
Algebraic Structures and Their Applications Vol. 6 No. 2 ( 2019 ) pp 67-80.

SOME REMARKS ON GENERALIZATIONS OF CLASSICAL PRIME

SUBMODULES

MASOUD ZOLFAGHARI∗ AND MOHAMMAD HOSSEIN MOSLEMI KOOPAEI

Abstract. Let R be a commutative ring with identity and M be a unitary R-module.

Suppose that φ : S(M) → S(M) ∪ {∅} be a function where S(M) is the set of all sub-

modules of M . A proper submodule N of M is called an (n − 1, n)-φ-classical prime sub-

module, if whenever r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N \ φ(N), then

r1 . . . ri−1ri+1 . . . rn−1m ∈ N , for some i ∈ {1, . . . , n− 1} (n > 3). In this work, (n− 1, n)-φ-

classical prime submodules are studied and some results are established.

1. Introduction

Throughout the paper, all rings are commutative with identity and all modules are unitary.

Generalizations of prime submodule play an important role in extending prime submodule.

Anderson and Bataineh [5] introduced various generalizations of prime ideals. Let ψ : I(R) →
I(R) ∪ {∅} be a function where I(R) is the set of all ideals of R. A proper ideal I of R is a

ψ-prime ideal, if ab ∈ I \ ψ(I) whenever a, b ∈ R, then a ∈ I or b ∈ I. Zamani [24] used this
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concept to φ-prime submodule, i.e, a proper submodule N of M is a φ-prime submodule if

rm ∈ N \φ(N) whenever r ∈ R and m ∈M , then m ∈ N or r ∈ (N :M), where φ : S(M) →
S(M) ∪ {∅} be a function and S(M) is the set of all submodules of M . Ebrahimpour and

Nekooei [13] defined (n− 1, n)-φ-prime submodule and (n− 1, n)-ψ-prime ideal and obtained

a number of results concerning (n − 1, n)-φ-prime submodules. Let ψ : I(R) → I(R) ∪ {∅}
be a function where I(R) is the set of all ideals of R. A proper ideal I of R is (n − 1, n)-ψ-

prime if r1 . . . rn ∈ I \ φ(I) whenever r1, . . . , rn ∈ R, then r1 . . . ri−1ri+1 . . . rn ∈ I for some

i ∈ {1, . . . , n}. This concept of (n−1, n)-φ-prime submodule has been studied similar to what

has been done for (n− 1, n)-φ-prime submodule. Mostafanasab et. al. [20] defined φ-classical

prime submodule. Let φ : S(M) → S(M) ∪ {∅} be a function where S(M) is the set of all

submodules of M . A proper submodule N of M is a φ-classical prime submodule of M if

abm ∈ N \ φ(N) whenever a, b ∈ R and m ∈ M , then am ∈ N or bm ∈ N . So taking

φ(N) = ∅ (resp. φ(N) = 0, φ(N) = (N : M)N , φ(N) = (N : M)m−1N , φ(N) =
∩∞
i=1(N :

M)iN) is a classical prime submodule (resp. weakly classical prime submodule, almost classical

prime submodule, m-almost classical prime submodule, ω-classical prime submodule). Some

properties of φ-classical prime submodules have been investigated (see[20]). In connection

with various definitions of prime submodules and prime ideals, a number of results concerning

prime submodules and prime ideals have been estabished in [3], [4], [6], [8], [10], [11], [15], [16],

[17] and [19].

In this work, we will continue this concept by a generalization of φ-classical prime submodules.

We define an (n− 1, n)-φ-classical prime submodule of M and investigate a number of results

concerning (n− 1, n)-φ-classical prime submodules. Let M be an R-module and φ : S(M) →
S(M) ∪ {∅} be a function where S(M) is the set of all submodules of M . Let N be a proper

submodule ofM and without loss of generality we may assume that φ(N) ⊆ N . A Submodule

N is an (n − 1, n)-φ-classical prime submodule of M if r1 . . . rn−1m ∈ N \ φ(N) whenever

r1, . . . , rn−1 ∈ R and m ∈ M , then r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈ {1, . . . , n − 1}
(n > 3). If φ(N) = ∅ (resp. φ(N) = 0, φ(N) = (N : M)N , φ(N) = (N : M)m−1N ,

φ(N) =
∩∞
i=1(N :M)iN), then a submoduleN is called an (n−1, n)-classical prime submodule

(resp. (n−1, n)-weakly classical prime submodule, (n−1, n)-almost classical prime submodule,

(n − 1, n)-m-almost classical prime submodule, (n − 1, n)-ω classical prime submodule). For

every two functions φ1 and φ2 : S(M) → S(M) ∪ {∅}, we say φ1 6 φ2 if φ1(N) ⊆ φ2(N) for

each N ∈ S(M). It is clear that every (n− 1, n)-φ1-classical prime submodule is an (n− 1, n)-

φ2-classical prime submodule of M . Also, if N is an (n − 1, n)-classical prime submodule of

M , then N is an (n, n + 1)-classical prime submodule of M . Now, let ψ : R → S be a ring

homomorphism and M be an S-module. If N is an (n− 1, n)-φ-classical prime submodule of

S-module M , then N is an (n− 1, n)-φ-classical prime submodule of R-module M .
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2. Results of (n− 1, n)-φ-Classical Prime Submodules

In the following theorem we give a characterzation of (n−1, n)-φ-classical prime submodule

(n > 3) similar to what has been done for (n − 1, n)-φ-prime submodule (see ([13], Theorem

2.6)). Also, this concept has been characterized for φ-classical prime submodules in ([20],

Theorem 2.11).

Theorem 2.1. Let φ : S(M) → S(M) ∪ {∅} be a function and N be a proper submodule of

M . Then the following conditions are equivalent:

(i) N is an (n− 1, n)-φ-classical prime submodule.

