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ABSTRACT. Let G = (V, E) be a simple graph. A set S C V is independent set of G, if no two vertices
of S are adjacent. The independence number «(G) is the size of a maximum independent set in the
graph. In this paper we study and characterize the independent sets of the zero-divisor graph I'(R)

and ideal-based zero-divisor graph I';(R) of a commutative ring R.

1. INTRODUCTION

A simple graph G = (V, E) is a finite nonempty set V(G) of objects called vertices together with a
(possibly empty) set E(G) of unordered pairs of distinct vertices of G called edges. The concept of
zero-divisor graph of a commutative ring with identity was introduced by Beck in [8] and has been
studied in [Il 2 4} [5 [7]. Redmond in [14] has extended this concept to any arbitrary ring. Let R be

a commutative ring with 1. The zero-divisor graph of R, denoted I'(R), is an undirected graph whose
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vertices are the nonzero zero-divisors of R and two distinct vertices x and y are adjacent if and only
if zy = 0. Thus I'(R) is an empty graph if and only if R is an integral domain.

The concept of dominating set in zero-divisor graph has implicitly been studied in [II] and [I3].
Throughout this article, all rings are commutative with identity 1 # 0. For a subset A of a ring R, we
let A* = A\ {0}. We will denote the rings of integers modulo n, the integers, and a finite field with ¢
elements by Z,,,Z and Fy, respectively. For commutative ring theory, see [6l [12].

An independent set of a graph G is a set of vertices where no two vertices are adjacent. The indepen-
dence number «(G) is the size of a maximum independent set in the graph. An independent set with
cardinality a(G) is called a a-set ([3], @, [10]).

A graph G is called bipartite if its vertex set can be partitioned into X and Y such that every edge
of G has one endpoint in X and other endpoint in Y. A graph G is said to be star if G contains
one vertex in which all other vertices are joined to this vertex and G has no other edges. A complete
r-partite graph is one whose vertex set can be partitioned into r subsets so that no edge has both
ends in any one subset and each vertex of a partite set is joined to every vertex of the another partite
sets. We denote a complete bipartite graph by K,,,. The graph K, is called a star graph, and a
bistar graph is a graph generated by two K7, graphs, where their centers are joined. For a nontrivial
connected graph G and a pair vertices u and v of G, the distance d(u,v) between u and v is the length
of a shortest path from u to v in GG. The girth of a graph G, containing a cycle, is the smallest size of
the length of the cycles of G and is denoted by gr(G). If G has no cycles, we define the girth of G to
be infinite. A graph in which each pair of distinct vertices is joined by an edge is called a complete
graph K, on n vertices. For a graph GG, a complete subgraph of G is called a clique. The clique
number, w(G), is the greatest integer n > 1 such that K,, C G, and w(G) is infinite if K,, C G for all
n > 1, see [17].

Similar to paper [13], in this paper, we study the independent sets and independence number of zero-
divisor graphs and ideal-based zero-divisor graphs. In Section 2 we review some preliminary results
related to independence number of a graph. In Section 3, we study the independence number of zero-
divisor graphs associated to commutative rings. In Section 4, investigate the independence number of
an ideal based zero-divisor graph. Finally in Section 5, we list tables for graphs associated to small

commutative ring R, and write independence, domination and clique number of I'(R).

2. PRELIMINARY RESULTS

There are several classes of graphs whose independent sets and independence numbers are clear.

We state some of them in the following Lemma, which their proofs are straightforward.

Lemma 2.1. ([I7])

(i) a(K,) = 1.
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(ii) Let G be a complete r-partite graph (r > 2) with partite sets Vi, ..., V,. If|Vi| > 2 for 1 <i <,
then a(G) = mazx|V;|.

(iii) a(Ky,) =n for a star graph Ky .

(iv) The independence number of a bistar graph is 2n.

(v) Let Cy, P, be a cycle and a path with n vertices, respectively. Then a(P,) = |%] and
a(Cn) = [3]-

Corollary 2.2. Let Fy and Fy be finite fields with |F}'| = m and |F5| =n. Then
(i) a(T'(Fy x Fy)) = max{m,n}.
(ii)) a(T'(Fy X Z4)) = max{2m, 3}.

