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AN ALGEBRAIC CONSTRUCTION OF QC-LDPC CODES BASED ON

POWERS OF PRIMITIVE ELEMENTS IN A FINITE FIELD AND FREE

OF SMALL ETSS

FARZANE AMIRZADE, MEYSAM ALISHAHI AND MOHAMMAD-REZA (RAFSANJANI) SADEGHI∗

Abstract. An (a, b) elementary trapping set (ETS), where a and b denote the size and

the number of unsatisfied check nodes in the ETS, influences the performance of low-density

parity-check (LDPC) codes. The smallest size of an ETS in LDPC codes with column weight

3 and girth 6 is 4. In this paper, we concentrate on a well-known algebraic-based construction

of girth-6 QC-LDPC codes based on powers of a primitive element in a finite field Fq. For

this structure, we provide the sufficient conditions to obtain 3×n submatrices of an exponent

matrix in constructing girth-6 QC-LDPC codes whose ETSs have the size of at least 5. For

structures on finite field Fq, where q is a power of 2, all non-isomorphic 3× n submatrices of

the exponent matrix which yield QC-LDPC codes free of small ETSs are presented.

1. Introduction

Quasi-cyclic low-density parity-check codes (QC-LDPC codes) are preferred to other types

of LDPC codes because of their simple implementation and favorable performance. There are
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two general techniques for constructing LDPC codes: algebraic-based and graph-theoretic-

based constructions. There are many articles in the literature to construct algebraic-based

QC-LDPC codes, see for example [5, 9, 10, 11, 13, 15, 16]. The general process can be

summarized as follows.

Given a finite field Fq, where q is a prime power. Let α ∈ Fq be a primitive element. The

powers of α, α−∞ = 0, α0 = 1, α1, α2, . . . , αq−2 give us the elements of Fq and αq−1 = 1. For

each nonzero element αj of Fq, 0 ≤ j ≤ q − 2, we construct a (q − 1) × (q − 1) circulant

permutation matrix (or CPM) in which the only nonzero element of its top row is located at

the j-th position. The i-th row of the matrix is formed by i right cyclic shifts of the first row.

Moreover, the zero element of Fq corresponds to the zero matrix (ZM) of order q − 1. We

consider an exponent matrix B whose elements belong to the finite field Fq. Then, in order to

get a parity-check matrix H, all nonzero elements of B (or a submatrix of B) are substituted

by circulant permutation matrices, and all zero elements by a zero matrix. The null space of

the obtained sparse parity-check matrix is an (ℓ, k) QC-LDPC code, where ℓ is the length of

the code and k is the rank of the parity-check matrix.

A (γ, n)-regular LDPC code is a code whose parity-check matrix has γ ones in each column

and n ones in every row. In order to obtain a (γ, n)-regular QC-LDPC code, all zero elements

of the exponent matrix are avoided or the equal number of zero elements are selected for each

row. If the number of ones in each column of the parity-check matrix is a constant integer,

then the corresponding LDPC code is called a variable-regular LDPC code.

Tanner graphs are one of the most important representation for codes in which the length of

the shortest cycles, girth, has been known to influence the code performance. Tanner graphs

containing short cycles such as 4-cycles have poor performances. So, constructions leading

to the existence of 4-cycles in their Tanner graphs are avoided and most of algebraic-based

constructions proposed up to now has girth at least 6.

Another phenomenon having an impact on the performance of LDPC codes is known as

trapping sets. An (a, b) trapping set of size a is an induced subgraph of the Tanner graph on

a variable nodes and b check nodes of odd degrees. If the check nodes of a trapping set have

degree 1 or 2, then it is an elementary trapping sets (or simply an ETS). Empirical results in

the literature show that ETSs are the most harmful trapping sets. The tightest lower bounds

on the size of ETSs of variable-regular LDPC codes with different girths were proposed in

[1] which prove that as the girth increases, the lower bound on the size of trapping sets will

increase too. For example, for variable regular LDPC codes with girths 6 and 8, the lower

bound on the size of (a, b) ETSs with b
a < 1 is γ + 1 and 2γ − 1, respectively. So, increasing

the girth is a technique to avoid harmful trapping sets with small sizes. Increasing the girth

for a given column weight γ requires either increasing the number of variable nodes which
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yields a code with a longer length or simultaneously increasing the number of check nodes

and decreasing the row weight n which yield a code with a lower rate. Hence, if the goal is

to obtain an LDPC code with certain length and rate, then increasing the girth cannot be a

suitable method to remove harmful trapping sets from Tanner graphs. These trapping sets

characterize the size of the smallest error patterns, which cannot be corrected by the decoder

[12].

