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MODULAR GROUP ALGEBRA WITH UPPER LIE NILPOTENCY INDEX
11p—-9

KULDEEP SINGH, HARISH CHANDRA™ AND SUCHI BHATT

ABSTRACT. Let KG be the modular group algebra of a group G over a field K of character-
istic p > 0. Recently, we have seen the classification of group algebras K G with upper Lie
nilpotency index t“(KG) up to 10p — 8. In this paper, our aim is to classify the modular
group algebra KG with upper Lie nilpotency index 11p — 9, for G’ = ¥2(G) as an abelian

group.

1. INTRODUCTION

Let KG be the group algebra of a group G over a field K of characteristic p > 0. The
group algebra KG can be treated as a Lie algebra, by defining the Lie commutator as
[z,y] = zy — yz, Vz,y € KG. By induction, we let [x1,z2,..2,] = [[x1,22, ...Tn-1], Tn],
where z1, 22, .2, € KG. The nt" lower Lie power KG™ of KG is the associated ideal gen-

erated by the Lie commutators [z1, %, ...z], where KG = KG. Using induction, the n'"
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upper Lie power KG(™ of KG is the associated ideal generated by all the Lie commutators
[z,7], where z € KG" Y, 3y ¢ KG and KGY) = KG. Now KG called upper Lie nilpotent
(lower Lie nilpotent) if there exists n such that KG™ = 0(KG" = 0). The least positive
integer n such that KG™ = 0 and KG[ = 0 is said to be upper Lie nilpotency index and
lower Lie nilpotency index of KG, denoted by t*(KG) and t,(KG) respectively. Other basic
notations and definitions can be seen in [l]. Shalev [14] initiated the study of group algebras
with maximum Lie nilpotency index. This problem was completed in [5]. Some interesting
results on the next smaller Lie nilpotency index can be easily seen in [3, 4, 5, 6]. In [2], Bovdi
and Kurdics discussed the upper and lower Lie nilpotency index of a modular group algebra
of metabelian group G and determine the nilpotency class of the group of units. Sharma,
Srivastava and Bist [L1], 12] proved a classical result which states that if G is a non-abelian
nilpotent group with |G’| = p”, then p + 1 < t(KG) < t*(KG) < p™ + 1. Thus we can say
that p 4+ 1 is the minimal and p™ 4+ 1 is the maximal Lie nilpotency index. Therefore, it is
clear that 2p, 3p — 1 and 4p — 2 are the next possible minimal Lie nilpotency indices. Shalev
initiated the classification of Lie nilpotent group algebras whose Lie nilpotency indices are
tr.(KG) = 2p and 3p — 1, for p > 5 and obtained certain interesting results (see [13]). Sahai
[7] classified the group algebras K'G which are Lie nilpotent having Lie nilpotency indices 2p,
3p — 1 and 4p — 2, for all p > 0. A complete description of the Lie nilpotent group algebras
with next possible Lie nilpotency indices 5p — 3, 6p — 4, 7p — 5, 8p — 6 and 9p — 7 is given in
[8, 9, 10]. Recently, Bhatt and Chandra in [1], classified the group algebra K G which are Lie
nilpotent with upper Lie nilpotency index 10p — 8.

In this paper, we have characterized the group algebras with upper Lie nilpotency index

11p — 9, with G’ as an abelian group.

2. PRELIMINARIES

We have used the following Lemma in the characterization of group algebra with upper Lie

nilpotency index 11p — 9 for computations of d,,)’s in each case with G’ = 72(G).

Lemma 2.1. ([14]) Let K be a field with CharK = p > 0 and G be a nilpotent group such
that |G| = p" and exp(G') = p'.

(1) If dj41) = 0 for some I < pm, then dpmi1) < d(m1)-

(2) If dmy1) = 0, then d(s41) = 0 for all s > m with ¥y(s) > 9y (m), where 9,y (x) is the

mazimal divisor of x which is relatively prime to p.

3. MAIN RESULT

Theorem 3.1. Let G be a group and K be a field of characteristics p > 0 such that KG is
Lie nilpotent. Then t*(KG) = 11p — 9 if and only if one of the following condition satisfied:
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(1) G"=(Cr)°, 13(G) =1;

(2) (a) G'=Cs x (C5)?, G C 73(G) = (C5)*, 7(G) = (C5)?, 15(G) = C5, 16(G) = 1;
(b) G' = (C5), |G Ny3(G)| = 1, 13(G) = (C5)°, 1(G) = Cs x C5, 15(G) = Cs,
Y6(G) = 1;

(3) (a) G" = Cos x (C5)3, |G Ny(G)| =1, 4(G) =2 Cs, 13(G) = (C5)?%, 75(G) =1 or
|G Ny3(G)] =5, 14(G) = Cs, 13(G) = (C5)*, 75(G) = 1;

(b) G" = (C5)°, |G Ny3(G)| = 1, 13(G) = (C5)%, 1(G) = C5, 15(G) =1 ;

(4) (a) G" = (Cp)°, |GP Ny3(@)| = 1, 13(G) = (Cp)?, 1(G) = (Cp)?, 15(G)
v%(G) = 1, for p > 5;

(b) G' = Cy x (C3)*, G C y3(G) = (C3)*, 14(G) = (C3)*, 15(G) = C3, 16(G) = 1;
(c) G' = (C3)°, |GP Ns(G)] = 1, 1(G) = (C3)°, u(G) = (C3)?, 1(G) = Cs,
76(G) = 1;

(5) (a) G' =2 Cyx Cax Ca, G C 43(G) = Cyx Co, ya
(b) G' =2 Cyx Cyx Cy, G? C3(G) =2 Oy x Oy, 4(G) = (C2)?, 75
(¢) G = Cy x (C2)?, G C 43(G) = Cy x Ca, 14(G) = (C2)?, 75(G) = Ca, 16(G) = 1;

12

Cp,

76(G) = 1;

(6) (a) G' = Cs x (Ca)*, G™ C3(G) = Cy, 1(G) = Cy, 75(G) = 1;
(b) G' = Cy x (C)°, G C 43(G) = Cy, (@) = Ca, 75(G) =1
(c) G"=(Co)", |G? N(G)] = 1,74(G) = Ca, 75(G) = 1;
(d) G’ = Cy x Cy x (C)?, G € 13(G) = Cy, 1a(G) = Cy, 75(G) = 1;

(7) (a) G' = Cy x (Co)*, |13(G)| = 2%, |G? Ny3(G)] = 2, 13(G) = Cy x Ca, 1(G) = Cy,
(G) =1 or [y3(G)| = 2%, [G* N3(G) = 1, 13(G) = Cu, 1(G) = Co, 75(G) = 1;
(b) G' = Cs x (C2)3, |G? N y3(G)| = 4, 13(G) = Cy x Co, 14(G) = Cs, v5(G) =1 or
113(G)| = 2%, |G Ny3(G)| = 2, 13(G) = Cy, 1u(G) = Ca, 15(G) = 1;
(c) G' =2 Cy x Cy x Oy x Cy, |13(G)] = 23, |G? N y(G)| = 4, 13(G) = Cy x Oy,
1(G) = Co, 5(G) = 1 or [33(G)] = 22, |G” N y3(G)| = 2, 13(G) = Cu, 1(G) = Co,

)

75(G) = 1;
(d) G' = (C2)%, |13(GQ)] = 2%, |G? N3(G)| = 1, 13(G) = Cy x Oz, 1u(G) = Cy,
75(G) = 1;

