21+23§‘22+£B23+2.’L‘24—|—$25+£L'26
+5L‘27+$28+$30+2$31+.ZL‘32—|—$33+$34+21’35+21‘36+2$37+$38),
(22 + 2% + 2% + 22° + 2210 + 221 + 221 4+ 2% 4 2217,
14 22 4 202 4 223 4+ 22 4+ 225 + 27 + 228 + 22° + 2210 4 21 4 212 4 213
+22" + 2" 4 201 4 22" + 2" 4+ 207 + 27 + 2% 4+ 2P 4 2™ + 270 4 227
+l‘28—{—1}29—|—$30+21’31+21‘32+2$33+l’34+2$36+3337+IL‘38+2$39),
($3+x7+x9+2x10+2x11+2x12+2x15+x16+21‘18,
2+ x4+ 202 +22% + 22 +22° + 227 + 2% + 227 + 2210 4 221 4+ 212 4 213
+ M 4221 4 21T 2018 4 2019 4 220 49 4 g2 4 a2 4 2% 4
+20%8 4 2% 4+ 230 4 23 4 2232 4 2033 223 4 235 4 2237 4 238 4 29)
(l‘4+$8—|—$10—|—21‘11—|—2$12+2$13+2$16—|—3§17+21‘19,
1422 + 22 4+ 22 + 22% + 22° + 220 + 228 + 29 + 2210 4+ 221 + 2212 4 213
+$14—|—.%'15+2$16+$18+2$19+2{E20+1‘21+2x22+$23+$24+$25+$26
+278 4+ 207 4+ 2% 4 23 4 252 4 22 4 223 4 2235 + 230 2278 4 29)
(25 + 225 + 27 + 2% + 22° + 210 + 2212 + 22 + 2% + 2210 4 218 4 2219,
z+ 22+ 22 + 225 + 227 + 2210 + 2212 4 21 4 210 4 21T 4 2218 4 92210 4 2421

42072 4 22 4 % 4 g2 4 a0 4 o2 4 900 4 9,36 4 0087 4 38 4 039) }
However, as an Fs[z]-submodule of (F3[z])?, C is generated by

(15) SU{(=* +1,0),(0,2% +2)}.
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As a linear code over Fs[z], a GPM for C can be constructed from the latter set. In Section E,

we will discuss how to reduce this generating set to a minimal set, see Example @ below.

GQC codes form a subclass of MT codes; an (-GQC code of block lengths (mq,ma, ..., my)
is (1,1,...,1)-MT. The following is a corollary of Theorem .

Corollary 2.16. Any of the following can be used to represent an £-GQC code of block lengths
(mi1,ma,...,my) over Fy:

(a) An Fy[z]-submodule of (F, [])* that contains

{(@™ =D fi(2),(™ = Dfa(@),....(a™ = D fe(2)) [ (@), .. fo(x) €Fgla]}.

Hence, an (-GQC is a linear code over Fy[x] of length (.
(b) An F4[x]-submodule of @gzlgmj,l) where Bm; 1 = Folz]/(z™ —1).

(c) An invariant F,-subspace of Fy, where n = Z§:1 m;, under the automorphism
(a071, ceesUmy—1,1,002y - -+, Amo—1,25 -+ -, A0 45 - - - ,ame_u) —>
(aml_m, ap1y---,Am;—2,15- - - ,amé_Lg, a(),g, ey am[_u) .

In the standard basis of Fj and using (@) with A; =1 for 1 < j </, the matrix represen-
tation of the automorphism given in Corollary is

Ml = dlag [Ml’ml,Ml,mgv--le,me] '

For 1 < j5 </, Ml,m]- is a permutation matrix of size m;. In addition, Ml’mj has mul-

tiplicative order mj, i.e., M T?Jnj = I,,;. Consequently, My is a permutation matrix with
multiplicative order N = lem (mq, mag, ..., my), the least common multiple of my, ma, ..., my.

This can be generalized to the matrix M given by (@), the multiplicative order of M, is
lem (t1mq, tame, ..., tgmye), where t; is the multiplicative order of A; for 1 < j < ¢. Equiva-

lently, T/l\cm(tlml’hmz"”’tém‘) is the identity map.

3. GPMSs AS MATRICES OVER PID

Let R be a commutative ring with identity and M be a finitely generated R-module. The
rank of M is the size of the minimal generating set of M. An R-module M is free if there
exists an R-linearly independent generating set {v1,vs,..., 1.} for M. The set {v1,v9,... v}
forms a basis for M. That is, for each m € M, there is a unique (a1, ag,...,a,) € R" such that
m = Y ., av;. The “invariant basis number” property for commutative rings asserts that
any two bases of M have the same cardinality, and that a basis forms a minimal generating
set. Hence, if {v1,19,...,1,} is a basis of an R-module M, then M is isomorphic to R" and
has rank r. The free R-module R" of rank r has the standard basis {e;, e1,...,e.}, where ¢;

is the vector that has 1 in the i*" coordinate and zeros in the remaining coordinates. Many
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interesting properties of modules over PID can be found in [25]. In the following, we assume
R PID. The reason for the interest in modules over PIDs is that many of the known results
of vector spaces still apply to these modules. We summarize some of these properties without

proof.

