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SOME REMARKS ON GENERALIZATIONS OF CLASSICAL PRIME
SUBMODULES

MASOUD ZOLFAGHARI* AND MOHAMMAD HOSSEIN MOSLEMI KOOPAEI

ABSTRACT. Let R be a commutative ring with identity and M be a unitary R-module.
Suppose that ¢ : S(M) — S(M) U {0} be a function where S(M) is the set of all sub-
modules of M. A proper submodule N of M is called an (n — 1, n)-p-classical prime sub-
module, if whenever r1,...,7n—1 € R and m € M with r1...7n—1m € N \ ¢(N), then
T1.o.Tie1Tiq1...Tn—1m € N, for some ¢ € {1,...,n — 1} (n > 3). In this work, (n — 1,n)-¢-

classical prime submodules are studied and some results are established.

1. INTRODUCTION

Throughout the paper, all rings are commutative with identity and all modules are unitary.
Generalizations of prime submodule play an important role in extending prime submodule.
Anderson and Bataineh [4] introduced various generalizations of prime ideals. Let ¢ : Z(R) —
Z(R) U {0} be a function where Z(R) is the set of all ideals of R. A proper ideal I of R is a
y-prime ideal, if ab € I\ ¢(I) whenever a,b € R, then a € I or b € I. Zamani [?4] used this
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concept to p-prime submodule, i.e, a proper submodule N of M is a ¢-prime submodule if
rm € N\ ¢(N) whenever r € R and m € M, then m € N or r € (N : M), where ¢ : S(M) —
S(M) U {0} be a function and S(M) is the set of all submodules of M. Ebrahimpour and
Nekooei [13] defined (n — 1,n)-p-prime submodule and (n — 1, n)-¢-prime ideal and obtained
a number of results concerning (n — 1,n)-¢-prime submodules. Let ¢ : Z(R) — Z(R) U {0}
be a function where Z(R) is the set of all ideals of R. A proper ideal I of R is (n — 1,n)-1-
prime if ry...r, € I\ ¢(I) whenever r1,...,r, € R, then r1...7_1741...7, € I for some
i € {1,...,n}. This concept of (n— 1, n)-p-prime submodule has been studied similar to what
has been done for (n — 1, n)-¢-prime submodule. Mostafanasab et. al. [20] defined ¢-classical
prime submodule. Let ¢ : S(M) — S(M) U {0} be a function where S(M) is the set of all
submodules of M. A proper submodule N of M is a ¢-classical prime submodule of M if
abm € N \ ¢(N) whenever a,b € R and m € M, then am € N or bm € N. So taking
(N) = 0 (resp. o(N) = 0, p(N) = (N : M)N, (N) = (N : My™ N, o(N) = (L5, (N :
M)*N) is a classical prime submodule (resp. weakly classical prime submodule, almost classical
prime submodule, m-almost classical prime submodule, w-classical prime submodule). Some
properties of (-classical prime submodules have been investigated (see[20]). In connection
with various definitions of prime submodules and prime ideals, a number of results concerning
prime submodules and prime ideals have been estabished in [8], [4], [6], [8], 0], [10], [T5], [16],
(7] and [09].

In this work, we will continue this concept by a generalization of ¢-classical prime submodules.
We define an (n — 1, n)-¢-classical prime submodule of M and investigate a number of results
concerning (n — 1,n)-¢-classical prime submodules. Let M be an R-module and ¢ : S(M) —
S(M)U {0} be a function where S(M) is the set of all submodules of M. Let N be a proper
submodule of M and without loss of generality we may assume that o(N) C N. A Submodule
N is an (n — 1,n)-¢-classical prime submodule of M if r1...r,—1m € N \ ¢(N) whenever
Tly...yTn—1 € R and m € M, then r1...7;_1741...7p—1m € N for some ¢ € {1,...,n — 1}
(n = 3). If p(N) = 0 (resp. @(N) = 0, p(N) = (N : M)N, o(N) = (N : M)™IN,
©(N) =2 (N : M)'N), then a submodule N is called an (n—1,n)-classical prime submodule
(resp. (n—1,n)-weakly classical prime submodule, (n—1,n)-almost classical prime submodule,
(n — 1,n)-m-almost classical prime submodule, (n — 1,n)-w classical prime submodule). For
every two functions ¢; and @9 : S(M) — S(M) U {0}, we say ¢1 < @2 if ©1(N) C () for
each N € S(M). It is clear that every (n — 1, n)-p1-classical prime submodule is an (n —1,n)-
po-classical prime submodule of M. Also, if N is an (n — 1,n)-classical prime submodule of
M, then N is an (n,n + 1)-classical prime submodule of M. Now, let ) : R — S be a ring
homomorphism and M be an S-module. If N is an (n — 1,n)-¢-classical prime submodule of

S-module M, then N is an (n — 1,n)-¢-classical prime submodule of R-module M.
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2. Results of (n — 1,n)-p-Classical Prime Submodules

In the following theorem we give a characterzation of (n— 1, n)-p-classical prime submodule
(n > 3) similar to what has been done for (n — 1,n)-¢-prime submodule (see ([T3], Theorem
2.6)). Also, this concept has been characterized for p-classical prime submodules in ([20],

Theorem 2.11).

