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REGULAR AND STRONGLY SOFT I'- RELATIONS ON FUZZY SOFT
I'-HYPERRINGS

S. OSTADHADI-DEHKORDI+* AND B. SHEIKH HOSEINI

ABSTRACT. The concept of fuzzy soft I-hyperrings introduced by J. Zhan et al. as a gen-
eralization of the soft rings. In this paper, we prove the equivalence relation p* defined by
J. Zhan et al. is a strongly soft I'-regular relation and hyperoperations defined on quotient
fuzzy soft I-hyperrings are just operations. Also, we define the equivalence relation u7 as a
generalization the relation p* and consider quotient fuzzy soft I'-hyperrings and isomorphism

theorems by this regular relation.

1. INTRODUCTION

The mathematical theories such as probability theory, fuzzy set theory [IR], rough set theory
[T5, 06], vague set theory [4] and the interval mathematics [6] were established by researchers
to modeling uncertainties appearing in the above fields. Fuzzy set were proposed by Zadeh
in 1965 [IR], order to manage data with non-statical uncertainly. They allow us to describe
partial membership of objects in a set by ill-defined boundaries. The membership is actually

a generalization of a set-characteristic function. Namely, in a classical set theory a subset
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A of a set X is induced by its characteristic function y 4 mappings the elements of X with
the elements of the set{0,1}. Fuzzy set theory defines a fuzzy subset A of a set X by its
membership functions p4 as a mapping from the elements of X to the unity interval [0, 1].
Soft set theory, introduced by Molodtsov[I], has been considered as an effective mathematical
tool for modeling uncertainties. The soft set theory is a new mathematical tool for dealing
with uncertainties that is free from the difficulties that have troubled the usual theoretical
approaches.

Algebraic hyperstructures represent a natural generalization of classical algebraic structures.
In a classical algebraic structure, the composition of two elements is an element, while in an
algebraic hyperstructure, the result of this composition is a set. Hyperstructure theory was
born in 1934, when Marty [0], a French mathematician, at the 8" Congress of Scandinavian
Mathematicians gave the definition of hypergroup and illustrated some of their applications,
with utility in the study of groups, algebraic functions and rational fractions. The more general

structure that satisfies the ring-like axioms is the hyperring in the general sense: (R, +,-) is

b b

a hyperring if + and” -7 are two hyperoperations such that (R, +) is a hypergroup and ” -

is an associative hyperoperation, which is distributive with respect to +. There are different
types of hyperrings. If only the addition + is a hyperoperation and the multiplication” -”
is a usual operation, then we say that R is an additive hyperring. A special case of this
type is the hyperring introduced by Krasner [6]. In [I1], Nobusawa introduced the notion
of I'-ring, as more general than ring. Barnes [I] weakened slightly the conditions in the
definition of the I'-ring in the sense of Nobusawa. After these two papers are published, many
mathematicians made good works on I'-ring in the sense of Barnes and Nobusawa. The concept
of I'-semihyperrings is a generalization of semirings, a generalization of semihyperrings and a
generalization of I'-semirings [12, I3, [I4].

By using a certain type of equivalence relations, we can connect soft I'-hyperrings to soft I'-
rings. These equivalence relations are called strongly soft I'-regular relations and regular soft
I'-relations, respectively. More exactly, starting with a soft I'- hyperrings and using a strong
soft I'-regular relation, we can construct a soft I'-rings structure on the quotient set. In this
paper, we consider the relation p* defined by Zhan et al. [I9] and we prove this relation is
strongly regular and all hyperadditions defined on quotient soft I'-hyperrings are just additions.

Moreover, we define the relation uj as a generalization p* where I is a I'-hyperideal.

2. Preliminaries

Definition 2.1. [I7] A hypergroupoid (H,o) is called a hypergroup when for all z,y,z € H,
we have x o (yoz) = (xoy)ozandexoH=Hox=H .
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Example 2.2. Let R be the real numbers. Then, R is a hypergroup with respect the following

hyperoperations:

zoy={zeR:n<z<n+1},

where z,y € R and n = max{[z], [y]}.

Example 2.3. Let R be real numbers and x,y € R. Then, we define z o y all different real

elements in the open interval between = and y and z o x = . Then, (R, o) is a hypergroup.