Theorem 3.1. [25] Let M be a finitely generated R-module, where R is PID.

(a) If M is free of rank r, then M is torsion-free. That is, am =0 for a € R and m € M
if and only if a =0 or m = 0. This is easy to see since M 1is isomorphic to R". Thus,
ifam = 0 fora # 0, then a (a1, as,...,a,) = 0, where (a1,az2,...,a,) € R" is the image
of m under the isomorphism M ~ R". Since R is an integral domain, aa; = 0 and
a; =0 for every 1 <i <r. Hence (ay,as,...,a,) =0 and m = 0.

(b) If M is torsion-free, then M is free.

(c) If N is a submodule of M, then rank(N') < rank(M).

(d) If M is free and N is a submodule, then N is free.

(e) Similar to vector spaces, if M is free of rank r, then any generating set of size r forms
a basis of M. On the other hand, unlike vector spaces, if M is free of rank r, then an
R-linearly independent set of size r does not necessarily generate M. For instance, let
R=7, M =172, and S = {e1,2es}. Although S is Z-linearly independent of size 2, it
does not generate (0,1), i.e., (S) # M.

(f) Let M be free of rank r and let N be a submodule of rank t. There is a subset

{m1,72,..., 7t} of some basis {v1,va,...,vp} of M and elements s, s2,...,5; € R such
that

(a) s1|sa|ss|---|st, and

(b) {s171, 8272, ...,8:7¢} is a basis of N.

The elements s1, so, ..., 5 are called the invariant factors of N and are independent of

the choice of basis of M.

Throughout this section, let C refer to a A-MT code over [F, with block lengths
(my,ma,...,my), where A = (A1, \a,...,A¢). From Definition , C is a submodule of a
free module of rank ¢ over a PID. Hence, Theorem @ asserts that C is a free Fy[z]-module
of rank at most £. We aim to find a basis of C in a reduced form. A generating set of C as a
submodule of (F, [z])¢ can be obtained from any generator matrix of C as a linear code over
F,, see Example . This generating set can be reduced to a basis of C using the Hermite
normal form of matrices over PIDs. More generally, suppose that R is a PID and that M is
an R-submodule of R¢. From Theorem @, M is a finitely generated free module. Suppose
that S = {g1,8s,...,9,} C M is a generating set of M, where g; = (gi1,0i2;---,9is) € R*
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for 1 <1i <r. An r x £ generator matrix for M is constructed as follows:

g11 912 --- 91y

921 922 ... Q24
(16) G=

9r1 Gr2 .- Gre

Let ¢ : R" — M be the R-module homomorphism defined by ¢ (a) = aG for every a € R".
Since S generates M, ¢ is surjective. Suppose that N is a submodule of R" that has a generator
matrix G’ of size t x £. On the one hand, A is a submodule of M if and only if G’ = NG for
some matrix IN over R of size t x r. On the other hand, if G’ = UG for an invertible matrix
U, then M = N, because G' = UG implies N' C M, while G = UG’ implies M C N.

Definition 3.2. Let G and G’ be two matrices over R of the same size. We say that G and
G’ are left equivalent if G’ = UG for some invertible matrix U. Thus, two left equivalent

matrices over R generate the same R-module.

An Euclidean domain is an integral domain in which we can perform Euclidean division.
Examples of Euclidean domains include Z, F4[z], and the ring of formal power series over
any field. Every ideal in a Euclidean domain is generated by a single element, so Euclidean
domains are automatically PIDs. A matrix over a Euclidean domain is invertible if and only
if it is a product of elementary matrices, where an elementary matrix is the identity matrix
after performing one elementary row operation. In addition, left and right multiplications
by elementary matrices correspond to performing elementary row and column operations,
respectively. Thus, for matrices over a Euclidean domain, a left equivalent matrix can be
obtained by elementary row operations. Furthermore, for a module M over a Euclidean
domain with a generator matrix G, applying some elementary row operations to G results
in a left equivalent matrix, the latter being a generator matrix for M as well. We will be

interested in the case where M is an MT code over Fy, hence R = F,[z| and G is a GPM.

Theorem 3.3. Let C be a A-MT code over F, of block lengths (mi,ma,...,my) that has an
{x ¢ GPM G. As an F[z]-submodule of (F,[2])*, C is free of rank £. Moreover, rows of G

form a basis for C.

Proof. We know that (F,[z])" is a free module of rank ¢ over a PID. From Theorem @, Cis
free of rank < ¢. The submodule M, given in Definition is free of rank ¢; My has the
basis {(z" — )\j)ej}ﬁzl. Then rank(C) > ¢ because C O M. Thus, C is free of rank ¢. Rows

of G form a generating set for C of size equal to the rank, and thus form a basis by Theorem

8.1 o
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Theorem 3.4. Let C and C' be two A-MT codes of block lengths (my,ma, ... ,my) with £ x ¢
GPMs G and G', respectively. Then, C' C C if and only if G' = UG for some matriz U,
where U is invertible if and only if C' = C.

Proof. We have C' C C if and only if G generates the rows of G’ if and only if G’ = UG for
some matrix U.