(8) (a) G' =2 Cy x Cy x Cs3, |G N3(G)| = 3, 13(G) = C3 x C3, 14(G) = Cs, 75(G) = 1
or G Cy3(G) = CF u(G) = Cs, 5(G) = 1;
(b) G = Cy x Cg x C3, G" C y3(G) = C3, 14(G) = C3, 5(G) = 1;
(¢) G = Cy x (C3)%, |G Ns(G)] = 1, 13(G) = Cs x Cs, 1a(G) = Cs, 45(G) = 1,
G" Cy3(G) = O3, u(G) = C3, v5(G) = 1;
(d) G' = (C3)°, G® C y3(G) = CF, (G) = C3 5(G) = 1;
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(9) G'=(Cp)°, |1GPN3(G)| =1, 13(G) = (Cp)*, 14(G) = (Cp)?, 75(G) =1, for p > 5;
0) (a) G" = Cy x Cy x C3, |GP N3(G)| = 1, 13(G) = C3 x C3, 14(G) = C3, 35(G) =1

or |G N3(G)| = 3, 13(G) = (C3)%, 1(G) = Cs, 15(G) = 1 or G® C 13(G) = Cy,
74(G) = Cs, 75(G) = 1;
(b) G' =2 Cy x Cg x C3, |G Ny3(G)| = 3, 13(G) = C3, 14(G) = (C5)%, 75(G) =1 or
G” C3(G) = (C3)*, n(G) = (C3)%, 15(G) = 1;
(c) G' = Cy x (C3)%, |G N(G)| = 1, 13(G) = (C3)%, u(G) = Cs, 15(G) =1 or
G" C (G ) = (C3)*, 14(G) = C3, 35(G) = 1;
(d) G' = Cy x (C3)°, |G N3(G)] = 1, (G) = (C3)°, 1(G) = (C3)?, 15(G) =1 or
G® C (@ ) (C3)*, 74(G) = (C3)%, 75(G) = 1;
(e) G = (C3)5, G C y3(G) = (Cs)*, 14(G) = C3, 75(G) = 1;
(f) G' = (C3)°, G C3(G) = (C3)*, (@) = (C3)?, 15(G) = 1;

)

I

12

(11) (a) G = Cy x Cy x Oy, ‘GQ ﬂ"m( )‘ =1, ’}/3(G) = (CQ 2, ’)/4(G) = Oy, 75((; =1 or

(1
(1

|G N3(G)| = 2, 13(G) = (Ca)?, 1(G) = Cy, 715(G) =1 or G C 33(G) = (Ca),
74(G) = Ca, 15(G) = 1;
(b) G' = Cy x Oy x Cy, |G” N3(G)| = 2, 13(G) = (Ca)*, 1(G) = (Ca)?, 15(G) =1
or G Cy3(G) = (Ca)*, 1(G) = (C2)?, 75(G) = 1;
(c) G' = Cy x (C2)?, |G? Ni(G)] = 1, 13(G) = (C2)?, 1(G) = Cy, 5(G) =1 or
G”? C 73(G) = (C9)*, 14(G) = Oy, 35(G) = 1;

x (C2)?, [G? Ny3(G)] =1, 73(G) = (02)3, 74(G) = (Co)?, 15(G) =1 or
(Co)*, 1(G) = (C2)?, 75(G)
(e) G = (C2)°, G C 73(G) = (C2)*, 1(G)
(f) G' = (C2)®, G* C 33(G) = (C2)*, 1(G)

I

02; 75(G) 1;
(C2)?, 75(G) = 1;

1

2) G = (Cp)67 |G/p ﬁ73( )‘ =1, '73( ) = (Cp) ( ) = (Cp)27 75(G> =1, forp>5;
3) (a) G/gCQXCQXC:;XC;g, |G/3ﬂ’}/3(G)‘ 1 Y3 (G) CgXCg, ’}/4(G)%03, ’75(G):1

or G C 3(G) = (C3)%, 1u(G) = Cs, 75(G )
(b) G' =2 Cy x Cy x C3 x C3, |G NA3(G)| =
1(G) = C3, v5(G) = 1;

(c) G' = Cy x (C3)*, |G® N3(G)| = 1, 13(G) = C3 x C3, 14(G) = C3, 5(G) =1 or
G Cy3(G) = (C3)3, u(G) = Cs, 75(G) = 1;

(d) G' = Cy x (C3)*, G® C33(G) = (C3)%, (@) = (C3)%, 15(G) = 1;

(e) G' = (C3)%, G C3(G) = (C3)*, 1(G) = O3, 35(G) = 1;

(f) G' = (C3)%, G C 3(G) = (C3), (@) = (C3), 15(G) = 1;

( ) 2 C3x O3, G C v3(GQ) = (C3)3,

I

(14) (a) G' = Cy x Oy X Cy x CYy, ‘G/Q ﬂ’Yg(G” =2, ’yg(G) = 022, ’)/4(G) = (O, ’)/5(G) =1

or G C 3(G) = (C2)*, u(G) = Ca, 15(G) = 1;
(b) G' 22 Cy x Cy x Ca x Ca, G C y3(G) = (C2)*, m(G) = (C2)?, 35(G) = 1;
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(c) G' = Cy x (Co)*, |G Nys(G)] = 1, 1(G) = CF, u(G) = Cy, 15(G) =1 or
G" C y3(G) = (C2)?, 14(G) = Ca, 75(G) = 1;
(d) G' = Cy x (Ca)*, G C 3(GQ) = C3, v(G) = C3, v5(G) = 1;
(e) G' = (C9)°, G C y3(G) = (C2)?, 1(G) = Cy, 75(G) = 1;
(f) G' = (C2)°, G® C 43(G) = (C2)?, (@) = (C2)?, 75(G) = 1;
(15) (a) G" = (Cy)* x (C3)%, G* C3(G) = (C3)?, 14(G) = O3, 15(G) = 1;
(b) G' = Cy x (C3)°, G" C 3(G) = (C3)?, 14(G) = C3, 15(G) = 1;
(c) G'=(C3)", G® C 3(G) = (C3)*, 1(G) = C3, 75(G) = 1;

(16) G" = (Cp)°, |G Ny3(G)| = 1, 13(G) = (Cp)*, (G) = Cyp, 75(G) =1, forp > 5;

(17) (a) G" = Cy x (C3)4, |GP Ny3(G)] = 1, 13(G) = (C3)3, 4(G) = C3, v5(G) =1 or
G" C3(G) = (C3)*, 7(G) = C3, 15(G) = 1;

(b) G' = (C3)°, G C 3(G) = C3, 1(G) = C3, 15(G) = 1;

(18) (a) G' = Cyx Cyx Oy x Oy, [GPNy3(G)| =1, 13(G) = (C2)?, 11(G) = Ca, 35(G) = 1
or |G? N3(G)] = 2, 13(G) = (C2)?, 1(G) = Ca, 75(G) =1 or G* C 13(G) = Cy
74(G) = Ca, 75(G) = 1;

(b) G' = Cy x (C2)Y, |G? Ny3(Q)| = 1, 13(Q) = (C2)3, 1(G) =2 Cy, v5(G) =1 or
G”? C3(G) = (Co)', u(G) = Ca, 5(G) = 1;
(c) G' = (C)%, G? C3(G) = (Ca)* , 1u(G) = Ca, 15(G) = 1;

