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ABSTRACT. Let G = (V, E) be a simple graph. Denote by D(G) the diagonal matrix diag(di,--- ,dn),
where d; is the degree of vertex i and A(G) the adjacency matrix of G. The signless Laplacian matrix
of G is Q(G) = D(G) + A(G) and the k—th signless Laplacian spectral moment of graph G is defined
as Ti(G) = 30" qF, k > 0, where q1,g2, - - -, gn are the eigenvalues of the signless Laplacian matrix of
G. In this paper we first compute the k—th signless Laplacian spectral moments of a graph for small

k and then we order some graphs with respect to the signless Laplacian spectral moments.
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1. INTRODUCTION

In this section we recall some definitions that will be used in the paper. Let G be a simple graph with
vertex set V(G) = {v1,--- ,v,} and edge set E(G) ={e1, - ,em}. The degree of a vertex v € V(G),
denoted by d(v), is the number of neighbors of v. The adjacency matrix of G is an n x n matrix A(G)
whose (i, j)—entry is the number of edges between v; and v;. The signless Laplacian matrix of G is the
matrix Q(G) = A(G) + D(G), where D(G) is the diagonal matrix with d(vy),---,d(vy,) on its main
diagonal. Tt is well-known that Q(G) is positive semidefinite and so their eigenvalues are nonnegative
real numbers. The eigenvalues of A(G) and Q(G) are called the eigenvalues and signless Laplacian
eigenvalues of G, and are denoted by A\ (G), -, \(G) and ¢1(G), - , ¢u(G), respectively.

A walk of length £ in a graph G is an alternating sequence vy, e, va, €2, - - , Uk, €k, Vg1, of vertices
V1, V9, -+, Ukaq and edges eq, es, - - -, eg such that for any ¢ = 1,2, --- | k the vertices v; and v;41 are

distinct end-vertices of the edge e;.

Lemma 1.1. [I] Let A be the adjacency matriz of graph G. The (i,7)—entry of the matriz A is equal

to the number of walks of length k starting at vertex i and terminating at vertex j.

Suppose G is a graph with adjacency matrix A(G) and A\ (G), X\2(G), --- A\(G) are eigenvalues
in non-increasing order of G. The numbers Sk(G) = Y. | A¥(G), k > 0 is called the k—th spectral
moment of G.

We now recall some definitions that will be used in the paper. P,, C}, S, and U, stand for the
path of length n, the cycle of size n, the star graph on n vertices and a graph obtained from C,_; by
attaching a leaf to one of its vertices, respectively. Our undefined terminology and notation can be
found in [2].

Lemma 1.2. [2] The k—th spectral moment of G is equal to the number of closed walks of length k.

It is well-known that So(G) = n, S1(G) =0, S2(G) = 2m and S3(G) = 6t, where n, m and ¢ denote
the number of vertices, edges and triangles, respectively (see [2]). The following results are crucial
throughout this paper.

Let F' be a graph. An F—subgraph of G is a subgraph of G which is isomorphic to the graph F.
Let pg(F) (or ¢(F)) be the number of all F'—subgraphs of G.

Lemma 1.3. For every graph G, we have:

(1) S4(G) = 2¢(Py) + 4p(P3) + 8p(Cy),([3])
(2) S5(G) = 30p(C3) + 10p(Us) + 10¢(Cs).([14])

Let n, m, R be the number of vertices, the number of edges and the vertex-edge incidence matrix

of a graph G. The following relations can be found in [I]:
(1) RR'=A+ D,
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(2) R'R= AL + 21,
where D is the diagonal matrix diag(dy,- - ,dy) of vertex degrees and Ay g is the adjacency matrix
of the line graph L(G) of G. Since the non-zero eigenvalues of RR' and R'R are the same, we deduce

from the relations above that:
Pray(A) = (A+2)""Qc(A + 2).

In [5], Cvetkovi¢ and Rowlinson obtained the first and the last graphs in an S—order, in the classes
of trees and unicyclic graphs with a given girth, respectively. Taghvaee and Ashrafi in [I1] [12] [13],
compute the spectral moments of some fullerene graphs, I—graphs and generalized Petersen graphs,
respectively, and then they order that graphs with respect to the spectral moments. Also Fath-Tabar
and Ashrafi in [0 [7} [§] obtained some results on Laplacian eigenvalues and Laplacian energy of graphs,
new upper bounds for Estrada index of bipartite graphs and note on Estrada and L—Estrada indices

of graphs, respectively.
2. MAIN RESULTS

In this section, we find our description for the signless Laplacian spectral moments of graphs. At
first, we define a new version of walks that is called semi-edge walk. Such a walk can be considered
as a alternating sequence of vertices and edges of a graph such that end vertices of edges are not

necessarily distinct. In the following the more formal definition of this concept is presented.