Assume G' = UG for an invertible U. Then €' C C, and C C C’ because G = UG/,
hence C' = C. Conversely, assume that ' = C. From the first part of this theorem, there is a
matrix V such that G = VG'. Now G' = UG = UV G'. That is, (UV — I;) G’ = 0. From
Theorem @, rows of G’ form a basis for C, hence UV — I, = 0. Then U is invertible.

Theorem 3.5. Let C be a A-MT code over Fy of block lengths (m1,ma,...,mg) that has an
{x{ GPM G. An £ x { matriz G' is a GPM of C if and only if G and G’ are left equivalent.

Proof. Let C' be the Fy[z]-module generated by G’. From Theorem @, C' = C if and only if
G’ = UG for an invertible matrix U if and only if G and G’ are left equivalent.

From the discussion before Theorem @ and the fact that Fy[z] is a PID, the following is

proven.

Corollary 3.6. Let C be a A-MT code over Fy of block lengths (m1,ma,...,mg) that has an
{x{ GPM G. An £ x ¢ matriz G' is a GPM of C if and only if G' can be obtained from G

by elementary row operations.

In the representation of A-MT codes by F,[z]-submodules of (I, [z])* containing My, the
zero code is represented by My. However, My is a free module with basis {(z™ — \;)e; }521.

Hence, a GPM for M}, is the diagonal matrix

Imlf)\l 0 0

0 ™2 — )\2

)

D = diag [z — A1, 2" — Ag, ..., 2™ — N\] =

0 0 R .Y

For any A-MT code C with a GPM G, the Fy-linearity of C indicates that it contains the zero
code. Then from Theorem @, there is a matrix A such that

(17) AG =D.

Equation (@) is called the identical equation [24]. In particular, if C is (¢, \)-QT, then A and

G commute.
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Theorem 3.7. Let C be an (¢,\)-QT code with a GPM G that satisfies (@) by the matriz A.
Then GA = D.

Proof. Assume GA = B. Then BG = GAG = GD = (2™ —\)G = DG. That is,
(B — D) G = 0. Since rows of G are F[z]-linearly independent, (B — D) =0 and B = D.

The matrix A plays a fundamental role in constructing a GPM for the dual code of an MT
code. An £ x ¢ polynomial matrix over Fy[z] is GPM of a (A1, A2, ..., A\¢)-MT code if and only
if it satisfies the identical equation. Let us fix ¢, A, and the block lengths (my, ma,...,my).

Set
S = {Gz ‘ d A; such that A;G; = D},

the set of all the £ x £ matrices that satisfy the identical equation. Then for any A-MT code
with a GPM G, we have G € .. However, each G € .¢ is a GPM for some A-MT code.
We partition . with an equivalence relation ~ defined by the left equivalence of matrices.
That is, every pair (G;, G;) of elements in .7 is equivalent, written G; ~ G}, if and only if
G; = UG, for an invertible U. The quotient ./ ~ is the set of all equivalence classes of .
by ~. Theorem @ shows a one-to-one correspondence between the set of all A-MT codes and
| ~. Our next goal is to find a unique simple representative for each equivalence class that
can be obtained in an algorithmic way. The representative of each equivalence class is called
the reduced GPM of the corresponding A-MT code. GPMs are matrices over the Euclidean
domain Fy[z], hence the Hermite normal form of left equivalent matrices over a PID is an
intuitive representation to use. In addition, a matrix over a PID is left equivalent to a unique
Hermite normal form [13].

Two elements 1 and r9 in a PID R are associate if there is a unit u € R such that r; = urs.
A complete set of non-associates of R is a set & such that for every r € R, there exists a
unique a € & associate of r. Examples of a complete set of non-associates include

(a) #={0,1,2,3,...} for R=17,

(b) & is the set of all monic polynomials over F, for R = Fy[z], and

(c) & = {z'+ 2T f(x)|f(z) € R and i > 0} for R = F[x], the ring of formal power series

in x over the field F.

If Ris a PID with a complete set of non-associates &2, then there is a one-to-one correspondence
between the set of ideals of R and Z2. Specifically, the ideal (r) C R corresponds to the unique
associate element of r in &. For every a € &, let Z2(a) C R be a complete set of coset
representatives of the quotient ring R/(a). That is, for each b+ (a) € R/{a), there is a unique

¢ € 2(a) such that ¢ — b € (a). Continuing the above examples, we have

(a) 2(a) ={0,1,2,...,a —1} for R =17,
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(b) Z(a) is the set of all polynomials over F, of degree less than that of a, and
(¢) 2(a) = {ap+arx+---+a;_12" tag,ai,...,a;_1 € F} for R = F[z] and a is an element

of & in which the leading term is x'.

Definition 3.8. Let R be a PID, let & be a complete set of non-associates of R, and let 2(a)
be a complete set of coset representatives for every a € &. A matrix G = [g; ;] over R of size
h x ¢ and rank 7 is in Hermite normal form if the i*® row of G is zero for r < i < h and there
is a sequence 1 < j; < jo < jg < -+ < jr < £ such that for every 1 <i <r

(a) 0# gij € Z,

(b) gir =0forall 1 <t< j;, and

(€) 914 € 2(giy,) forall 1 <t <.