(19) G = (Cp)7, |G Ny3(G)| = 1, 13(G) = (Cp)?, 1(G) = Cyp, 5(G) =1, forp > 5;

(20) (a) G’ = Cy x (C3)°, |GP N3(Q)] = 1, 13(G) = C3 x C3, 74(G) = C3, v5(G) =1 or
G"® C3(G) = (C3)?, 1(G) = Cs, 75(G) = 1;

(b) G' = (C3)7, G C 13(Q) 2 C3, 14(G) 2 Cs, v5(G) = 1;

(21) (a) G’ = (C4)* x (C2)?, |G N3(G)| = 2, 13(G) = Ca x C, 14(G) = Cy, 75(G) =1

or G C 3(G) = (C2)?, 1u(G) = Co, 15(G) = 1;
(b) G' = Cy x (Co)°, |G* Ny3(G)] = 1, 73(G) = Ca x C, 14(G) = Cy, v5(G) =1 or
G"? Cy3(G) = (C2)?, 1u(G) = Oy, 75(G) = 1;
(c) G"= (o), G C 3(G) = CF , 1(G) = Oy, 35(G) = 1;
(22) G" = (Cp)®, |G N3(G)| = 1, 13(G) = (Cp)?, 1(G) = Cy, 15(G) = 1, forp > 5;
(23) (a) G' = Cy x (C3)%, G C 3(G) = (C3)?, 1(G) = C3, 5(G) = 1;
(b) G' = (C3)%, G C y3(G) = C3, 1(G) = C3, 15(G) = 1;
(24) (a) G' = (Cy)? x (C2)*, G C3(G) = (C2)?, 1(G) = Co 75(G) = 1;
(b) G' = Cy x (C2)°, G C3(G) = (C2)?, 1(G) = Cy, v5(G) = 1;
(c) G' = (C)®, G* C y3(G) = C3, 1(G) = Cy, 75(G) = 1;
(25) (a) G' = Cy x (C3)7, G C v3(G) = Cs, 4(G) 2 Cs, v5(G) = 1;
(b) G' = (C3)?, G C 73(G) = Cs, 14(G) =2 Cs, 75(G) = 1;
(26) G’ = (Cp)%, |G Ny3(G) =1, 13(G) = (Cp)°, 14(G) =1, p > 3;

12
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(27) (a) G' = (C4)?, |[G? N3(G)] = 1, 13(G) = (C2)?, 1(G) =1 or |G? N 3(G)] = 2,
1(G) = (C2)?, 1(G) = 1 or |G N3(G)] = 22, %(G) = (C2)?, u(G) =1 or
G” C33(G) = (C2)°, n(G) = 1;
(b) G' = Oy x Cy x Cy x Ca, |G NA3(G)| = «ngc;%mq:1mcﬂg

74(G) =

73(G) = (C2)*, (G) =1 or G* C 3(G) = (C ) ;
= (Cy)*, (G ) =1 or G” C 13(G)

(c) G' = Cy x (Co), [G? Ny3(G)] = 1, 13(G)
(C2)°, u(G) = 1;
(d) G' = (C2)%, G” C3(G) = CF, nu(G) =1;
(28) G" = (Cp)7, |G Ny3(G)| =1, 13(G) = (Cp)*, 1(G) =1, forp>3;
(29) (a) G' = (Ch)® x Cq, |G? N3(G)] = 1, 13(G) = Co, 1(G) =1 or |G” N33(G)| =2,
1(G) = (C)?, 1(G) = 1 or [G” N3(G)] = 22, 1(G) = (C2)?, u(G) =1 or
G” C (@) = (Co)*, (@) = 1;
(b) G = (Cy)*x(C2)?, |G M3(G)] = 1, 73(G) = (C2)?, 14(G) = 1 or |G My3(G)| = 2
13(G) = (Ca)?, 1(G) =1 or G C 13(G) = (Ca)*, (G) = 1;
(c) G' = Cy x (C2)°, |G? Ny3(G)] = 1, 13(G) = (C2)?, 14(G) =1 or G* C 13(G) =
(Co)*, m(G) =1;
(d) G' = (Ca)", G”? C y3(G) = (Co)*, 1(G) = 1;
(30) G = (Cp)%, |G Ny3(G) =1, 13(G) = (Cp)?, 14(G) =1, p > 3;
(31) (a) G' = (C4)? x (C2)*, G C 3(G) = Co, nu(G) =1 or G? C 13(G) = (Cr)?,
1(G) =1 or G C y3(G) = (C2)?, 14(G )
(b) G’ = (Cy)? x (Co)*, |[GPN3(G) =1, 73 ( ) Co, ma(G) =1 or |G?N3(G)| = 2,
73(G) = (C2)?, 1(G) =1 or G* C Ws(G) = (Co)?, (@) =1;
(c) G' =2 Cy x ()8, |G? Ny3(G)] =1, 13(G) =2 (C2)?, v4(G) =1 or G C 43(G) &
(C2)?, (G) =1;
(d) G = (C2)%, G” C 13(G) = (C)?, 1(G) = 1;
(32) (a) G' = (Cy)? x (C2)°, G C 3(G) = Cy, u(G) =1 or G? C 13(G) = (Ca)?,

1

14(G) = 1;
(b) G' =2 Cyx (C2)7, |G?N3(G)| = 1, 73(G) =2 Ca, 1(G) =1 or G C 73(G) = (Cs)?,
1(G) =1;

(¢) G'=(Ca)?, G* C 3(G) = (C2)?, nu(G) = 1;

(33) G" = (Cp)', |G Ny3(G)| =1, 13(G) = Cyp, u(G) =1, forp>3;

(34) (a) G’ =2 Cyx(Co)®, G C v3(G) = Co, 14(G) = 1; (b) G’ = (C2)'°, G C v3(G) = Cs,
(G) =1;

(35) G’ = (C)Y, |GP Ny3(Q)| =1, 13(G) = 1, for all p > 0.

Proof. Let t/(KG) = 11p—9, thus | = tL(fi)q = 11 and therefore d(g) +2d(3) +3d4) +4d5) +
5d(6) —|—6d(7) + 7d(8) + Sd( 9) + 9d(10) + 10d(11) + 11d(12) = 11. Now from [§], d(lg) =0, d(ll) =0,




Alg. Struc. Appl. Vol. 11 No. 2 (2024) 115-130. 121

dpy = 0 and dg) = 0. If d(g) # 0, then we have the following possibilities: d() = 4,d(g) =1
ordoy=1,dy =1,dgy=1o0r dp) =2,d3z) =1, dg) =1. Now dp) =4, dg) =1 is possible
if and only if p = 7, G’ = (C7)® and 73(G) = 1. The remaining cases are discarded by Lemma
@. If dgy = 0, then we have dg) + 2d3) + 3d(4) + 4d5) + 5d(6) + 6d(7) = 11. Let d(7y # 0, then
we have the following cases: d) = d(5) = d(7) = 1, d(3) = d(4) = d) = 0 or dp) = d(7) = 1,
d@) =2, dw) = d) = dg) = 0 or dg) = 2, dis) = dgz) = dg) =0, dg) = d(ry) = 1 or dpg) = 3,
d@) = dz) = 1, dgg) = dgz) = dgg) = 0 or diz) =5, d(3) = d(g) = d5) = dg) =0, d7) = 1.