Theorem 2.1. Let ¢ : S(M) — S(M) U {0} be a function and N be a proper submodule of
M. Then the following conditions are equivalent:

(i) N is an (n — 1,n)-p-classical prime submodule.

(ii) Forri,...,rn—o € R and m € M with ry...rpn_om € M \ N, we have

(N ry.. .Tn_gm) = U:L:_f(N T 1T - - - Tn_zm) U

(p(N) :r1...rp—om)(n > 3).

Proof. (i) = (ii) Let ri...rp_om € M \ N. Suppose that r € (N : ri...rp_2m), so
71 ... Tp—om € N. If rry...rp_om & @(N), then rr1...r,—om € N \ ¢(IN). Since N is an
(n—1,n)-p-prime submodule, hence 771 ...7_1741 ... 7h—om € N, for somei € {1,...,n—2}.
Thus r € (N :7r1...7%-1Ti41 ... "n—2m), for some i € {1,....,n —2}. If rry...7rp_om € o(N),
then r € (p(N) :r1...7-2m). So (N :71...7-2m) C U?:_12(N ST 1Tl - T—om) U
(p(N) :ry...rp—2m). Now, since we assume that (V) C N, the other inclusion always holds.
(73) = (i) Let r1,...,7p—1 € Rand m € M withr;...r,_im € N\p(N). If r1...rp_oam € N,
then N is an (n — 1,n)-p-classical prime. Now, we can suppose that r1...r,_om ¢ N.
So (N :71...rp_om) = U?Z_E(N ST 11T 1 - - Tp—om) U (p(N) @ r1...7—2m). Since
T1...Tp—1m € N, so 11 € (N:ry...rp—om). But r,—1 &€ (o(IN) : r1...1rp—2m), be-
cause 71 ...Tp—oTp—1m &€ o(N). It follows that r,_; € U?:_12(N ST T AT e Tp—2T).
Thus r,—1 € (N : 7ri...7-1741...7n—2om), for some i € {1,...,n — 2} and so
Tl Tio1Tit1 - - Tn—2Tn—1m € N. Thus N is an (n — 1,n)-p-classical prime submodule of

M. g

We prove the following proposition that is similar to Proposition 2.27 of [Z0].

Proposition 2.2. Let ¢ : S(M) — S(M)U{0} be a function and N be a proper submodule of
M. Suppose that o(N) be an (n—1,n)-classical prime submodule of M. If N is an (n—1,n)-
p-classical prime submodule of M, then N is an (n — 1,n)-classical prime submodule of M

(n>3).

Proof. Let r1,...,rp—1 € Rand m € M with ry...7,_ym € N. If ri...r,_1m & ©(N), then
r1...Tp—1m € N\ ¢(N). Thus ry...r;_17i41...7n—1m € N, for some i € {1,...,n — 1}.

Hence N is an (n — 1,n)-classical prime submodule of M. We consider 71 ...7m,—1m € @(N).
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Since ¢(N) is an (n — 1,n)-classical prime submodule, ry...7;_17i41...7—1m € ©(N) C N,

for some i € {1,...,n — 1} and so the proof is complete.

In the following proposition, we state relations between (n — 1, n)-p-classical prime submod-

ules and (n — 1, n)-p-prime submodules of M (n > 3).

Proposition 2.3. Let ¢ : S(M) — S(M) U {0} and ¢ : Z(R) — Z(R) U {0} be two functions
where S(M) is the set of all submodules of M and Z(R) is the set of all ideals of R.

(1) If N is a p-prime submodule of M, then N is an (n — 1,n)-p-classical prime submodule of
M.

(i) If N is an (n — 1,n)-@p-prime submodule of M and (N : M) is an (n — 2,n — 1)-tp-prime
ideal of R with ¢((N : M)) C (¢(N) : m), for each m € M, then N is an (n—1,n)-p-classical
prime submodule of M.

(#i7) If N is an (n — 1,n)-p- prime submodule and (N : M) is an (n —2,n — 1)-prime ideal of
R, then N is an (n — 1,n)-p-classical prime submodule of M (n > 3).

Proof. (i) Let ri,...,7p—1 € Rand m € M with r1...r,_1ym € N \ ¢(N). Hence we have
ri(ra...tn—1m) € N \ ¢(N). Since N is a ¢-prime submodule of M, so r; € (N : M) or
ro...Tp—1m € N. If ry € (N : M), then ry...7;_1741 ... 7p—1m € N and from ry...7,_1m €
N, we get that N is an (n — 1, n)-p-classical prime submodule of M.