Constructing LDPC codes free of small ETSs has been an interesting topic among re-

searchers. For example, a method for constructing a (3, n)-regular LDPC code with girth 8 is

provided in [7] such that its Tanner graph is free of (5, 3) trapping sets and contains a minimum

number of (6, 4) trapping sets. Also, to avoid (a, b) ETSs in (3, n)-regular QC-LDPC codes

with girth 8, where a ≤ 8 and b ≤ 3, see [14]. In [3], all necessary and sufficient conditions

for an exponent matrix of protograph-based QC-LDPC codes with different column weights

whose Tanner graphs have girths 6 and 8 and are free of small ETSs are presented.

In [4], a new construction of QC-LDPC codes with girth 6 based on multiplicative cyclic

subgroups of a finite field Fq is proposed in which q − 1 is factored by more than two integer

numbers. For a given q, all non-isomorphic submatrics with column weight 3 of the exponent

matrix are presented such that their corresponding parity-check matrix has a Tanner graph free

of small trapping sets. In this paper, we concentrate on a well-known algebraic construction of

QC-LDPC codes. In fact, using results in [3], we obtain the sufficient conditions to construct

all non-isomorphic submatrices of the exponent matrix whose corresponding Tanner graphs

have girth 6 and are free of small ETSs. The smallest size of ETSs in the Tanner graph of

LDPC codes with column weight 3 is 4. The analytical results obtained in this paper related

to our desired algebraic construction contribute us to raise the smallest size of an ETS in the

Tanner graph of these algebraic-based QC-LDPC codes from 4 to 5.

2. Preliminaries

Definition 2.1. Given a finite field Fq, where q is a prime power. Let α ∈ Fq be a primitive

element. We define an exponent matrix B as a matrix whose elements belong to Fq. Replacing

all nonzero elements of B by their corresponding circulant permutation matrices of order q−1

and all zero elements of B by the zero matrix of order q − 1 yields a parity-check matrix of a

QC-LDPC code.

For further clarification on this type of QC-LDPC code construction, the reader is referred

to Examples 3.3 and 3.4 in Section 3. The resulting binary matrix is the parity-check matrix

of the code. In the following, we present necessary and sufficient conditions for an exponent

matrix to avoid cycles of lengths 4, 6 and 8.
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Theorem 2.2. ([6]) Let B be the exponent matrix of a QC-LDPC code whose parity-check

matrix is constructed by substituting every entry of B by its corresponding CPM or ZM. A

necessary and sufficient condition for the Tanner graph to have girth at least 6 is that 2 × 2

submatrices in the exponent matrix B contain at least one zero entry or is non-singular.

Theorem 2.3. ([6]) A necessary and sufficient condition for the Tanner graph to have girth

at least 8 is that no 2 × 2 and 3 × 3 submatrix in the exponent matrix B has two identical

nonzero terms in its determinant expansion.

There are nine types of submatrices of an exponent matrix which have to be checked to avoid

8-cycles. Since in the next section 8-cycles obtained from two rows of an exponent matrix are

required to be checked, we only present a necessary and sufficient condition to avoid this type

of 8-cycles in the following theorem.

Theorem 2.4. ([4]) Let B be an exponent matrix. A necessary and sufficient condition to

remove 8-cycles obtained from two rows of B is:

(i) if αd is the division of two nonzero terms in the determinant expansion of a 2×2 submatrix

of B, then 2d ̸≡ 0 (mod q − 1),

(ii) if αd and αd′ are the divisions of two nonzero terms in the determinant expansion of two

2× 2 submatrices of B with the same row indices, then ±d ̸≡ ±d′ (mod q − 1).

To construct a QC-LDPC code with column weight 3 and a good performance curve, instead

of raising the girth, we can remove the most harmful trapping sets in the Tanner graph.

Therefore, we need some important definitions related to trapping sets and their graphical

structures.