Proof.
(i) The graph I'(F} x F3) is bipartite ([4]) and we have the result by Lemma 2] (ii).
(ii) We have Z*(Fy x Z4) = {(z,y)|z € Fy,y=0,2} U{(0,y)ly =1,2,3}.
If Fy = Zy then {(0,y)|ly = 1,2,3} is a maximum independent set in the graph and so
a(l(Fy x Zy)) = 3. If Fy # Zg then {(z,y)|z € Fy,y = 0,2} is a maximum independent set
in the graph and so a(T'(F} x Zy)) = 2m. Therefore a(I'(F} X Z4)) = max{2m,3}. [

3. INDEPENDENCE NUMBER OF A ZERO-DIVISOR GRAPH

We begin this section with the following lemma:

Lemma 3.1. Let R be a ring and v > 3. If T'(R) is a r-partite graph with parts Vi,...,V,, then
a(T'(R)) = max|V;].

Note that, for any prime number p and any positive integer n, there exists a finite ring R whose
zero-divisor graph I'(R) is a complete p™-partite graph. For example, if I'(R) is a finite field with p"
elements, then R = Fyn [z, y]/(zy,y? — x) is the desired ring.

Remark. It is easy to see that a graph G has independence number equal to 1, if for every x,y €

Z(R)*, xy = 0, this means I'(R) is a complete graph.
We need the following theorem:

Theorem 3.2. ([5]) If R is a commutative ring which is not an integral domain, then exactly one of
the following holds:
(i) T(R) has a cycle of length 3 or 4 (i.e., gr(R) < 4);
(ii) T'(R) is a star graph; or
(iii) T(R) is the zero-divisor graph of R = 7o x Zy or R = Zy x Z[X]/(X?).

By Theorem B.2] we have the following theorem:
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Theorem 3.3. IfT'(R) has no cycles, then a(T'(R)) is either |Z*(R)| — 1 or 3.

Theorem 3.4. (i) Let R be a finite ring. If T'(R) is a regular graph of degree r, then a(I'(R)) is
either 1 orr.
(ii) Let R be a finite decomposable ring. If T'(R) is a Hamiltonian graph, then a(T'(R)) =
(iii) Let R be a finite principal ideal ring and not decomposable. If T'(R) is Hamiltonian, then
a(l(R)) =1

|2 (R)|
5

Proof.
(i) Since I'(R) is a regular graph of degree r, I'(R) is a complete graph K,;; or a complete
bipartite graph K, ,. Consequently, o(I'(R)) is either 1 or r.
(ii) In this case I'(R) is K, for some natural number n. So, a(I'(R)) = n.
(iii) If R is not decomposable then in this case I'(R) is a complete graph. Therefore we have the

result. [

Corollary 3.5. The graph I'(Z,,) is a Hamiltonian graph if and only if a(T'(Zy,)) = 1.

Proof. By Corollary 2 of [2], we know that the graph I'(Z,) is a Hamiltonian graph if and only if

n = p?, where p is a prime larger than 3 and I'(Z,) is isomorphic to K,_1. Thus, we have the result.

O

Here we state a notation which is useful for the study of the independence number of more graphs
associated to commutative rings.

Let R = Fy x ... x F,, where Fj is an integral domain, for every i, and |F;| > |F;;+1|. We set
E“Zk = {(.Tl, cee ,xn) S R|\V/Z € {’L'1, ce ,’L'k},SCZ' 75 0 and Vi Q {’il, R ,ik},xi = O}
By this notation we have |Ej, ;[ = |F} |[F]] ... [F}|.

Theorem 3.6. Suppose that for a fixed integer n > 2, R = Ry X -+ X R, where R; is an integral
domain for each i =1,...,n. We have

(i) a(I'(R)) = oo if one of R; is infinity,

(i)

n—1
a('(R)) > Z MGy - g + Z Z Ny - - - N,
2<ip<...<i k1 <n z (B4 \ISa<.<a<n
2

Proof. (i) We can suppose that |R;| is infinity. So S = {(2,0,...,0)|x € R} is an independent set
and therefore a(I'(R)) = oo.
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(17) Let |Ry| > |Ra| > ... > |R,|. It is easy to see that

n—1
A= l | Elig...iLk_lj I l l | I l E; . 4
. . 2 . .
2<ir<..Si xS 1) \ISa<o<a<n

is an independent set of I'(R). So

n—1

o(I'(R)) = |A| = Z Z Niy -, |+ Z MMy - Ty

LL;1J+1 1< <<y <n 2Si2§---§iLk71JSn

Theorem 3.7. Suppose that ny > ny > ng and |F| =n; fori=1,2,3. If R=F, x F, x F3, then

a(T'(R)) = ning + ning + max{ny, nans}.

