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SEMIHYPERGROUPS THAT EVERY HYPERPRODUCT ONLY
CONTAINS SOME OF THE FACTORS

DARIUSH HEIDARTI*

ABSTRACT. Breakable semihypergroups, defined by a simple property: every non-empty sub-
set of them is a subsemihypergroup. In this paper, we introduce a class of semihypergroups,
in which every hyperproduct of n elements is equal to a subset of the factors, called 7,-
semihypergroups. Then, we prove that every semihypergroup of type mak, (k > 2) is break-
able and every semihypergroup of type mar+1 is of type m3. Furthermore, we obtain a de-
composition of a semihypergroup of type 7, into the cyclic group of order 2 and a breakable
semihypergroup. Finally, we give a characterization of semi-symmetric semihypergroups of

type .

1. INTRODUCTION

A natural extension of well-known group theory is introduced by Marty [@] which leads to

begin the theory of algebraic hyperstructures. Furthermore, algebraic hyperstructure theory
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has various applications in other area of science such as probability theory, graphs, fuzzy
sets, automata, cryptography, codes, chemistry, and artificial intelligence (See for example
B, 16, 17, 22, 23, 24, 27] ). Some outline of applications can be found in the two important
books: the first is “Applications of Hyperstructure Theory” by Corsini and Leoreanu [4] and
the other is “Hyperring Theory and Application” by Davvaz and Leoreanu [6].

There has been numerous studies to investigate the concept of semihypergroup as a gener-
alization of semigroup. Basic definitions and results about the semihypergroups are found in
M, 9, 10, 12, 15, 29].

This paper is in continuation with our earlier paper [13] where we extended the classical
concepts of breakable semigroups to algebraic hypercompositional structures. Recall that a
semigroup is called breakable if every subset is a subsemigroup. Rédei [26] has proved that
they are semigroups with empty Frattini-substructure. One can see that a semigroup S is
breakable if and only if xy € {z,y} for any x,y € S.

Using the associated power semigroup, other researchers presented another characteriza-
tion of above-mentioned semigroups [28], that is, a semigroup is breakable if and only if its
power semigroup is idempotent. However, Rédei provided a complete description of breakable
semigroups [26], stated in Theorem @

In the theory of algebraic hyperstructures, the notion of hyperoperation on the set S is
defined as a mapping from S x S to P*(S), where P*(S) is the set of non-empty subsets of S.
If the set S is equipped with a binary associative operation, i.e. (.S, -) is a semigroup, then this
operation can be extended also to P*(.S), in the most natural way: AxB = {a-b|a € A,b € B}.
In this way, (P*(S),*) becomes a semigroup, called the power semigroup of S. In particular,
if (G,-) is a group, then a non-empty subset G of P*(G) is called an H X-group [1§] on G.
An overview on the links between H X-groups and hypergroups has been recently proposed by
Cristea et al. [j].

Similarly, if (S, o) is a semihypergroup, then we can again define an associative operation
as follows:

AxB= ] aob,
a€AbeB
for all A, B € P*(S) so (P*(S), %) is a semigroup.

In [3] Corsini introduced the notion of Chinese hyperoperation associated with HX-groups
defined by aob = {a-b | a € A,b € B}, where G is a group, a,b € G and A, B € P*(QG).
HX-groups and HX-hypergroups have an important role in applications to modeling, chaotic
(hyperchaotic) systems and differential equations [31].

In [13, 14] we have presented and discussed on an extended version of Rédei’s theorem
for semi-symmetric breakable semihypergroups. In this paper, we continue our study and

generalize the property (A,), that is considered by Pelicdn [25] on semigroups, in order to
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investigate and characterize semihypergroups that every hyperproduct only contains some of
the factors.

The rest of the paper is structured as follows. In Section 2, we recall some definitions and
properties of semigroups and semihypergroups. Since the paper aims to be self-contained,
some of the previous results of breakable semihypergroups are also included.

In Section 3, we define the concept of semihypergroups of type m,, give some examples and
prove some properties. In particular, we show that every semihypergroup of type mo, (k > 2)
is breakable and every semihypergroup of type mor41 is of type ms.

The main part of the paper is covered by Section 4, where we present a characterization of
semihypergroups of type 7, using the power set and the generalization of Rédei’s theorem for
semi-symmetric semihypergroups, that permits to decompose 7,,-semihypergroups in a certain

way.

2. Preliminaries

Let us begin with some basic definitions and notations that will be needed in this paper.
The reader is referred to [25, 26, 28] for additional details of classical algebraic structures and
to [2, 4, BO] for further discussions about algebraic hyperstructures.

