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ON THE SUBSPACE DISTANCE OF THE SUBSPACE CODES
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ABSTRACT. Let P,4(n) be the set of all subspaces in the vector space Fy. There is a subspace
distance ds(U, V) between any two subspaces U and V. A subspace code is also a subset
of Pg(n). It is known that ds(U,V) > du(v(7U),v(7V)), where m € Sy, v(U) denotes the
pivot vector of E(U) and E(U) is the reduced row echelon form of the generator matrix
of U. In this paper, we show that if E(U) and E(V) have at most one non-zero entry
in each rows and each columns then the equality holds. Moreover, we introduce the sets
Guyv ={m € 8n|ds(U, V) =du(v(nU),v(nV))} for any U,V € Py(n) and examine them in
the spaces P2(4), P2(5), P2(6) and Ps(4). It is shown that the groups 1, Za, Za X Z2, Ss, Sa
and 1, Zo, Za X Za, S3, Ds, S3 X Z2, Sa, Ss appears between these sets in P2(4) and P2(5),
respectively. Moreover, the groups 1, Za, Za X Z2, S3, Dg, Zo X Zo X Za, S3 X L2, Dg X Z3, S,
S3 x S3, Sa X Za, (S3 X S3):2, S5, S¢ and 1, Za, Zz X Za, S3, Ds, Si appears between these

sets in P2(6) and Ps(4), respectively.
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1. INTRODUCTION

Let ¥ be a non-empty set and n > 1 be an integer. Any subset C of X" is called a block
code of length n over the alphabet ¥. The elements of C are called codewords. The Hamming

distance between two words w = wjws - - - wy, and W = wjwj - - - w), in X" is
dp(w,w') =#{i |1 <i<n, w #w},
and the minimum (Hamming) distance of C is given by
dy(C) = min{dg(c,c’) | c,c’ €C, ¢ # c'}.

When the alphabet is the finite field F, of order g, the code C is called linear if it is closed
under addition and scalar multiplication. The code C is binary if ¥ = Fy. The (Hamming)
weight of the word w = wiws - - - wy, is defined by wt(w) = #{i | 1 <i <n, w; # 0}. Clearly,
wt(w) = dg(w,0). Also, set wxw' = (wiw))(wawh) - -+ (wywl,), where w = wyws - - - wy, and
w' = wjwy - - -wy, are two words in Fy. See [4, 5] for more details.

Let Fy be the vector space of dimension n > 0 over F,. We denote by P,(n) the set of
all subspaces in Fy. Each subset of Py(n) is called a subspace code. See [2, (] for some
applications of subspace codes in random linear network coding, cryptography and distributed

storage. The subspace distance between two subspaces U,V € P,(n) is defined by

ds(U,V) = dim(U + V) — dim(U N V)

=dim(U) + dim(V) — 2dim(U N V).
If C is a subspace code then the minimum subspace distance of C is
ds(C) = min{ds(U,V) | U,V €C, U # V}.

An kxn matrix G over Fy is called a generator matrix of the k-dimensional subspace U € P,(n)
if the rows of G form a basis of U, i.e., U = (G). Applying the elementary row operations on G,
we can obtain the generator matrix F(G) in reduced row echelon form such that U = (E(G)).
Since such a matrix F(G) is unique for any given subspace U, we also denote it by E(U).
Denote by v(U) the characteristic vector of the pivot columns in F(U). This binary vector is
called a pivot vector. Clearly, v(U) € F4 and v(U) depends on the ordering of the positions.
Note that if U is a k-dimensional subspace of Fy; then wt(v(U)) = k. For example, if

110 00

U=<0 2.0 0 1>§@,

0 001O0
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then
1 00 01
EU)=10 1 0 0 2|,
00 010

and v(U) = (11010) € F3. See [3] for more information. Moreover, see [, & for some recent
research on the subspace codes.

