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ON THE EIGENVALUES OF CAYLEY GRAPHS ON GENERALIZED
DIHEDRAL GROUPS

FATEMEH AFSHARI* AND MOHAMMAD MAGHASEDI

ABSTRACT. Let I' be a graph with adjacency eigenvalues \1 < A2 < ... < A,. Then
the energy of T, a concept defined in 1978 by Gutman, is defined as £(G) = >, |\il.
Also the Estrada index of I', which is defined in 2000 by Ernesto Estrada, is defined as
EET) =", ei. In this paper, we compute the eigenvalues, energy and Estrada index of
Cayley graphs on generalized dihedral groups. As an application, we compute these items for

honeycomb toroidal graphs and Cayley graphs on dihedral groups.

1. INTRODUCTION

In this paper, graphs are finite, undirected and simple. Also groups are finite. Let I" be a
finite simple graph with n vertices. The adjacency matriz A of I" is an n X n matrix where its
rows and columns are indexed by vertices of I" and its (u,v)-entry is 1 whenever the vertices
u and v are adjacent and 0 otherwise. The characteristic polynomial of A, pa(A) is defined
as det(A — A). The roots of pa(A) are called eigenvalues of I'. Since I' is undirected, its

adjacency matrix is symmetric and so its eigenvalues are real. Spectral graph theory has
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many applications such as the study of the stability of molecules [8]. The energy of a graph,
a concept of chemistry which is associated with the eigenvalues of graph, is defined in 1978
by Gutman as the sum of the absolute values of the eigenvalues of the graph [8]. Another
quantity, related to the eigenvalues of a graph, which has many applications in chemistry and
computer science, the Estrada index of a graph, is defined in 2000 by Ernesto Estrada [G].

Let G be a finite group and T'=T"! C G\ {1}. The Cayley graph on G with respect to T,
Cay(G,T), is a graph with vertex set G and edge set {{g,tg} | g € G,t € T'}. By a theorem of
Sabidussi [I3], a graph I' is a Cayley graph on G if its automorphism group contains a regular
subgroup, on the vertex of I', isomorphic to G. There are many famous graphs which are
Cayley graphs, such as complete graphs and cycles.

In 1975, Lovész [0 proved that the computation of eigenvalues of any vertex-transitive
graph can be reduced to that of some Cayley graph. Babai [4] proposed an explicit formula for
the spectrum of a Cayley graph on G in terms of irreducible characters of G. Then, Diaconis
and Shahshahani [5] presented the adjacency matrix of a Cayley graph on a group G in
terms of irreducible representations of G and determined its eigenvalues, see also [2, Corollary
7). Although determining the eigenvalues of Cayley graphs reduces to finding irreducible
representations or characters, determining irreducible representations and characters of finite
groups is not easy in general. But the irreducible representations and characters of finite
abelian groups are fully determined. Semi-Cayley graphs which are a generalization of Cayley
graphs defined by Resmini and Jungnickel [2], see also [B]. A graph I is called a semi-Cayley
graph over G if its automorphism group contains a semiregular subgroup isomorphic to G with
two orbits. Let I' be a semi-Cayley graph over a group GG. Then there exist subsets R, L and
S of a G such that R = R™!, L = L™! and RU L does not contain the identity element of
G such that I' 2 SC(G; R, L, S), where SC(G; R, L, S) is an undirected graph with vertex set
G x {1,2} and its edge set consists of three sets:

{{(z,1),(y,1)} | yz~" € R} (right edges),
{{(2,2), (y,2)} |[yz~' € L} (left edges),

{{(z,1),(y,2)} |yz~t € S} (spoke edges).

A generalized dihedral group is a semidirect product of an abelian group with a subgroup of
order 2. Hence it has an abelian subgroup of index 2. It has been proved in [2, Lemma 8] that
every Cayley graph on a group G having a subgroup H of index 2 is a semi-Cayley graph over
H. Eigenvalues of semi-Cayley graphs are determined in [2, Theorem 6]. By the motivation
of [i2], we use [B, Theorem 6] to determine the eigenvalues of Cayley graphs on generalized

dihedral groups, their energy and Estrada index which are the aim of paper. For the group
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theoretic and representation theoretic terminology not defined here, we refer the reader to [I0]

and [9], respectively.

2. MAIN RESULT

Let us recall some representation theory of finite groups which will be used in this paper,
for more details see [d]. Let G be a finite group. A (complex) representation of G of degree
n is a group homomorphism p : G — GL(n,C). A (complex) character of G afforded by p is
the function given by x : G — C, where x(g) is equal to the trace of p(g). The representation
p is called irreducible if every n x n matrix A which satisfies p(g)A = Ap(g) for all g € G has
the form A = AI,, where A € C and [,, is the identity matrix of rank n. The character y is
called irreducible if p is irreducible. T'wo representations p and o of same degree n are called
equivalent if there exists an invertible n x n matrix 7" such that for all g € G, To(g) = p(g9)T.
We denote the set of all inequivalent irreducible representations and inequivalent irreducible
characters of G by irr(G) and Irr(G), respectively. The size of Irr(G) is equal to the number
of conjugacy classes of G [4, Corollary 2.7]. In general, it is not easy to find the set of
inequivalent irreducible representations and characters of a given group. If G is abelian then
all of its irreducible representations are of degree 1 and so irr(G) = Irr(G).