As a typical example, for R = Z, & = {0,1,2,...}, and Z2(a) = {0,1,2,...,a — 1}, the

matrix
03 54 10 0 0
00 0 7 -1 9 0
00 0 0 0 01]

00 0 0 0 0O
is in Hermite normal form. The Hermite normal form of any matrix G over a PID is the unique
matrix that has the form described in Definition @ and is left equivalent to G. The Hermite
normal form is unique as long as we fix a complete set of non-associates & and a complete
set of coset representatives for each element of &2. In literature, the Hermite normal form is
the known reduced row echelon form when R is a field. When R is a Euclidean domain, the
Hermite normal form can be obtained by applying elementary row operations.

Let C be a A-MT code over F, and let S be a generating set for C as an F,[z]-submodule
of (Fq[m])z. From (@), S can be used to construct a GPM for C of size |S| x £. From now
on, we shall use G to refer to the Hermite normal form of any GPM of C (see Theorem @),
and we call G the reduced GPM of C. From Theorem @, C and G are of rank ¢. Hence,
G is an ¢ x ¢ matrix of rank ¢ in Hermite normal form. Then Definition @ shows that G
is an upper triangular matrix having diagonal entries as non-zero monic polynomials. Let
A = [a; ;] be the matrix that satisfies the identical equation (@) of G. Actually, A is upper
triangular because R is an integral domain and G and D are upper triangular matrices. Now,
the identical equation shows that a;;g;; = ™ — \; for 1 <14 < £. That is, the ith diagonal
entry g;; of G divides (2" — \;) for 1 <i < /.

Example 3.9. We continue with the (2,1)-MT code C given in Example . We have shown
that C as an Fs[z] submodule of (F3[x])? is generated from the set given by (@) In (E), we
showed how such a generating set could build a GPM M for C. Although the size of M is
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8 X 2, Theorem @ asserts that rank (M) = 2. Since M has entries in the Euclidean domain
F3[z], elementary row operations are applied to M to get the reduced GPM G of C. Actually,

G is formed from the non-zero rows of the Hermite normal form of M. Namely,

g1.1 91,2
0 2042

G =

where g11 = 2+ 2 + 202 + 23 + 2t 4+ 22° + 27 + 2% + 2219 4+ 2 4 2213 + 214 and g2 =
r4at + 2% 4+ 27+ 220 + 221 4 2212 + 213 1 4+ 216 4 21T 4 2219 4 2221 4 2224 4 2% &
2027 4+ 229 4 231 4 132 4 233 4 2434 4 2436 4+ 2437 4 239 Ome can check that G satisfies the

identical equation for

242z 42t + 25 +2%  22(1+2)?
0 1

Theorem 3.10. Let C be a A-MT code over Fy of block lengths (mq,ma,...,my) and let
G = [gi ;] be the reduced GPM of C. Then C is an Fq-vector space of dimension

k=) (mj—deg(gj;))-

1

l
j=
Proof. Set n = Z§:1 m;. In this proof, we consider Fy, (Fy [z])*, and @ﬁzlﬁmﬁ% as [Fg-vector
spaces. To remove any ambiguity, we write C, C’, and C” to refer to the code as a subspace of
Fy, (]Fq[x])g, and @gzlﬁmj,Aj, respectively.

Let 7: (Fq[x])g — C’ be the map 7 (a) = aG. Since the rows of G form a basis of C’, 7 is a
vector space isomorphism. Let 7w : C' — C” be the restriction of the projection homomorphism
(F,[z])" — @§:1%mj,/\j7 see the proof of Theorem . Then Ker (1) = C' N My = Mjy.
Let A = [a;;] be the matrix that satisfies the identical equation of G, and let A be the
F,[x]-submodule of (F, [2])* generated by the rows of A. We let A be viewed as an [F,-vector
space.

We claim that Ker (7 o 7) = A. To see this, we have A C Ker (7 o 7) because mo 7 (bA) =
7 (bAG) = 7(bD) = 0 for any b € (F,[z])". Conversely, if a € Ker (7 o07), then 7 (a) €
Ker (m) = My, hence aG = bD = bAG for some b € (Fq[x])e. Then, a = bA € A because
the rows of G are F,[z]-linearly independent.

The isomorphism ¢ given by (@) confirms that C ~ C”. Now, the sequence of vector space

homomorphisms
(F [z])" 5 ¢ S ¢ ~c.

shows that C ~ (F,[z])’/A. It remains only to determine the dimension of the vector space

(Fqlz])/ A.
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Let f = (fi(x), fa(x),..., fi(x)) € (Fq[m])e. Using the division algorithm iteratively, one
can uniquely determine g;,r; € Fy[z] for 1 < j < £ such that

7j—1
Fil@) =) giaig = qja; + 15,
i=1
where deg(r;) < deg(a; ;) = m; — deg(g;,;). Then

f:[Q1aQ2a---;QE]A+7“a

where r = (r1,r2,...,7r¢) and, hence, f —r € A. Therefore
(Fyla)/ A= {(r1,r2,...,7¢) + A | deg(r;) < mj — deg(g; ;) for 1 < j < ¢}

Thus (Fq[:c])g/.A as a vector space has a dimension of Z§:1 (mj —deg(g5;))- 0

4. DUAL cODES OF MT CODES

The standard inner product on Fy is defined by

n—1
<a, b> = Z aibi,
1=0

where a = (ag, a1, . ..,a,—1) and b = (bo, b1, ...,b,—1). Let C be a subset of Fy, the dual of C
is defined to be

(18) Ct={a€cF}|(a,c)=0VceC}.