(73) Let r1,...,7p—1 € Rand m € M with r;...r,—1m € N \ ¢p(N). Since N is an (n — 1,n)-
-prime submodule of M, so r1...r—1 € (N : M) or ry...r—1741...Tp—1m € N for some
ie{l,...,n—1}. Ifri...ric17i41...7p—1m € N, for some i € {1,...,n — 1}, then N is
an (n — 1,n)-p-classical prime submodule of M. Now, we have r...7,—1 € (N : M). Since
T1o..Tp1m & ©(N), so r1...1p—1 &€ Y((N : M)), because of ((N : M)) C (p(N) : m)
for each m € M. Thus we have ri...7—1 € (N : M)\ ¢((N : M)). Since (N : M) is an
(n—2,n—1)-y-prime ideal of R, so 71 ...7—17i41...Tn—1 € (N : M), forsomei € {1,...,n—1}.
Therefore ry...7_17i41...7p—1m € N, for some i € {1,...,n — 1}. Consequently, N is an
(n — 1, n)-p-classical prime submodule.

(7i7) It is straightforward.

The following theorem introduces the relation between ideal (N : M) of R and submodule

N of M in the case of generalization.

Theorem 2.4. Let M be an R-module and N be a proper submodule of M. Also, let ¢ :
S(M) — S(M)UJU {0} and ¢ : Z(R) — Z(R) U {0} be two functions. Then the following
conditions hold:

(i) If N is an (n,n+ 1)-p-classical prime submodule of M with (p(N) :m) C (N : M)) for
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each m € M, then (N : M) is an (n — 1,n)-p-prime ideal of R (n > 3).
(7) If (N :m) is an (n —2,n — 1)-<¢-prime ideal of R such that (N : m)) C (¢(N) : m) for

each m € M, then N is an (n — 1,n)-p-classical prime submodule of M.

Proof. (i) Let r1,...,r, € R with ry...7, € (N : M)\ Y((N : M)). Then ry...1, € (N :
M) and r1...rp &€ V(N : M)). Sori...rp, M C N and ri...r, € (p(N) : m) for each
m € M, hence ri...r,m € N \ ¢(N) for each m € M. Since N is an (n,n + 1)-¢-classical
prime submodule of M, so r1...7;—1741...7pm € N for some i € {1,...,n}. Therefore
Tl Ti—1Tit1 ... Tn € (N : M), for some i € {1,...,n}, as required.

(73) Let r1,...,7p—1 € Rand m € M with r;...r,—ym € N\ ¢(N). Then ry...rp_ym € N
and 71 ...rp—1m & @(N). Since Y((N : m)) C (¢(N) : m), so r1...rp—1 € Y((N : m)) and
hence ry...7—1 € (N : m)\¢((N : m)). Since (N : m) is an (n—2,n — 1)-¢)-prime ideal of R,
SOT1...Ti—1Ti41...Tp—1 € (N :m) forsomei € {1,...,n—1}. Thusry...ri_1ri41...Th_1m €

N, as required.

The following example shows that if N is an (n — 1, n)-classical prime submodule, then it

is not necessarily classical prime.

Example 2.5. Let M = Z, ® Z; ® Q where p, ¢ are two distinct prime integers. Notice that
N = {(0,0,0)) is a submodule of Z-module M. We show that N is a (3,4)-classical prime
submodule, but is not (2,3)-classical prime. Since pg(1,1,0) € ((0,0,0)), but p(1,1,0) #
(0,0,0) and ¢(1,1,0) # (0,0,0). Therefore N is not classical prime submodule. Now, we
prove that N is a (3,4)-classical prime submodule. Let ni,ng,n3 are nonzero integers and
(m,m,r) € Zp, ® Zq ® Q with nynong(m,n,r) € ((0,0,0)). We have ninanzm = 0 € Z,,
ningnan = 0 € Zg and r = 0, so plningngm and g|ningnsgn such that 0 < m < p — 1 and
0 < n < ¢—1. Since p{m and ¢ { n, therefore p|ningng and g|ningons. Hence p|n;n; and g|n;n;
where ¢ # j, 1 < 4,7 < 3 and so n;n;(m,n,0) = (0,0,0). Consequently N is a (3,4)-classical

prime submodule of M.

An R-module M is called a multiplication module if for every submodule N of M, N = IM
for some ideal I of R. We have I = (N : M), so N = (N : M)M. Let M be a multipilication
R-module and K, L be two submodules of M. Then there are ideals I, J of R such that
K =1IM and L = JM and hence KL = IJM = IL. Also, for each m € M we define
Lm = LRm, so Lm = JRm = Jm. We recall that the N is defined by N™ = (N : M )™M,
clearly N™ is a submodule of M and N™ C N. For more details concerning multiplication

modules and the prime submodules of multiplication modules refer to [2], [I4], [23].
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Definition 2.6. Suppose that M be a multiplication R-module and ¢ > 2. A proper sub-
module N of M is said an (n — 1, n)-t-potent classical prime if whenever r1,...,r,—1 € R and

m € M withry...r,_1m € Nt thenr1...7_17i11...7_1m € N for some i € {1,...,n—1}.
Now, we assert the following proposition that is similar to Propostion 2.7 of [20].