Let U and V be two subspaces in P,(n) with the pivot vectors v(U) and v(V'), respectively.
It is known that dg(U, V) > dg(v(U),v(V)) [3]. Let S, be the symmetric group on {1,...,n}.
For a matrix M of size k x n over F, and a permutation m € S, let 7M denotes the matrix
arising from M by permuting its columns according to 7. If U is a subspace of Py(n) then
7U is defined to be (mE(U)). It is easy to see that (E(UNV)) = (E(U))N(E(V)), (rE(UN
V)) = (nEU)) N (wE(V)) and ds(U,V) = dg(wU,nV) for all U,V € Py(n) and © € S,.
Moreover, ds(U,V) > dg(v(wU),v(wV)). In this paper, we show that if F(U) and E(V) are
two matrices with at most one non-zero entry in each rows and each columns then dg(U, V)
and dy (v(wU),v(wV)) are equal to each other. Moreover, we define the subset Gy = {7 €
Sy | ds(U,V) = dg(v(nU),v(nV))} of S,. This set consists of permutations that achieve
equality in the mentioned inequality. Generally, this set is not a group. We examine these sets
for any unordered pair {U,V'} in P2(4), P2(5), P2(6) and P3(4). We prove that the groups 1,
Lo, T X Lo, S3, Sq and 1, Zo, Zo X Zso, S3, Dg, S3 X Zs, Sy, S5 appears between these sets in
P2(4) and Py (5), respectively. Furthermore, the groups 1, Zo, Zo X Za, S3, Ds, Za X Za X Zs,
S3 X Zg, Dg X Zga, Sy, S3 X S3, Sy X Za, (S3 X S3):2, S5, S¢ and 1, Za, Zy X Za, S3, Ds, Sy

appears between the mentioned sets in Po(6) and P3(4), respectively.

2. On the subspace distance and pivot vectors

In this section, a sufficient condition for the equality between subspace distance of two
subspaces and the hamming distance of their pivot vectors is given. In fact, we have the

following theorem:

Theorem 2.1. Let U and V' be two subspaces in Py(n). If E(U) and E(V) are two ma-
trices with at most one mon-zero entry in each rows and each columns then dg(U,V) =
dg(v(wU),v(wV)) for all m € S,.

Proof. Suppose that U and V are two subspaces of dimensions k and [, respectively. Set
E(U) = (aij)kxm E(V) = (/th)lxm V(U) = (al, ag, ..., an) and I/(V) = (bl, bg, e ,bn). Since
E(U) and E(V) have at most one non-zero entry in each rows and each columns,

1, ifﬂlgigk‘ai]’#o;

a; =
0, otherwise;
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and
1, if31<h<IpBy #0;

0, otherwise;

for any 1 < 57 < n. Hence,

wt((U) % v(V)) = wt(aibr, asba, . . . , anb)
=#{1<j<n|a;=b=1}
=#{1<j<n|IN<i<kIN<h<laj;#0,6 #0}
= dim((E(U)) N (E(V)))

(1) =dim(UNV).

Now, let 7 be an arbitary permutation in S, and set 7U = 7E(U) = (Vij)kxn and 7V =
TE(V) = (0nj)ixn- Clearly, vij = ajz-1(;y and pj = Bpr-1(j) forall 1 <i <k, 1 < h <[ and
1 < j <n. We can say that v,z;) # 0 and djr(;y # 0 if and only if a;; # 0 and Bp; # 0. It
follows from the assumption that 7E(U) and wE(V) are also matrices that they have at most

one non-zero entry in each rows and each columns. By @), we have

wt((aU) s v(aV) = #{1<j<n| I <i<k I <h <1 # 0,04, # 0}
=#{1<j<n|3N<i<kI<h<lagig #0,8mig) # 0}
—#{1<a()<n|IN<i<kIN<h<Iay#0, By # 0}
=wt(v(U) = v(V))

(2) =dim(UNV).
So, (E) implies that

dg(v(wU),v(nV)) = wt(v(nU)) + wt(v(nV)) = 2wt(v(nU) x v(7V))
= dim(U) + dim(V) — 2dim(U NV)

=ds(U,V).

Now, the proof is complete.
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The mentioned condition in Theorem El] is sufficient but it is not necessary. To see this,

consider the subspaces

11101 10010

U=< 1 0101 >, and V:< 100 0 0 >
01 100 0 0011
So, we have
1 0 0 01 1 0 0 0 O
EU)=1010 0 0|, and E(V)=]10 0 0 1 0
0O 01 0 O0 0O 0 0 0 1

This implies that v(U) = (11100) and v(V) = (10011). By a computer promgram in Maple
software, dy(v(wU),v(nV)) = 4 for all 7 € S5. On the other hand, by definition, U NV =
<(1 00 0 1)> and dg(U,V) =3+ 3 —2-1 = 4. So, the equality is hold but E(U) does
not satisfy in the condition of Theorem Ell Now, we present an example where equality does
not hold.