Definition 2.4. [2] A hyperring is an algebraic structure (R, +, -) which satisfies the following

axioms:

(1) (R,+) is a canonical hypergroup, i.e., for every z,y, z € R,

(a) (x+y)+z=2+(y+2),

(b) z+y=y+=,

(c) there exists 0 € R such that 0+ z = z, for all x € R,

(d) for every x € R there exists a unique element z' € Rsuch that 0 € z + =’ (we shall
write —z for 2" and we call it the opposite of x),

() ze€x+yimpliesy € —z+zand z € z — vy,

(2) Relating to the multiplication, (R,-) is a semigroup having zero as a bilaterally ab-
sorbing element, i.e., 0-x =2z -0=0 for all z € R,

(3) The multiplication is distributive with respect to the hyperoperation +, i.e., for every

x,y,2z€ R,wehave - (y+2)=z-y+x-z.

Remark 2.5. The following elementary facts follow easily from the axioms: —(—z) = z and

—(x4+y)=—x—yforalzyecR.

Definition 2.6. Let (R,+,-) be a hyperring and I be a nonempty subset of R. Then, I is
said to be subhyperring of R, when (I,+,-) is itself a hyperring. A subhyperring I of R is a
left(right) hyperideal of R when r-x € [ (x-r € I) for all r € R and x € I. Also, I is called a
hyperideal if I is both a left and right hyperideal.

Example 2.7. Let (Z, +, -) be integer numbers ring. Then, (Z, ®, -) is a hyperring by following

hyperoperations:

ndn={teZ:t<n}, n®m=max{n,m},

where n,m € Z and n # m.

Definition 2.8. [9] Let (R, ®) and (I',4) be two canonical hypergroups. Then, R is called
a I'-hyperring, if the following conditions are satisfied for all x,y,z € R and for all o, 5 € I,

(1) zay € R,
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(2) (x ®y)az = zaz ® zaz,
za(y @ z) = zay G raz,
z(a+ By = zay ® Pz,

(3) za(ypz) = (vay)pz.

Definition 2.9. Let R be a I'-hyperring and I be a nonempty subset of R. Then, I is called
I'-subhyperring when (I, ®) is a I'-hyperring. A I'-subhyperring I is called I'-hyperideal when
zar €1, rax € I, foreveryx € I, r € Rand a €1

Example 2.10. Let R be a hyperring and let M, ,,(R) be the set of all matrices by the size
m x n with entries of R. We define o : My, ,(R) X My m(R) X My, n(R) — My n(R) by

AoBoC={Z e Mpn(R)|Z € ABC A,C € My, »,(R) B € M, (R)}.
Then, M,, »(R) is an M, ,,(R)-hyperring.

Example 2.11. Let (M,+,-) be a hyperring and I" be an hyperideal of M. Define o :
MxT'xM— Mbyaoyob={z€ M|z €a-~-b}. Then, M is a I"-hyperring.

Definition 2.12. [[@] A fuzzy subset p of a I-hyperring R is called a fuzzy I'-hyperideal of R,
when for every x,y € R and «, 8 € I, the following conditions hold:

(1) min{p(z), (y)} < infrcopyn(z),
(2) p(z) < p(—2),

(3) maz{p(z), u(y)} < nlzay),

(4) plz) < infreyroryn(z).

Example 2.13. In Example 210, let I and J be I-hyperideals of I-hyperring (M, +, ) and
J C T, then I is a J-hyperideal of I'-hyperring M, since IJM C I and MJI C I. Now define

pand v on I and J, respectively as follows:

0.6 ifxel 02 ifded
() = , v(0) = ,
0 otherwise 0 otherwise

Then, p is fuzzy subhyperring of M and v is fuzzy subhypergroup of I'. It is easy to see that
1 is a fuzzy v-hyperideal of I'-hyperring of M.

Remark 2.14. Let u be a fuzzy I'-hyperideal of hyperring R. Then, it is clear that

(=) = (@), min{p(e), m(y)} < infu()sca—ys 1(z) < pl0).
Definition 2.15. Let R be a [-hyperring and A be a non-empty set. A set valued function
F: A — P(R) can be defined as F(z) = {y € R: (z,y) € p} for all x € A, where p is an

arbitrary binary relation between an element of A and element of R. Then, the pair (F, A) is

a soft set over R.
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Definition 2.16. Let (F,N) be a soft set over I'-hyperring A. Then, (F,N) is called a soft
I-hyperring over A, when F'(a) is a I'-subhyperring of A, for all a € N C A.