Definition 2.5. An (a, b) trapping set is an induced subgraph of the Tanner graph on a subset

S of V , where |S| = a, that contains b check nodes of odd degrees. An (a, b) trapping set is

elementary (ETS) if all check nodes are of degree 1 or 2.

The smallest size of ETSs in the Tanner graph of LDPC codes with column weight 3 is 4.

They are (4, 0) and (4, 2) ETSs. In [3] it is proved that a sufficient condition to construct a

QC-LDPC code with column weight 3 and girth 6 whose Tanner graph is free of (4, 0) and

(4, 2) ETSs is the removal of 8-cycles obtained from two rows of the exponent matrix.

Definition 2.6. Given a finite field Fq. Two m × n submatrices of an exponent matrix B,

whose elements belong to Fq, are isomorphic if and only if the Tanner graphs corresponding

to their QC-LDPC codes are isomorphic.

In two subsections 3.1 and 3.2, we consider exponent matrices of two algebraic-based codes

to obtain all non-isomorphic submatrices of B resulting in QC-LDPC codes with girth 6,
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column weight 3 and free of (4, 0) and (4, 2) ETSs. In order to obtain these numerical results

we utilize MAGMA. In the first subsection, the exponent matrix is formed by a cyclic subgroup

of the multiplicative group of F32. In the second one, the code is based on cyclic subgroups of

the multiplicative group of F256.

3. QC-LDPC codes based on multiplicative subgroups of Fq and free of small

ETSs

Let q be a prime power, α be a primitive element of Fq and m be the largest prime factor

of q − 1 such that q − 1 = cm. If β = αc, then clearly the order of β is m and the following

set forms a cyclic subgroup of the multiplicative group of Fq,

Gm = {β0 = 1, β, β2, . . . , βm−1}.

The algebraic-based QC-LDPC code which we are interested in is constructed on the cyclic

subgroup Gm of the multiplicative group of Fq. The following m×m matrix over Fq in which

the powers of β are taken in modulo m is considered as the exponent matrix of our desired

QC-LDPC code. Since this construction depends on the largest prime factor of q − 1, we

denote this structure by LPF(q).

B =



1 1 1 . . . 1

1 β β2 . . . βm−1

1 β2 (β2)2 . . . (β2)m−1

...
...

...
. . .

...

1 βm−1 (βm−1)2 . . . (βm−1)m−1


.(1)

This exponent matrix holds in Theorem 2.2 and its Tanner graph has girth at least 6. To

obtain 3 × n submatrices of B which imply QC-LDPC codes with column weight 3 whose

Tanner graphs are free of (4, 0) and (4, 2) ETSs we have to apply the sufficient condition of

Theorem 2.4 to the exponent matrix B as follows.

Theorem 3.1. Suppose the matrix B′ is a 3 × n submatrix of the exponent matrix B on

three rows with row indices i1, i2, i3 ∈ {0, 1, . . . ,m − 1} and n columns with column indices

j1, . . . , jn ∈ {0, 1, . . . ,m− 1}. The matrix B′ results in a (3, n)-regular QC-LDPC code whose

Tanner graph is free of (4, 0) and (4, 2) ETSs if

I. for each two rows with indices i1 ̸= i2 and two column with indices j1 ̸= j2, we have

2c(i1j1 + i2j2 − i1j2 − i2j1) ̸≡ 0 mod (q − 1),

II. for each 2 × 3 submatrix with two rows indices i1 ̸= i2 and three column indices j1 <

j2 < j3, we have
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(1) ±c(i1j1 + i2j2 − i1j2 − i2j1) ̸≡ ±c(i1j2 + i2j3 − i1j3 − i2j2) mod (q − 1),

(2) ±c(i1j1 + i2j2 − i1j2 − i2j1) ̸≡ ±c(i1j1 + i2j3 − i1j3 − i2j1) mod (q − 1),

(3) ±c(i1j1 + i2j3 − i1j3 − i2j1) ̸≡ ±c(i1j2 + i2j3 − i1j3 − i2j2) mod (q − 1),

and

III. for 2 × 4 submatrices of B′ with two rows indices i1 ̸= i2 and two column indices

j1 < j2 < j3 < j4, we have

(1) ±c(i1j1 + i2j2 − i1j2 − i2j1) ̸≡ ±c(i1j3 + i2j4 − i1j4 − i2j3) mod (q − 1),

(2) ±c(i1j1 + i2j3 − i1j3 − i2j1) ̸≡ ±c(i1j2 + i2j4 − i1j4 − i2j2) mod (q − 1),

(3) ±c(i1j1 + i2j4 − i1j4 − i2j1) ̸≡ ±c(i1j2 + i2j3 − i1j3 − i2j2) mod (q − 1).