(ii) For r1, . . . , rn−2 ∈ R and m ∈M with r1 . . . rn−2m ∈M \N , we have

(N : r1 . . . rn−2m) =
∪n−2
i=1 (N : r1 . . . ri−1ri+1 . . . rn−2m) ∪

(φ(N) : r1 . . . rn−2m)(n ≥ 3).

Proof. (i) ⇒ (ii) Let r1 . . . rn−2m ∈ M \ N . Suppose that r ∈ (N : r1 . . . rn−2m), so

rr1 . . . rn−2m ∈ N . If rr1 . . . rn−2m ̸∈ φ(N), then rr1 . . . rn−2m ∈ N \ φ(N). Since N is an

(n−1, n)-φ-prime submodule, hence rr1 . . . ri−1ri+1 . . . rn−2m ∈ N , for some i ∈ {1, . . . , n−2}.
Thus r ∈ (N : r1 . . . ri−1ri+1 . . . rn−2m), for some i ∈ {1, . . . , n− 2}. If rr1 . . . rn−2m ∈ φ(N),

then r ∈ (φ(N) : r1 . . . rn−2m). So (N : r1 . . . rn−2m) ⊆
∪n−2
i=1 (N : r1 . . . ri−1ri+1 . . . rn−2m) ∪

(φ(N) : r1 . . . rn−2m). Now, since we assume that φ(N) ⊆ N , the other inclusion always holds.

(ii) ⇒ (i) Let r1, . . . , rn−1 ∈ R and m ∈M with r1 . . . rn−1m ∈ N \φ(N). If r1 . . . rn−2m ∈ N ,

then N is an (n − 1, n)-φ-classical prime. Now, we can suppose that r1 . . . rn−2m ̸∈ N .

So (N : r1 . . . rn−2m) =
∪n−2
i=1 (N : r1 . . . ri−1ri+1 . . . rn−2m) ∪ (φ(N) : r1 . . . rn−2m). Since

r1 . . . rn−1m ∈ N , so rn−1 ∈ (N : r1 . . . rn−2m). But rn−1 ̸∈ (φ(N) : r1 . . . rn−2m), be-

cause r1 . . . rn−2rn−1m ̸∈ φ(N). It follows that rn−1 ∈
∪n−2
i=1 (N : r1 . . . ri−1ri+1 . . . rn−2m).

Thus rn−1 ∈ (N : r1 . . . ri−1ri+1 . . . rn−2m), for some i ∈ {1, . . . , n − 2} and so

r1 . . . ri−1ri+1 . . . rn−2rn−1m ∈ N . Thus N is an (n − 1, n)-φ-classical prime submodule of

M .

We prove the following proposition that is similar to Proposition 2.27 of [20].

Proposition 2.2. Let φ : S(M) → S(M)∪{∅} be a function and N be a proper submodule of

M . Suppose that φ(N) be an (n− 1, n)-classical prime submodule of M . If N is an (n− 1, n)-

φ-classical prime submodule of M , then N is an (n − 1, n)-classical prime submodule of M

(n > 3).

Proof. Let r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N . If r1 . . . rn−1m ̸∈ φ(N), then

r1 . . . rn−1m ∈ N \ φ(N). Thus r1 . . . ri−1ri+1 . . . rn−1m ∈ N , for some i ∈ {1, . . . , n − 1}.
Hence N is an (n − 1, n)-classical prime submodule of M . We consider r1 . . . rn−1m ∈ φ(N).
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Since φ(N) is an (n − 1, n)-classical prime submodule, r1 . . . ri−1ri+1 . . . rn−1m ∈ φ(N) ⊆ N ,

for some i ∈ {1, . . . , n− 1} and so the proof is complete.

In the following proposition, we state relations between (n−1, n)-φ-classical prime submod-

ules and (n− 1, n)-φ-prime submodules of M (n > 3).

Proposition 2.3. Let φ : S(M) → S(M) ∪ {∅} and ψ : I(R) → I(R) ∪ {∅} be two functions

where S(M) is the set of all submodules of M and I(R) is the set of all ideals of R.

(i) If N is a φ-prime submodule of M , then N is an (n− 1, n)-φ-classical prime submodule of

M .

(ii) If N is an (n− 1, n)-φ-prime submodule of M and (N : M) is an (n− 2, n− 1)-ψ-prime

ideal of R with ψ((N :M)) ⊆ (φ(N) : m), for each m ∈M , then N is an (n−1, n)-φ-classical

prime submodule of M .

(iii) If N is an (n− 1, n)-φ- prime submodule and (N :M) is an (n− 2, n− 1)-prime ideal of

R, then N is an (n− 1, n)-φ-classical prime submodule of M (n > 3).

Proof. (i) Let r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N \ φ(N). Hence we have

r1(r2 . . . rn−1m) ∈ N \ φ(N). Since N is a φ-prime submodule of M , so r1 ∈ (N : M) or

r2 . . . rn−1m ∈ N . If r1 ∈ (N :M), then r1 . . . ri−1ri+1 . . . rn−1m ∈ N and from r2 . . . rn−1m ∈
N , we get that N is an (n− 1, n)-φ-classical prime submodule of M .