Definition 2.17. Let (R, +,-) be a I-hyperring, E' be a parameter set, A C E and F be a
mapping given by f : A x I' x A — [0, 1]%, where [0, 1]® denote the collection of all fuzzy
subsets of R. Then, f(a,,b) = f(aab) = foap, Where foap = fi : R — [0,1] is called a fuzzy
soft I'-hyperring over R when for each a,b € A and a € I, the corresponding fuzzy subset f,
of f is a fuzzy soft I'-hyperring of R, i.e. for all x,y € R:

(1) fulz+y) = ful@) A fuly),
(2) fu(_x) > fu(),
(3) fulzay) = ful@) A fuly).

Example 2.18. Let R = Zg = T' = {0,1,2,3,4,5} and define Tay = Tay, for all 7,7 € R,
a € I'. Then, R is a I-hyperring and let f : A x I' x A — P(R) be a set valued function
defined by

fa = {(0,0.8),(1,0.2),(2,0.4),(3,0.2), (4,0.4), (5,0.2) },

v ={(0,0.9), (1,0.5),(2,0.5), (3,0.1), (4,0.5), (5,0.5) },

fe =1(0,0.7),(1,0.3),(2,0.3), (3,0.3), (4,0.3), (5,0.3) }.
Then, (f,N) is a fuzzy soft set over R. Also, we see that f, is a fuzzy ideal of R for all
uwe AxT x A, thus (f, N) is a fuzzy soft I'-hyperring over R.

Definition 2.19. Let (F, A) be a soft set over I'- hyperring R. Then, the set Supp(F, A) =
{r € A: F(x) # 0} is called the support of the soft set (F, A). A soft set (F, A) is non-null if
Supp(F, A) # 0.

Definition 2.20. Let (F, A) be a non-null soft set over I'-hyperring R and A, B are nonempty

subsets of F'(z), where x € A and p be an equivalence relation on R. Then,

(i) ApB means that for every a € A there exists b € B such that p(a) = p(b) and for every
b € B there exists a € A such that p(a) = p(b).
(ii) ApB means that for every a € A and b € B, p(a) = p(b).

Definition 2.21. Let (F, A) be a non-null soft set over I'-hyperring R and p be an equivalence
relation on R. Then, we say that p is a regular soft I'-relation, when for every = € A,

a,b,c € F(x) and a € T,
apb = (a + c)p(b+ ¢), (aac)p(bac).
Also, the equivalence relation p is called strongly soft I'- regular, when

(a+c)p(b+ c), (acc)p(bac).
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Theorem 2.22. Let (F, A) be a soft I'-hyperring over R and p be a regular soft I'-relation on
R. Then, (F/p,A) is a soft T'- hyperring over R/p by (F/p)(x) = F(x)/p and

pla) @ p(b) = {p(c) : ¢ € a+ b}, pla)ap(b) = plaad),

such that a,b € F(z) and T = {@ : a € T}. Also, when the hyperoperation (F/p)(z) is

well-defined, then the relation p is the regular soft I'-relation.

Proof. Suppose that p is a regular soft I'-relation. First, we check that the hyperoperation &
is well-defined on F'/p. Let p(a1) = p(az) and p(b1) = p(ba). We check that p(a;) @ p(b1) =
p(a2) @ p(b2). We have aipas and bypby. Since p is regular soft I'-relation, it follows that
(a1 + b1)p(ag + b1) and (ag + b1)p(as + be). Hence for all ¢; € ay + by, there is co € ag + bo
such that p(c1) = p(c2). It follows that p(ai) @ p(b1) C p(az) ® p(b2) and similarly, we obtain
the converse inclusion. By a routine argument we can see another properties.

Conversely, a,b,c € F(x) such that u € a + c¢. Hence p(u) € p(a) @ p(c) = p(b) ® p(c).
Thus, there exists v € b+ ¢ such that p(u) = p(v), whence (a o ¢)p(b+ ¢). In a same way,
p(aac) = p(bac). Therefore, the relation p is the regular soft I'-relation. g

Corollary 2.23. Let p be an equivalence relation on I'-hyperring R and (F, A) be a soft I'-
hyperring over R. Then, p is a strongly soft I'-relation if and only if the hyperaddition defined
on F/p is an addition.