O
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Proof. It is not difficult to see that one of the following sets is a maximum independent set in the

zero-divisor graph of F} x Fy X Fj:
Ay = E1pU E13U Eog,
Ay = E1o U B3 U E;.

So a(I'(R)) = max{|A1], |A2|} = niny + ning + max{ni,nong}. g

Let us to state two examples for the above theorem:

Example 3.8. Let R = Z5 X Zy X Zy. Here Ay = E15 U E13U By is a a-set of graph I'(R) and

a(T'(R)) = nina + ning +ny = 9.

Example 3.9. Let R = Z7 x Z5 x Zs. Here A = Ej3 U E13 U Eas is a a-set and «a(I'(R))

ning + ning + nong = 64.

Theorem 3.10. Suppose that ny > ny > n3 > ng and |F}| = n; for i = 1,2,3,4. Let R

F1XF2XF3XF4.

(i) If ny > nonsny, then a(I'(R)) = ni(nans + nong + nyng + ng +ng +nyg + 1).

SO

(ii) Ifny < mgngng and ning > nong, then a(I'(R)) = ny(nang+nong+nsng+no+ns+nyg)+nonsng.

(i) If ning < ngng, then a(T'(R)) = ni(nans + nang + nsng + ng + n3) + nans + nangngy.

Proof. Since n; > ny > ng > ny, it is easy to check that one of the following sets is a a-set of the

graph I'(R):
I = E193 U E194 U B34 U Eio U Ei3 U By U B,
Iy = E193 U E194 U B34 U E1o U Ei3 U g U Eagy,
I3 = E193 U E194 U Ei34 U E1o U E13 U Eo3 U Fasy,
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(i) If ny > naongng then ning > nonsng, and I; is a a-set in the graph. Therefore o(I'(R)) =
ny(nang + nang + ngng + no + n3 +ng + 1).
(ii)) If ny < mgngng and ning > ngng, then I is a a-set in the graph. Therefore o(I'(R)) =
ni(nons + nong + nang + ng + N3 + nyg) + nansng.
(iii) If ning < ngng then ny < nonsny and I3 is a a-set in the graph. So «(T'(R)) = ni(nans +

Nang + n3ng + na + n3) + nanz + nanzng. g

The following corollary is an immediate consequence of Theorem [3.10

Corollary 3.11. Suppose that ny > ng > ng > ny and |F| =n; fori=1,2,3,4. If R =F x F x
F3 X F4, then

a(T'(R)) = ni(nans + nang + nyng + ng + n3) + max{ny + ning, neng + nensgng, ning + nangng}.
Here we bring up some examples for Theorem [3.10]

Example 3.12. Let R = Zs X Zgy X Zg X Zso. The set I; in Theorem 310l is a a-set in the graph and
so a(T'(R)) = 28.

Example 3.13. Let R = Zs5 X Z3 X Z3 X Z3. The set I in Theorem [3] is a a-set in the graph and so
a(T'(R)) = 80.

Example 3.14. Let R = Zz x Zs X Z3 X Zo. The set I3 in Theorem [3] is a a-set in the graph and so
a(T'(R)) = 88.

Theorem 3.15. Suppose that |F}| = n;, where n; > n; and i > j for i,j = 1,...,5. Let R =
Fy x ... x F5. If t = ny( Z ningng) + ni( Z ninj), then

2<i<j<k<5 2$i<j§5
(4,5)7#(4,5)

(i) If n1 > nansngns, then a(I'(R)) =t + ni(nans + no + ng +ng +ns + 1).

) (T(R)

(i) If nang > ningns, then a(T'(R)) =t + na(nsngns + nang + nans + ny + n3) + nins.

(iii) If nins > nangny, then a(T'(R)) =t + ny(nans + n2 + n3 + ng + ns) + nongngns.

(iv) Ifnins < ngngng and ning > nonsns, then a(L(R)) = t+ni(nans+ngo+ns+ng)+ne(nsngns+
nsny).

(v) If ning < nonsns and ning > nangns, then a(L(R)) =t + ny(nans + na + n3) + na(ngngns +
nsng + nans).

(vi) If ning < nangns and ning > ngngng, then a(T'(R)) = t+nq(nans +n2) +ne(nsngns +nsng +
nsng + nans).

(vii) If ning < nangns, then a(I'(R)) =t + (n1 + n3)nans + na(nanans + ngna + nans + nans).
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proof. We put A = ( U Eiiji) U( U E4;j). Consider the sets A; and B; for i =1,...,6
2<i<j<k<5 2<i<j<5
(4,5)#(4,5)
as shown in the following table.