Proof. According to [3], a sufficient condition to construct a QC-LDPC code with column

weight 3 and girth 6 whose Tanner graph is free of (4, 0) and (4, 2) ETSs is the removal of

8-cycles obtained from two rows of the exponent matrix. In the sequel, we use Theorem 2.4

in order to check 8-cycles in each two rows of the matrix B′.

Take a 2 × 2 submatrix of the matrix B′ with two row indices i1, i2 and two column in-

dices j1, j2. We show this submatrix by W1 =

 (βi1)j1 (βi1)j2

(βi2)j1 (βi2)j2

. The determinant of this

submatrix is βi1j1+i2j2 − βi1j2+i2j1 .

We assume that β = αc and apply Part (i) of Theorem 2.4 to this submatrix. The division

of two nonzero terms in the determinant expansion of W1 will be

(αc)i1j1+i2j2

(αc)i1j2+i2j1
= (αc)i1j1+i2j2−i1j2−i2j1

.

By the assumption of d = c(i1j1 + i2j2 − i1j2 − i2j1), if 2c(i1j1 + i2j2 − i1j2 − i2j1) ≡ 0

mod (q − 1), then Theorem 2.4 Part (i) proves that the 2 × 2 submatrix W1 yields 8-cycles

which can cause the appearance of (4, 0) and (4, 2) ETSs in Tanner graph.

To prove the second part II, we only focus on the first item (1). The other items are

similarly proved and are omitted. Take a submatrix W2 =

 (βi1)j1 (βi1)j2 (βi1)j3

(βi2)j1 (βi2)j2 (βi2)j3

 of the

matrix B′ on two rows i1, i2 ∈ {0, 1, . . . ,m−1} and three columns j1, j2, j3 ∈ {0, 1, . . . ,m−1}.

This matrix contains two 2 × 2 submatrix such as W ′
2 =

 (βi1)j1 (βi1)j2

(βi2)j1 (βi2)j2

 and W ′′
2 = (βi1)j2 (βi1)j3

(βi2)j2 (βi2)j3

. The determinant of W ′
2 is βi1j1+i2j2 − βi1j2+i2j1 and the division of its

terms is βi1j1+i2j2

βi1j2+i2j1
= (αc)i1j1+i2j2−i1j2−i2j1 . The determinant of W ′′

2 is βi1j2+i2j3 − βi1j3+i2j2

and the division of its terms is βi1j2+i2j3

βi1j3+i2j2
= (αc)i1j2+i2j3−i1j3−i2j2 . If we apply Part (ii) of

Theorem 2.4 to the right side of these two fractions, then ±c(i1j1 + i2j2 − i1j2 − i2j1) ≡
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±c(i1j2 + i2j3 − i1j3 − i2j2) mod (q − 1) gives 8-cycles which result in (4, 0) and (4, 2) ETSs

in Tanner graph.

Like the proof of the second part II, we only prove the first item of the third part III. The

other items are similarly proved. For a submatrix W3 =

 (βi1)j1 (βi1)j2 (βi1)j3 (βi1)j4

(βi2)j1 (βi2)j2 (βi2)j3 (βi2)j4

,
we take two 2 × 2 submatrices whose column indices have no intersections. For example,

suppose two 2 × 2 submatrices are W ′
3 =

 (βi1)j1 (βi1)j2

(βi2)j1 (βi2)j2

 with column indices j1, j2 and

W ′′
3 =

 (βi1)j3 (βi1)j4

(βi2)j3 (βi2)j4

 with column indices j3, j4. We apply Theorem 2.4 Part (ii) to W ′
3

and W ′′
3 and conclude that an equation ±c(i1j1+i2j2−i1j2−i2j1) ≡ ±c(i1j3+i2j4−i1j4−i2j3)

in modulo q − 1 results in 8-cycles which are one of the main causes of (4, 0) and (4, 2) ETSs

in Tanner graph.