Definition 2.1. A semi-edge walk of length & in an undirected graph G is an alternating sequence
V1, €1, V2, €2, - - , U, €k, Up+1, Of vertices vy, va, -+, vgp41 and edges e, ea, - - -, e such that for any

i=1,2, -+, k, the vertices v; and v;;1 are end vertices (not necessarily distinct) of the edge e;.

Theorem 2.2. [] Let Q be the signless Laplacian matriz of a graph G. The (i, j)—entry of the matriz
QF is equal to the number of semi-edge walks of length k starting at vertex i and terminating at vertex
J-

Definition 2.3. Suppose that G is a simple graph and ¢1(G),q2(G), - ,q.(G) are the eigenvalues
of the signless Laplacian of G. The number Ti(G) = 1" | ¢¥(G), k > 0, is called the k—th signless

Laplacian spectral moment of G.

Corollary 2.4. [4] The k—th signless Laplacian spectral moment of G, Ty(G), is equal to the number
of closed semi-edge walks of length k.

Definition 2.5. Let T(G) = (To(G), T1(G), - -+ , T,—1(G)) be the sequence of signless Laplacian spec-
tral moments of G. For two graphs G; and Gj, we shall write Gi =7 Gq if T;(G1) = T;(Ge) for
i=20,1,--- ,n — 1. Similarly, we have G; <7 G2 (G comes before G in an T— order) if for some k
(1 <k <n-—1), we have T;(G1) = T;(G2)(i = 0,1,--- ,k — 1) and Ti(G1) < Tx(G2). We shall also
write G1 <7 G9 if G1 <7 G5 or G1 =1 Gs.
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Theorem 2.6. [4] Let G be a simple graph with n vertices, m edges and vertex degrees dy,dsa, -+ ,d,.

Then we have:
TO(G) = n,

Tl(G) == idZZQm,
Tr(G) = Zd,

T3(G) = Sg(G)+3Zd§+Zd§.
i=1 =1

Theorem 2.7. Let G be a simple graph. Then we have:

TW(G) = +8th +4Zd3+2d4+4 > did;,

1jeE(G)
Ts(G) = +5Zd2 1) + 2qi)d; +102td2+52d4
=1 =1
+ Zd5+522dd2+10 > ddtw,

j=11i=1 ijeE(G
where d; is the degree of ith vertex, d; is the degree of its neighbors, q; is the number of quadrangles
containing the ith vertex, t; is the number of triangles containing the ith vertex and t;; is the number

of triangles at edge 1j.
Proof. The formulla for Ty followes from

tr(Q)* = tr(A+ D)* =tr[(A+ D)*(A+ D)?]
= tr(AY) + 4tr(A3D) + 4tr(A2D?) + 4tr(AD?) 4 tr(D*) + 2tr(ADAD).

By Lemma 1.2 we have tr(A*) = S4(G), where S4(G) is the 4-th spectral moments of G. Next
we have tr(AD3) = 0, tr(D*Y) = Y0, d}, tr(A2D?) = Y0, d3, tr(A3D) = 23! | tid;, where t;
is the number of triangles containing the ith vertex and d; is the degree of ith vertex. By direction
computation we get tr(ADAD) =23, E(G d;d;. By substituting the values obtained we get Ty (G) =
Sa(G) + 8307 tid; + 4301 &P+ 30 df 43 gy did;

Now assume that k& = 5. Similar to above we have:
tr(Q)° = tr(A+ D)5 = tr(A®) + 5tr(A'D) + 5tr(A3D?) + 5tr(A2D?)
+  5tr(AD*) + tr(DP) + 5tr(AD? AD) + 5tr(A?DAD).