Proposition 2.7. Let M be a multiplication R-module and N be a proper submodule of M.
If N is an (n — 1,n)-m-almost classical prime submodule of M for some m > 2 and N is an
(n — 1,n)-t-potent classical prime submodule of M such that t < m, then N is an (n — 1,n)-

classical prime submodule of M (n > 3).

Proof. Suppose that N is an (n — 1,n)-m-almost classical prime submodule of M. Let
T,...,7n-1 € R and m € M with ry...7,_ym € N. Since N™ C Nt ri...r,_1m ¢ N!
implies that r1...7,_1m € N™ and hence ry...r,—1m € N\ N™. On the other hand, we
have N\ N™ = N\ (N : M)"M = N\ (N : M)™ YN : M)M = N\ (N : M)™'N.
Thus 71...7-1m € N\ (N : M)™ !N. Since N is an (n — 1,n)-m-almost classical prime
submodule of M, ry...7_17r;41...7p—1m € N for some i € {1,...,n — 1}. Therefore N is an
(n — 1,n)-classical prime submodule of M. If ry...r,_1m € Nt because N is an (n — 1,n)-t-
potent classical prime submodule of M, then ry...7;_17i41...7—1m € N. Therefore N is an

(n — 1,n)-classical prime submodule of M.

Proposition 2.8. Let M be a free multiplication R-module and N be a proper submodule of
M such that (N : M)™ be a prime ideal of R (m > 2). If N is an (n—1,n)-m-almost classical

prime submodule of M, then N is an (n — 1,n)-classical prime submodule of M.

Proof. Let r1,...,7p—1 € Rand m € M with r...rp,_ym € N. If ri...rp_ym & (N :
M)™ 1N, thenr...rp,_ym € N\ (N : M)™ !N. Since N is an (n — 1,n)-m-almost classical
prime of M and hence ry...7;_17;41...7p—1m € N, for some ¢ € {1,...,n—1}. Thus N is an
(n — 1,n)-classical prime submodule of M. Now suppose that r1...7,_1m € (N : M)" "IN =
(N : M)™M and {zo}aen be a basis for a free R-module M. Thus m = } ; iz, where
ro € R and hence » ; (r1...7n—1)rqza € (N : M)™M. It follows that r1...7n_175 € (N :
M)™ for each a € A. Since (N : M)™ is a prime ideal of R, so ri...rp,—1 € (N : M)™
or rl, € (N : M)™. This shows that ri...7_1741...7n—1m € (N : M)M = N for some
ie€{l,...,n— 1}, as required.

Theorem 2.9. Let M be a free multiplication R- module and f : M — M’ be an R-module
epimorphism. Let N be a proper submodule of M such that kerf C N and (N : M) be a
prime ideal of R. If N is an (n — 1,n)-@-classical prime submodule of M, then f(N) is an

(n — 1,n)-classical prime submodule of M'.
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Proof. Let ri...rp_1ym’ € f(N) where 71,...,7,-1 € R and m’ € M’'. We have

1...Tn—1f(m) € f(N) where r1,...,7—1 € R and m’ = f(m) € M’ for some m € M. Since
kerf CN,sory...tp-ym € N. If ri...rp_1m & @(N), then ry...r,—1m € N \ ¢(N). Since
N is an (n — 1, n)-p-classical prime submodule of M, so 7y ...7;—17i41...Th—1m € N for some
i€{l,...,n—1} and hence 1 ...7;_1741...7n—1m’ € f(N) for some i € {1,...,n — 1}. Thus
f(N) is an (n—1,n)-classical prime submodule of M’. Now, assume that r1...7r,—1m € @(N).
Since p(N) € N and N = (N : M)M, so ri...rp-1m € (N : M)M. Suppose that
{Za}aeca be a basis for a free R-module M, therefore m = Zf.s ! xq where 7/, € R. We
get D p 1. -Tno1Tq%a € (N @ M)M. It follows that ri...r,—17q € (N : M). Since
(N : M) is a prime ideal of R, so 71 ...7,—1 € (N : M) or r,, € (N : M). This shows that
T1.. Ti—1Ti+1---Tn—1m € N for some i € {1,....n—1}, hence ry...7_1741...7n_1m’ € f(N)

for some i € {1,...,n —1}. So f(N) is an (n — 1, n)-classical prime submodule of M’.

Theorem 2.10. Let M be a free multiplication R-module and N be a proper submodule of M
such that (N : M) be a prime ideal of R. If N is an (n — 1,n)-p-classical prime submodule of
M, then N is an (n — 1,n)-classical prime submodule of M.

Proof. 1t is straightforward.

The following thorem is stated for ¢-classical prime submodules of M (see ([20], Theorem

2.9)). We assert it for (n — 1,n)-¢-classical prime submodules of M.

Proposition 2.11. Let f : M — M’ be an R-module epimorphism and ¢ : S(M) — S(M) U
{0}, ¢ : S(M') — S(M") U {0} be two functions. Then the following conditions hold:

(1) If N is an (n — 1,n)-p-classical prime submodule of M with kerf C N and f(p(N)) C
O (f(N)), then f(N) is an (n — 1,n)-¢'-classical prime submodule of M' (n > 3).