The inner product is a symmetric bilinear form, hence C* is a linear code over F, even if C is
non-linear. Equation (@) shows that C C (CL)L, where equality holds if C is linear.

Let C be a linear code over F, of length n, dimension k, and a k x n generator matrix G.
Then C* is the null space of G, or, equivalently, C+ = {a € Fy | Ga' = 0j1}. The rank plus
nullity theorem [25] emphasizes that C is a linear subspace of [y of dimension n — k. A code
C is self-orthogonal if C* D C, and in this case n — k > k, hence k < 5. However, C is self-dual
if C* = C. In fact, the code length of any self-dual code must be even because self-duality
implies n — k = k, hence n = 2k. Additionally, a self-dual code is precisely a self-orthogonal
code whose dimension is equal to half the code length, i.e., k = 7.
The MacWilliams identity is a fundamental result in coding theory that relates the weight

enumerator of a linear code to the weight enumerator of its dual. Before we present

MacWilliams identity in Theorem @, we define the weight enumerator of a code.
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Definition 4.1. Let C be a code over I, of length n and let the weight of a codeword ¢ € C
be denoted by w(e). The weight enumerator of C is a polynomial We(z,y) € Z[x,y] defined

by

Welz,y) = 3 am (@),
ceC

The size of the code can be determined from its weight enumerator since We(1,1) = [C|.
Also, the polynomial We(1,y) describes the different weights of codewords in C. For example,
if We(1,y) = 1+ 100y® + 200y% 4 3007, then C contains the zero codeword, 100 codewords of
weight 5, 200 codewords of weight 6, and 300 codewords of weight 7. Hence, C contains 601
codewords and has a minimum weight of 5. The MacWilliams identity relates W¢ to We..
The identity is valid for linear codes over a wide class of rings called Frobenius rings [[7]. We

state MacWilliams identity in its general form, where codes over finite fields are a special case.

Theorem 4.2 (MacWilliams Identity). Let C be a linear code over a finite commutative
Frobenius ring of size q. Then

1
VVCL (.’L',y) = 17

= |C‘Wc(m+(q—1)y,x—y)-

Example 4.3. We continue with the (2,1)-MT code C discussed in Examples and @ A

brute force calculation of the weight enumerator of C shows that We(z,y) = 250 +400224y36 +

3282994, From Theorem , we find that the weight enumerator of the dual of C is as
follows:

Weu(2.9) = o

729

= 2% + 402°%” + 2402°7y? + 87602°%y" + -+ +

WC(x+2yax_y)

47445329187307520xy"” + 1581510989447168y.
Therefore, C* is a linear code over F3 of length 60, dimension 54, and dpin (Cl) =2.

We now turn our attention to MT codes and focus on investigating their duals. The dual

of an MT code is not only a linear code, it is MT as well, but with different shift constants.

Theorem 4.4. Let C be a A-MT code over F, of block lengths (mi,me,...,mg), where
A = (A, Aa,...,N). Then Ct is A-MT of block lengths (my,ma,...,my), where A =

11 1
IYEDVEERERDVE
Proof. From Theorem C is a Th-invariant subspace of F”, where n = ¢ m; and
f. ; A p q D=1 My

Ty is the automorphism given by (El) Let N = lem (tymq,tama, ..., tymy), where t; is the
multiplicative order of A; for 1 < j < /. According to the discussion after Corollary , T/{V
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is the identity map. We show that Ta (b) € C* for every b € C*+. For any b € C* and ¢ € C,

we have
(e, Ta (b)) = (T3 (¢),Ta (b)) = (Ta o T ' (¢) , Ta (b)) = (T ' (¢) ,b) = 0,

because Tx' ! (¢) € C. Then, Ta (b) € C* and C* is A-MT. g

Since the dual of a A-MT code is A-MT, it can be represented by a submodule of (F, [2])°
containing M, see Definition . We aim to present a GPM for C+. The following definition
provides such a GPM.

Definition 4.5. For 1 < ¢ < /¢, let 0 # \; € IF; and let m; be a positive integer. For an MT
code of index ¢, let G = [g; ;] be the reduced GPM, let A = [a; ;] be the matrix that satisfies
the identical equation of G, and let d; = deg(g; ;) for 1 < j < ¢.

(a) Let A (2) be the matrix obtained from A when z is replaced by L.

(b) Let A* be the matrix obtained after multiplying the (7, j)-th entry of A (i) by x4,

(c¢) (Eliminate the negative exponents in A*) Let A** be the matrix obtained from A* by
reducing the (i, j)-th entry (for i < j) of A* modulo (mml — /\%) Specifically, ™ is
replaced by \;x™i~# for p > 1.

(d) The matrix H is defined to be the transpose of A**.

Theorem 4.6. Let C be a (A1, A2, ..., Ae)-MT code over F, of block lengths (mq,ma,...,myg),
let G = [g; ;] be the reduced GPM of C, and let A = [a; ;] be the matriz that satisfies the
identical equation of G. The polynomial matriz H given in Definition @ is a GPM for C*.