In this paper, we need irreducible characters of finite abelian groups. Irreducible characters
of these groups are well-known. Here we recall it. Let G be a finite abelian group. Then [IT,
Theorem 2.1.3] implies that G = (g1) X (g2) X ... X (gn). Llet gk has order ng. Then irreducible

Tig

characters of (gi) are x; : (gx) — C, where x;(g.) =e " and j,l =0,...,n; — 1. Hence by

[@, Theorem 4.2.1], irreducible characters of G are
. n lrjr
Nitroin : G = €, Xgiga (g gp) = €725 0< G <mp =1, 1< <

Let f be a representation or a character of G of degree n and X be a subset of G. Then we
denote Y~y f(z) by f(X). If X =0, we put f(X) = O or 0, whenever f is a representation
or a character, respectively, where O is the n X n zero matrix.

First let us start with an easy lemma which says that any Cayley graph over a group having

a subgroup of index 2 is a semi-Cayley graph over that subgroup.

Lemma 2.1. Let I' = Cay(G,T) be a Cayley graph on a group G having a subgroup H of
inder 2. Let {1,a} be a left transversal to H in G. Then I' = SC(H; R,aRa™!,S), where
R=HNT and S=HNal.

Proof. By [2, Lemma 8], I' = SC(H; R, L,S), where R = HNT, L = HNaTa ! and S =
HnNaT. Since H is of index 2, it is a normal subgroup of G. Hence aHa~' = H. Thus
L=aHa 'NaTa ' =a(HNT)a"' =aRa~", which completes the proof. |
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In the following theorem we determine the eigenvalues of Cayley graphs over finite groups

having a subgroup of index 2.

Theorem 2.2. Let G be a group having a subgroup H of index 2 with left transversal {1,a}
in G, irr(H) ={p1,...,pm} and I' = Cay(G,T). Then the set of eigenvalues of I is the union

of the set of eigenvalues of A;, 1 =1,...,m, where

A — pi(R) pu(S) 7

pi(S7Y)  pi(aRa™)

R=HNT and S = HNTa™'. Furthermore, if X is an eigenvalue of A; with multiplicity of
my(A) then X is an eigenvalue of T with multiplicity >, dymy(X\), where d; is the degree of p;.

Proof. By Lemma 1, I' & SC(H; R,aRa"!,5), where R= HNT and S = HNaT. Now,
putting n = 2 in [2, Theorem 6], we can get the result. |

In the following result, we assume that H is abelian in Theorem P22.

Corollary 2.3. Let G be a finite group having an abelian subgroup H of index 2, {1,a} be a
left transversal of H in G and Irr(H) = {x1,...,Xm} and I' = Cay(G,T). Then eigenvalues
of I' are

xit(R) + [xi(S)], xa(R) = [xi(S)]

wherel=1,...,m, R=HNT and S=HNTa '

Proof. First note that since H is abelian, Irr(H) = irr(H). Furthermore, for each x € Irr(H)
we have x(eRa™Y) = ¥, cpx(ara™) = Yepx(r) = x(R) and x(S7) = ¥, cox(s7)) =

Y ses X(8) = x(5). Now, by Theorem Z3, the set of eigenvalues of I' is the union of the set of

eigenvalues of matrices

xi(R) xu(9)
x(S) xui(R)

where [ = 1,...,m. On the other hand, A4; has eigenvalues x;(R) + |x;(5)| and x;(R) — |x:(S)],

A=

which completes the proof. |

The following example is a direct consequence of Corollary 223 and the fact that irreducible

characters of H = () = Z, are Xo, ..., Xn_1, Where xx(z!) = et

Example 2.4. Let G = (z,y | 2" = y*> = (2y)? = 1) be the dihedral group of order 2n,

T=T"1CG\ {1} and I = Cay(G,T). Then one of the following happens:

2miliy

(1) T = {z%y,...,2%y}. In this case eigenvalues of I are +k and +| Zle e n |, where
l=1,...,n—1.
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2miliy

(2) T = {z%,...,2%}. In this case eigenvalues of ' are -k and Ele e n  with multi-

plicity 2, where [ =1,...,n — 1.
(3) T = {a,... a% xty, ..., 2%sy}. In this case eigenvalues of I' are r + s, r — s and

2milig

dege m E> eIt |, where [ =1,...,n— 1.
Corollary 2.5. Keeping the notations of Corollary 223, the Estrada index of ', EE(T), is

equal to 237", X1 cosh(|x;(S)|), where R = HNT and S = H N Ta~'. Furthermore,
E() < |G[[T| = 2min{|R], [S]}.