Corollary 3.2. Given a finite field Fq and an integer n which hold in the inequality q <

n(n − 1) + 2. Each 3 × n submatrix B′ of an exponent matrix B on Fq results in a (3, n)-

regular QC-LDPC code whose Tanner graph has girth 6 and is free of (4, 0) and (4, 2) ETSs.

Proof. According to the proof of Theorem 3.1, each 2 × 2 submatrix of the matrix B′ is

associated to two integer numbers ±d mod (q − 1). Therefore, for each two rows of 3 × n

submatrix B′ of an exponent matrix B, we have 2
(
n
2

)
integer numbers that the equality of two

of them results in an 8-cycle. These 8-cycles are the main reason for the small ETSs. Hence,

to avoid the small size ETSs, the number of distinct elements associated to each two rows of

the matrix B′ has to be 2
(
n
2

)
. Since all computations are in modulo q − 1, the number of

distinct integers is less that q − 1. So, q − 1 ≥ 2
(
n
2

)
+ 1. Consequently, for q < n(n − 1) + 2

there are repeated integers associated to each two rows of the matrix B′. In other words, the

matrix B′ gives a QC-LDPC code with 8-cycles obtained from two rows of the matrix B′. So,

according to Theorem 3.1, these 3× n submatrices of the exponent matrix B result in Tanner

graphs containing (4, 0) and (4, 2) ETSs.

To simplify checking 8-cycles we can also work on a matrix associated to an exponent matrix

which are used in protograph-based QC-LDPC codes. To define this matrix, we first convert

each element of the exponent matrix to an element of Fq, then we substitute each element

αbmini in the exponent matrix B with bmini , where bmini ∈ {1, 2, . . . , q−1}, and zero elements

with (∞). We denote the obtained matrix by P . We apply Fossorier’s Lemma [8] on the
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exponent matrix P to check 2k-cycles in the Tanner graph. If

k−1∑
i=0

(bmini − bmini+1) ≡ 0 (mod q − 1),(2)

where nk = n0, mi ̸= mi+1, ni ̸= ni+1 and bmini is the (mi, ni)-th entry of P , then the Tanner

graph of the parity-check matrix has cycles of length 2k. This approach gives us a chance

to use the results obtained in protograph-based QC-LDPC codes related to cycles with larger

lengths, such as 8-cycles and 10-cycles (see Theorem 1 and 2 of [2]).

Example 3.3. Consider the finite field F16. We factor 16− 1 = 3× 5. Set c = 3 and m = 5.

With β = α3, the cyclic subgroup of the multiplicative group of F16 is G5 = {β0, β1, β2, β3, β4}.
The exponent matrix B and the associated matrix P are:

B =



1 1 1 1 1

1 β β2 β3 β4

1 β2 β4 β1 β3

1 β3 β1 β4 β2

1 β4 β3 β2 β1


, P =



0 0 0 0 0

0 3 6 9 12

0 6 12 3 9

0 9 3 12 6

0 12 9 6 3


.(3)

By applying Theorem 3.1 to all 3 × n submatrices of B or checking Equation 2 in all

3 × n submatrices of P , we conclude that no submatrix of B yields a regular QC-LDPC

code with girth 6 and free of (4, 0) and (4, 2) ETSs. Moreover, since for n = 5 we have

16 = q < n(n − 1) + 2, using Corollary 3.2, we also conclude that the exponent matrix gives

no (3, n)-regular QC-LDPC codes with girth 6 and free of (4, 0) and (4, 2) ETSs.

Example 3.4. Given the finite field F64. We factor 64− 1 = 7× 3× 3. Set c = 9 and m = 7.

With β = α9, the cyclic subgroup of the multiplicative group of F64 is G7 = {β0, β1, . . . , β6}.
The exponent matrix B and the associated matrix P are:

B =



1 1 1 1 1 1 1

1 β β2 β3 β4 β5 β6

1 β2 β4 β6 β β3 β5

1 β3 β6 β2 β5 β β4

1 β4 β β5 β2 β6 β3

1 β5 β3 β β6 β4 β2

1 β6 β5 β4 β3 β2 β


, P =



0 0 0 0 0 0 0

0 9 18 27 36 45 54

0 18 36 54 9 27 45

0 27 54 18 45 9 36

0 36 9 45 18 54 27

0 45 27 9 54 36 18

0 54 45 36 27 18 9


.(4)