3. QUOTIENT FUZZY SOFT I'-HYPERRINGS

In this section by using a certain type of equivalence relations, we connect soft I'-hyperrings
to quotient soft I'-hyperrings. Let (F, A) be a soft I-hyperring over I'-hyperring R and p be a
fuzzy I'- hyperideal over I'-hyperring R. We analyze the equivalence relation p* used by Zhan
et al. [19] and we define the relation pj as a generalization of p*. Also, we prove that the
relation p* is strongly regular. Hence the hyperoperation defined by Zhan [I9], on quotient

soft [-hyperrings is just operation.

Definition 3.1. [IY] Let (F, A) be a soft I'-hyperring,  be a fuzzy I'- hyperideal over hyperring

R and equivalence relation = defined as follows:
r=y<= Jzecx—y:puz)=p0).

denote this relation by p*. The equivalence class containing the element x € R denoted by

p*(x) and the set of all equivalence classes denoted by F/p.

By the concept I'-hyperideal of a ['-hyperring, we can generalize the relation p* as follows:
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Definition 3.2. Let (F, A) be a soft I'-hyperring over I'-hyperring R, I be a I’-hyperideal of
R and p be a fuzzy I'- hyperideal of R. Then, we define the relation u} as follows:

Va,be€ F(z), (a,b) e pj <= Jacl, acb+a:pula)=pu0).
When I = R, the relations p; and the relation p* defined by Zhan et al. [19] are equals.

Proposition 3.3. Let (F, A) be a soft I'- hyperring over hyperring R, I be a I'-hyperideal of

R and p be a fuzzy I'-hyperideal of R. Then, the relation uy is an equivalence relation on R.

Proof. Suppose that z € R. Since z = x+0 and 0 € I, we have (x,z) € uj. Then, the relation
py is reflexive. Let (z,y) € pj. Then, there exits o € I such that € y + a and p(a) = p(0).
Hence y € v —a and p(a) = p(—a). This implies that (y,x) € pj and so pj is symmetric. Let
(x,y) € p7 and (y, z) € puj. Then, there exist oy, ap € I such that v € y + a1 and y € 2+
and p(a1) = p(az) = p(0). So x € z+ ag + ag. Thus, there exists ag € ag + ae C I such that
x € z+ as. Also, ag € ag + ag implies that min{u(a), p(a2)} < p(as). Hence p(as) = p(0)

and (z,z) € pj. Therefore, the relation uj is an equivalence.

By the concept of soft regular I'- relation and Proposition BZ3, we can construct quotient

soft I'-hyperrings.

Proposition 3.4. Let (F, A) be a soft I'-hyperring over hyperring R and I be a I'-hyperideal
of R. Then, the set of all classes F'/u} is a soft I'-hyperring as follows:

(F/up)(x) = F(2)/pr-

Proof. By Proposition B33, the relation ;7 is an equivalence relation on R. Let zqujxra and
z € F(x). Then, x1 € x9+w, where w € I. Also, 1+ 2z C 9+ z+w and 10z C xoaz +waz,
for every a € I'. Hence, for every t; € x1 + z there is to € x2 + 2z such that ¢; € to + w. Thus,
pi(t) = pj(t2). In a same way, we can see that for every s; € x2 + 2 there is sy € 21 + 2 such
that pj(s1) = pj(s2). Since, u(0) = max{p(w),n(2)} < plwaz), we have p(waz) = p(0).
Hence, the relation pj is a regular soft I-regular. Therefore, by Theorem 222, F'/u7 is a soft
I'-hyperring.

Proposition 3.5. Let (F,A) be a soft I'-hyperring over T'-hyperring R and I,,I> be T'-
hyperideals of F(x). Then,

() whynr, © 17, O 1,
(i) w7, Ung, C Wiy,

Proof. The proof is straightforward.
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Definition 3.6. Let (F, A) be a soft [-hyperring over R and u be a fuzzy I'-hyperideal on R.
Then, we say that a map ¢ : F(z) — F(y) is a homomorphism if

(i) ¢la+b) = p(a) + ¢(b),
(i) (aab) p(a)ap(b),
(iil) ¢(0) =

(iv) po w(a) = p(a),
for every a,b € F(z) and a € T

=

Definition 3.7. Let (F, A) be a soft I-hyperring over R, u be a fuzzy I'- hyperideal on F(x)
and ¢ : F'(z) — F(y) be a homomorphism. Then, we define the kernel of ¢ as follows:

kerp ={a € F(z) : ¢(a) =0, p(a) = p(0)}.