Example 4.7. We continue with the (2,1)-MT code C discussed in Examples , @, and
@. From Theorem Q, Ct is (2,1)-MT over F3 of length 60 and dimension 54. A GPM for
C't can be obtained from Definition @ and Theorem @ as follows:

242z + 2t +2° + 28 22(1 + z)*
0 1



Alg. Struc. Appl. Vol. 12 No. 3 (2025) 207-241. 233

N <1> e 0+ttt 4227 42 227 (@t 1)t
T 0 1
s M (O et 4207 4 2) 2220700 (e 41!
o 0 A0-40
l+z4a2422° 4225 20720 420724 4 25722 4 25721
0 1
e 142+ 22+ 225 + 226 A e P RV
0 1
142+ 22 + 225 + 226 2515 4 9416 1 9418 4 9419
0 1
H 14+ 2+ 22+ 22° + 246 0
2x1% 4 2216 4 2218 4 9419 1

The reduced GPM G of C is obtained by reducing H to its Hermite normal form. Namely,

ol 1 2042224+ 2% + 24 + 25
0 2+42x+22%+2°+25
Corollary 4.8. Let C be an ¢-QC code over Fy of co-index m and the reduced GPM G = [g; ;].
If A = [a; ;] is the matriz satisfying the identical equation of G, then Ct is 0-QC of co-index
m and a GPM

t
H = (A <1> diag [a:m*dl, .. ,xm*dq (mod z™ — 1)> )
x

where d; = deg(g; ;) for 1 < j < L. The reduction modulo ™ — 1 is applied to remove negative

exponents of x by replacing x™* with ™ * for u > 1.

Corollary 4.9. Let C be an (¢,\)-QT code over F, of co-index m and the reduced GPM
G = [9i;]. If A = [a;;] is the matriz satisfying the identical equation of G, then C* is
(4, 3)-QT of co-index m and a GPM

_ l . m—dq m—dp m l !
H-(A(x)dlag{a: e, T (mod z /\) ,

where dj = deg(gj,;) for 1 < j < L. The reduction modulo x™ —% is applied to remove negative

exponents of x by replacing x=" with Ax™™* for u > 1.

Corollary 4.10. Let C be an (-GQC code over Fy of block lengths (mi,ma,...,my) and the
reduced GPM G = [g;;]. If A = [a;;] is the matriz satisfying the identical equation of G, then
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Ct is £-GQC of block lengths (m1,ma,...,my) and a GPM H, where
1 : m;—d m;j—d m;
Column; (H) =row; | A - diag |:£L' A "] (mod 2™ —1) |,

and d; = deg(g; ;) for 1 < j < L. The reduction modulo ™ — 1 is applied to remove negative

exponents of x by replacing x™" with ™~ for u > 1.

Corollary 4.11. Let C denote an (-QC, (£, \)-QT, (-GQC, or (A1, A, ..., e)-MT code over
F, and let H be an £ x { GPM of Ct, e.g., H is the polynomial matriz defined in Corollary

@, Corollary @, Corollary , or Definition @ respectively. If G is an £ x £ GPM of C,
then C is self-orthogonal if and only if there is a polynomial matriz U such that G = UH.

Additionally, C is self-dual if and only if U is invertible.

Proof. Theorem @ shows that H is a GPM for C*. The result then follows from Theorem

84 o

Example 4.12. We investigate in detail one of the QC codes given in Table m Let C be the
binary 5-QC code of length 25 that has the reduced GPM

1+ 0 0 z+ ! z+2? + 2% + 2t
0 14+ 0 T+ 2% + 2% + 2t z+ xt
G= 0 0 1+ 2° 0 0
0 0 0 1+ a° 0
0 0 0 0 1+ a°

Using brute force method, the weight enumerator of C is We(z,y) = 2% + 130217y® +
12023y'2 + 529916 and, hence, duyi, (C) = 8. By Theorem , the dimension of C is 8.
Hence C is optimal [16]. The identical equation of G is satisfied by the polynomial matrix

1+x4 22 +23+ 2t 0 0 x+ax?+a3 T+ 2?
0 I+x+224+23+2* 0 x+2° 42?43
A= 0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
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Corollary @ provides a GPM for C* which is given by

14z + 22+ 23+ 22 0 0 0 0
0 l+z+a?+a28+2* 0 0 0
H = 0 0 1 00
2?2+ 23+ 2t 2 + 2 010
r? + 2t 2?4 23 4 2t 0 01
Finding the Hermite normal form of H yields the reduced GPM
1 00 z+z?+ 23 z+ a3
010 T+ a3 r+ 2+ 23
G =00 1 0 0
000 14+zx4+a®+a®+a2? 0
0 00 0 14z + 22+ 23422