Proof. By Corollary I3, eigenvalues of I are x;(R)+|x:(5)|, xi(R)—|xi(S)| wherel =1,...,m,
R=HNT and S = HNTa !. For real numbers z,y we have e*¥ + etV = e%(e¥ + e7Y) =
2e” cosh(y). Also EE(T') = >\ cqpec(n) e*. To complete the proof, it is enough to replace the
eigenvalues.

Now we find the upper bond of the energy of I'. Let x1 be the trivial character of H. Then
x1(R) = |R|, x1(5) = |S| and we have

Er) = Y A

AeSpec(I')

= > (balB®) + )l + ba(®) = ba()]l)

=1
= 2max{|RLIS]H+ 3 (W) + ha(S)l + (@) - a(S)1)
=2

IN

2max{|R|,|S|} + 2 Z <|X1(R)\ + ]Xz(S)\) (by the triangular inequality).
=2

On the other hand, for [ > 2 we have |x;(R)| = |X_,cpxi(r)] < X ,.crlxi(r)| and, by [9,
Lemma 2.15(c)], for all » € R, |x;(r)] < 1. Hence |x;(R)| < |R|. Similarly, |x;(S)] < |S].
Hence £(I') < 2max{|R|, |S|} +2(m —1)(|R|+|S]). On the other hand, 2m = 2|H| = |G| and
|R|+|S|=|HNT|+|HNTa | = |HNT|+|(HaNT)a | = |[HNT|+|HaNT| = |T|. Hence
EM) < 2max{|R|,|S|} +|GIT| — 2(|R| + |S]) = |G||T| — 2min{|R|,|S|}. This completes the
proof. |

Given an abelian group H, the generalized dihedral group Dy = (H, a) is a group generated
by H and an element a such that a ¢ H, a®> = 1 and aha = h™! for all h € H. It is easy to

see that H is a normal subgroup of G of index 2. So we have the following result.

Corollary 2.6. Let H = (x1) X...x (xy,) be a finite abelian group, x; has order n;, G = (H,a)
be a generalized dihedral group, and suppose that I' = Cay(G,T), where T = {a, hia, haa} for
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some elements h, = :c’llxzf .zl oand hyg = xﬂxf m of H. Then eigenvalues of ' are

— J)l il l
£ 13 +2 cos zﬂzwwco %Z Il +coszﬁszk)
Nk ng

where for each k, Iy € {0,...,n — 1}. In particular, EE(T) is equal to

mnkl

(i — Jr)lk klk ]klk
2 h < )
ZZCOS 3+ 2( cos( 2772 ) + cos 2712 ) + cos( 2772 o))
k=1 lx=0 k=1
and the energy of I' is equal to
m np—1 m (Z _] i m ] I
QZZ 3+2<cos(27r k=)l ) + cos 271'2 kk cos(2m ﬂ))
k=1 1;,=0 k=1 k=1

Proof. First note that since a ¢ H, we have HNT = ). Also HNTa~' = {1, hy, ha}. Let x be
a fixed irreducible character of H. Then there exists mtegers l1,...,ly, where 0 < [, < ng—1,

such that x(h1) = TR and x(h2) = SR e . This implies that

11+ x(h1) + x(ha)] = \/3 + 2((:08(91 — 03) + cos(61) + cos(ez)),

where 01 = 27> " | ile and 0y = 27 Yoy &l - Thus, by Corollary P23, eigenvalues of I' are

ng ng
(ik — Jr)lk gl
E— Jk ixl k klk
+ 3+2(cos (27 ——= =) + cos(2m + cos(2m —),
e
where 0 <[, < ng. The second part is a direct consequence of the first part. |

Now we are ready to compute the eigenvalues, energy and FKEstrada index of honey-
comb toroidal graphs as an application of Corollary Z8. The honeycomb toroidal graph
HTG(m,2n,s), where m,n and s are positive integers, n > 1 and m + s is even, is a trivalent
graph which is called generalized honeycomb tori by some authors, has been studied in several
contexts. These graphs have been suggested as an attractive architecture for interconnection

networks in parallel and distributed applications, and have been studied by various authors
[m].
Corollary 2.7. We have ezxact formulas for eigenvalues, Estrada inder and energy of any

honeycomb toroidal graph.

Proof. Let I' = HTG(m,2n,s) be a honeycomb toroidal graph. By [i, Theorem 3.4], I' is a
Cayley graph on generalized dihedral group Dy = (H,7), where H = (x,y), 2" = 12 = 1,
zy = yx, y" = M2 rrr = 271 and Tyr = y~ !, with respect to T = {7, 71z, Ty}
Since H is abelian, there exist elements x1,...,x,, of H such that x; has order n; and H =
(1) X ... X (). Let & = 21'2% .. 2im andy = .1‘J1£C%2 ... 237 Then one can exactly determine

eigenvalues, Estrada index and energy of I' using Corollary 4. |
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