(ii) Let r1, . . . , rn−1 ∈ R and m ∈M with r1 . . . rn−1m ∈ N \ φ(N). Since N is an (n− 1, n)-

φ-prime submodule of M , so r1 . . . rn−1 ∈ (N : M) or r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some

i ∈ {1, . . . , n − 1}. If r1 . . . ri−1ri+1 . . . rn−1m ∈ N , for some i ∈ {1, . . . , n − 1}, then N is

an (n − 1, n)-φ-classical prime submodule of M . Now, we have r1 . . . rn−1 ∈ (N : M). Since

r1 . . . rn−1m ̸∈ φ(N), so r1 . . . rn−1 ̸∈ ψ((N : M)), because of ψ((N : M)) ⊆ (φ(N) : m)

for each m ∈ M . Thus we have r1 . . . rn−1 ∈ (N : M) \ ψ((N : M)). Since (N : M) is an

(n−2, n−1)-ψ-prime ideal ofR, so r1 . . . ri−1ri+1 . . . rn−1 ∈ (N :M), for some i ∈ {1, . . . , n−1}.
Therefore r1 . . . ri−1ri+1 . . . rn−1m ∈ N , for some i ∈ {1, . . . , n − 1}. Consequently, N is an

(n− 1, n)-φ-classical prime submodule.

(iii) It is straightforward.

The following theorem introduces the relation between ideal (N : M) of R and submodule

N of M in the case of generalization.

Theorem 2.4. Let M be an R-module and N be a proper submodule of M . Also, let φ :

S(M) → S(M) ∪ {∅} and ψ : I(R) → I(R) ∪ {∅} be two functions. Then the following

conditions hold:

(i) If N is an (n, n+ 1)-φ-classical prime submodule of M with (φ(N) : m) ⊆ ψ((N :M)) for
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each m ∈M , then (N :M) is an (n− 1, n)-ψ-prime ideal of R (n > 3).

(ii) If (N : m) is an (n− 2, n− 1)-ψ-prime ideal of R such that ψ((N : m)) ⊆ (φ(N) : m) for

each m ∈M , then N is an (n− 1, n)-φ-classical prime submodule of M .

Proof. (i) Let r1, . . . , rn ∈ R with r1 . . . rn ∈ (N : M) \ ψ((N : M)). Then r1 . . . rn ∈ (N :

M) and r1 . . . rn ̸∈ ψ((N : M)). So r1 . . . rnM ⊆ N and r1 . . . rn ̸∈ (φ(N) : m) for each

m ∈ M , hence r1 . . . rnm ∈ N \ φ(N) for each m ∈ M . Since N is an (n, n + 1)-φ-classical

prime submodule of M , so r1 . . . ri−1ri+1 . . . rnm ∈ N for some i ∈ {1, . . . , n}. Therefore

r1 . . . ri−1ri+1 . . . rn ∈ (N :M), for some i ∈ {1, . . . , n}, as required.
(ii) Let r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N \ φ(N). Then r1 . . . rn−1m ∈ N

and r1 . . . rn−1m ̸∈ φ(N). Since ψ((N : m)) ⊆ (φ(N) : m), so r1 . . . rn−1 ̸∈ ψ((N : m)) and

hence r1 . . . rn−1 ∈ (N : m)\ψ((N : m)). Since (N : m) is an (n−2, n−1)-ψ-prime ideal of R,

so r1 . . . ri−1ri+1 . . . rn−1 ∈ (N : m) for some i ∈ {1, . . . , n−1}. Thus r1 . . . ri−1ri+1 . . . rn−1m ∈
N , as required.

The following example shows that if N is an (n − 1, n)-classical prime submodule, then it

is not necessarily classical prime.

Example 2.5. Let M = Zp ⊕ Zq ⊕Q where p, q are two distinct prime integers. Notice that

N = ⟨(0, 0, 0)⟩ is a submodule of Z-module M . We show that N is a (3, 4)-classical prime

submodule, but is not (2, 3)-classical prime. Since pq(1, 1, 0) ∈ ⟨(0, 0, 0)⟩, but p(1, 1, 0) ̸=
(0, 0, 0) and q(1, 1, 0) ̸= (0, 0, 0). Therefore N is not classical prime submodule. Now, we

prove that N is a (3, 4)-classical prime submodule. Let n1, n2, n3 are nonzero integers and

(m,n, r) ∈ Zp ⊕ Zq ⊕ Q with n1n2n3(m,n, r) ∈ ⟨(0, 0, 0)⟩. We have n1n2n3m = 0 ∈ Zp,
n1n2n3n = 0 ∈ Zq and r = 0, so p|n1n2n3m and q|n1n2n3n such that 0 6 m 6 p − 1 and

0 6 n 6 q−1. Since p - m and q - n, therefore p|n1n2n3 and q|n1n2n3. Hence p|ninj and q|ninj
where i ̸= j, 1 6 i, j 6 3 and so ninj(m,n, 0) = (0, 0, 0). Consequently N is a (3, 4)-classical

prime submodule of M .

An R-module M is called a multiplication module if for every submodule N of M , N = IM

for some ideal I of R. We have I = (N :M), so N = (N :M)M . Let M be a multipilication

R-module and K, L be two submodules of M . Then there are ideals I, J of R such that

K = IM and L = JM and hence KL = IJM = IL. Also, for each m ∈ M we define

Lm = LRm, so Lm = JRm = Jm. We recall that the Nm is defined by Nm = (N : M)mM ,

clearly Nm is a submodule of M and Nm ⊆ N . For more details concerning multiplication

modules and the prime submodules of multiplication modules refer to [2], [14], [23].
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Definition 2.6. Suppose that M be a multiplication R-module and t > 2. A proper sub-

module N of M is said an (n− 1, n)-t-potent classical prime if whenever r1, . . . , rn−1 ∈ R and

m ∈M with r1 . . . rn−1m ∈ N t, then r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈ {1, . . . , n− 1}.

Now, we assert the following proposition that is similar to Propostion 2.7 of [20].

Proposition 2.7. Let M be a multiplication R-module and N be a proper submodule of M .

If N is an (n− 1, n)-m-almost classical prime submodule of M for some m > 2 and N is an

(n − 1, n)-t-potent classical prime submodule of M such that t 6 m, then N is an (n − 1, n)-

classical prime submodule of M (n > 3).