Let (S,-) be a semigroup. Then S is called a left (right) zero semigroup (l-semigroup (-
semigroup) for short), if each element is a left (right) zero element, i.e. for any = € S, we have
z-y=zx(x-y=y) forally € S.

A semigroup S is breakable if every non-empty subset of S is a subsemigroup. Breakable
semigroups are considered by Rédei [26] as a subclass of the semigroups having an empty
Frattini-substructure. One can see that a semigroup (5, -) is breakable if and only if z -y €
{z,y} for any z,y € S.

In [26] a complete description of the structure of a breakable semigroup is given by following

Theorem.

Theorem 2.1. [26] A semigroup S is breakable if and only if, it can be partitioned into classes
and the set of classes can be ordered in such a way that every class constitutes an l-semigroup
or an r-semigroup, and for any two elements x € C and y € C' of two different classes C,C",

with C < C', we have z -y =y -x =y.

Pelican in [25] generalized Redei’s theorem in another direction and determined all semi-

groups with the following property:

(Ay) for any a1, as,...,a, € S,a1az - ay, = a;,
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for some 1 < i < n. One can see that semigroups with the property (As) are exactly the
breakable ones and every breakable semigroup satisfies (A4,, )(n > 2). On the other hand, Zs
(the cyclic group oi order 2) satisfies (A3) but not (As).

Tamura and Shafer characterized a breakable semigroup using properties of its power semi-
group [2§].

The fundamental relations defined on hyperstructures in order to obtain an equivalent clas-
sical structure from a given hyperstructure. More exactly, let (S,0) be a semihypergroup
and define the relation 5 and its transitive closure f*. Then the quotient S/B* is a semi-
group with a suitable operation, called the fundamental semigroup related to S. Here below
we recall the construction, introduced by Koskas [20] and studied mainly by Freni [11], who
proved that 8 = * on hypergroups. For all natural numbers n > 1, define the relation (3,
on a semihypergroup (S,0), as follows: af,b if and only if there exist z1,...,z, € S such
that {a,b} C [[}Z; z;. Take 8 = U,> Bn, where 81 = {(z,2) | € S} is the diagonal re-
lation on S. Denote by * the transitive closure of 5. The relation 5* is a strongly regular
relation. On the quotient S/8* define a binary operation as follows: *(a) ® 5*(b) = 8*(c)
for all ¢ € B*(a) o *(b). Moreover, the relation 5* is the smallest equivalence relation on a
semihypergroup S, such that the quotient S/f* is a semigroup. The quotient S/S* is called

the fundamental semigroup.

Definition 2.2. [13] A semihypergroup (S, -) is called semi-symmetric if |x o y| = |y o z| for
every x,y € S.

It is clear that any commutative semihypergroup is also semi-symmetric.

Definition 2.3. [13] A semihypergroup S is called breakable if every non-empty subset of S

is a subsemihypergroup.

For example, l-semigroups and r-semigroups are breakable semihypergroups. If the property
x,y € x oy holds for all elements z,y € S, then the hyperoperation “o” is called extensive or
closed [, 22].

Example 2.4. Consider S = ({1,2,3,4,5},0) defined by the following Cayley table

12 3 4 5
12 3 4 5
2 2 {2,3} 2 {2,5}
3 {2,3} 3 3 {3,5}
4 4
5 5

o

2 3
{2,5} {3,5}

Then S is a breakable semihypergroup.

Tt s W N
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The most simple hyperoperation of this type was defined by the first time by Konguetsof
[19] around 70’s as z oy = {z,y} for all z,y € S and re-considered by Massouros [23, 24] in

the framework of automata theory, proving the following result.

Theorem 2.5. [24] Let H be a non-empty set. For every x,y € H define x xpy = {z,y}.
Then (H,*pg) is a join hypergroup.

G. Massouros called this hyperstructure a B-hypergroup, after the binary result that the

hyperoperation gives.

Proposition 2.6. [13] The fundamental semigroup of a breakable semihypergroup is breakable,

too.

Theorem 2.7. [13] A semi-symmetric semihypergroup (S, o) is breakable if and only if it can
be partitioned into classes, i.e. S = U’yEF Sy, where I' is a chain and all S, are pairwise
disjoint I-semigroups, r-semigroups or B-hypergroups. Moreover, for every x € S, and y € Sg,

with o < B, we have roy =yox =y.

3. SEMIHYPERGROUPS OF TYPE T,

In this section we continue to study the notion of breakable semihypergroups based on new
point of view that is called 7,-semihypergroups or semihypergroups of type m,.