B; | Eazas | Evas | E3as | Eoss | Eazs | Faza

‘We have:

(i) If ny > nonsngns, then by the above table |A1| > |B;| and this implies |Bs| > |A2| and for
i = 3,4,5,6, |A;] > |Bi|]. So AUA; UByU A3 U Ay U A5 U Ag has the size of a maximum
independent set in the graph and «(I'(R)) =t 4+ ni(nans + ng2 + ng +ng + ns + 1).

(ii) If nong > ningns then |As| > |Bs| and this implies |By| > |A1|,| 43| > |Bs|,|A4| > |B4l,|Bs| >
|As| and |Bg| > |Agl, so AUB; UAsUA3U AyU BsU Bg has the size of a maximum independent
set in the graph and «(T'(R)) = t + na(ngnans + nyng + ngns + ny + ng) + ning.

(iii) If nins > nonsng and ny < ngongngns then |Ag| > |Bg| and |Bi| > |A;], now |By| > |As| and
for i = 3,4,5, |A;| > |B;|, so AU By U By U A3 U Ay U A5 U Ag has the size of a maximum
independent set in the graph and a(I'(R)) = t + ni(nans + na + n3 + ng + ns) + nonznans.

(iv) If nins < nonsnyg and ning > nongns then |Bg| > |Ag| and |As| > |Bs|, now |By| > |A1|, |Ba| >
|A2| and for i = 3,4, |A;| > |B;|, so AUB;UByU A3 U Ay U A5 U Bg has the size of a maximum
independent set in the graph and o(I'(R)) = t 4+ n1(nans + na + nz +ny) + na(nnans + nang).

(v) If ning < nonsns and ning > naongns then |Bs| > |As| and |A4| > | By, therefore |As| > |Bs|
and for i = 1,2,6, |B;| > |A;i], so AUB; U By U A3 U Ay U Bs U Bg has the size of a maximum
independent set in the graph and a(I'(R)) = t+n1(nans +na+ns) +na(nsnins +nsng +nsns).

(vi) If ning < mangns and ning > ngngns then |By| > |A4| and |Ag| > |Bs|, so for i = 1,2,5,6,
|B;| > |A;|, hence AU By U By U As U B4 U Bs U Bg has the size of a maximum independent
set in the graph and o(I'(R)) = t + ni(nans + n2) + na(nsnans + ngna + nans + nans).

(vii) If ning < ngnans then |Bs| > |As| and for i = 1,2,4,5,6, |B;| > |A;|, hence AU B; U By U
Bs U By U Bs U Bg has the size of a maximum independent set in the graph and «(I'(R)) =

t + (n1 + n3)nans + na(nanans + ngng + nans +nans).

Corollary 3.16. Let R = I x ... x Iy, |F| = n; and n; > n;, where i,j =1,...,5 and i > j. Then

a(T'(R)) = ni( Z ningng) + ni( Z ninj) + max{A;},
2<i<j<k<5 2<i<j<5 '
(4,3)#(4,5)
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where
Ay =ny(ngns +ng +nz +ng +ns + 1)
AQ = ng(ngnang + nN3ng + nsns +nq + ng) + ning
Az = ny(ngns + ng + n3 + nyg + ns) + nangnans

(
(
(
Ay = ni(ngns + ng + ng + nyg) + na(ngngns + nyny)

As = ni(ngns + ng + ng) + na(ngngns + nang + nans)
Ag = ni(ngns + ng) + na(ngnans + nang + ngns + ngns)

A7 = (n1 + n3)nans + na(ngnans + ngng + nans + nans)

Example 3.17. (i) Let R = Zs X Zo X Zg X Zg X Zy. Then in Theorem BI5 «(I'(R)) =t + A4,
(ii) Let R = Zs X Zs X Zs X Lo X Zo. Then in Theorem BI0, a(T'(R)) =t + Ag,
(iii) Let R = Zy x Zs X Z3 X Z3 X Z3. Then in Theorem B.I5], a(T'(R))
(iv) Let R =Z7 X Zg X Z3 X Z3 X Z3. Then in Theorem BI85, «(T'(R))
(v) Let R =75 X Zs X Zs X Zy X Zsz. Then in Theorem B.I5 a(T'(R)) =t + As,
(vi) Let R =77 X Z7 X Z3 X Zy X Zy. Then in Theorem B.I5, «(T'(R))
(vii) Let R = Z3 X Z3 X Z3 X Z3 x Z3. Then in Theorem 310 «(T'(R))

Theorem 3.18. Let (R, m) be a finite local ring and m# {0}.
(i) If m = {0}, then a(T'(R)) = 1.
(ii) If m® # {0}, then 2 < a(T(R)) < |Z*(R)| — |Ann(Z(R))*|.