Proof. Suppose that N is an (n − 1, n)-m-almost classical prime submodule of M . Let

r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N . Since Nm ⊆ N t, r1 . . . rn−1m ̸∈ N t

implies that r1 . . . rn−1m ̸∈ Nm and hence r1 . . . rn−1m ∈ N \ Nm. On the other hand, we

have N \ Nm = N \ (N : M)mM = N \ (N : M)m−1(N : M)M = N \ (N : M)m−1N .

Thus r1 . . . rn−1m ∈ N \ (N : M)m−1N . Since N is an (n − 1, n)-m-almost classical prime

submodule of M , r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈ {1, . . . , n− 1}. Therefore N is an

(n− 1, n)-classical prime submodule of M . If r1 . . . rn−1m ∈ N t, because N is an (n− 1, n)-t-

potent classical prime submodule of M , then r1 . . . ri−1ri+1 . . . rn−1m ∈ N . Therefore N is an

(n− 1, n)-classical prime submodule of M .

Proposition 2.8. Let M be a free multiplication R-module and N be a proper submodule of

M such that (N :M)m be a prime ideal of R (m > 2). If N is an (n−1, n)-m-almost classical

prime submodule of M , then N is an (n− 1, n)-classical prime submodule of M .

Proof. Let r1, . . . , rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N . If r1 . . . rn−1m ̸∈ (N :

M)m−1N , then r1 . . . rn−1m ∈ N \ (N :M)m−1N . Since N is an (n− 1, n)-m-almost classical

prime of M and hence r1 . . . ri−1ri+1 . . . rn−1m ∈ N , for some i ∈ {1, . . . , n− 1}. Thus N is an

(n− 1, n)-classical prime submodule of M . Now suppose that r1 . . . rn−1m ∈ (N :M)m−1N =

(N : M)mM and {xα}α∈Λ be a basis for a free R-module M . Thus m =
∑

f.s r
′
αxα where

r′α ∈ R and hence
∑

f.s(r1 . . . rn−1)r
′
αxα ∈ (N : M)mM . It follows that r1 . . . rn−1r

′
α ∈ (N :

M)m for each α ∈ Λ. Since (N : M)m is a prime ideal of R, so r1 . . . rn−1 ∈ (N : M)m

or r′α ∈ (N : M)m. This shows that r1 . . . ri−1ri+1 . . . rn−1m ∈ (N : M)M = N for some

i ∈ {1, . . . , n− 1}, as required.

Theorem 2.9. Let M be a free multiplication R- module and f : M → M ′ be an R-module

epimorphism. Let N be a proper submodule of M such that kerf ⊆ N and (N : M) be a

prime ideal of R. If N is an (n − 1, n)-φ-classical prime submodule of M , then f(N) is an

(n− 1, n)-classical prime submodule of M ′.
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Proof. Let r1 . . . rn−1m
′ ∈ f(N) where r1, . . . , rn−1 ∈ R and m′ ∈ M ′. We have

r1 . . . rn−1f(m) ∈ f(N) where r1, . . . , rn−1 ∈ R and m′ = f(m) ∈ M ′ for some m ∈ M . Since

kerf ⊆ N , so r1 . . . rn−1m ∈ N . If r1 . . . rn−1m /∈ φ(N), then r1 . . . rn−1m ∈ N \ φ(N). Since

N is an (n− 1, n)-φ-classical prime submodule of M , so r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some

i ∈ {1, ..., n− 1} and hence r1 . . . ri−1ri+1 . . . rn−1m
′ ∈ f(N) for some i ∈ {1, ..., n− 1}. Thus

f(N) is an (n−1, n)-classical prime submodule ofM ′. Now, assume that r1 . . . rn−1m ∈ φ(N).

Since φ(N) ⊆ N and N = (N : M)M , so r1 . . . rn−1m ∈ (N : M)M . Suppose that

{xα}α∈Λ be a basis for a free R-module M , therefore m =
∑

f.s r
′
αxα where r′α ∈ R. We

get
∑

f.s r1 . . . rn−1r
′
αxα ∈ (N : M)M . It follows that r1 . . . rn−1r

′
α ∈ (N : M). Since

(N : M) is a prime ideal of R, so r1 . . . rn−1 ∈ (N : M) or r′α ∈ (N : M). This shows that

r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈ {1, ..., n−1}, hence r1 . . . ri−1ri+1 . . . rn−1m
′ ∈ f(N)

for some i ∈ {1, ..., n− 1}. So f(N) is an (n− 1, n)-classical prime submodule of M ′.

Theorem 2.10. Let M be a free multiplication R-module and N be a proper submodule of M

such that (N :M) be a prime ideal of R. If N is an (n− 1, n)-φ-classical prime submodule of

M , then N is an (n− 1, n)-classical prime submodule of M .

Proof. It is straightforward.

The following thorem is stated for φ-classical prime submodules of M (see ([20], Theorem

2.9)). We assert it for (n− 1, n)-φ-classical prime submodules of M .

Proposition 2.11. Let f : M → M ′ be an R-module epimorphism and φ : S(M) → S(M) ∪
{∅}, φ′ : S(M ′) → S(M ′) ∪ {∅} be two functions. Then the following conditions hold:

(i) If N is an (n − 1, n)-φ-classical prime submodule of M with kerf ⊆ N and f(φ(N)) ⊆
φ′(f(N)), then f(N) is an (n− 1, n)-φ′-classical prime submodule of M ′ (n > 3).

(ii) If L is an (n− 1, n)-φ′-classical prime submodule of M ′ and f−1(φ′(L))

⊆ φ(f−1(L)), then f−1(L) is an (n− 1, n)-φ-classical prime submodule of M (n > 3).