The dual code Ct is 5-QC over Fy of length 25 and dimension 17. From the MacWilliams

identity, the weight enumerator of C is

1
WcL(l‘,y) = ﬁWC(l’—f—yax - y)

= 2% 4 5y + 1005y + 102223 + - + 1022y + 5ay®* + 4%,

From Corollary , C is self-orthogonal because G = UG, where

I+ 0 0 0 0
0 1+z O 0 0
U=] o0 0 1+a2° 0 0
0 0 0 1+x O
0 0 0 0 1+z

5. COMBINING PROPERTIES OF QC CODES

Suppose that C is a linear code over F, of length n. For any codeword ¢ € C, the reverse of c
is the vector r € Fy obtained by reversing the coordinates of c¢. That is, r = (tn—1,-..,C1,C0)
whenever ¢ = (¢g,c1,...,¢n—1). The set of all reverses of the codewords of C forms a linear
code over I, of length n. In this section, C is restricted to be ¢-QC of co-index m and length

n = m{. Hence, the reverse of the codeword given by (a) is

r= (Cm—l,fa <oy Cm—12,Cm—1,1,Cm—24 - - - s Cm—22,Cm—21,-.-,C00,-.-,C0,2, Co,l)-
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Definition 5.1. Let C be an ¢-QC code over IF,. The reversed code R of C is the set containing

the reverse of each codeword of C. That is,
R = {The reverse of ¢ V ¢ € C}.

In addition, C is called reversible if C = R, i.e., the reverse of each codeword is a codeword.

Theorem 5.2. Let C and R be as in Definition . Then R s linear, QC, and has the same

index, co-index, dimension, and minimum distance as C.

Proof. In fact, C and R are permutation equivalent. Hence, R is linear and has the same
length, dimension and minimum distance as C. Let ¢ and m be the index and co-index of C,
respectively. For any r € R, there exists a codeword ¢ € C such that r is the reverse of ¢. It
can be seen that Ty (r) is the reverse of T[l (c) € C, where T} is the automorphism of Fy that

corresponds to ¢ coordinates shift. Thus, Ty (r) € R and R is (-QC of co-index m.

The polynomial representation of the codewords of R is related to that of the code-
words of C. Specifically, if we write the polynomial representation of a codeword of C as

c = (c1(x),ca(x),...,ce(x)), the polynomial representation of its reverse is

o e )

The following result provides an explicit GPM formula for R, and the proof can be found
in [11].

Theorem 5.3. Let C be an ¢-QC code over F, of co-index m with a GPM G = [g;;]. Let
J = [0i041—5] be the £ x £ backward identity matriz. A GPM for the reversed code R of C is
given by

1
(20) F = <diag [x””dl, . ,merdq G <> + (1 —2™)diag [g7 1, - - - ,g}d) J,
x b K
where d; = deg(gii) and g;; = x%ig; ; (%) for1 <i<H/¥.

From Theorems @ and @, a QC code with a GPM G is reversible if and only if there
is an invertible polynomial matrix U such that F' = UG, where F is given by (@) By the
uniqueness of the Hermite normal form, an equivalent condition for the reversibility of a QC

code is that writing F' in its Hermite normal form yields the reduced GPM of C.
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Example 5.4. We continue with the binary 5-QC code C given in Example . From
Theorem @, a GPM for the reversed code R of C is

22+ 3+ 2t 4+ 2 x4+ 2 0 0 1

+z
2+ 2° 22 + 2% 4+ 2t + 2P 0 142z 0
F = 0 0 1+2° 0 0
0 1+2° 0 0 0
1+ a° 0 0 0 0

One can show that C is reversible because F = UG for the invertible polynomial matrix

x? 4 x4 2?4 23 4 24 0 0 1+ =z
2?4 23 4 ot z? 4zt 0 1+=z 0
U= 0 0 1 0 0
0 l+x+22+23+2% 0 T+ a3 4z + 23
14z + 22+ 23+ 22 0 0 z+a%+a3 x4+ a3

Equivalently, C is reversible because the Hermite normal form of F' is G. Therefore, we have

shown that C is binary optimal self-orthogonal reversible QC code.

In [11], computer search is used to present some binary optimal self-orthogonal reversible
QC codes with different index values. The minimum distances of these codes are calculated
using brute force or the method mentioned in [[15]. We present these computer search results
in Table m The reader can check the properties of these codes in the same way we used
in Examples and @, see also Example @ below. Table m records the non-zero entries
gi,j of the reduced GPMs G = [g; ;| of these codes. In this table, {0,6,7,8,10,11} is used
to abbreviate the polynomial 1 + 2% + 27 + 2% + 210 + 21! € Fa[z]. We conclude this paper
by summarizing some sufficient and necessary conditions that represent the different states
between QC code, its dual code, and its reversed code. We omit the proof of the following

result which can be found in [[11].