Example 2.2. Consider the subspaces

1 001 1 011

U:< 0110 >, and V:< 01 11 >
00 11 0 01 1
So,
1 0 01 1 0 00
EU)=|0o 10 1|, and EV)=]0 1 0 0
0 0 1 1 0 01 1
1 1 .00

Clearly, UNV = < > and v(U) = v(V) = (1110). Thus, dg(v(U),v(V)) =

0 011
0 and ds(U,V) = dim(U) + dim(V) — 2dim(U N V) = 2. This implies that ds(U,V) >

dg(v(U),v(V)).

3. ON THE SPACES P,(n) FOR SOME n AND ¢

Consider again the set Py(n) consisting of all subspaces of Fy. For any U and V' in Py(n),

we define

gU,V = {71' € Sy | dS(Uv V) = dH(V(ﬂ-U)a V(T‘-V))}
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The subset Gy € Sy, is not necessarily a group. For example, if

1 0 0 1 01 0 0

01 0O 00 10
U= , and V=

0 01 0 00 01

0 0 0O 00 0 O

then

Gu = {0, (12), (34), (23), (13), (24), (123), (132), (234), (243), (12)(34), (1342)}

and clearly, this set is not a group. Also, consider the subspaces U and V of example @

Since 1 ¢ Gy v, the set Gy is not a group. Now, a consequence of Theorem @ is as follows:
Corollary 3.1. If U and V satisfy in the assumptions of Theorem 1 then Gy = S,.

In this section, we examine these sets by a computer program in Maple software, where

(n,q) = (4,2),(5,2),(6,2),(4,3). By [1, 8],
n n k=1 ., _,
O SIH IS 9 | =
k=1 4 k=114=0

and hence, we have (72V1) = 2145 | (P21} = 69378 , (P29} = 3986076 and (3{*)) = 22155
such sets in the cases (n,q) = (4,2) , (n,q) = (5,2), (n,q) = (6,2) and (n,q) = (4,3),
respectively. Among these sets, there are 602, 8030, 140912 and 2765 subgroups, respectively.
The information we obtain about all such subgroups are listed in Tables E-B The subgroups
and theirs numbers are written under the columns ‘Gy v’ and ‘#’, respectively. The headings
‘2’ indicates the shape of the group Gy . The last column gives an example for each case.

Therefore, we obtain the following theorems:

Theorem 3.2. Consider the words in the space Pa(4). There are 602 groups among the 2145

sets of Gu,v and these groups are isomorphic to 1, Zg, Zy X Zo, S3 and Sy.

Theorem 3.3. Consider the words in the space Pa(5). There are 8030 groups among the
69378 sets of Gu,v and these groups are isomorphic to 1, Zo, Zo X Za, S3, Dg, S3 X Za, Sy
and Ss.

Theorem 3.4. Consider the words in the space P2(6). There are 140912 groups among the
3986076 sets of Gu,v and these groups are isomorphic to 1, Zy, Lo X Za, S3, Dy, Ziy X Lo X Lo,
Sg X Zg, Dg X Zg, S4, 53 X Sg, S4 X Zg, (S3 X Sg).'Q, 55 and Sﬁ.

Theorem 3.5. Consider the words in the space P3(4). There are 2765 groups among the
22155 sets of Gy and these groups are isomorphic to 1, Zo, Zy X Za, S3, Dg and Sy.
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TABLE 1. The groups Gyv, where n =4 and ¢ = 2.