Applying Theorem 3.1 to all 3 × n submatrices of B or checking Equation 2 in all 3 × n

submatrices of P shows that no submatrix of B gives a girth-6 QC-LDPC code with column

weight 3 and free of (4, 0) and (4, 2) ETSs.
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3.1. Non-isomorphic QC-LDPC codes free of small ETSs from LPF(32). Consider

the finite field F32. We factor 32− 1 = 1× 31. Set c = 1 and m = 31. With β = α, the cyclic

subgroup of the multiplicative group of F32 is G31 = {β0, β1, . . . , β30}. If we apply Corollary

3.2 to all 3 × n submatrices of B, we conclude that for n ≥ 7, no 3 × n submatrix of B

results in a girth-6 QC-LDPC code free of (4, 0) and (4, 2) ETSs. For n = 4, 5, 6 we present

all non-isomorphic 3× n submatrices of B which satisfy Theorem 3.1 in Tables 1, 2 and 3. In

these tables, the first row and the first column of each matrix are all-zero which are omitted.

Table 1. Non-isomorphic 3 × 4 submatrices of B based on F32 which result

in girth-6 QC-LDPC codes free of (4, 0) and (4, 2) ETSs.

1 3 7

3 9 21

1 3 8

3 9 24

1 3 9

3 9 27

1 3 10

3 9 30

1 3 11

3 9 2

1 3 12

3 9 5

1 3 13

3 9 8

1 3 18

3 9 23

1 3 19

3 9 26

1 3 20

3 9 29

1 3 22

3 9 4

1 3 24

3 9 10

1 3 26

3 9 16

1 3 27

3 9 19

1 3 8

4 12 1

1 3 9

4 12 5

1 3 10

4 12 9

1 3 12

4 12 17

1 3 18

4 12 10

1 3 22

4 12 26

1 3 24

4 12 3

1 3 26

4 12 11

1 4 9

4 16 5

1 4 14

4 16 25

1 4 19

4 16 14

1 4 20

4 16 18

1 3 7

5 15 4

1 3 9

5 15 14

1 3 11

5 15 24

1 3 13

5 15 3

1 3 19

5 15 2

1 3 20

5 15 7

1 3 24

5 15 27

1 3 27

5 15 11

1 4 9

5 20 14

1 4 14

5 20 8

1 4 20

5 20 7

1 5 25

5 25 1

1 3 13

6 18 16

1 3 18

6 18 15

1 3 22

6 18 8

1 3 26

6 18 1

1 4 19

6 24 21

1 5 25

6 30 26

1 3 8

12 5 3

1 3 10

12 5 27

1 3 11

12 5 8

1 3 12

12 5 20

1 3 13

12 5 1

1 3 18

12 5 30

1 3 19

12 5 11

1 3 20

12 5 23

1 3 26

12 5 2

1 3 27

12 5 14

1 4 9

12 17 15

1 4 14

12 17 13

1 4 19

12 17 11

1 4 20

12 17 23

3.2. Non-isomorphic QC-LDPC codes free of small ETSs from LPF(256). In this

subsection, we consider non-isomorphic submatrices of an exponent matrix based on the finite

field F256. We factor 256 − 1 = 3 × 5 × 17. Set c = 15 and m = 17. With β = α15, the

cyclic subgroup of the multiplicative group of F256 is G17 = {β0, β1, . . . , β16}. By applying

Theorem 3.1 to all 3 × n submatrices of B, we demonstrate that the only 3 × n submatrices

of B resulting in girth-6 QC-LDPC codes free of (4, 0) and (4, 2) ETSs are 3× 4 submatrices.
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Table 2. Non-isomorphic 3 × 5 submatrices of B based on F32 which result

in girth-6 QC-LDPC codes free of (4, 0) and (4, 2) ETSs.