Let dg) = d@) = diy = 1, digy = dy = digy = 0. Tf p = 2, then by Lemma R.1(1),
dry < dg), a contradiction. If p # 2, then by Lemma @(2), Uy (4) > U,y (3) implies that
d(5) = 0, a contradiction. Hence this case is not possible. Using similar arguments the other
cases can be easily discarded.

So let d(7y = 0, then we have d(9) + 2d(3) + 3d(4) + 4d(5) + 5d(5) = 11 and the possibilities
for digy =0 or 1 or 2. If d() = 2, then we have the case d() = 1, d(3) = d(4) = d(5y = 0 and in
view of Lemma @, this is not possible.

Now if d(g)y = 1, then we have the following cases: d() = d(3) = dy) = 1, d5) = 0 or d(9) = 2,
dz) = da) =0, d) = Lor dg) = dz) = 2, dig) = ds) =0 0or dz) =3, d(3) = d5) =0, dg) = 1
or digy = 6, d(3) = dg) = d(5) = 0.

Let dg) = dgs) = diay) = digy = 1, d(5) = 0. If p # 5, then by Lemma R.1(2), 9,/(5) > 9,/ (4)
implies d(g = 0, which is not possible. Now if p = 5, then |G'| = 54, D),k (G)] =5,
|D5).x(G)| =5, |Diy (G)| = 5%, |D3) (G)] = 5% Let G’ be an abelian group, then the
possibilities for G’ are: (a) G’ = Cas x Cos (b) G’ = Co5 x C5 x C5 (c) G’ = (C5)*. If
G' =2 O95 x Cos, then G’ = Cy x O, which is not possible as |G| < 5. If G' =2 O x Cy x Cs,
then G = C5 and G’ = Cy5 x Cs x C5, G C 13(G) = (C5)3, 1(G) = C5 x Cs, 75(G) = Cs
and %(G) = 1. If G’ = (C5)?, then |G N3(G)| = 1, 13(G) = (C5)3, 14(G) = Cs x Cs,
75(G) = C5 and 76(G) = 1.

Let dioy =2, d(3y = d(4) = 0, d(5) = d(g) = 1. Then again in view of Lemma @ this case is

not possible.

Let dy = d3y = 2 dyy = disy = 0, dy = 1. If p # 5, and d5) = 0, then by Lemma
@(2), Oy (5) > Uy (4) implies d(g) = 0, which is a contradiction. If p = 5, then |G| = 5%,
D6y, (G)| = 5, |D5) k(G)| =5, D4y x(G)] =5 and |Dg) (G)| = 5°. Let G’ is abelian,
then we have the following possibilities for G': (a) G’ = Ca5 x C25 x Cs5 (b) G’ =2 C5 x (C5)? (c)
G' = (C5)5. Clearly G’ = Ca5 x Cas x C is not possible as |G| < 5. If G’ = Cy; x (C5)3, then
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G M5(G)| = 1, 14(G) = G, 75(C) 2 (C)2 and 75(G) = 1 or [P N5(C)| = 5, 14(G) = C,
13(G) = (C5)? and v5(G) = 1. If G' = (C5)®, then |G N w3 (G)| = 1, 13(G) = (Cs)3,
74(G) = C5 and 75(G) = 1.

Let disy = 3, diz) = dis) = 0, dgy = dg) = 1 and d) = 6, dgz) = digy = dsz) = 0, dgg) = 1.

Again these two cases are discarded by Lemma

If dgy = 0, then d(9) + 2d(3) + 3d(4) + 4d(5) = 11 and d(5) = 0 or 1 or 2. Let d(5) = 2, then
we have the following cases doy =1, d3) =1, dgy =0 or dg) = 3, d(3) = 0, d(4) = 0. These
cases are not possible by Lemma
Let d(5) = 1, then d(g) + 2d(3) + 3d(4y = 7 and we have the following possibilities: d(3) = 1,
dizy =3, dyy =0o0rdpg =1,dg) =0,dy =2o0rdyg =2, dg =1,dy =1ordy =5,
digy=1,dyy=0o0rdpm) =3,dg =2,dy =0o0rdy =7,dz) =0, dy =0.

Let digy = 1, d3y = 3, dg) = 0, dsy = 1L or dgy = 1, d3y = 0, d(g) = 2, d(5) = 1, then by
Lemma @ these cases are not possible for any p.
Let dig) =2, dzy = 1, dgy = 1, d( 5) = 1. Then |G'| = p°, for every p > 0 and |D3),x(G)| = 3,
Dy, (G)| = p?, |D(5),k(G)| = p and D(g) c(G) = 1. Let G’ be an abelian group. If p > 5,
then G' = (C)°, |G N3(G)| = 1, 73(G) = (C)?, 14(G) = (Cp)? and 75(G) = Cp, %(G) = 1.
If p = 3, then [D) x(G)| = 1, |D(5),K(G)\ = 3, |Dux(G)| = 3, |D)k(G)| = 3% and
|G'| = 3°. Hence we have the following possibilities: (a) G’ =2 Cg x Cy x C3 (b) G' = Cy x (C3)?3
(c) G' =2 (C3)5. If G' =2 Cyx Cg x C3, then this case is not possible as G = 1. If G’ = Cgx (C3)3,
then G C 43(G) = (C3)%, 14(G) = (C3)%, 75(G) = C3, 36(G) = 1. If G' = x(C3), then
IGP N (@) = 1, 13(G) = (C3)?, 1(G) = (C3)% 15(G) = Cs, %6(G) = 1. If p = 2, then
D6,k (G)] = 1, |D(s) x(G)] = 2, |Dy k(G)| = 4, |D(3) x(G)] = 8 and |G'| = 2°. Let G’ be
an abelian group. We have the following possibilities: (a) G' = Cs x Cy (b) G’ = Cg x Cy x Co
(c) G’ =2 Cyx Cyx Cy (d) G' =2 Cy x (C3)? (e) G’ =2 (Cy)3. Since G’ = Cg x Cy is not possible
as |G| = 8. If G’ = Cg x Cy x Oy, then G C v3(G) =2 Cy x Co, 14(G) = (C2)?, v5(G) = Co,

’}/G(G) =1. IfG' = 04 X C4 X CQ, then GIQ - ’)/3(G) = 04 X CQ, 74(G) = (02)2, 75(G) = CQ,
76(G) = 1. If G" = Oy x (Ca)?, then G” C 3(G) = Cy x Oy, 1u(G) = (Ca)?, 15(G) = Cy,
76(G) = 1. 1fG'~<02>5 then |G2N73(G)| = 1, 33(G) = Cy x Ca, 14(G) = (C2)2, 35(G) = o,
16(G) =

Let dg) = 5, d3y = 1, dy) = 0, d5) = 1, then by Lemma @, this case is not possible for
all p £ 2. 1¢ p = 2, then | Dy (G)| = 1, [Dis) x(G)] = 2, [Dgay (G)] = 2, Dy (6] = 4
and |G'| = 27. Let G’ be an abelian group, then we have the following possibilities: (a)
G/gCBXCSXCb (b) G/208><C4><02><02 (C) G = CgX(Cg) (d) G/gCgXC4><C4 (e)
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G' 2 Cy x (C3)° (f) G =2 (Cy)3 x Oy (g) G' = Cy x Cy x (Co)? (h) G' = (Co)". Now clearly
G' = Cg x Cg x Cy or Cg x Oy x Cy x Cy or Cg x Cy x Cy or (Cy4) x Cy are not possible
as |G| < 2. If G = Cg x (Cy)*, then G C v3(GQ) = C4, 14(G) = Cy and v5(G) = 1. If
G' = Oy x (C2)?, then G C v3(G) = Oy, 14(G) = Cy and 75(G) = 1. If G’ = (C3)7, then
|G Ny3(G)| =1, 74(G) =2 Cy and v5(G) = 1. If G' =2 Cy x Cy x (C2)3, then G C 43(G) = Cy,
74(G) = Cz and 75(G) = 1.