Guyv 4 o example
IEERICHICH
0000 J» 0000

0000 0000

12 3

((12) 00811\ (1019
0000 J» 0001

0000 0000

ARG

((23)) 1 Lo 0000 /0000
0000 0000

0111 1100

0000 0011

0000 J>» 0000

<(34)> 3 0000 0000
1011 1100
(2.6 | 1 [zaxza| (§100). (B011)
0000 0000

(12),(123)) | 6 LOLON /1001
0000 J» 0011

S| peedty p8in

((24),(234)) | 6 0060/ \80869
1000 T001
.a s s [ (). (§E52)
0001 0000

4. CONCLUSION

In this paper, we show that if E(U) and E(V) have at most one non-zero entry in each rows
and each columns then inequality ds(U,V') > dg(v(wU),v(wV')) becomes equality. Moreover,
we introduce the sets Gyy = {mr € S, | ds(U,V) = dy(v(nU),v(xV))} for any U,V € Py(n)
and examine them for some n and ¢. Interested authors can work on finding a necessary
condition for this inequality to become an equality. Also, interested authors can find the

application of these results in coding theory.
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5and ¢ = 2.

TABLE 2. The groups Gy,v, where n

 —
CoO—~O00 OHO0COO—HOOO-OOOOHOOO PO—OOOO—HOOO—HOOTOOO—OO—HO DO O SO O OO OO OO O = OO OO O OO O
o000 10000000 CO 000 HHOOOOO—OOO—0OT—A——OO—O00CO0O—~0TOO—~0OCO—0000—00POO—~O-00OTOO—O
=Hlelele Elelelele=tleleletlaleleletelelele] Silelelettelelettelalele oleleletlelelele=ttlelele Silelele Hitlelele=tilelele olebleletlelolele oletylale
elelele fololeleletileleleleti leleleletlelelelel et elele et lelele el elele e Eleleletieleleletielelele e Elelele el lelelet el elele e el elelele e lefele
9 |Hoocod cooooooo0o0000000000 HOOOOHOOOOHOOOTHOOOOHOOOOHOOOTHOOOTI~O00O—O0OOHO00O—00OT—HOOOD)
m M~ ~— -~ T~ M N~ T~~~ ™ — T~ T~ P~ P — T P — T~ —
g~
0 |lorocod corcorH00cOA—HOOHHOOO HHHOOHHOO O OO OO OO O—HOO0OT~+—OO T~ OO~ —000POO—~O—O0OT—1000D
OC—O0O00 OO0 O—HOO—HHOOO PO—OO—H—HOOO~ OO0 —~OOOO—HOO—HOOOT~+—OO A~ OO0~~~ O OO OO OO
HOOOO H—OCOHOOCOOO—OOOO—HOOO P-HOOCO—HOOOO—HOOO-—O0OO—0O0O—~O0OTI—OOOEO—OO——0O0CPO—00O—OOOE—OOD
0000 OO0 OHOOOOHOOOOHOOOO HOCOOHOOOOHOOOOP—OOO—HOOOO—HOOOT—+OOOOE—HOOOO—=OOOP—00O—~O00COOO0
CooOo0 1000000000 OHOOOO HOOOOHOOOOOOOOT-HOOOOOOOOO0OOOT1OOOTIO0CO—~O0OOHOOOCOOOOT-O0OD
N N
2] o 0 <t 0
2l — N X o Q X wn wn
N R
(o] (o] Nej ™ ™ (o] (o] Ne) Ne) n
RIS ~ — ™ ™ — | ™ — OCH — — — — — N N ®
—~ —~
—~ —~
P P | = 0 o~ —~ — -
- - - —~ — N = — ’ L0
- gy — L0 ~— ~ <t 0
<t 0 0O o Xt o [a\] - - ™ <f A
—~ — — —~1 & < < [aN] el A <f — —~ a o @
-~ —~ - _ = — . N N N Qe — g 0 — N
- - o o <t Yo) NI N N ~3 <F N —
(O ~ . . Py Py Py - — e ~ - —
~ ~ ~ | N [a] o™ ~ ™ = —~ ~— ~ —~ —~ Py
— — A pé > N - o | X <0 ™
~— ~— ~ N & NG — —~ — o\ =
Nyt Nyt = | = = = ~ (@] <t ~ —
~ — ™ ~ ~ —
SN— S— -~
= =
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6 and ¢ = 2.