Proof. (i) There exists m ∈ M such that f(m) = m′, m′ ∈ M ′. Let r1, . . . , rn−1 ∈ R and

m′ ∈ M ′ with r1 . . . rn−1m
′ ∈ f(N) \ φ′(f(N)). We get f(r1 . . . rn−1m) ∈ f(N). Since

kerf ⊆ N , r1 . . . rn−1m ∈ N and since f(φ(N)) ⊆ φ′(f(N)), so r1 . . . rn−1m ̸∈ φ(N). There-

fore, r1 . . . rn−1m ∈ N \ φ(N). Since N is an (n − 1, n)-φ-classical prime submodule of M ,

r1 . . . ri−1ri+1 . . . rn−1m ∈ N , for some i ∈ {1, . . . , n − 1}. Thus, r1 . . . ri−1ri+1 . . . rn−1m
′ ∈

f(N) for some i ∈ {1, . . . , n− 1}.
(ii) It is quite similar to (i).
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Let R = R1×R2 andM =M1×M2 be an R-module where Ri is a commutative ring andMi

is an Ri-module for i = 1, 2. Assume thatN = N1×N2 be a proper submodule ofM =M1×M2

where Ni is a proper submodule ofMi for i = 1, 2. Let φ : S(M1×M2) → S(M1×M2)∪{∅} and
φi : S(Mi) → S(Mi)∪{∅} be functions with φ(N1×N2) = φ1(N1)×φ2(N2) for i = 1, 2. Now,

we prove the following theorems that some properties of this concept have been investigated

for φ-classical prime submodules ofM1×M2 (see ([20], Theorem 2.36, Theorem 2.39, Theorem

2.40, Theorem 2.41)).

Theorem 2.12. Let M1 ×M2 be an R1 × R2- module and Ni be a proper submodule of Mi

for i = 1, 2. If N1 ×N2 is an (n− 1, n)-φ-classical prime submodule M1 ×M2, then Ni is an

(n− 1, n)-φi-classical prime submodule of Mi for i = 1, 2.

Proof. Let i = 1, N1 ̸= M1, r1, . . . , rn−1 ∈ R1 and m1 ∈ M1 with r1 . . . rn−1m1 ∈
N1 \ φ1(N1). We have (r1 . . . rn−1m1, 0) ∈ N1 × N2 and (r1 . . . rn−1m1, 0) /∈ φ1(N1) ×
φ2(N2). So (r1 . . . rn−1m1, 0) = (r1, 1) . . . (rn−1, 1)(m1, 0) ∈ N1 × N2 \ φ1(N1) ×
φ2(N2). Since N1 × N2 is an (n − 1, n)-φ-classical prime submodule of M1 × M2, so

(r1, 1) . . . (ri−1, 1)(ri+1, 1) . . . (rn−1, 1)(m1, 0) ∈ N1 × N2 for some i ∈ {1, ..., n − 1} and hence

(r1 . . . ri−1ri+1 . . . rn−1m1, 0) ∈ N1 ×N2. Thus r1 . . . ri−1ri+1 . . . rn−1m ∈ N1. Therefore N1 is

an (n− 1, n)-φ1-classical prime submodule of M1.

Theorem 2.13. Let M1×M2 be an R1×R2-module and N1×N2 be a submodule of M1×M2

with Ni ̸= Mi for i = 1, 2. If N1 and N2 are (n− 1, n)-classical prime submodule of M1, M2,

resp., then N1 ×N2 is an (n− 1, n)-classical prime submodule of M1 ×M2.

Proof. Let (r1, r
′
1), ..., (rn−1, r

′
n−1) ∈ R1 × R2 and (m1,m2) ∈ M1 × M2 with

(r1, r
′
1)...(rn−1, r

′
n−1)(m1,m2) ∈ N1 × N2. We get r1...rn−1m1 ∈ N1 and r′1...r

′
n−1m2 ∈ N2.

SinceNi is an (n−1, n)- classical prime submodule ofMi for i = 1, 2, so r1...ri−1ri+1...rn−1m1 ∈
N1 for some i ∈ {1, ..., n− 1} and also, r′1...r

′
j−1r

′
j+1...r

′
n−1m2 ∈ N2 for some j ∈ {1, ..., n− 1}.

If i = j, then (r1, r
′
1)...(ri−1, r

′
i−1)(ri+1, r

′
i+1)...(rn−1, r

′
n−1)(m1,m

′
2) ∈ N1 × N2. Thus

N1 × N2 is an (n − 1, n)-classical prime submodule of M1 × M2. If i ̸= j, we have

(r1, r
′
1)...(rj , r

′
i)...(rn−1, r

′
n−1)(m1,m2) ∈ N1 ×N2, as required.

Corollary 2.14. Let M1×M2 be an R1×R2-module and φ : S(M1×M2) → S(M1×M2)∪{∅}
be a function with φ(N1×N2) = φ1(N1)×φ2(N2) where φi : S(Mi) → S(Mi)∪{∅} be a function

such that (φi(Mi) :Mi) = Ri for i = 1, 2. If Ni is an (n− 1, n)-φi- classical prime submodule

of Mi for i = 1, 2, then N1 ×M2 and M1 × N2 are (n − 1, n)-φ-classcal prime submodule of

M1 ×M2 (n ≥ 3).
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Proof. Let (r1, r
′
1), ..., (rn−1, r

′
n−1) ∈ R1 × R2 and (m1,m2) ∈ M1 × M2 with

(r1, r
′
1)...(rn−1, r

′
n−1)(m1,m2) ∈ N1 ×M2 \ φ(N1 ×M2). It follows that (r1...rn−1m1, r

′
1

...r′n−1m2) ∈ N1 ×M2 and (r1...rn−1m1, r
′
1...r

′
n−1m2) /∈ φ1(N1)× φ2(M2). So r1...rn−1

m1 ∈ N1 and r1...rn−1m1 /∈ φ1(N1), because r′1...r
′
n−1m2 ∈ φ2(M2) and hence

r1...rn−1m1 ∈ N1 \ φ1(N1). Since N1 is an (n − 1, n)-φ1-classical prime submod-

ule of M1, so r1...ri−1ri+1...rn−1m1 ∈ N1 for some i ∈ {1, ..., n − 1}. Therefore

(r1, r
′
1)...(ri−1, r

′
i+1)...(rn−1, r

′
n−1)(m1,m2) ∈ N1 × M2. Thus N1 × M2 is an (n − 1, n)-φ-

classical prime submodule of M1 ×M2.