Proposition 3.8. Let (F, A) be a soft I'-hyperring and ¢ : F(x) — F(y) be a homomorphism
and p be a fuzzy U'-hyperiddeal on F(z). Then, the kernel of ¢ is a I'-subhyperiddeal of F(x).

Proof. Since 0 € kery, we have keryp is a nonempty set. Let a,b € kerp. Then, p(a) = u(b) =
1(0) and ¢(a) = ¢(b) = 0. This implies that ¢(a + b) = 0 and ¢(aab) = 0, for every a € T
Also, for every ¢ € a + b, min{u(a), u(b)} < u(c) and max{u(a), u(r)} < p(aar), for every
r € F(z). Thus, p(0) < u(c) and pu(0) < p(aar). Then, u(c) = p(0) and p(aar) = w(0).
Therefore, a + b C kery and aar € kerp and kerp is a right I'-hyperideal. In a same way, we
can see that kery is a left I'- hyperideal.

By Proposition B4, we construct quotient soft I'-hyperring by the regular soft I'-relation.
At follows, we define fuzzy set on quotient soft I'-hyperring.

Proposition 3.9. Let (F, A) be a soft I'-hyperring over hyperring R, u be a fuzzy I'- hyperrideal
and I be a I'-hyperideal of R. Then, there is a fuzzy set on F/uj.

Proof. Suppose that [i is a fuzzy set on F'(z)/u; defined by fi(pj(a)) = p(a), where a € F(x).
Let pj(x1) = pj(x2), where z1,29 € F(x). Then, for some w € I such that p(w) = p(0), we
have x; € xo + w. Thus, min{u(0), u(x2)} < wu(x1). Since p(ze) < w(0), we have u(xg) <
p(xy). In a same way, we can see p(z1) < p(ze). It is easy to see that the other properties
holds.

Next, we establish three isomorphism theorems of soft I'-hyperrings by regular soft I'-relation

7 on soft I'-hyperrings.

Theorem 3.10. Let (F, A) be a soft I'-hyperring and ¢ : F(z) — F(y) be a homomorphism
with kernel K and p be a fuzzy I'-hyperideal on R. Then, F/uj = Imep.
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Proof. Suppose that v : F(z)/u; — Imep defined by ¢ (uj (1)) = ¢(x1), where 21 € F(z).
Let pj (1) = pjc(x2). Then, for some w € K, we have 21 € xo+w and p(w) = p(0), p(w) = 0.
Consequently, ¢(x1) € p(r2+w) = p(r2) +@(w) = p(z2). Thus, p(z1) = @(z2) and ¢ is well-
defined. Let ¥(uj(21)) = ¥ (pj(x2). Then, 0 € ¢(x1 — x2) and so there exists z3 € 1 — 2
such that ¢(z3) = 0. Hence z; € x9 + x3 and p o ¢(x3) = p(xs). Thus, p(zrs) = w(0) and
xg € kery. This implies that uj (1) = pj(z2). Also, by Proposition BH, we can define a
fuzzy T-hyperideal i on F(x)/p}. Obviously, po = [i. g

Theorem 3.11. Let (F, A) be a soft T'-hyperring over R, Iy and Iz be T'-hyperideals of R.
Then, I/}, qp, = (v + 12/ 17,).-

Proof. Suppose that ¢ : Iy — (I1 + I2)/uj, defined by ¢(a) = pj (a), where a € F(x).
Obviously, ¢ is well-defined. Let u7 (a) € (11 + I2)/p7,. Then, there are ay € I1 and a2 € Iy
such that a € a1 + az. Thus, uj,(a) = pj,(a1) and ¢(uy,(a)) = p7,(a1). Hence the map ¢ is
onto. Also,
kerp ={a € li:p(a) =p(0)} ={ac li:ppa) =pi(0)}
={acl:ac0+aacl}
=1 NlI.