TABLE 3. The groups Gy,v, where n

example

CO—OOOPO—OOOOO—OOOO—HOOOOOO—HOOOO—OOOT
=lolelelale eleloleleleoleloleleloeloleleleleeloleloleleoljelolelo |
OCHOOOOP—HOOOOIHOOOOHOOOOOO—HOOOOO—HOOOD
OO0 —TOOOOO—TOOOO—OOOO0OO—OOOO—HOOOOT
HOOOOOIOO0O0OO—{OOOOOHOOOOOHOOOOOHOOOOD
COOOOO—TOOOOOOOOOOCOOOOOT—HOOOOOOOOOOT

A1 OO0 OO0 O0O0O—O—0O0O0O0O—HOOOO—HOOOOO—HOO O
OO0 0O000OHOOOO—HOOO—H—HOOOOOHOOOOO—HOOOO
A1 OO0O0O0O0O0O—HOOOO—OOOO—I—IO00OO—OOOO—HOOOOO
A1 OO0O0O—H—TOO0O0OOO—OOOOO—OOOO—OOOOOo—HO OO
OO0 0OO—HOOOOHOOOOO—HOOOOO—HOOOOOHOOOOO
OO OOO—I00O0OO—OOOOOOOOOOO—OOOOOOOOOT

CO——OOO0O0OO—OCO OO0 —OOOJ
COO—OO— OO0 O—HOOO—OOO
— OO0 O—HOOOOO—OOOO—OOOO
CO—OOOO—HOOOOO—HOOOOO—OOO
OO0 O0O—OO0O0OOHOOOOOHOOOOO
—HOOOOOOOOOOOHOOOOOHOOOOO

CO—OOOPLOO—OOOO—HOOOOOO—HOOO——OOOOO—HOO D
CO—OOOLO—OOOO—OOOCO——OOOOO—HOOOOO—HOOT
CHHOOOOPO—OOOO—OO0O0COO—IOO0OO—OOOOO—OOOT
OCHOOOO—"I—OO0OO—I00O0O0OO—HOOOO—HOOOOOO—HOOOg
HOOOOOP—HOOOOHOOOOOHOOOOOHOOOOOHOOOOD
mi=llelale glelelalelaylelalelalo,lelelalalealalalnlelaLylelalelale

CO—OOOO0O—0OO0O—HO—OOOO——OOOOO—OOOO——O O
O O0O0OCO—OOOOOO—TOOOOO—HOOOOO—OOOO——OO
Or—1000OCO—OOOOOO—HOOOO—OOOO——IOOOOO—HOOI
HOOOOOOHOOOOH—OOOO—HOOOOOOHOOOOO—HOOOU
OO0 O0OOHOOOOOO—HOOOOHOOOOO—HOOOOOHOOOOO
COO0O0O0O—HOOOOOHOOOOO—HOOOOOOOOOOOHOOOOD

COO—OOO—HOOOOO—OOOOO——OOO
CO—OOOO—HOOOOTOOOOOOO—HOOO
CO—HOOO-OOO0OOHOOOOOO—HOOOQ
—H— OO OO0 O0O0OOHOOOOO—HOOOOO
OO0 O0O~OOO0OOHOOOOOHOOOOO
il ielelalelelalelaleelalelaloleonlalalalale

[a\]
N
N g
Al — &5 x .
N
N
N <t <t
Ne} ] ] (o] ) e} a
e@] <f oo el a o [a] (o] o
# — <t < — A - (o] — = =
—~ —~ —~ —~
—~ —~ —~ —~ —~ —~ g — — —
—~~ —~ —~ —~ —~~ —~ (o) - ) =)
< O Ne) L0 Ne) Ne)
» \\.N —~ —~ —~ ) <f Yo < ey ey a o <t L0
-~ = = = = NG N © N © v — N ™ <
= — m % M % Kﬁw ~ ~ ~ ~ ~ ~ ~ — = ~—~
—~ —~ —~ —~~ —~~ —~~ -~ N -~ -
— — — N )\ ag)
~— ~— ~— ~— ~— ~ — N ™ =
~ ~ ~ ~ ~ ~ gt Daggett gyt gyt
S~ S~ S~ ~
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example