Theorem 5.5. Let C be an (-QC code over F, of co-index m. Let G be the reduced GPM of
C and let A be the matriz that satisfies the identical equation of G. Let C+ and R be the dual

and reversed code of C, respectively. Then,

(a) C*+ DR if and only if GIG" = 0yyy (mod 2™ — 1). Therefore, if C is reversible, then
C is self-orthogonal if and only if GTG' = 0y5, (mod 2™ — 1),

(b) C+ C R if and only if A'TA = 0y (mod 2™ — 1). Therefore, if C is reversible, then
Ct C C if and only if A'TA = 0y (mod 2™ — 1).
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TABLE 1. Binary optimal self-orthogonal reversible QC codes

¢l n | k| dumn G = (gi,j)

gi,1 = {0}7 92,2 = {07 32}7
g1 = {2,5,6,7,8,9,10,11,12, 15,16, 18, 19, 20, 22, 24, 25, 28, 29, 30, 31}

g11=1{0,1,2,4,5,6}, g1o = {1,5,7,11},
91,3 =1{0,6,7,8,10,11}, g2,2 = g3,3 = {0, 12}

gi1=g12={0}, g1 ={0,3,4,7,10,11, 14},
g1.a=1{1,2,6,7,10,12,14}, go = {0,1},
92,3 = {1,4,5,9,10,15}, ga.a = {0,3,4,7,8,9,12,14}, ga4 = {0,17},
gs3 =gsa=1{0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15, 16}

g11 = g2,2 =1{0,1}, g1, = g2,5 = {1,4},
915 =g24=1{1,2,3,4}, g33 = gaa = g55 = {0,5}

91,1 = 91,3 = g2,2 = g2,5 = {0}, g1,4 = {2,4},
91,5 = gaa = ga6 = {0,1,2,3,4,5}, ¢1,6 ={0,1,3,5},
92,4 = {3}, 926 = {0,1,2,4,5}, gs3 ={0,1}, gs.a = {0,3,4},
935 = {3,4}, 93,6 = {0,2,5}, 95,5 = gs,6 = {0, 6}

911 ={0}, 913 ={0,1,2,3}, g1.4 ={0,3}, 91,5 = {5}, 91,6 = {2,3,4,5},
92,2 = {0,1}, g2,3 = {2}, 92,4 = {1,4}, g2.5 = {0, 1,4, 5},
92,6 = g3,6 = ga,a = gas = {0,1,2,3,4,5}, go7 = {1},
933 =10,2,4}, g3, = {1,3,5}, g55 = g6,6 = g7,7 = {0,6}

911 =g2,2 =933 = gaa = {0}, g15 = ga,8 = {0,2,4},
91,6 = g2,5 = g3,8 = g4,7 = {07 174}7 91,7 = 92,8 = {0,2}: 91,8 = {17 274}7
g2.6 = g3,7 = {3}, 92,7 = {2}, 935 = ga6 = {1}, 93,6 = {1,4},

gas = {1,2,3,4}, 955 = ge,6 = g7,7 = gs,s = {0,5}

911 =912 =¢33 = g3a =1{0}, g1,6 = {1}, 91,7 = {1,3,5},

91,8 ={0,2}, 91,0 =925 =935 =945 = {1,2,4,5}, go2 =ga,4a ={0,1},
92,6 = ga,s8 = {0,1,4}, g2.7 = {0,1,2,3,4}, g2.s = {1,4}, g2,0 = {0, 2, 3,4},
gs,6 = {3,4}, gs,» = {0,1,3,5}, g3s,s = {2}, g3.0 = {2,3,5},
ga,6 = {0,1,2,3}, ga7 ={0,1,2,5}, ga,0 = {0, 2,4},

95,5 = g7,7 = go,0 = {0,6}, ge,6 = g6,7 = gs,s = gs,0 = {0,1,2,3,4,5}

911 =022 =033 =044 =55 =936 = gss = {0},
g1,6 = 93,8 = g5,10 = {07 1}7 91,7 = 91,9 = g2,10 = g4,10 = g5,6 — {273}7
104020 | 8 91,8 = go,7 = g3,10 = ga,0 = {1,2}, 91,10 = 94,6 = g5,7 = {3},
92,6 = gs,0 ={0,1,2}, ga.s = gs,0 = {1}, 92,0 = 94,7 = {2},

937 =gas =1{0,2,3} , go.6 = 97,7 = gs,8 = g9,0 = g10,10 = {0,4}
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(c) IfC is reversible, then C is self-dual if and only if GTG' = A'JA = 0pyy (mod 2™ —1)
if and only if A = JG'J.

(d) If A = JG'J, then C is self-dual if and only if C is reversible,

(e) If C is self-dual, then C is reversible if and only if A = JG'J.

Example 5.6. We continue with the binary optimal self-orthogonal reversible QC code
discussed in Example @ Since C is reversible, Theorem @ can be used to check the
self-orthogonality of C, see Example . Specifically, C is self-orthogonal if and only if
GJG" = 045y (mod 1+ 25). In fact, we have

0 0 0 0 1+=z
0 0 0 142 0
GIG'=(1+2°)| o 0 1+a° 0 0
0 1+x 0 0 0
142 0 0 0 0

6. CONCLUSION

We introduced cyclic, constacyclic, QC, QT, GQC, and MT codes as submodules of the free
F,[z]-module (F,[z])*. We demonstrated how a GPM for any MT code may be established. As
a result, we proved several interesting properties and identities for GPMs. Because the dual
of an MP code is also MP, we presented a GPM formula for the dual of any MT code using
the identical equation of the reduced GPM of the original code. Hence, we established the
necessary and sufficient conditions for the self-orthogonality and self-duality of MT codes. We
next turned our attention to QC codes, investigating conditions to combine self-orthogonality,
reversibility, and optimality for QC codes. Finally, we presented various binary QC codes that

combined these properties.
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