Therefore, by Theorem B0, I1/u}, A7, = (I + I2)/17,- 0

Let (F, A) be a soft I'- hyperring over R and Iy, [s be I'-hyperideals of R such that I C I5.
Then,

pr,/ur, = {(u1, (@), p7, (b)) = w1, (a) = pg,(b), a,b € F(x)}.
Obviously, u7,/u7, is a regular soft I'-relation F'/u7, .

Theorem 3.12. Let (F,A) be a soft I'- hyperring over R and Iy,Iy be I'- hyperideals of R
such that Iy C Is. Then,

(F/u1,)/ (g, /01,) = F/ g,

Proof. Suppose that ¢ : F(z)/p;, — F(x)/uj, defined by ¢(uj (a)) = pj,(a), where a €
F(z). Let 1, (a1) = ,u?l(ag).Then, there is b € I; such that a1 € as +b. Also, Iy C I, implies
that u7 (a1) = pj,(az). Hence ¢ is well-defined. Also, ker¢ = puy /u7 . Therefore, by Theorem
B0, the proof is complete.
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Proposition 3.13. Let (F, A) be a soft I'-hyperring and p be a fuzzy I'- hyperring of R where.
Then, following sets are equals:

O ={p*(c): c€a+b},

Qg = {p*(c) : c € p*(a) + p*(b)},

Qs = {p*(c) : p*(c) € p*(a) + p*(b)}.

Proof. Obviously, ;1 C Qy. Let u*(c) € Q2. Then, ¢ € p*(a) + p*(b) and for some c¢; €
p*(a) and co € p*(b) such ¢ € ¢1 + co. This implies that there are t1,t2 € F(x) such that
ce€a+b—(t1 +1t2), p(t1) = p(ta) = u(0). Then, for some t3 € t; +t2 and d € a + b we have
c € d—ts. Also, min{u(t1), u(t2)} < p(ts). This implies that p(tz) = u(0) and p*(c) = p*(d).
Hence Q9 C Q;. Let pu*(c) € Q3. Then, p*(c) C p*(a) + p*(b). This, implies that for some
ti,to € F(x), we have ¢ € a+ b — (t1 + t2), where u(t1) = p(te) = u(0). Then, for some
d € a+ b and t3 € t; + t2 such that ¢ € d — t3. On the other hand, min{u(t1), u(t2)} < u(ts)
implies that pu(t3) = p(0). Thus, Q3 C Q. Assume that p*(c) € Qa. Then, ¢ € p*(a) + p*(b)
and for some d € a + b and t3 € t1 + to, we have ¢ € d — t3, where u(t1) = p(te) = p(0).
Let w € p*(c). Then, for some r € F(x), w € ¢ —r and pu(r) = p(0). This implies that
wed—ts—r Ca+b—(ts3+7r) = (a—t3)+ (b—r). Hence there are z; € a—t3 and zo € b—r
such that w € z1 + 2o C p*(z) + p*(y). Therefore, p*(c) C p*(a) + p*(b) and Q2 C Q3 C Q1

In the Theorem B4, we prove that the relation p* defined by Zhan et al. [I9] is an

equivalence relation only according to conditions (1), (2) and (3) Definition EZT2.

Theorem 3.14. Let (F, A) be a soft I'-hyperring, x € A and p be a fuzzy I'-hyperring of F(x).

Then, the relation p* is an equivalence relation on F(x).

Proof. Suppose a € F(x). Since F(x) is a hyperring 0 € a — a. Hence p* is reflexive. Let
a,b € F(x) and ap*b. Then, there exists ¢ € a — b such that u(c) = p(0). Since —c € b—a and
pu(—c) = p(c) = p(0). Thus, p* is symmetric. Let ap*b and bu*c. Then, there exist a1 € a —b
and ay € b — ¢ such that pu(aq) = p(ag) = p(0). Hence ag € (a — ¢) — ag and there exists
B € a — c such that a; € 8 —c. Since 8 € a1 + ¢ and min{u(a1), p(c} < p(B). This implies
that (8) = (0). Hence af*c. This completes the proof.

Definition 3.15. Let (F, A) be a soft I'- hyperring, = € A and u be a fuzzy set of F'(z). Then,

Or(B,z) ={a € F(z) :infu(bren < infu(2).ca—a}-
When B = {0}, we denote O ({0}, x) by O¢(0, ).