Let S be a multiplicatively closed subset of R. We cognize that every submodule of S−1M

is of the form S−1N for some submodule N of M . Let φ : S(M) → S(M)∪ {∅} be a function

and define φS : S(S−1M) → S(S−1M) ∪ {∅} by φS(S
−1N) = S−1φ(N) and φS(S

−1N) = ∅
if φ(N) = ∅ where N is a submodule of M . Moreover, let M be an R-module. Then the

set of zero-divisors of M is denoted by ZR(M). Now, we state Theorem 2.28 in [20] for

(n− 1, n)-φ-classical prime submodules.

Theorem 2.15. Let M be an R-module and S be a multiplicatively closed subset of R such

that S−1(φ(N)) ⊆ φS(S
−1N).

(i) If N is an (n− 1, n)-φ-classical prime submodule of M with (N :M) ∩ S = ∅, then S−1N

is an (n− 1, n)-φS-classical prime submodule of S−1M .

(ii) If S−1N is an (n − 1, n)-φS-classical prime submodule of S−1M such that S ∩ ZR(N \
φ(N)) = ∅ and S ∩ ZR(M \ N) = ∅, then N is an (n − 1, n)-φ-classical prime submodule of

M .

Proof. (i) Let r1
s1
, ..., rn−1

sn−1
∈ S−1R and m

t ∈ S−1M with r1
s1
... rn−1

sn−1

m
t ∈ S−1N \ φS(S−1N).

We have r1...rn−1m
s1...sn−1t

∈ S−1N and r1...rn−1m
s1...sn−1t

/∈ φS(S
−1N). Then there exists u ∈ S such that

ur1...rn−1m ∈ N and ur1...rn−1m /∈ φ(N), so r1...rn−1(um) ∈ N \ φ(N). Since N is an

(n− 1, n)-φ-classical prime submodule of M , hence r1...ri−1ri+1...

rn−1(um) ∈ N for some i ∈ {1, ..., n − 1}. This shows that ur1...ri−1ri+1...rn−1m
us1...si−1si+1...sn−1t

=
r1
s1
... ri−1

si−1

ri+1

si+1
... rn−1

sn−1

m
t ∈ S−1N . Thus S−1N is an (n − 1, n)-φS-classical prime submodule

of S−1M .

(ii) See ([20], Theorem 2.28).

Definition 2.16. Let M be an R-module and N be a submodule of M . Then N is said

relatively divisible submodule denoted by RD-submodule, if rN = N ∩ rM for each r ∈ R.

R-module M is called prime module if rm = 0 where r ∈ R and m ∈M , then r ∈ Ann(M) or

m = 0. Now, we assert the following proposition.
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Proposition 2.17. Let M be a prime R-module and N be a proper submodule of M . If N

is an RD-submodule of M with Ann(M) ⊆ (φ(N) : M), then N is an (n − 1, n)-φ-classical

prime submodule of M .

Proof. Let r1, . . . rn−1 ∈ R and m ∈ M with r1 . . . rn−1m ∈ N \ φ(N). Since N is a RD-

submodule, so (r1 . . . rn−1)M ∩N = (r1 . . . rn−1)N and hence r1 . . . rn−1m ∈ (r1 . . . rn−1)M ∩
N = (r1 . . . rn−1)N . Therefore r1 . . . rn−1m = r1 . . . rn−1m

′ for some m′ ∈ N and so

(r1 . . . rn−1)(m−m′) = 0. Since M is prime, hence r1 . . . rn−1 ∈ Ann(M) or m−m′ = 0. But

if r1 . . . rn−1 ∈ Ann(M), then r1 . . . rn−1 ∈ (φ(N) :M), so r1 . . . rn−1m ∈ φ(N) which contra-

dicts with our assumption. Thusm−m′ = 0, hencem ∈ N and so r1 . . . ri−1ri+1 . . . rn−1m ∈ N

for some i ∈ {1, ..., n− 1}, as required.

Definition 2.18. [22] A commutative ring R is called a u-ring if for each ideal I of R with

I ⊆ ∪ni=1Ii, then I ⊆ Ij for some j ∈ {1, ..., n} where Ii is an ideal of R and R is a um-ring if

for each R-module M with M = ∪ni=1Ni, then M = Nj for some j ∈ {1, ..., n} where Ni is a

submodule of M .

Marcelo and Masque ([18], p. 273) proved that a proper submodule N of an R-module

M is a prime submodule of M if and only if the natural homomorphism θr : M
N → M

N by

θr(m+N) = rm+N is zero or one-to-one. Furthermore, let F be a flat R-module and N be a

prime submodule of M . Azizi ([9], Lemma 3.2) showed that if F ⊗N is a proper submodule of

F ⊗M , then F ⊗N is a prime submodule of F ⊗M . Also, for every flat R-module F we have

F⊗(P : r) = (F⊗P : r) where P is a submodule ofM . Ebrahimpour and Mirzaee proved that

if F is a flat R-module and N is a weakly semiprime submodule of M with F ⊗N ̸= F ⊗M ,

then F ⊗ N is a weakly semiprime submodule of F ⊗M (see [12],Theorem 2.22)). Now, let

R be a um-ring, M be an R-module, F be a flat R-module and φ : S(M) → S(M) ∪ {∅} be

a function. Assume that N is a proper submodule of M such that φ(F ⊗N) = F ⊗ φ(N). If

N is a φ-classical prime submodule of M with F ⊗N ̸= F ⊗M , then F ⊗N is a φ-classical

prime submodule of F ⊗M (see ([20], Theorem 2.18)). We state Theorem 2.18 in [20] for

(n− 1, n)-φ-classical prime submodules. Firstly, we state two propositions similar to Theorem

2.11 and Theorem 2.14 in [20].