(i) If L is an (n — 1,n)-¢'-classical prime submodule of M’ and f~1(¢'(L))

C o(f~YL)), then f~YL) is an (n — 1,n)-p-classical prime submodule of M (n > 3).

Proof. (i) There exists m € M such that f(m) = m/, m' € M'. Let r1,...,r,—1 € R and
m' € M with ri...r,_1m’ € f(N)\ ¢'(f(N)). We get f(ri...rn—1m) € f(N). Since
kerf C N, ri...rp—1m € N and since f(o(N)) C ¢'(f(N)), so r1...rp—1m & @(N). There-
fore, r1...rp_1m € N \ ¢(IN). Since N is an (n — 1,n)-¢-classical prime submodule of M,
T1...Ti—1Tit1.--Tn—1m € N, for some i € {1,...,n — 1}. Thus, r1...7_17ri41...7p—1m’ €
f(N) for some i € {1,...,n—1}.

() It is quite similar to (7). g
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Let R = Ry X Ry and M = Mj x M3 be an R-module where R; is a commutative ring and M;
is an R;-module for 7 = 1,2. Assume that N = N7 x N3 be a proper submodule of M = M7 x My
where N; is a proper submodule of M; for i = 1,2. Let ¢ : S(My x M) — S(My x M2)U{0} and
i : S(M;) — S(M;)U{0} be functions with ¢ (N7 x Na) = 1(N7) X p2(Ns) for i = 1,2. Now,
we prove the following theorems that some properties of this concept have been investigated
for ¢-classical prime submodules of M; x M (see ([20], Theorem 2.36, Theorem 2.39, Theorem
2.40, Theorem 2.41)).

Theorem 2.12. Let My x My be an Ry X Ry- module and N; be a proper submodule of M;
fori=1,2. If Ny X Ny is an (n — 1,n)-p-classical prime submodule My x My, then N; is an

(n — 1,n)-p;-classical prime submodule of M; for i =1,2.

Proof. Let ¢ = 1, Ny # My, ri,...,7tp—1 € Ry and m; € M; with ri...rp_1my €
Ny \ p1(N1). We have (r1...r,—1m1,0) € Ny X Ng and (r1...r,—1m1,0) ¢ p1(N7) X
w2(N3). So (r1...rp—1m1,0) = (ri,1)...(rp—1,1)(m1,0) € N; x Ny \ ¢1(N1) X
©2(N2).  Since N; x Ny is an (n — 1,n)-p-classical prime submodule of M; x My, so
(ri,1) ... (ric1, 1) (rig1,1) ... (rp—1,1)(mq,0) € N1 x Na for some i € {1,...,n — 1} and hence
(ri...7m—17i+1--.mn—1m1,0) € Ny X No. Thus r1...7;_17i41...rn—1m € Ny. Therefore Nj is

an (n — 1,n)-pj-classical prime submodule of M.

Theorem 2.13. Let My x My be an R1 X Ro-module and N1 X Ny be a submodule of My x Ms
with N; # M; fori=1,2. If Ny and Ny are (n — 1,n)-classical prime submodule of My, Ma,

resp., then N1 X Ny is an (n — 1,n)-classical prime submodule of My x M.

Proof. Let (ri,7}),...;(rn—1,7,_1) € Ry x Ry and (mi,ma) € M; x My with
(r1,7)e(rn—1,70,_1)(m1,m2) € N1 x Na. We get r1..r,_1my € Ny and 7y...r),_ymg € No.
Since N; is an (n—1, n)- classical prime submodule of M; fori = 1,2, 80 71...7-17i41.-.Fn—1m1 €
N; for some i € {1,...,n— 1} and also, r’l...r;-_lr;-ﬂ...r;,lmg € N, for some j € {1,...,n—1}.
If © = j, then (ri,7))...(ri—1,7_1)(Tig1,7501)--(Pn—1, 7,_1)(m1,m5) € Ni x Na. Thus
Ny x Ny is an (n — 1,n)-classical prime submodule of M; x M,. If i # j, we have

(r1,70) (5, 78) o (T—1, 75,1 ) (M1, m2) € N1 X Na, as required.