By direct computation, we have tr(D%) = S0 d?, tr(A2D3) = Y d}, tr(A3D?) = 230 | t;d2,

i=1" i=1 "

where t; is the number of triangles containing the i—th vertex, and tr(A*D) = S°I' | [d? + d;(d} —
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1) 4 2¢;]d;, where d; is the degree of ith vertex, d; is the degree of its neighbors and ¢; is the number
of quadrangles containing the ith vertex. Consider now tr(A2DAD). By computing (i,i)—entry of
the matrix A2DAD, we obtain tr(A2DAD) = 2 > ijcE (@) did;tij, where 5 is the number of triangles
containing the edge ij. Finally by computing (i,7)—enrty of matrix AD2AD, we get tr(AD?AD) =
Yoy Z?Zl did?, for any edge v;v; of G. By substituting the values obtained above, we have:

Ts(G) = +5Zd2 1) + 2qi)d; +102td2+52d4
=1 =1
Zd5+522dd2+10 > didjti;.
j=11i=1 ijEE(G)

In the following we order some graphs with respect to the signless Laplacian spectral moment. First

consider the set of all trees of order n. Then by Theorem 2.6 we have the following result.

Corollary 2.8. In an T—order of trees on n vertices, the first graph is the path P,, and the last graph

15 the star Kq,—1.

Proof. Let G be a tree with n vertices. Since the number of edges of G is n—1, so T1(G) = 2(n—1).
On the other hand T»(G) = Y%, d; + > i, d?. By [10] we know that Y., d? is minimal in P, and
is maximal in K ,—1. So for ¢ = 0,1 we have, T;(G) = T;(P,) = T;(Kin-1), and Th(P,) < T»(G) <
T5(K1 p—1). Therefore in an T'—order we have, P,, <7 G <71 K ,—1 and this completes the proof.

Now we consider the generalized Petersen graphs. We first compute the signless Laplacian spectral
moments of this graphs and then order them with respect to the signless Laplacian spectral moment.
First we define the generalized Petersen graphs.

The generalized Petersen graph GP(n, k) is a graph with vertices and edges given by V(GP(n,k)) =
{a;,b; | 1 <i < n}and E(GP(n,k)) = {a;bi,a;a;+1,b:bi1r | 1 < i < n}, respectively. Here, i + k are
integers modulo n, n > 6. Since GP(n, k) = GP(n,n — k), we can assume that k < [25%|. Define
A(n,k) and B(n,k) to be the induced subgraphs of GP(n,k) consisting the vertices {ai,--- ,a,}
and {b1,---,b,}, respectively. The subgraphs A(n,k) and B(n,k) are called the outer and inner
subgraphs of GP(n, k), respectively. Gera and Stanica [9], in a recent paper computed the spectrum
of this important class of cubic graphs. Taghvaee and Ashrafi [I3] computed the spectral moments of

GP(n, k). In this section, the signless Laplacian spectral moment sequence of GP(n, k) is computed.

Theorem 2.9. [13] The spectral moments S;(GP(n,k)), 2 <1i <5, can be computed by the following

formulas:
2n 3|n, k=73
So(GP(n,k)) = 6n, S3((GP(n,k)) =
0 Otherwise,
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2n 5|n, k=%
ork:%"andn;«él()

10n k=2,n#10
Si(GP(n,k)) ={ 38n k=1  Ss(GP(n,k)) =
20n 3In, k=12
30n Otherwise,
0 Otherwise.

By using Theorems 2.6 and 2.7 we compute the signless Laplacian spectral moments of generalized

Petersen graphs.

Theorem 2.10. The signless Laplacian spectral moments of GP(n, k) is equal to the followings:

To(GP(n,k)) = 2n, T1(GP(n,k)) = 6n, To(GP(n,k)) = 24n,

110n 3ln, k=%
Tg(GP(n, k)) =

108n Otherwise,

540n 3n, k=1

524n k=1
T.(GP(n,k)) =

518n 4in k=%

516n Otherwise,

2558n 5/n, k=2ork=2

2756n 3|ln, k=%

2586n 4n, k=12
T5(GP(n,k)) =

2676n k=1

2566m k=2

2556n Otherwise.
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Proof. Since |V(GP(n,k))| = 2n and |E(GP(n,k))| = 3n, we get To(GP(n,k)) = 2n and
T1(GP(n,k)) = 6n. By Theorem 2.6, we have T5(GP(n,k)) = 6n + 18n = 24n. Now con-
sider T3(GP(n,k)). If 3 | n and k = %, then the number of triangles in GP(n,k) is equal to
% and otherewise the number of triangles in GP(n,k) is 0. Therefore in the first case we have
T3(GP(n,k)) = 2n+54n+54n = 110n and the second case we have T5(GP(n, k)) = 54n+54n = 108n.