Proof. If R is a finite local ring, then the Jacobson radical of R equals Z(R) and Z(R) = m. Thus
Z(R) is a nilpotent ideal and since R is not a field, then Ann(Z(R)) # {0}. Moreover, each element
of Ann(Z(R)) is adjacent to each other vertex of Z*(R).

(i) If m® = {0} then Ann(Z(R)) = Z*(R) and T'(R) is a complete graph.

(ii) If m® # {0}, then every element of Ann(Z(R))* is adjacent to each other vertex of Z*(R) and
this implies 2 < a(T'(R)) < |Z*(R)| — |[Ann(Z(R))*|. 0

Example 3.19. Let R = Z,s then Z*(R) = {pk|(p,k) = 1} U {p?k|(p*,k) = 1}. We have
Ann(Z(R))* = {p°kl|(p*,k) = 1} and {pk(p,

k) = 1} is an independent set in the I'(R) of maxi-
mum size. So a(T(R)) = |{pk|(p, k) = 1}| = |Z*(R)| — | Ann(Z(R))"|.

4. THE INDEPENDENCE NUMBER OF AN IDEAL-BASED ZERO-DIVISOR GRAPH

In this section, we study the relationship between the independence numbers of I';(R) and I'(R/I).
Suppose that R is a commutative ring with nonzero identity, and [ is an ideal of R. The ideal-based
zero-divisor graph of R, denoted by I';(R), is the graph which vertices are the set {z € R\I|zy €
I forsome y € R\I} and two distinct vertices z and y are adjacent if and only if xy € I, see [16].
In the case I =0, T'o(R) is denoted by I'(R). Also, I';(R) is empty if and only if I is prime. Note that
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Proposition 2.2(b) of [I6] is equivalent to saying I';(R) = ) if and only if R/I is an integral domain.
That is, I';(R) = 0 if and only if T'(R/I) = 0.
This naturally raises the question: If R is a commutative ring with ideal I, whether o(I';(R)) is equal

to a(I'(R/I))? We show that the answer is negative in general.

Lemma 4.1. Let m be a composite natural number and p a prime number. Then

o(Z/mZ) =1;  if m=p?

00; otherwise.

Note that for the second case a(l'yz(Z)) = 0o and a(Z/mZ) < 0.

Proof. If m = p? then for every = € I',,z(Z) we have = pk, where (p,k) = 1. So z,y € T)z(Z)
are adjacent in I'f(R) and I';(R) is a complete graph. Also Z/mZ = 7Z,» and I'(Z/mZ) is a complete
graph.

Now let m be a non-prime number and for every prime number p, m # p?. Then we have m = p'n, p
is prime, n # 1 and (n,p) = 1, or m = p!, p is prime and [ > 3.

If m = p' then S = {kp|(k,p) = 1} is an independent set and therefore a(T,,,z(Z)) = oc.

If m = p'n then S = {kp|(k,p) = 1 and n|k} is an independent set and therefore o(T,,7(Z)) = oo.
But, we have Z/mZ is a finite ring and «(I'(Z/mZ)) is finite.

Now we state the following results of [16].

Lemma 4.2. ([I6]) Let I be an ideal of a ring R, and x,y be in R\I. Then:
(i) If x 4+ I is adjacent to y + I in T'(R/I), then x is adjacent to y in T'1(R);
(i) If x is adjacent to y in T'r(R) and x + I # y+ I, then x + I is adjacent to y+ I in T'(R/I);
(iii) If x is adjacent to y in Tj(R) and v + 1 =y + I, then 2®,y? € I.

Lemma 4.3. ([10]) If v and y are (distinct) adjacent vertices in I'1(R), then all (distinct) elements
x+ 1 and y+ I are adjacent in T1(R). If 2> € I, then all the distinct elements of x + I are adjacent
mn F[(R).

Theorem 4.4. Let S be a nonempty subset of R\I. If S+ 1 = {s+ I|s € S} is an independent set
of T'(R/I), then S is a independent set of T'1(R).

Proof. Let S be a nonempty subset of R\l and S + I = {s + I|s € S} be an independent set of
D(R/I). If x,y € S, then © + I and y + I are not adjacent in I'(R/I) and by Lemma [L2]i), = and y

are not adjacent in I'7(R). [

The following corollary is an immediate consequence of the above theorem:
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Corollary 4.5. o(T(R/I)) < a(T;(R)).