Corollary 2.14. Let My x My be an Ry x Ry-module and ¢ : S(My x Ma) — S(M; x Ma)U{0}
be a function with (N1 x No) = p1(N1) X p2(Na) where p; : S(M;) — S(M;)U{0} be a function
such that (p;(M;) : M;) = R; fori=1,2. If N; is an (n — 1,n)-p;- classical prime submodule
of M; for i = 1,2, then Ny x My and My x Ny are (n — 1,n)-p-classcal prime submodule of
My x My (n>3).
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Proof. Let (ri,7}),...,(rn—1,7,_1) € Ri x Ry and (mi,ma) € M; x My with
(7’1,7‘3)...(7””_1,T%fl)(ml,mg) € N1 x M \ (p(Nl X MQ). It follows that (Tl...Tn_lml,Tll

/
n—1

wrh_ymg) € N1 x My and (r1...rp—1mq,r)..r,,_yma) & ©1(N1) X pa(M2). So ri...rp_1

mp € Ny and 7..rp_1mi ¢ @1(N1), because 1.1l _ima € 2(Mz) and hence
r1..tp—1m1 € Nj \ ¢1(N1). Since Nj is an (n — 1,n)-p;-classical prime submod-
ule of Mj, so ri.ri—irit1..rn—1mi; € N;j for some i € {l,..,n — 1}.  Therefore
(r1, 7). (ric1, i) (Pne1, 71 ) (M1, m2) € N1 x My, Thus Ny x My is an (n — 1,n)-¢-

classical prime submodule of M; x M.

Let S be a multiplicatively closed subset of R. We cognize that every submodule of S~'M
is of the form S~!N for some submodule N of M. Let ¢ : S(M) — S(M) U {0} be a function
and define pg : S(STIM) — S(STIM) U {0} by ps(STIN) = S71p(N) and ¢s(S™IN) =0
if o(N) = 0 where N is a submodule of M. Moreover, let M be an R-module. Then the
set of zero-divisors of M is denoted by Zr(M). Now, we state Theorem 2.28 in [20] for

(n — 1, n)-gp-classical prime submodules.

Theorem 2.15. Let M be an R-module and S be a multiplicatively closed subset of R such
that S~ (¢(N)) C ps(STIN).

(i) If N is an (n — 1,n)-p-classical prime submodule of M with (N : M) NS = 0, then STIN
is an (n — 1,n)-ps-classical prime submodule of S~'M.

(i) If STIN is an (n — 1,n)-pg-classical prime submodule of S~™'M such that S N Zr(N \
©(N)) =0 and SNZr(M \ N) =0, then N is an (n — 1,n)-p-classical prime submodule of
M.

Proof. (i) Let 2, .., "= € S7'R and 2 € S™'M with Tk STIN\ ¢s(S7IN).
We have “-72=5 € S~I!N and el ©s(STIN). Then there exists u € S such that

uri..mp—1m € N and ury..rp_1m ¢ o(N), so r1...rp—1(um) € N \ ¢(N). Since N is an

(n — 1, n)-p-classical prime submodule of M, hence 71...7r;_1741...

rn_1(um) € N for some i € {1,..,n — 1}. This shows that “"i=rimilidleTn-17 —

US1...85—18i4+1..-Sn—1t

1 Ti—1Ti4l Th-1m -1 -1 3 _ P : 3
s s et € ST'N. Thus S™'N is an (n — 1,n)-pg-classical prime submodule

of STIM.
(73) See ([20], Theorem 2.28).

Definition 2.16. Let M be an R-module and N be a submodule of M. Then N is said
relatively divisible submodule denoted by RD-submodule, if rN = N NrM for each r € R.
R-module M is called prime module if rm = 0 where » € R and m € M, then r € Ann(M) or

m = 0. Now, we assert the following proposition.
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Proposition 2.17. Let M be a prime R-module and N be a proper submodule of M. If N
is an RD-submodule of M with Ann(M) C (¢(N) : M), then N is an (n — 1,n)-p-classical

prime submodule of M.

Proof. Let r1,...1rp—1 € Rand m € M with r1...7,—1ym € N \ ¢(N). Since N is a RD-
submodule, so (r1...7,—1)M NN = (ry...7p—1)N and hence ri...7p_1m € (r1...7-1)M N
N = (r1...rn—1)N. Therefore r1...7p-1m = 7r1...75—1m' for some m’ € N and so
(r1...1n—1)(m —m’) = 0. Since M is prime, hence ry...7r,—1 € Ann(M) or m —m’ = 0. But
ifry...rp—1 € Ann(M), then ry...7—1 € ((N): M), s0ry...7p—1m € @(N) which contra-
dicts with our assumption. Thus m—m’' = 0, hencemm € N andsory...r;_17it1...7h—1m € N

for some i € {1,...,n — 1}, as required.

Definition 2.18. [22] A commutative ring R is called a u-ring if for each ideal I of R with
I C U 1;, then I C I; for some j € {1,...,n} where I; is an ideal of R and R is a um-ring if
for each R-module M with M = U} | N;, then M = N, for some j € {1,...,n} where N; is a
submodule of M.