Let doy = 3, d3) = 2, dy) = 0, d(5) = 1, then by Lemma @ this case is not possible for
all p # 2. 1f p = 2, then [D) k(G)| = 1, |D5),k(G)| = 2, [D4) k(G)| = 2, [D3),x(G)| = 8
and |G’| = 2°. Let G’ be an abelian group, then we have the following possibilities: (a)
G'=Cg x Cg (b) G' = Cg x Cy x Cy (c) G = Cg x (Ca)? (d) G' = Cy x (Co)* (e) G' = (Cy)?
(f) G' =2 Cy x Cy x Cy x Oy (g) G' =2 (C2)%. Since |G™| < 4, therefore G’ = Cg x Cy or
Cs x Cy x Cy or (Cy)? are not possible. If G' = Cy x (C2)%, |73(G)| = 23 then |G Nv3(G)| = 2,
13(G) = Cy x Gy, 1(G) = O and 75(G) = 1. If |y3(G)| = 2% then |G” N 3(G)| = 1,
13(G) =2 Cy, 74(G) =2 Cy and 75(G) = 1. If G’ = Cg x (Cq)3, then we have for |y3(G)| = 23,
IG? N 3(G)] = 4, 13(G) = Cs x Oz, 1(G) = Cp and ¥5(G) = 1 and for [13(G)| = 22
|G Ny3(G)] = 2, 13(G) =2 Cy, v4(G) = Oy and 75(G) = 1. If G’ = Oy x Cy x Oy x Co, then
we have for |v3(G)| = 23, |G N v3(G)| = 4, 13(G) = Cy x Ca, 74(G) = Cy and v5(G) = 1 and
if |y3(G)| = 22, then |G N3(GQ)| = 2, 13(G) = Oy, 74(G) = Cq and 75(G) = 1. If G' = (C3)9,
then we have for [13(G)| = 23, |G Nv3(G)| = 1, 13(G) = Cy x Ca, 14(G) =2 Oz and 45(G) = 1.

Let d5 = 0, then d(g) + 2d(3) + 3d(4) = 11 and we have d4) = 0 or 1 or 2 or 3. Let d4) = 3,
then we have only one case d) = 2, d(3) = 0, d(4y = 3 and by Lemma @ this case is not
possible for all p # 3. If p = 3, then |D5 x(G)| = 1, |Dyy x(G)| = 3%, | D5 x(G)| = 3
and |G| = 3°. Let G’ be an abelian group hence we have the following possibilities: (a)
G' = Cgx Oy x C3 (b) G' =2 Cy x (C3)3 (c) G' = (C3)°. Let G’ =2 Cy x Cy x Cs. If |74(G)| = 3,
then |y3(GQ)| = 32,33, then |G Ny3(G)| = 3, 13(G) = C3 x Cs3, 74(G) = C3, 75(G) = 1 and
G" C 43(GQ) =2 (C3)3, 14(G) = O3 and 75(G) = 1. If |14(G)| = 3%, then |y3(G)| = 3% and
G" C y3(G) =2 (C3)3, v4(G) = C3 and 75(G) = 1. Let G’ = Cg x (C3)3, then |G N3(G)| =1,
73(G) = C3 x C3, 14(G) = C3 75(G) = 1 and G® C y3(G) = (C3)%, 14(G) = C3 75(G) = 1.
Let G' =2 (C3)5, then G C v3(G) = (C3)3, 14(G) = C5 75(G) = 1.

Let dyy = 2, then d(9) + 2d(3) = 5. Now we have the following cases: d() = 1, d3) = 2,
d(4) =2 or d(2) = 3, d(3) = 1, d(4) =2or d(Q) = 2, d(3) = O, d(4) = 2.
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Let d(9) = 1, d(3) = 2, d(4) = 2, this case is possible for all p > 0 and |G| = p°, for every
p > 0. Thus | D) x(G)| = p*, [Dy k(G)| = p?, |D(5),x(G)| = 1. Let G’ be an abelian group.
Let p > 5, then G’ 2 (C,,)5, |G N3(G)| = 1, 13(G) = (Cp)*, 11(G) =2 (Cp)? and v5(G) = 1.
If p = 3, then |D(5) x(G)| = 1, [Dy x(G)| = 3%, [D) x(G)| = 3* and |G'| = 3° hence we
have the following possibilities: (a) G’ = Cg x Cg x C3 (b) G’ = Cy x (C3)? (c) G’ = (C3)°.
Let G’ = Cg x Cg x Cs. If |34(G)| = 3, then |y3(G)| = 3% or 3% or 3%, |G N3(G)| = 1,
73(G) = C3 x G, 1(G) = C3, 15(G) = 1 or |G Ny3(G)| = 3, 13(G) = (C3)%, 1(G) = Cs,
15(G) = 1 or G C 13(G) = (OC3)* 4(G) = O3 and v5(G) = 1. If |y4(G)| = 32, then
[73(G)| = 3% or 3% thus |G N3(G)| = 3, 13(G) = (C3)%, u(G) = (C3)%, 15(G) = 1 or
G C v3(G) = (C3)4, 14(G) =2 (C3)2, 5(G) = 1. Now Let G’ = Oy x (C3)3. If |y4(G)| = 3,
then |v3(G)| = 3% or 3% or 3* thus |G N13(G)| = 1, 3(G) = (C3), 14(G) = C3, 15(G) =1
or G C 13(G) = (C3)*, v4(G) = C3 and v5(G) = 1. If |4(G)| = 32, then |y3(G)| = 33 or
3% thus |G Ny3(G)] = 1, 13(G) = (Cs)%, 1u(G) = (C5)%, 15(G) = 1 or G° C 13(G) = (Cs)*,
74(G) =2 (C3)? and v5(Q) = 1. Let G’ = (C3)°. If |74(G)| = 3, then |y3(GQ)| = 3% or 32 or
3% thus G C 13(GQ) = (C3)*, 14(G) = O3, 15(G) = 1 and if |y4(G)| = 32, then |y3(G)| = 33
or 3* thus G® C 3(G) = (C3)*, 1u(G) = (C3)%, 15(G) = 1. If p = 2, then D) x(G)| = 1,
Dy x(G)| = 4, D) x(G)] = 2* and |G| = 2°. Let G’ be an abelian group, then we have
the following possibilities: (a) G’ =2 Cy x Cy x Oy (b) G’ =2 Cy x (C2)3 (¢) G’ = (C3)°. Let
G' = Oy x Oy x Cy. If |14(G)| = 2, then |y3(G)| = 22 or 23 or 4* and thus |G? N3(G)| = 1,