Let n be a positive integer greater than 1. In this section, we study semihypergroups in
which every hyperproduct of n elements of it is equal to a subset of factors. First, we adapt

the property A,, for semihypergroups as follows:

Definition 3.1. Let (S, 0) be a semihypergroup and n > 2. Then, we define the property m,

as follows:
() for any aj,as,...,a, €S, ajoazo---o0ay, C{ay,as,...,ay}.

Moreover, S is called a m,-semihypergroup or a semihypergroup ot type 7,, whenever satisfies

the property (7).

Every semigroup with the property (A4,) satisfies the property () this means that () is

a suitable generalization of (4,,).

Remark 3.2. Semihypergroups of type ms are exactly the breakable ones and every breakable
semihypergroup satisfies m, for every n > 2. On the other hand, in addition to the group Zo,
there exist semihypergroups of type 73 but not my (see Example @) It will turn out that in a
certain sense this is the only essentially new type of semihypergroups (that are not semigroups)

with the property (7).
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Example 3.3. (a) Consider the set S = {e,a,b,c,d, f} and define on it the hyperproduct

given by Table @ Then, (S7,01) is a non-breakable m3-semihypergroup.

ole a b ¢ d f
ele a b c d f

e e bc d f
blb bbb d f
clc c cc d f
dlfd ddd d f
f1f £ £ f {df} f

TABLE 1. A non-breakable m3-semihypergroup on 6 elements

(b) Consider the set Sy = {e,a,b,c,d} and define on it the hyperproduct given by Table

@. Then, (S3,02) is a non-breakable 73-semihypergroup.

oy | e a b C d
ele a b ¢ d
ale e b ¢ d
bbb b b {bd}
clc ¢ {bye} ¢ {cd}
d|d d {bd} d d

TABLE 2. A non-breakable m3-semihypergroup on 5 elements

In the following theorem we prove that a m,-semihypergroup is breakable if and only if n is

an even integer.

Theorem 3.4. If (S,0) is a semihypergroup of type m, for some n =2k (k > 2), then it is

breakable.

Proof. Let k > 2 and S be a semihypergroup of type mo;. Suppose that a € S and b € a?.

Then, bo a2 C a?* = a so we have

(1)

Also, the property (7o) implies

(2)
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Since b € a? we have
(3) b2 o 22 C g2k+2 = g3,
From the equations (2) and (3) we can conclude that a € a® or b € a3. In the former case, we
have a2 Ca* C --- §a2k:athus,
(4) a® = a.
Now, we consider the case b € a. Then, the equation (1) concludes that
a=boa?2C g30a? 2= 42
hence, by the property (max)
(5) a® C a®* =a.

Hence, the equations (@) and (E) imply that
(6) a* = a.

Now, let z,y € S and z € x oy. Then, from the equation (B) and the property (mgr) we can

conclude that
(7) z=2" e (xoy)h C{x,y},

therefore, x oy C {z,y} and the proof is complete.

In what follows, we focus on non-breakable semihypergroups of type m, where n is an odd

integer greater than 1.

Lemma 3.5. Let (S,0) be a non-breakable semihypergroup of type mop1. Then, there exist

e,u € S such that u> = e # u. Furthermore, e is an identity element.

Proof. Let (S,0) be a non-breakable semihypergroup of type w11, where k > 1. Let us first
point out that if z € 22 for every « € S, then

thus = 2" for every n > 1 hence, z oy = 2?* oy C {x,y} so S is breakable that is a

contradiction. It follows that there exists v € S such that u ¢ u?. Now, take ¢ € u? and

k k

e € ¢?*. Then, ¢ o u C u?* o u = u hence ¢* o u = u. Similarly v o ¢* = u. Furthermore,

CQkou:cko(ckou):ckou:u.

2k

and similarly we have v o ¢*® = u. Also, since e # u and

e =P locC 1042 C{c u).
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2k 2

We conclude that e = ¢. Therefore, €2 C co ¢! = ¢ = e hence e? = e. Now, we show that
ecox=x=uxoe for every x € S\ {e,u}. It is sufficient to prove that e ¢ eoz. If e € eo z,
then

e=e" Ceflo(eon)=e"ox Cu? o C {u,z},

%o g C {e,x}. Thus, eox = z, and similarly we

a contradiction. On the other hand, eoxz =€
get roe=x.
Consequently e is an identity element of S. Hence, uniqueness of the identity element implies

u2:e.D

Theorem 3.6. If (S,0) is a semihypergroup of type mor11, (k > 2), then (S,0) is also of type

3.