(elelolelele olololelele eleleloleleelel ol oleleeleloleleleolelolelelelyl oleleleleslobylelele ol ol olelele elelelelolelol ol ol oleleelelelyjele ol ol olelele s el ol olelelol olelelele |
(elelolelele elelolelele Slololeleleslelel pleleelolelelelelol o leleloelewlolelololeolylelelole elelolelele e bl o leleoloelel olele el olelele sl olelele s be ol o leleolelolelele |
slplelslaele ololelslele lololelslelololelslelslslslsle Ll olelelele el lsleleleoelylelelele ol lelelele slelelolslesleloleleleoelelolelele il olelele eleleloleleololelelele |
=lplelelale ololelalele elelolelale slelyijslelelelslslele/ljelelaloelylelelslelelelelele ololelelele elelylelele el jeleleloelylelelele elelylelale eloellelelelLlelelelale
—HOOOOOLO—HOOOOO—HOOOOO—HOOOO—HOOOOOO—OOOO—HOOOOO—OOOOOO—OOOO0O—HOO0O0O—HOOOOO—OOOOOO—HOOOOO—HOOOOOOOOOg
—HOOOOO—TI00O0OTgT000O0O—HOOOOO—HOOOOO—HOOOOO—HOOOOO—HOOOOO— OO0 00O0OOOOOOO—OO0OOO— OO0 0OOOOOOOOg

=lalplelele o lolelalele elolyolelele lslelelelellololelelelylolplelelelelylojelellolelelele olololelale oleleleleleelyjelelele g lelelelole lelalelale olylelalelalLylyjelelale
mlelplelele ololelslale slslolslsle lslslslsleolololelsle elelolslelesleleloleleulolelelele ol ol lelele plelelslele  lelelelelelelelelele plelelelele pleleleleleLul olelelele |
CO—~HOOOO—HOOOOOHOOOOHOOOOOOOHOOOOHOOOOOO—HOOOHHOOOOOO—HOOOOOOOOO—HOOOOOHOOOOO— OO0 OOOOO—H—HOOOO
mbmleleloele olelelelale olelelsleleoleleleleleololeleleleylelelelelelololeleleleololelelole ol olelelole oleloeloelelelolololelolelolelolelole ololololole olelelelelelololelelele |
CrIOOCOOLOOCOOT—TOOOOOCOOOCOOO—HOOOOOOOOOOOO—HOOOOHOOOOT—TOOOOOLOOCOO0OO—HOOOOO—TOOOOOLOOOCOOOOOOOOO—OOOQ
HOOOOOOOOOOTOOOOOOOOOOOOOOOOOOOOOO—IOOOOCOOOOOTG—TOOOOOLOOCOOOT—OOOOOOOOOOLOOOOOOOOOOO—HOOOOQ

TABLE 4. The groups Gy v, where n = 6 and ¢ = 2 (Continued).

N
Z N
N ™ N
. X N N S N
_Q N X X w X X
o 0 g <t
X %) Q %) )
N
N
r~ r~
Ne) an ™ ) o 0 A A
e — — — o e — — — &0 — o0 o YRS
—~ ~ ~
~ = = = = = = = ==
—~ = 10 © © ™ ™ ™ 3 —~ —~ —~ - g <«
— S <H Yo Yo —_ —_ N e — — — —~ NG
| i) = ~— ~— ~— ~— ~— — ~ M qu % o) -
s - = = = = = = > RS > % a0 - o
> < fam ™ ) o) 0 © © 2 = & ) = NI
=) ~ ) [a] (o] < < 0 0 o) ~ — ~~ ~ <R
(&) -~ N — — Q\ g <t <t — -~ -~ -~ o~ — ™M
—~ ~ ~— ~— ~— ~— ~— ~— N M/H} mO} m_;} 25 =
% \ﬁﬂu/ —~ —~ —~ —~ —~ —~ o — [a\] o /‘H*\M I =
~ [a] (o] Al <t 0 0 5 ~— — ~ ~ [
= - =z = = = = ) o2

74
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TABLE 5. The groups Gy v, where n = 6 and ¢ = 2 (Continued).

example

A A OO AT A A A OO OO OO
OO0 OO0O—HO—HOOOO
—H——HOOOOOO—HOO—HOOOOO
CO—OOOOO—HOOOHOOOO
CrHOOOOLO—HOOOO—HOOOO
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TABLE 6. The groups Gyv, where n =4 and ¢ = 3.
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