Marcelo and Masque ([I8], p. 273) proved that a proper submodule N of an R-module
M is a prime submodule of M if and only if the natural homomorphism 6, : % — % by
0.(m+ N) =rm+ N is zero or one-to-one. Furthermore, let F' be a flat R-module and N be a
prime submodule of M. Azizi ([9], Lemma 3.2) showed that if F'® N is a proper submodule of
F® M, then F® N is a prime submodule of F'® M. Also, for every flat R-module F' we have
F®(P:r)=(F®P :r)where P is a submodule of M. Ebrahimpour and Mirzaee proved that
if F'is a flat R-module and N is a weakly semiprime submodule of M with FQ@ N # F ® M,
then F'® N is a weakly semiprime submodule of F' ® M (see [12],Theorem 2.22)). Now, let
R be a um-ring, M be an R-module, F be a flat R-module and ¢ : S(M) — S(M) U {0} be
a function. Assume that N is a proper submodule of M such that o(F ® N) = F ® p(N). If
N is a p-classical prime submodule of M with F® N # F ® M, then F ® N is a p-classical
prime submodule of F @ M (see ([20], Theorem 2.18)). We state Theorem 2.18 in [20] for
(n—1,n)-p-classical prime submodules. Firstly, we state two propositions similar to Theorem
2.11 and Theorem 2.14 in [20].

Proposition 2.19. Let M be an R-module, N be a proper submodule of M and ¢ : S(M) —
S(M)U{0} a function.The following conditions are equivalent:

(i) N is an (n — 1,n)-p-classical prime submodule of M ;

(i) For everyri,...,tpn—1 € R, (N ipp 71 .1n—1) = ((N) ipp 71+ . 7—1)

UN tpr 71 Tim1Tik1 - - - T—1), for some i € {1,...,n — 1}.
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Proof. (i) = (i1) Let m € (N :pp r1...7-1), S0 1 ...7p_ym € N. If r...1p_1m € p(N),
then m € (¢(N) :p r1...rn—1). Now, suppose that r1...r,_1m ¢ @(/N) and hence
r1...Tp—1m € N\ ¢(N). Since N is an (n — 1,n)-¢-classical prime submodule of M,
SO T ...Ti—1Ti41---Tp—1m € N. Thus m € (N :p 71...7-1741...Tn—1), for some
i€{l,...,n—1}. Conversely, if m € (¢(N) :pg r1...7p—1) U(N :pp 710751741 .. . Tp—1) for
some i € {1,...,n —1}. Since p(N) C N, therefore m € (N :py r1...70-1).

(i) = (i) Let r1...rp_1m € N\ ¢(N) whenever r1,...,7,—1 € R and m € M. Then
m € (N :p m1...7-1) and m & (@(N) :pr 71...75—1). By our assumption, we have
m € (N :prri.. 11741 ... Tp—1) for some ¢ € {1,...,n — 1}. Accordingly, N is an (n —1,n)-

¢-classical prime submodule of M.

Proposition 2.20. Let M be an R-module, R be a um-ring and N be a proper submodule
of M. Asuume that ¢ : S(M) — S(M) U {0} be a function. The following conditions are
equivalent:

(i) N is an (n — 1,n)-p-classical prime submodule of M ;

(i3) For every r1,...,tn—1 € R, (N pp 71...17p—1) = (@(N) :m r1...70-1) or (N

r1.. -Tn—l) = (N MTL-- Ti—1T541 - - -rn—l) fOT’ some 1 € {1, N — 1}

Proof. By Proposition 2.19 and Definition 2.18, the proof is clear.

Theorem 2.21. Suppose that M be an R-module, R be a um-ring and ¢ : S(M) — S(M)U{0}
be a function. Let N be a proper submodule of M and F be a flat R-module with o(F @ N) =
F®p(N). If N is an (n —1,n)-p-classical prime submodule of M such that F@ N # F ® M,
then '@ N is an (n — 1,n)-p-classical prime submodule of F ® M.

Proof. Let r1,...,mr—1 € R, by Proposition 2.20, we have (N :af 71...75-1) = (©(N) :p
r1...Tp—1) of (N :ipp rioorpe1) = (N ipp 7101741« oo Tpe1). (N ipp mpe0orpmy) =
(p(N) :pmr r1...1p—1) by ([B], Lemma 3.2), (F ® N pgm T1...Tn-1) = F & (N
r1...Th—1) = (F® @(N) :pgp 1. 1m—1) = (@(F ® N) :pgm T1...Tn—1). Now, assume
that (N ipp m1...rn—1) = (N :pp 71+ 7i—1Ti41 - - - Tn—1), by ([8], Lemma 3.2), (F & N :pgnm
e tpno1) = FQ N ippr1.compe1) = FQ N iy r1 oo 1i217i41 .. Tn—1) = (F QN tpeum
T1...Ti—1Ti+1..-Tn—1). Accordingly, by Proposition 2.20, we conclude that FF ® N is an
(n — 1,n)-¢p-classical prime submodule of F'® M.

Definition 2.22. A proper submodule N of M is called finitely compactly packed if for each
family {Py}aen of prime submodules of M with N C Uyep Py, there exist aq, ..., o, € A such
that N C U, P,,. If N C Pg for some 3 € A, then N is called compactly packed . A module
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M is said to be finitely compactly packed ( compactly packed), if every proper submodule N
of M is finitely compactly packed ( compactly packed) submodule.