Proposition 2.19. Let M be an R-module, N be a proper submodule of M and φ : S(M) →
S(M) ∪ {∅} a function.The following conditions are equivalent:

(i) N is an (n− 1, n)-φ-classical prime submodule of M ;

(ii) For every r1, . . . , rn−1 ∈ R, (N :M r1 . . . rn−1) = (φ(N) :M r1 . . . rn−1)

∪(N :M r1 . . . ri−1ri+1 . . . rn−1), for some i ∈ {1, ..., n− 1}.
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Proof. (i) ⇒ (ii) Let m ∈ (N :M r1 . . . rn−1), so r1 . . . rn−1m ∈ N . If r1 . . . rn−1m ∈ φ(N),

then m ∈ (φ(N) :M r1 . . . rn−1). Now, suppose that r1 . . . rn−1m /∈ φ(N) and hence

r1 . . . rn−1m ∈ N \ φ(N). Since N is an (n − 1, n)-φ-classical prime submodule of M ,

so r1 . . . ri−1ri+1 . . . rn−1m ∈ N . Thus m ∈ (N :M r1 . . . ri−1ri+1 . . . rn−1), for some

i ∈ {1, ..., n− 1}. Conversely, if m ∈ (φ(N) :M r1 . . . rn−1) ∪ (N :M r1 . . . ri−1ri+1 . . . rn−1) for

some i ∈ {1, ..., n− 1}. Since φ(N) ⊆ N , therefore m ∈ (N :M r1 . . . rn−1).

(ii) ⇒ (i) Let r1 . . . rn−1m ∈ N \ φ(N) whenever r1, . . . , rn−1 ∈ R and m ∈ M . Then

m ∈ (N :M r1 . . . rn−1) and m /∈ (φ(N) :M r1 . . . rn−1). By our assumption, we have

m ∈ (N :M r1 . . . ri−1ri+1 . . . rn−1) for some i ∈ {1, ..., n− 1}. Accordingly, N is an (n− 1, n)-

φ-classical prime submodule of M .

Proposition 2.20. Let M be an R-module, R be a um-ring and N be a proper submodule

of M . Asuume that φ : S(M) → S(M) ∪ {∅} be a function. The following conditions are

equivalent:

(i) N is an (n− 1, n)-φ-classical prime submodule of M ;

(ii) For every r1, . . . , rn−1 ∈ R, (N :M r1 . . . rn−1) = (φ(N) :M r1 . . . rn−1) or (N :M

r1 . . . rn−1) = (N :M r1 . . . ri−1ri+1 . . . rn−1) for some i ∈ {1, ..., n− 1}.

Proof. By Proposition 2.19 and Definition 2.18, the proof is clear.

Theorem 2.21. Suppose thatM be an R-module, R be a um-ring and φ : S(M) → S(M)∪{∅}
be a function. Let N be a proper submodule of M and F be a flat R-module with φ(F ⊗N) =

F ⊗φ(N). If N is an (n− 1, n)-φ-classical prime submodule of M such that F ⊗N ̸= F ⊗M ,

then F ⊗N is an (n− 1, n)-φ-classical prime submodule of F ⊗M .

Proof. Let r1, . . . , rn−1 ∈ R, by Proposition 2.20, we have (N :M r1 . . . rn−1) = (φ(N) :M

r1 . . . rn−1) or (N :M r1 . . . rn−1) = (N :M r1 . . . ri−1ri+1 . . . rn−1). If (N :M r1 . . . rn−1) =

(φ(N) :M r1 . . . rn−1) by ([8], Lemma 3.2), (F ⊗ N :F⊗M r1 . . . rn−1) = F ⊗ (N :M

r1 . . . rn−1) = (F ⊗ φ(N) :F⊗M r1 . . . rn−1) = (φ(F ⊗ N) :F⊗M r1 . . . rn−1). Now, assume

that (N :M r1 . . . rn−1) = (N :M r1 . . . ri−1ri+1 . . . rn−1), by ([8], Lemma 3.2), (F ⊗ N :F⊗M

r1 . . . rn−1) = F ⊗ (N :M r1 . . . rn−1) = F ⊗ (N :M r1 . . . ri−1ri+1 . . . rn−1) = (F ⊗ N :F⊗M

r1 . . . ri−1ri+1 . . . rn−1). Accordingly, by Proposition 2.20, we conclude that F ⊗ N is an

(n− 1, n)-φ-classical prime submodule of F ⊗M .

Definition 2.22. A proper submodule N of M is called finitely compactly packed if for each

family {Pα}α∈Λ of prime submodules of M with N ⊆ ∪α∈ΛPα, there exist α1, ..., αn ∈ Λ such

that N ⊆ ∪ni=1Pαi . If N ⊆ Pβ for some β ∈ Λ, then N is called compactly packed . A module
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M is said to be finitely compactly packed ( compactly packed), if every proper submodule N

of M is finitely compactly packed ( compactly packed) submodule.