1 3 7 12

3 9 21 5

1 3 7 15

3 9 21 14

1 3 7 18

3 9 21 23

1 3 7 20

3 9 21 29

1 3 7 21

3 9 21 1

1 3 7 22

3 9 21 4

1 3 7 23

3 9 21 7

1 3 7 23

3 9 21 7

1 3 8 12

3 9 24 5

1 3 8 14

3 9 24 11

1 3 8 18

3 9 24 23

1 3 8 19

3 9 24 26

1 3 8 22

3 9 24 4

1 3 9 13

3 9 27 8

1 3 9 19

3 9 27 26

1 3 10 18

3 9 30 23

1 3 12 26

3 9 5 16

1 3 13 27

3 9 8 19

1 3 18 23

3 9 23 7

1 3 18 24

3 9 23 10

1 3 7 12

4 12 28 17

1 3 7 18

4 12 28 10

1 3 7 21

4 12 28 22

1 3 7 22

4 12 28 26

1 3 8 12

4 12 1 17

1 3 8 14

4 12 1 25

1 3 8 18

4 12 1 10

1 3 8 19

4 12 1 14

1 3 8 22

4 12 1 26

1 3 9 13

4 12 5 21

1 3 9 19

4 12 5 14

1 3 10 18

4 12 9 10

1 3 12 26

4 12 17 11

1 3 13 27

4 12 21 15

1 3 18 23

4 12 10 30

1 3 18 24

4 12 10 3

1 3 7 12

5 15 4 29

1 3 7 15

5 15 4 13

1 3 7 18

5 15 4 28

1 3 7 20

5 15 4 7

1 3 7 21

5 15 4 12

1 3 7 22

5 15 4 17

1 3 7 23

5 15 4 22

1 3 8 14

5 15 9 8

1 3 8 19

5 15 9 2

1 3 9 13

5 15 14 3

1 3 9 19

5 15 14 2

1 3 13 27

5 15 3 11

1 3 18 23

5 15 28 22

1 3 18 24

5 15 28 27

1 3 7 18

6 18 11 15

1 3 7 22

6 18 11 8

1 3 8 12

6 18 17 10

1 3 8 18

6 18 17 15

1 3 8 22

6 18 17 8

1 3 9 13

6 18 23 16

1 3 10 18

6 18 29 15

1 3 12 26

6 18 10 1

1 3 13 27

6 18 16 7

1 3 18 23

6 18 15 14

1 3 18 24

6 18 15 20

Table 3. Non-isomorphic 3 × 6 submatrices of B based on F32 which result

in girth-6 QC-LDPC codes free of (4, 0) and (4, 2) ETSs.

1 3 8 12 18

3 9 24 5 23

1 3 8 12 18

4 12 1 17 10

1 3 8 12 18

6 18 17 10 15

1 3 8 12 18

12 5 3 20 30

We point out to two non-isomorphic 3 × 4 submatrices of B which satisfy Theorem 3.1. The

submatrices are


0 0 0 0

0 15 45 105

0 45 135 60

 and


0 0 0 0

0 15 45 165

0 45 135 240

.
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4. Conclusion

The smallest size of an elementary trapping set (ETS) in an LDPC code with column

weight 3 is 4; they are (4, 0) and (4, 2) ETSs. In order to construct girth-6 QC-LDPC codes

with column weight 3 and free of ETSs of size 4, we provided a sufficient condition to avoid

some specific 8-cycles in 3× n submatrices of an exponent matrix obtained from an algebraic

construction. We concentrated on an exponent matrix whose entries are the powers of an

element of a finite field Fq. We named this construction as LPF(q) and for LPF(2n), where

n = 4, 5, 6, 8, submatrices of the exponent matrix which yield our desired codes were obtained.

5. Acknowledgments

The authors wish to sincerely thank the referees for several useful comments.

References

[1] F. Amirzade and M.-R Sadeghi, “Analytical lower bounds on the size of elementary trapping sets of

variable-regular LDPC codes with any girth and irregular ones with girth 8,” IEEE Trans. Commun., vol.

66, no. 6, (2018) pp. 2313–2321.

[2] F. Amirzade and M.-R Sadeghi, “Lower bounds on the lifting degree of QC-LDPC codes by difference

matrices,” IEEE Access, vol. 6, (2018) pp. 23688–23700.

[3] F. Amirzade and M.-R Sadeghi, “Efficient search of QC-LDPC codes with girths 6 and 8 and free of small

elementary trapping sets with small size”, arXiv: 1803.08141 (2018) .

[4] F. Amirzade, M.-R Sadeghi and D.Panario, “QC-LDPC construction free of small size elementary trapping

sets based on multiplicative subgroups of a finite field”, Latin American Week on Coding and Information,

(2018).