Proof. Let (S,0) be a semihypergroup of type (mor11), (k > 2). If S is breakable, then the
conclusion follows from Remark @ Now, suppose that .S is non-breakable and x,y,z € S.
Then, Lemma @ implies S has the identity element e and we can consider the following two
cases.

Case 1. Let e € {z,y, z}. Then, take x = e we may write
zoyoz=e""loyozC ey, z},

as required.

Case 2. Let e ¢ {x,y,z}. Then, suppose by contradiction that z oy oz ¢ {z,y,z}. Since
zoyoz=mxzoyozoe® 2 C {x vy, z e}
We obtain e € z oy o z and claim that
(8) ed(zoy)N(yoz).

Ifecazoy, thene€ (zoy)*lo(xoyoz) C {xrvy, 2} a contradiction. Similarly, we can see
that e ¢ y o z.
On the other hand, z oy = x oy o e?~1 C {x,y, e} implies v oy C {z,y} thus we have

eexoyoz=(rxoz)U(yoz),
hence, Equation B concludes that e € x o z. Then, we obtain
e€(zoyoz)o(xoz)tC{xy, 2}

Thus, this contraction completes the proof.

Lemma 3.7. Let (S,0) be a non-breakable semihypergroup of type w3 and x,y € S. Then, the

following assertions hold:
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(i) 2% = 1;
(i) If 2 # y, then w0y C {z,y};
(iii) If v # 22 =y? #y, then x = y.

Proof. Let (S, 0) be a non-breakable semihypergroup of type 3.
(i) For every x € S, we can consider two cases:
Case 1. Let x € 22. Then, 2> C 2® = x so 2% = x.
Case 2. Let = ¢ 2. Then, there exists a € 2 such that a # z. Thus, ax C > = 2 hence

2 = ax? C {a,r} thus 22 = a. Therefore, in any cases we have

the property (m3) implies z
|z?| = 1.
(ii) Suppose by contradiction that x oy ¢ {z,y} for two distinct elements x,y € S. Then,

there exists z € S\ {z,y} such that z € x oy. Hence, part (i) and the property (m3) imply
rozoyCa’oy® C{a® y}n{x,y’}

So,if z € xozo0y, then 22 = x thus z € z oy = 22 oy C {x,y}, contradiction. Similarly, if
y € xozoy we have z € {x,y} is a contradiction. It follows that z = x 0 2z 0y = 22 = y? thus
22 = z € xoy and hence x = 23 € 220y = y> = y is a contradiction. Therefore, zoy C {z,y}.

(iii) Let o,y € S such that z # 22 = 32 # y. Then, by Lemma @ and part (i) we conclude
that e = 22 = y?, where e is the identity element of S. Suppose x # y and z € x oy, then

zoy C xoy? =z so part (ii) implies # = z hence,

y2=6:xox:mo(xoy):x2oy:y,

This contradiction completes the proof.

The following theorem shows that the minimum order of non-breakable semihypergroups of

type w3 which are not semigroups is 4.

Proposition 3.8. Fvery non-breakable ws-semihypergroup having cardinality less than 4 is a

semigroup. Moreover, there exists a non-breakable ws-semihypergroup having cardinality 4.

Proof. Let (S,0) be a non-breakable ms-semihypergroup. Then, by Lemma @ there exist
e,u € S such that e is the identity element of S and e = u? # e. So, if |S| = 2, then S is
isomorphic to the cyclic groups of order 2. Let S = {e,u,a}. Then, Lemma @(ii) implies

2 = a. Moreover, a o u,

a®? # e. Also, if a®> # u, then e = a® ou C a,u is impossible. Thus, a
since u € a o u implies e € w o a o u contradiction. Similarly, u oa = a. So, S is a semigroup.
An example having order 4. Consider the set S = {e,u,a,b} and define on it the hyper-

product given by Table E Then, (S, 0) is a non-breakable 73-semihypergroup.
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ele u a
uju e a
ala a a {ab}

b|b b {ab} b
TABLE 3. A non-breakable m3-semihypergroup on 4 elements

4. CHARACTERIZATION OF T,-SEMIHYPERGROUPS

In what follows, we define a hyperoperation on the disjoint union of two distinct hyper-

groupoids in order to construct a new hypergroupoid containing each of them.