Now we compute T4(GP(n,k)). Suppose that 4 | n and k = %. Then by Theorem 2.9
S4(GP(n,k)) = 32n, and since t; = 0, we obtaine Ty(GP(n,k)) = 32n + 216n + 162n + 108n = 518n.
If 3|n and k = %, then the number of triangles containing the outer subgraph of GP(n,k) is 0 and
the number of triangles containing the inner subgraph of GP(n, k) is equal to n. On the other hand
S4(GP(n,k)) = 30n. Thus, in this case Ty(GP(n,k)) = 30n + 24n + 216n + 162n + 108n = 540n. If
k = 1, by Theorem 2.9 we have Sy(GP(n,k)) = 38n and so Ty(GP(n, k)) = 38n+216n+162n+108n =
524n. Otherwise,we have Sy(GP(n,k)) = 30n and so Ty(GP(n,k)) = 30n+216n+162n+108n = 516n.
Similarly for T5(GP(n, k)) we get above relations and this completes the proof.

In the following consider GP(n) to be set of all generalized Petersen graphs of order 2n. We order

this graphs with respect to signless Laplacian spectral moments.

Theorem 2.11. Let n be a positive integer such that only 3 | n. Then in an T—order of the set of

the generalized Petersen graphs of order 2n,

(1) for any G € GP(n) \ GP(n,2), we have:
G <1 GP(n, g).

(2) for any G € GP(n) \ {GP(n,%),GP(n, 1)}, we have:
G <7 GP(n,1).

(3) for any G € GP(n) \ {GP(n, %),GP(n, 1), GP(n,2)}, we have:
G <7r GP(n,2).

Proof. By using Theorem 2.10 and Definition 2.5. First let 3 | n. Then for ¢ = 0,1,2,
T;(G) = T;(GP(n,%)) and T3(G) < T3(GP(n,%)). So G <1t GP(n,%). Now let G € GP(n) \
{GP(n,%),GP(n,1)}. Then fori=0,1,2,3, T;(G) = T;(GP(n, 1)) and Ty(G) < Ty(GP(n,1)) and so
G <7 GP(n,1).

If G € GP(n)\{GP(n,3),GP(n,1),GP(n,2)}, then T;(G) = T;(GP(n,2)), for i = 0,1,2,3,4, and
2556n = T5(G) < T5(GP(n,2)) = 2566n. Thus G <7 GP(n,2) and this completes the proof.

Theorem 2.12. Let n be a positive integer such that only 4 | n. Then in an T—order of the set of

the generalized Petersen graphs of order 2n,
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(1) for any G € GP(n) \ {GP(n,2),GP(n,1)}, we have:
G <1 GP(n, %) <7 GP(n,1).
(2) for any G € GP(n) \ {GP(n,2),GP(n,1),GP(n,2)}, we have:
G <7 GP(n,2).

Proof. Suppose G € GP(n)\{GP(n,§),GP(n,1)}. Thenfori=0,1,2,3, T;(G) = T;(GP(n, %)) =
T;(GP(n,1)) and 516n = Ty(G) < Ty(GP(n,%)) = 518n < Ty(GP(n,1)) = 524n. Therefore, in an
T—order we have,

G <7 GP(n, %) <7 GP(n,1).

Now let G € GP(n)\ {GP(n,%),GP(n,1),GP(n,2)}. Then if i = 0,1,2,3,4, T;(G) = T;(GP(n,2))
and 2556n = T5(G) < T5(GP(n,2)) = 2566n and so G <7 GP(n,2). This completes the proof.

Theorem 2.13. Let n be a positive integer such that only 5 | n. Then in an T—order of the set of

the generalized Petersen graphs of order 2n,
(1) for any G € GP(n)\ GP(n,1), we have:
G <7 GP(n,1).
(2) for any G € GP(n)\ {GP(n,%),GP(n,%),GP(n,1),GP(n,2)}, we have:
G <r GP(n. 2),GP(n, 2?”) <r GP(n,2).
Proof. By using Theorem 2.10, the proof of this theorem is similar to Theorems 2.11 and 2.12.
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