[5] Q. Diao, Q. Huang, S. Lin and K. Abdel-Ghaffar, “A matrix-theoretic approach for analysing Quasi-Cyclic

Low-Density Parity-Check codes,” IEEE Trans. Inform. Theory, vol. 58, no. 6, (2012) pp. 4030–4048.

[6] Q. Diao, Q. Huang, S. Lin and K. Abdel-Ghaffar, “ A transform approach for analyzing and constructing

quasi-cyclic low-density parity-check codes,” IEEE Trans. Inform. Theory Appl. Workshop, San Diego,

CA, USA, vol. 58, no. 6, (2011) pp. 6–11.

[7] M. Diouf, D. Declercq, S. Ouya and B. Vasic, “A PEG-like LDPC code design avoiding short trapping

sets,” IEEE Int. Symp. Inf. theory (ISIT), vol. 6, (2015) pp. 14–19.

[8] M. P. C. Fossorier, “Quasi-Cyclic Low-Density Parity-Check codes from circulant permutation matrices,”

IEEE Trans. Inform. Theory, vol. 50, no. 8, (2004) pp. 1788–1793.

[9] J. Li, K. Liu, S. Lin and K. Abdel-Ghaffar, “Quasi-Cyclic LDPC codes on two arbitrary sets of a finite

field,” IEEE Int. Symp. Inform. Theory, vol. 62, no. 8, (2014) pp. 2454–2458.

[10] K. Liu, Q.Huang, S. Lin and K. Abdel-Ghaffar, “Quasi-Cyclic LDPC codes: Construction and rank analysis

of their parity-check matrices,” IEEE Trans. Comm., vol. 57, no. 1, (2009) pp. 84–93.



138 Alg. Struc. Appl. Vol. 6 No. 1 (2019) 127-138.

[11] K. Liu, S. Lin and K. Abdel-Ghaffar, “Algebraic Quasi-Cyclic LDPC codes: Construction, low error-floor,

large girth and a reduced-complexity decoding scheme,” IEEE Trans. Comm., vol. 62, no. 8, (2014) pp.

2626–2637.

[12] D. V. Nguyen, S. K. Chilappagari, N. W. Marcellin and B. Vasic, “On the construction of structured LDPC

codes free of small trapping sets,” IEEE Trans. Inf. Theory, vol. 58, no. 4, (2012) pp. 2280–2302.

[13] S. Song, B. Zhao, S. Lin and K. Abdel-Ghaffar, “A unified approach to the construction of binary and

nonbinary Quasi-cyclic LDPC codes based on finite field,” IEEE Trans. Comm., vol. 57, no. 1, (2009) pp.

84–93.

[14] X. Tao, Y. Li, Y. Liu and Z. Hu “On the construction of LDPC codes free of small trapping sets by

controlling cycles,” IEEE Commun. Letters, vol.60, no. 9, (2017) 5188–5203.

[15] L. Zhang, S. Lin and K. A. Ghaffar, “Quasi-Cyclic LDPC codes on cyclic subgroups of finite fields,” IEEE

Trans. Comm., vol. 59, no. 9, (2011) pp. 2330–2336.

[16] L. Zhang, S. Lin, K. A. Ghaffar and B. Zhou, “Circulant arrays: Rank analysis and construction of Quasi-

Cyclic LDPC codes,” IEEE Trans. Comm., vol. 59, no. 9, (2010) pp. 2330–2336.

Farzane Amirzade

Faculty of Mathematical Sciences

Shahrood University of Technology, Shahrood

Iran.

famirzade@gmail.com

Meysam Alishahi

Faculty of Mathematical Sciences

Shahrood University of Technology, Shahrood

Iran.

meysam alishahi@shahroodut.ac.ir

Mohammad-Reza (Rafsanjani) Sadeghi

Department of Mathematics and Computer Science

Amirkabir University of Technology, Tehran

Iran.

msadeghi@aut.ac.ir


	1. Introduction
	2. Preliminaries
	3. QC-LDPC codes based on multiplicative subgroups of Fq and free of small ETSs
	3.1. Non-isomorphic QC-LDPC codes free of small ETSs from LPF(32)
	3.2. Non-isomorphic QC-LDPC codes free of small ETSs from LPF(256)

	4. Conclusion
	5. Acknowledgments
	References