Theorem 3.16. Let (F, A) be a soft I'-hyperring, x € A and B be a nonempty subset of F(x).
Then, Op(B, ) is a I'-subhyperring of F(x).
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Proof. Suppose that a = 0. Hence infu(z).eq—a = p(0). Since for every b € B, u(b) < u(0),
we have infu(b)pep < p(0). Thus, 0 € Op(B,z) and Op(B,z) is a nonempty set. Let
a,b € Op(B,x). Then, infub)ep < 1(2)sca—a and infu(b)pep < w(z).ep—p. Then, for
every d € a+ b and t € d — d there exist d; € a — a and dy € b — b such that t € d; + ds.
Also, min{u(dy), u(d2)} < wp(t). Thus, infu(b)pep < p(t). Since t is an arbitrary element,
infud)pen < infu(t)ied—q- This implies that a +b C Op(B,z) and Op(B, z) is closed with
respect to the additive hyperoperation. Let a,b € Op(B,z) and z € aab — aab. Then, there
exists z; € b — b such that z € aaz;. Since z; € Op(B,x), infu(b)ep < u(z1). Also,
maz{p(a), u(z1)} < p(z). Hence infu(b)pep < inf i1(2).canb—aapy and Op (B, x) is closed with
respect to the multiplication. Therefore, © (B, z) is a I'-subhyperring of F(x).

Theorem 3.17. Let (F, A) be a soft I'-hyperring over I'-hyperring R and u be a fuzzy T'-
hyperideal of F(x). Then, for every a,b € Op(0,z), u(a) ® pu(b) has exactly one element.

Proof. Suppose that a,b € ©p(0,z) and wi,ws € a + b. Hence u(0) = infu(z).ca—q and
w(0) = infu(z).ep—p. Let z € wy —we C (a—a) + (b —b). Then, there exist z; € a — a and
z9 € b— b such that z € z; 4+ 2. This implies that min{u(z1), u(22)} < p(z) and p(0) < p(z).
Also, z € a — b implies that w1 € we + z and min{u(z), p(we)} < p(w;). Since 0 € b—b
and 0 € z — z, we have min{u(b), u(—b)} < u(0) and min{u(z), u(—z)} < p(0). This implies
that p(z) < p(0) and p(b) < p(0). Therefore, p(w2) < p(wi). In a same way, p(wr) < p(ws).
Hence p(wy) = p(wy) and the additive hyperoperation defined on F'/pu is an operation.

Theorem 3.18. Let (F, A) be a soft I'-hyperring over R and p be a fuzzy T'- hyperideal of

F(x), where x € A. Then, following conditions are equivalent:
(i) M(b) < infu(c)cé—a-i-b-‘ra;
(ii) Op(0,2) = F(x).

Proof. Suppose that u is a fuzzy I'-hyperideal. Hence for every b € F(x), we have u(b) <
infu(c)eearb—a- Then, for b = 0, we have p(0) < inf p(c)ecq—q- Since for every ¢ € a — a,
p(c) < p(0). This implies that p(0) = inf pu(¢)eca—q and Op(0,z) = F(z). Conversely, assume
that O (0,z) = F(x). Hence for every a € F(z), 11(0) = inf 11(b)peq—q- this implies that

inf 1(¢)ccatb—a = Inf p(C)ecer 1b,e1€a—a = min{p(cr), p(b)} = pu(b).

This completes the proof.
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Corollary 3.19. Let (F, A) be a soft I'-hyperring over I'- hyperring R and p be a fuzzy set of
R. Then, by Theorem BI8, Or(0,2) = F(x) and by Theorem [FI7 the hyperaddition defined

on F/u is an operation and the relation p* defined in [19] is strongly regular.

4. CONCLUSIONS

In this paper, we proved the relation p* defined by Zhan et al. [I9] is strongly regular.
Hence the hyperaddition defined on quotient soft I'-hyperrings is just operation. Also, we
generalize the relation p* defined by Zhan et al. by the equivalence relation u; where I is a
I-hyperideal of a I'-hyperring R.

In the future study of fuzzy structure of I'-hyperrings, the following topics could be considered:

(i) To consider the relation uj on n-ary I'-hyperrings,
(ii) To describe the quotient fuzzy soft I'-hyperrings and their applications.
(iii) To define and consider a covariant functor between the category fuzzy soft I-hyperrings

and category fuzzy soft rings.
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