We will call a proper submoduleN ofM as (n−1, n)-φ-classical prime finitely compactly packed

( or abriviated by (n − 1, n)-φ-CFCP submodule) if for each family {Nα}α∈Λ of (n − 1, n)-

φ-classical prime submodules of M with N ⊆ ∪α∈ΛNα, there exist α1, ..., αn ∈ Λ such that

N ⊆ ∪ni=1Nαi . If N ⊆ Nβ for some β ∈ Λ, then N is called (n − 1, n)-φ-classical prime

compactly packed (or abriviated by (n−1, n)-φ- CCP submodule) . A module M is said to be

(n− 1, n)-φ-CFCP ( (n− 1, n)-φ-CCP ) if every proper submodule is an (n− 1, n)-φ-CFCP

( (n− 1, n)-φ-CCP ) submodule of M .

For more details concerning finitely compactly packed (compactly packed) submodule of a

module refer to [1], [7] and [21].

Proposition 2.23. Let M be an R-module, φ1 and φ2 : S(M) → S(M)∪{∅} be two functions

with φ1 ≤ φ2 (i.e., for every of submodule N , φ1(N) ⊆ φ2(N)). If M is an (n − 1, n)-φ2-

CCP ((n− 1, n)-φ2-CFCP ) module, then M is an (n− 1, n)-φ1-CCP ((n− 1, n)-φ1-CFCP )

module.

Proof. It is clear directly from the definition that every (n−1, n)-φ1-classical prime submodule

of M is an (n − 1, n)-φ2-classical prime submodule of M . Now, assume that N be a proper

submodule of M with N ⊆ ∪α∈ΛPα where Pα is an (n−1, n)- φ1-classical prime submodule of

M . Since Pα is an (n−1, n)- φ2-classical prime submodule ofM for each α ∈ Λ, so N ⊆ Pβ for

some β ∈ Λ, because M is an (n−1, n)-φ2-CCP module. Since Pβ is an (n−1, n)-φ1-classical

prime submodule of M and hence N is an (n − 1, n)-φ1-CCP submodule of M . Thus M is

an (n − 1, n)-φ1-CCP module. Similarly, we can prove that if M is an (n − 1, n)-φ2-CFCP

module, then M is an (n− 1, n)-φ1-CFCP module.

Proposition 2.24. Every (n, n+1)-φ-CCP (CFCP ) module is an (n−1, n)-φ-CCP (CFCP )

module.

Proof. The proof is straightforward.

Theorem 2.25. Let f :M →M ′ be an epimorphism R-module, φ : S(M) → S(M)∪{∅} and

φ′ : S(M ′) → S(M ′) ∪ {∅} be two functions. Then the following conditions hold:

(i) If M is an (n− 1, n)-φ-CFCP (CCP ) module such that for every (n− 1, n)-φ′- classical

prime submodule L of M ′ with f−1(φ′(L)) ⊆ φ(f−1(L)), then M ′ is an (n − 1, n)-φ′-CFCP

(CCP ) module.

(ii) If M ′ is an (n−1, n)-φ′-CFCP (CCP ) module such that every (n−1, n)-φ-classical prime
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submodule N ofM with kerf ⊆ N and f(φ(N)) ⊆ φ′(f(N)), thenM is an (n−1, n)-φ-CFCP

(CCP ) module.

Proof. (i) Assume that P ′ be a proper submodule of M ′ with P ′ ⊆
∪
α∈Λ L

′
α where L′

α is an

(n−1, n)-φ′-classical prime submodule ofM ′ for each α ∈ Λ. We get f−1(P ′) ⊆
∪
α∈Λ f

−1(L′
α).

Since L′
α is an (n−1, n)-φ′-classical prime submodule of M ′ for each α ∈ Λ and f−1(φ′(L′

α) ⊆
φ(f−1(L′

α)), by Proposition 2.11, we have f−1(L′
α) is an (n−1, n)-φ-classical prime submodule

of M for each α ∈ Λ. Since M is an (n − 1, n)-φ-CFCP module, therefore there exist

α1, ..., αn ∈ Λ such that f−1(P ′) ⊆
∪n
i=1 f

−1(L′
αi
) and hence f−1(P ′) ⊆ f−1(

∪n
i=1 L

′
αi
). Since

f is an epimorphism R-module, so P ′ ⊆
∪n
i=1 L

′
αi
. It follows that P ′ is an (n−1, n)-φ′-CFCP

submodule of M ′. Therefore M ′ is an (n − 1, n)-φ′-CFCP module. Simiarly, we can show

that P ′ is an (n− 1, n)-φ′-CCP submodule of M ′. Thus M ′ is an (n− 1, n)-φ′-CCP module.

(ii) Let P be a proper submodule of M such that P ⊆
∪
α∈ΛNα where Nα is an (n− 1, n)-φ-

classical prime submodule of M for each α ∈ Λ. We have f(P ) ⊆ f(
∪
α∈ΛNα) =

∪
α∈Λ f(Nα).

Since Nα is an (n − 1, n)-φ-classical prime submodule of M , f(φ(Nα)) ⊆ φ′(f(Nα)) and

kerf ⊆ Nα for each α ∈ Λ, by Proposition 2.11, we get f(Nα) is an (n−1, n)-φ′-classical prime

submodule of M ′. Since M ′ is an (n− 1, n)-φ′-CFCP module, thus there exist α1, ..., αn ∈ Λ

such that f(P ) ⊆
∪n
i=1 f(Nαi). Now, we show that P ⊆

∪n
i=1Nαi . Let p ∈ P and hence

f(p) ∈ f(
∪n
i=1Nαi). We have f(p) = f(q) for some q ∈

∪n
i=1Nαi . Therefore p − q ∈ kerf ⊆

Nαj and q ∈ Nαj for some αj ∈ {α1, ..., αn}. Thus p ∈ Nαj and hence p ∈
∪n
i=1Nαi . This

shows that P is an (n− 1, n)-φ-CFCP submodule of M and so M is an (n− 1, n)-φ-CFCP

module. Likewise, we can prove that P is an (n − 1, n)-φ-CCP submodule of M and hence

M is an (n− 1, n)-φ-CCP module.
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