We will call a proper submodule N of M as (n—1, n)-p-classical prime finitely compactly packed
( or abriviated by (n — 1,n)-p-CFCP submodule) if for each family {Ny}aep of (n — 1,n)-
p-classical prime submodules of M with N C Ugep Ny, there exist aq,...,a, € A such that
N C U |N,,. If N C Ng for some € A, then N is called (n — 1,n)-p-classical prime
compactly packed (or abriviated by (n —1,n)-¢p- CCP submodule) . A module M is said to be
(n—1,n)-p-CFCP ( (n—1,n)-p-CCP) if every proper submodule is an (n — 1,n)-o-CFCP
( (n—1,n)-p-CCP) submodule of M.

For more details concerning finitely compactly packed (compactly packed) submodule of a

module refer to [0, [7] and [21)].

Proposition 2.23. Let M be an R-module, ¢1 and o : S(M) — S(M)U{D} be two functions
with @1 < @2 (i.e., for every of submodule N, p1(N) C w2(N)). If M is an (n — 1,n)-@a-
CCP ((n—1,n)-p2-CFCP) module, then M is an (n—1,n)-p1-CCP ((n—1,n)-p1-CFCP)

module.

Proof. 1t is clear directly from the definition that every (n—1,n)-p;-classical prime submodule
of M is an (n — 1,n)-gs-classical prime submodule of M. Now, assume that N be a proper
submodule of M with N C Uyep P, where P, is an (n—1,n)- ¢1-classical prime submodule of
M. Since P, is an (n—1,n)- go-classical prime submodule of M for each o € A, so N C Pg for
some 3 € A, because M is an (n—1,n)-p2-CCP module. Since Pg is an (n — 1, n)-¢i-classical
prime submodule of M and hence N is an (n — 1,n)-¢1-CCP submodule of M. Thus M is
an (n — 1,n)-p1-CCP module. Similarly, we can prove that if M is an (n — 1,n)-ps-CFCP
module, then M is an (n — 1,n)-p1-CFCP module.

Proposition 2.24. Every (n,n+1)-p-CCP (CFCP) module is an (n—1,n)-o-CCP (CFCP)

module.

Proof. The proof is straightforward.

Theorem 2.25. Let f : M — M’ be an epimorphism R-module, ¢ : S(M) — S(M)U{0} and
o S(M') = S(M")U{0} be two functions. Then the following conditions hold:

(i) If M is an (n — 1,n)-p-CFCP (CCP) module such that for every (n — 1,n)-¢'- classical
prime submodule L of M" with f~1(¢'(L)) C o(f~1(L)), then M’ is an (n — 1,n)-¢'-CFCP
(CCP) module.

(i7) If M" is an (n—1,n)-¢'-CFCP (CCP) module such that every (n—1,n)-p-classical prime
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submodule N of M with kerf C N and f(¢(N)) C ¢'(f(N)), then M is an (n—1,n)-p-CFCP
(CCP) module.

Proof. (i) Assume that P’ be a proper submodule of M’ with P" C |J,e, Li, where L, is an
(n—1,n)-¢'-classical prime submodule of M’ for each o € A. We get f~1(P") C U,ep fH(LL).
Since L/, is an (n — 1, n)-¢'-classical prime submodule of M for each o € A and f~1(¢/(L)) C
©(f~1(L.)), by Proposition 2.11, we have f~1(L’,) is an (n—1,n)-¢-classical prime submodule
of M for each @« € A. Since M is an (n — 1,n)-p-CFCP module, therefore there exist
o1, ..., € A such that f~1(P") € Ui, f~1(L},) and hence f~1(P') C f~1(UiL; L)) Since
f is an epimorphism R-module, so P" C |Ji_, Lj,,. It follows that P’ is an (n—1,n)-¢'-CFCP
submodule of M’. Therefore M’ is an (n — 1,n)-¢/-CFCP module. Simiarly, we can show
that P is an (n — 1,n)-¢’-CCP submodule of M’. Thus M’ is an (n — 1,n)-¢’-CCP module.
(ii) Let P be a proper submodule of M such that P C |J,cs Na where Ny is an (n — 1,n)-¢-
classical prime submodule of M for each o € A. We have f(P) C f(Uyea Na) = Ugen f(Na)-
Since N, is an (n — 1,n)-p-classical prime submodule of M, f(p(Na)) € ¢'(f(Na)) and
kerf C N, for each a € A, by Proposition 2.11, we get f(NNg) is an (n—1,n)-¢'-classical prime
submodule of M’. Since M’ is an (n — 1,n)-¢’-CFCP module, thus there exist oy, ...,a, € A
such that f(P) C U, f(Na,). Now, we show that P C |J | Na,. Let p € P and hence
f(p) € f(Ui; Na,). We have f(p) = f(g) for some g € |J;_; Na,. Therefore p —q € kerf C
No; and q € N, for some a; € {a1,...,an}. Thus p € N,,; and hence p € Uiy Nq,. This
shows that P is an (n — 1,n)-p-CFCP submodule of M and so M is an (n — 1,n)-¢o-CFCP
module. Likewise, we can prove that P is an (n — 1,n)-¢-CCP submodule of M and hence
M is an (n — 1,n)-p-CCP module.
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