13(G) = (C2)?, 1(G) = Cs, 15(G) = 1 or |G? N3(G)| = 2, 13(G) = (C2)%, u(G) = Gy,
15(G) = 1 or G? C 13(G) = (C2)*, 74(G) =2 Oy and v5(G) = 1. If |y(G)| = 22, then
[73(G)| = 2° or 2% and thus |G N y3(G)| = 2, 13(G) = (C2)*, 1(G) = (C2)*, 15(G) = 1 or
G C v3(G) =2 (Co)4, v4(G) =2 O3, 45(G) = 1. Let G’ = Cy x (Co)3. If |74(G)| = 2, then
|v3(G)| = 22 or 23 or 4* and thus |G N3(GQ)| = 1, 13(GQ) = (C2)3, 14(G) = Ca, v5(G) =1
or G C v3(GQ) = (C2)%, 74(G) =2 Cy and v5(G) = 1. If |y4(G)| = 22, then |y3(G)| = 23 or 24
and ths |G N13(G)] = 1, 73(G) 2 (C2)?, 7(G) = (Ca)?, 75(G) = 1 or G C 45(G) = (Ca),
14(G) 2 (Cy)? and v5(G) = 1. Let G’ = (C2)°. If |94(G)| = 2, then |y3(GQ)| = 22 or 23 or 44
and thus G2 C 13(G) = (C2)?, 1(G) = Cs and v5(G) = 1. If |74(G)| = 22, then |43(G)| = 23
or 24 and thus G2 C 3(G) =2 (C2)*, v4(G) = (C2)? and v5(G) = 1.

Let d(g) = 3, d(3) = 1, d(4) = 2, then this case is possible for all p > 0 and |G'| = p, for every
p > 0. Thus |D3) x(G)| = 3, |Da),x (G)| = P2, |Ds),x(G)| = 1. Let G’ be an abelian group.
If p > 5, then G’ = (C)°, |G'P N3(G)| = 1, 13(G) =2 (Cy)3, 11(G) =2 (Cp)? and v5(G) = 1. If
p =3, then [D5) (G)| = 1, | D) k(G)] = 32, |Dz) 1 (G)| = 3* and |G'| = 3°, hence we have
the following possibilities: (a) G’ = (Cg)? (b) G' = Cy x Cg x C3 x C3 (c) G’ = Cg x (C3)*
(d) G" = (C3)8. Clearly G’ = (Cy)? is not possible. Now let G’ =2 Cg x Cy x C3 x C3. If
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|74(G)| = 3, then |y3(G)| = 3% or 3% and thus |G Ny3(G)| = 1, 13(G) = C3 x C3, 14(G) = C3,
15(G) = 1 o1 G C 45(G) = (Cs)*, 14(G) = Cs 35(G) = 1. 1f |ra(G)] = 3, then |s(G)| = 3%,
G” C 13(GQ) = (C3)3, 14(G) =2 (C3)?, 75(G) = 1. Let G' = Cy x (C3)*. If |4(G)| = 3, then
|v3(G)| = 32 or 3% and thus |G N3(G)| = 1, 13(G) = C3 x C3, 14(G) = C3, v5(G) =1 or
G" C 13(G) = (C3)3, 14(G) =2 C3, 75(G) = 1. If |74(G)| = 32, then |y3(G)| = 3 and thus
G" C v3(Q) = (C3)3, 1(G) = (C3)?, 45(G) = 1. Now, let G’ =2 (C3)8. If |v4(G)| = 3, then
|v3(G)| = 3% or 33 and thus G" C v3(G) =2 (C3)3, 14(G) = Cs, v5(G) = 1. If |14(G)| = 32,
then |y3(G)| = 3% and thus G C v3(G) = (C3)3, 14(G) = (C3)?, 75(G) = 1. Now let p = 2,
then [Ds) x(G)| = 1, Dy x(G)| = 4, |D3) k(G)] = 2° and |G'| = 2°. If G’ be an abelian
group, then we have the followmg pOSSlblhtleS (a) G’ = (C4)? (b) G’ =2 Cy x Cy x Cy x Oy (c)
G' = Cy x (Cz)* (d) G' = (C2)5. Let G' = (Cy)3, then clearly this case is not possible. Now
let G' =2 Cy x Cy x Oy x Co. If |74(G)| = 2, then |y3(G)| = 2% or 23 and thus |G"2Nv3(G)| = 2,
13(G) = (C2), 14(G) = Ca, 15(G) = 1 or G C 13(G) = (C2)%, 1(G) = Ca, 15(G) = 1. If
|74(G)| = 22, then |y3(GQ)| = 2% and thus G" C v3(G) = (C2)3, 14(G) = (C2)?, v5(GQ) = 1.
Let G’ = Cy x (C2)*. If |94(G)| = 2, then |y3(G)| = 2% or 23 and thus |G N 3(G)| = 1,
13(G) =2 (C2)?%, 1(G) =2 Cs, 75(G) = 1 or G C 13(GQ) =2 (C2)3, 14(G) =2 Cy, 75(G) = 1. If
|74(G)| = 22, then |y3(G)| = 23 and thus G" C v3(G) = (C2)3, 4(G) = (C2)?, v5(G) = 1. Let
G' = (C9)8. If |74(GQ)| = 2, then |y3(GQ)| = 22 or 23 and thus G C 73(G) = (Cs)3, 14(G) = C
(G = L F (G| = 2 then (G = 20 and thus G € (@) = (Co), (G) = (Cof,
75(G) = 1.

I

Let di3y = 5, dzy = 0, dy) = 2, then by Lemma @ this case is possible only when

= 3. Thus [Dg) r(G)| = 1, [Duy r(G)| = 32, |D@) k(G)] = 3% and |G| = 37. Let
G’ be an abelian group, hence we have the following possibilities: (a) G’ = (Cy)? x C3 (b)
G' =2 (Cg)? x (C3)3 (c) G' =2 Cyx (C3)° (d) G' =2 (C3)". Clearly G’ =2 (Cy)? x C3 is not possible.
If G' = (Cy)? x (C3)3, then G C v3(G) = (C3)?, 74(G) = C3, v5(G) = 1. If G' = Cy x (C3)5,
then G C 73(G) = (C3)?, 14(GQ) = C3, 75(G) = 1. If G' = (C3)7, then G" C 3(G) = (C3)?,
74(G) = Cs, 15(G) = 1.

Let d(4) = 1, then d(2)+2d3) = 8 and we have the following cases do) = 2, d(3) = 3, d(4) =1
or d(Q) = 4, d(3) = 2, d(4) =1or d(2) = 6, d(3) = 1, d(4) =1or d(z) = 8, d(g) = 0, d(4) =1.