Definition 4.1. Let (4,0) and (B, *) be two hypergroupoids such that AN B = (). Then, we
define the hyperoperation ® on the set S = AU B as follows: let x,y € S

/

xoy;, ifx,ye€A,

R y; ifxe A,y € B,
x; ifxe B,y € A,

rxy;, ifx,yeB.

The hypergroupoiud (.S, ®) is called the disjoint extension of A by B and denoted by S = AWB.

The following elementary properties can be checked directly using the structure of AW B

considered in Definition @

Lemma 4.2. The following assertions hold:
(i) If (A,0) and (B,*) are two semihypergroups, then AW B is a semihypergroup, too.
(ii) If (A,0) and (B,x*) are two semihypergroups, then
A¥gB _ A B
~ Dy
B pr B

where B* is the fundamental relation.

Proof. (i) Let z,y,z € AUB. If x € A and y,z € B, then by Definition @, we have
r®(Yy®z)=y*z=(r®y)® 2z The proofs of other cases are similar.

(ii) It is concluded by considering the isomorphism 8*(x) — 8% (z) (8*(x) — Bx(x)) for
every © € A(x € B).

The next theorem shows that every semihypergroup of type 7, is breakable or disjoint

extension of the cyclic group of order 2, Zs, by a breakable semihypergroup.
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Theorem 4.3. Let (S, 0) be a non-breakable ws-semihypergroup. Then, there exists a breakable
semihypergroup (B, *) such that
S =7y B.

Proof. Let (S,0) be a non-breakable m3-semihypergroup. Then, by Lemma @, there exist
e,u € S such that e = u? # u and e is the identity element of S. Hence, {e,u} is a subgroup of
S isomorphic to Zg. Also, we see that in the subset B = 5\ {e, u}, the property (m2) holds so
B is a breakable sub-semihypergroup of S moreover, for every x € B we have roe=x =xox

and z ou =z = u o x. Consequently, we have S = Zy W B.

Proposition 4.4. The fundamental semigroup of a m,-semihypergroup satisfies the property
A,

Proof. The result holds for the case that S is a breakable semihypergroup, by Theorem @
Now, let S be a non-breakable semihypergroup of type ,, then Theorem @ and Lemma @

concludes that
S ZoW B Zo B B
g g g B 8
where B is a breakable semihypergroup and Proposition @ implies g is a breakable semi-

group.

Theorem 4.5. Let (S,0) be a semi-symmetric semihypergroup satisfying ms. Then, either
S is breakable or S can be partitioned into classes, i.e. S = U'yGF Sy, where T" is a chain
with minimal ¢ € T' and all Sy, v # €, are pairwise disjoint l-semigroups, r-semigroups or
B-hypergroups and S is isomorphic to Zy. Moreover, for every x € S, and y € Sg, with

a < B, we have xoy=yox =y.

Proof. Let (S,0) be a semi-symmetric non-breakable ms-semihypergroup. Then, by Theorem
@, there exists a breakable semihypergroup B such that S = Z, W B. Let e,u € s such that
Se = {e,u} = Zy. Therefore, Proposition @ completes the proof.

Theorem 4.6. A m,-semihypergroup (H,o) is a hypergroup if and only if (H,o) is a B-

hypergroup or isomorphic to Zs.

Proof. First, suppose that (H,o) is a breakable hypergroup. Then, for any two distinct ele-
ments x and y of H, by left reproducibility, there exists z € H such that y € x o z. Since H
is breakable, it follows that {x,z} is a subsemihypergroup, so x o z C {z, z}. It follows that
y € {z,z} and thus y = z hence y € xoy. Similarly, using the right reproducibility, one proves
that x € z oy. So, we obtain z oy = {z,y}, i.e. (H,o0) is a B-hypergroup.
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Now, let (H,o) be a non-breakable hypergroup of type moxy1. Then, by Lemma @ there
exist e,u € H such that H. = {e, u} is a subgroup of H. Suppose = € H \ H. then by using the
right reproducibility, there exists y € H such that e € xoy. So, if x # y, then by the property
Tor+1, € = y hence e = z is a contradiction. Thus, e € 22 = z is impossible. Therefore,
H = H_.>=7,.

The converse implication is obvious.

5. CONCLUSIONS

We have addressed the problem of breakable semihypergroups, based on the classical concept
of breakable semigroups. We have introduced and characterized semihypergroups, in which
every product of n elements is equal to a subset of factors, called 7,-semihypergroups or
semihypergroups of type m,. Then, it was proved that every semihypergroup of type mag,
(k > 2) is breakable and every semihypergroup of type moi1 is of type m3. Also, we have

characterized semi-symmetric semihypergroups of type m,.
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