Let d(9) = 2, d3) = 3, d(s) = 1, this case is possible for all p > 0 and |G'| = pb for every
p > 0. Thus |D) (G)| = p*, | D),k (G)| = p, |D(5),x (G )| = 1. Let G’ be an abelian group.
If p> 5, then G' 2 (Cp)5, |GP N3(G)| = 1, 13(G) = (Cp)?, 1(G) = Cp and 5(G) = 1. If
p =3, then |D(5) x(G)| = 1, | D4y x (G)| = 3, |D(3),x (G)| = 34 and |G’| = 3%, hence we have
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the following possibilities: (a) G’ = (Cy)? (b) G' =2 Cy x Cg x C3 x C3 (c) G’ = Cg x (C3)*
(d) G' = (C3)5. Clearly G' =2 (Cg)? and G’ = Cy x Cg x C3 x O3 are not possible. Let
G' = Cg x (C3)*. If |14(G)| = 3, then |y3(G)| = 32 or 3% or 3* and therefore |G N3(G)| = 1,
73(G) = (C3)?, 74(G) = C3, 15(G) = 1 or G C 43(G) = (C3)*, 14(G) = C3, 75(G) = 1. Let
G = (C3)%, G C y3(G) = (Cs)*, 14(G) = Cs, 45(G) = 1. If p = 2, then | D5 (G)| = 1,
|D(4)7K(G)\ =2, ‘D(g),K(G” = 2% and |G’| = 2% hence we have the following possibilities: (a)
G'=(04)2 (b) G = CyxCyxCaxCy (c) G' = Cyx (Cz)* (d) G' = (C)°. Clearly G = (Cy)?
this case is not possible. Let G’ = Cy x Cy x Co x Co. If |4(G)| = 2, then |y3(G)| = 2% or 23
or 2% and thus |G N3(G)| = 1, 13(Q) = C2, 74(G) = Cy, v5(G) = 1 or |G? N3(GQ)| = 2,
73(G) = (C2)?, 74(G) = Ca, 75(G) = 1 or G* C 13(G) = (C2)*, 14(G) = Cy, 75(G) = 1. Let
G' = Cy x (Co)*. If |74(G)| = 2, then |3(G)| = 22 or 23 or 2% and thus |G? N y3(G)| = 1,
13(G) = (Co), 14(G) = Co, 15(G) = 1 or G € 7(G) = (Co)*, 14(G) = Ca, 35(C) = 1. Let
G' = (C1)8. If |74(GQ)| = 2, then |y3(G)| = 22 or 23 or 2% and thus G"? C 43(G) =2 (Co)4,
(€)= Oy, 45(C) = 1.

Let dy = 4, dg) = 2, dyy = 1, then this case is possible for all p > 0 and |G'| = p’
for every p > 0. Thus |D) x(G)| = p*, |Dwy k(G)| = p, |D),x(G)] = 1. Let G’ be an
abelian group. If p > 5, then G’ = (C,)7, |G N13(G)| = 1, 13(G) =2 (Cp)3, 74(G) = C,, and
15(G) = 1. Tt p = 3, then |Disy x(C)] = 1, |Diay (G)] = 3, | Disy x(G)] = 3% amd |G| = 37,
hence we have the following possibilities: (a) G’ = (Cy)3 x C3 (b) G’ =2 (Cy)? x (C3)? (c)
G' = Cg x (C3)° (d) G' = (C3)7. Clearly G' = (C9)? x C3 and G’ = (Cy)? x (C3)3 are
not possible. Let G’ = Cy x (C3)°. If |y4(G)| = 3, then |y3(G)| = 3% or 3% and thus
G N 3(G)] = 1, 13(G) = C3 x O3, u(G) = C3, 15(G) = 1 or G® C 13(G) = (C3)°,
14(G) =2 C3, v5(G) = 1. Let G" = (C3)". If |74(G)| = 3, then |y3(G)| = 32 or 3% and thus
G" C3(G) = (C5)%, 14(G) = C3, 75(G) = 1. If p = 2, then | D) x(G)| = 1, [D() x (G)] = 2,
|D3),x(G)| = 2 and |G| = 27, hence we have the following possibilities: (a) G’ 22 (Cy)? x Cy
(b) G’ =2 (Cy)? x C3 (c) G' =2 Cy x (C2)° (d) G' = (C3)7. Clearly G’ =2 (C4)3 x Cy is not possi-
ble. Let G’ 2 (Cy)? x (C2)3. If |y4(G)| = 2, then |y3(G)| = 22 or 23 and thus |G Ny3(G)| = 2,
73(G) = Oy x Co, 14(G) = C, 75(G) = 1 or G C 33(G) = (Ca)?, 14(G) = Cy, 15(G) = 1.
Let G’ = Cy x (C2)5. If |94(G)| = 2, then |y3(G)| = 2% or 23 and thus |G N 3(G)| = 1,
13(G) = Cy x Co, 74(G) =2 Co, v5(G) = 1 or G? C v3(G) = (Ca)3, 14(G) =2 Co, 75(G) = 1. Let
G' = (0y)". If |74(G)| = 2, then |y3(G)| = 22 or 2% and thus G C 13(G) = (C2)3, v4(G) = Cy
75(G) = 1.

Let dig) = 6, dz = 1, dg) = 1, then this case is possible for all p > 0 and [G'| = 8,
for every p > 0. Thus |D) (G)| = p?, | D),k (G)| = p, |D5) k(G)| = 1. Let G’ be an
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abelian group. If p > 5, then G’ = (Cp)8, |G? N3(G)| = 1, 13(G) = (Cp)?, 1(G) = G,
and 75(G) = 1. If p = 3, then |Dg) x(G)| = 1, [Duyx(G)| = 3, |D)x(G)| = 3% and
|G’| = 38 hence we have the following possibilities: (a) G’ 2 (Cg)* (b) G’ = (Cy)? x (C3)? (c)
G’ = (Cg)? x (C3)* (d) G' = Cy x (C3)° (e) G’ = (C3)®. Clearly G' = (Cy)*, G" = (Cy)? x (C3)?

and G’ =2 (Cy)? x (C3)* are not possible. If G’ =2 Cg x (C3)%, then G" C v3(G) = (C3)?,
14(G) =2 C3, 5(G) = 1. If G’ = (C3)8, then G C 43(GQ) =2 (C3)?, 14(G) =2 C3, v5(G) = 1. Let
p =2, then | D) x(G)| =1, | Dy k(G)| = 2, |D(3) x(G)| = 2% and |G'| = 2°. Hence we have
the following possibilities: (a) G’ = (C4)* (b) G’ = (C4)3 x (C2)? (c) G’ = (Cy)? x (Co)* (d)
G' =2 Cy x (02)% (e) G' =2 (C2)8. Clearly G’ = (Cy)* and G’ = (Cy)3 x (C2)? are not possible.
If G = (Cy)? x (Co)*, then G C 73(G) = (C1)2, 14(G) 2= Ca, 75(G) = L. If &' = Cy x (Co)S,
then G C v3(G) = (C2)?, 14(G) = Oy v5(G) = 1. If G' =2 (C)8, then G C 43(G) = (C)?,
74(G) = Oy, 75(G) = 1.

Let d(g) =8, d3) = 0, d(4y = 1, then by Lemma @ this case is possible only when p = 3.
Thus |Ds) x(G)| = 3, D),k (G)| = 3, D)k (G)| = 1 and |G| = 2. Let G’ be an abelian
group then we have the following possibilities: (a) G’ = (Cy)* x C5 (b) G’ =2 (Cy)? x (C3)?
() G' = (Cy)? x (C3)° (d) G' = Cy x (C3)" (¢) G' = (C3)°. Clearly G' = (Co)* x Cj,
G' = (Cy)?® x (C3)% and G’ =2 (Cy)? x (C3)® are not possible. If G/ =2 Cy x (C3)7, then
G" Cy3(G) = C3, 14(G) =2 O3, 75(G) = 1. If G' = (C3)?, then G C 13(G) = C3, v4(G) =2 Cs
75(G) = 1.

Let d(4) = 0, then d(9) + 2d(3) = 11 and we have the following cases: d(3) =1, d(3y =5 or
d(z) = 3, d(g) =4 or d(2) = 5, d(3) =3 or d(z) = 7, d(3) =2 or d(2) = 9, d(g) =1or d(2) = 11,

Let dy = 1, dzy = 5, then this case is possible for all p > 0 and |G'| = p8, for every
p > 0. Thus |Dg3) x(G)| = p°, |Dy,x(G)| = 1. Let G’ be an abelian group. If p > 3, then
G = (Cp)°, |GP Ny3(G)] =1, 13(G) = (Cp)° and 14(G) = 1. If p = 2, then | Dy x(G)| = 1,
|D3).x(G)| = 2° and |G| = 2° hence we have the following possibilities: (a) G’ = (Cy)? (b)
G' =2 CyxCyxCyx Oy (c) G' =2 Cyx (C2)* (d) G = (C9)8. If G’ =2 (Cy), then |G N3(G)| = 1,
73(G) = (C2)%, 14(G) = L or |G?Ny3(G)] = 2, 13(G) = (Ca)?, 1(G) = Lor |[G?N3(G)| = 22,
713(G) =2 (C2)%, 1(G) = 1 or G? C y3(G) =2 (Co)5, 14(G) = 1. If G' =2 Cy x Cy x Cy x Cy,
then |G N13(G)| = 1, 13(G) =2 (Co)3, 74(G) = 1 or G C 43(G) =2 (Co)*, 14(G) =1 or
G"” C 13(G) = (C2)°, 14(G) = 1. If G’ =2 Cy x (C2)3, then |G N3(G)| = 1, 73(G) =2 (Co)4,
1(G) =1 or G? C 13(G) = (C2)°, 1(G) = 1. If G’ =2 (C2), then G? C v3(G) = (C2)%,



128 K. Singh, H. Chandra and S. Bhatt

74(G) = 1.

Let doy = 3, d3) = 4, then this case is possible for all p > 0 and |G'| = pT, for every
p > 0. Thus | D) x(G)| = p*, D),k (G)] = 1. Let G’ be an abelian group. If p > 3, then
G = (Cp)", |G N3(G)] = 1, 13(G) = (Cp)* and 1(G) = 1. If p = 2, then [Dyy (G)] = 1,
|D3),x(G)| = 2% and |G| = 27, hence we have the following possibilities: (a) G’ 2 (Cy)* x Cy
(b) G" = (Cy)? x (C2) (c) G' = Cy x (C2)° (d) G' = (Cy)7. If G' = (C4)® x Cy, then
G? N3(G)] = 1, 15(G) = Ca, u(G) = 1 or [G2 N2(G)| = 2, 1(G) = (C2)%, (G) = 1
or |G N3 G)\ = 22 3(G) =2 (C2)3, 1(G) = 1 or G? C 3(G) = (Co)4, w(G) = 1. If
G' =2 (Cy)? x (C2)? , then |G N3(G)| = 1, 13(G) =2 (C2)?, 14(G) = 1 or |G? N3(G)| = 2,

Y3(G) =2 (Co)3, . ( ) =1or G? C 43(G) = (), (G) = 1. If G’ = Cy x (C2)°, then
G 1 3(G)] = 1, 15(G) = (Co)*, u(G) = 1 or G C %(G) = (C)*, u(G) = 1. I
G' = (Cy)", then G C 13(G) = (C2)*, 1(G) = 1.

Let dgy = 5, d(3) = 3, then this case is possible for all p > 0 and |G| = p® for every
p > 0. Thus |Dg3) x(G)| = p*, |D) x(G)| = 1. Let G’ be an abelian group. If p > 3, then
G = (C)F, 167 N2(G)) = 1, 75(G) = (C,)? and 14(G) = 1. 1f p = 2, then [Dyay x(G)| = 1,
|D(3),x(G)| = 2° and |G'| = 28, hence we have the following possibilities: (a) G' = (Cy)*
(b) G = (C4)® x (C2)* (c) G = (Cy)* x (Co)* () G" = Cy x (C2)° (e) G" = (C2)°.
Clearly G" = (Cy)* and G’ =2 (C4)3 x (C2)? is not possible. If G' = (Cy)? x (Cz)?*, then
G” C 73(G) = Cz, 1(G) = 1 or G” C 33(G) = (C2)%, 14(G) = 1 or G C 33(G) = (C)?,
1(G) = 1. If G' = (Cy)? x (C2)*, then |G N y3(G)| = 1, 13(G) = Cs, 1(G) = 1 or
G N 3(G)] = 2, 13(G) = (C2)%, u(G) = Lor G? C 5(G) = (C2)°, u(G) =1 If
G' =2 Cy x (02)%, then |G? Ny3(Q)| = 1, 13(G) =2 (C2)?, 74(G) = 1 or G C v3(G) ( 5)3,
14(G) = 1. If G’ = (C»)® this is possible, then G2 C v3(G) = (C3)3, 14(G) = 1.

1%

Let dy = 7, d(3) = 2, this case is possible for all p > 0 and |G| = p°, for every p > 0.
Thus |D(3) x(G)| = p*, |Duyx(G)] = 1. Let G’ be an abelian group. If p > 3, then
G' = (Gy)°, |G N3(G)| = 1, 13(G) = (Cp)? and 74(G) = 1. If p = 2, then [ Dy (G)| = 1,
|D3),x(G)| = 2% and |G'| = 2° hence we have the following possibilities: (a) G’ = (Cy)* x Cy
(b) G" = (Ca)? x (C2)? (c) G' = (C4)? x (C2)° (d) G" = Cy x (Co)" (e) G" = (Cp)°. If
G' = (0y)*x Oy and G’ =2 (Cy)? x (Cy)3, then these cases are not possible. If G’ = (Cy)% x (Cs)?,
then G C 13(G) =2 Cy, 14(G) =1 or G C 3(G) = (C2)?, u(G) = 1. If G' =2 Cy x (C)7,
then |G N y3(G)| = 1, 13(G) = Cy, 1(G) = 1 or G? C 3(G) = (C9)?, (G) = 1. If
G' = (03)?, then G C v3(G) =2 (Co)?, 14(G) = 1.
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Let dgg) = 9, d(3) = 1, then this case is not possible for all p > 0. Now |G'| = plY, for every
p > 0. Thus |D3) x(G)| = p, |Dwy x(G)| = 1. Let G’ be an abelian group. If p > 3, then
G = (Cp)1 |G? Ny3(Q)| = 1, v3(G) 2 C, and v4(G) = 1. If p = 2, then D1,k G)] =1,

|D3).x(G)| = 2 and |G'| = 2!, hence we have the following possibilities: (a) G’ = (Cy)®
(b) G" = (Ca)" x (C2)? (c) G' = (C4)’ x (C2)* (d) G' = (C4)? x (C2)° (e) G' = Cy x (C2)®
(f) G = (C2)'0. Tt is clear that G’ = (Cy)5, G' = (Cy)* x (C2)?, G’ = (Cy)3 x (C2)* and

G' = (C4)? x (C9)8 are not possible. If G’ =2 Cy x (C2)8, G C 43(GQ) =2 Oy, 14(G) = 1. If
G' = (C9)", G” C 3(G) = Oy, 1(G) = 1.

Let dgy = 11, d(g) = 0, then this case is possible for all p > 0. Now |G'| = p'l, for every
p > 0. Thus |D) x(G)| = 1 and G’ be abelian group. Thus G’ = (C,)'!, |G N43(G)| = 1
and 73(G) = 1, for all p > 0.

Converse can be easily done by computing d,,)’s in each case. g
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