Theorem 4.6. Let S + I be an independent set with cardinality o(T'(R/I)) and A = {s+ I €
S+ 1I|s>+1=1}. Then a(T1(R)) = |A| + |I|(a(T(R/T)) — |A]).

Proof. Suppose that s € S, x € s+Tandy € s+ 1. If s>c Ithena € s+ andy € s+ I are
adjacent vertices in I'j(R). If s> ¢ I then z € s+ 1 and y € s+ I are not adjacent in I';(R). Therefore
T ={s|s> €I} U{s+i|i € I,s*> ¢ I} is an independent set with maximum cardinality.

Corollary 4.7. o(T'(R/I)) < «(T'1(R)) < [I|a(T'(R/ 1))

Corollary 4.8. If S is an independent set with cardinality o(Tr(R)), and s*> € I for every s € S,
then a(I'f(R)) = a(T'(R/1)).

Corollary 4.9. If S is an independent set with cardinallity o(T;(R)), and s*> & I for every s € S,
then a(T';(R)) = |I|la(T(R/I)).

We state two following examples for corollaries:

Example 4.10. Let R = Zg X Z3 and I = 0 x Z3 be an ideal of R. Then it easy to see that
I'7(R) = {(2,0),(2,1),(2,2),(3,0),(3,1),(3,2),(4,0),(4,1),(4,2)} and T'(R/I) = {(2,0) + I,(3,0) +
I,(4,0) +I}. The set T'={(2,0),(2,1),(2,2), (4,0), (4,1), (4,2)} is an independent set of I';(R) and
so a(I'7(R)) = 6. On the other hand S + I = {(2,0) + I,(4,0) 4+ I} is an independent set of I'(R/I)
and o(I'(R/I)) = 2. Therefore a(I';1(R)) = |[I|a(T'(R/1)).

Example 4.11. Let R = Zy and I = 4Zy6. Then I';(R) = {2,6, 10,14} and I'(R/I) = {2+ I}. Then
T = {2} is an independent set of I';(R) and a(I'7(R)) = 1. On the other hand S+ 1 = {2+ I} is an
independent set of I'(R/I) and «(I'(R/I)) = 1. So we have a(I';(R)) = a(I'(R/1)).

Example 4.12. Let R = Zig X Z3z and I = 0 X Zg be an ideal of R. Then it easy to see that
I'/(R) = {(z,y)|lr = 2,4,...,14,y = 0,1,2} and T'(R/I) = {(z,0) + I|z = 2,4,...,14}. Then T =
{(z,y)|z = 2,6,10,14,y = 0,1,2} U {(4,0)} is an independent set of I';(R) and so o(I';(R)) = 13.
On the other hand S + I = {(x,0) + I|x = 2,4,6,10,14} is an independent set of I'(R/I) and
a(I'(R/I)) = 5. Let A be the set defined in Theorem [£.6] then A = {4}. So we have a(I';(R)) =13 =
143(5— 1) = || + |1|(a(T(R/T)) — | ]).

D. INDEPENDENCE7 DOMINATION AND CLIQUE NUMBER OF SMALL FINITE COMMUTATIVE RINGS

In this section similar to [I5], we list the tables for graphs associated to commutative ring R, and write
independence, domination and clique number of T'(R). Note that the tables for n = |VI'| = 1,2,3,4
can be found in [4]. The results for n = 5 can be found in [16]. In [I5], all graphs on 6,7,...,14
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FIGURE 1. Graph for Zy x Zy and Zo x Zo[X]/(X?)

FIGURE 2. Graph for Zo X Zo X Zo

FIGURE 3. Graph for Zz x Zy and Z3 x Zo[X]/(X?)

FIGURE 4.  Graph for Z4,Zo[X]/(X*),Z4[X]/(X? + 2),Z4[X]/(X? 4+ 3X) and
Z4[X] /(X3 —2,2X2,2X)

vertices which can be realized as the zero-divisor graphs of a commutative rings with 1, and the list

of all rings (up to isomorphism) which produce these graphs, are given.



FIGURE 5. Graph for Zo[X,Y]/(X3, XY, Y?), Zs[X]/(2X, X?) and Z4[X]/(X3,2X?,2X)

FIGURE 6. Graph for Z4[X]/(X?+2X),Zs[X]/(2X, X% +4),Z,[X,Y]/(X?, Y2 - XY)
and Z4[X]/(X2,Y? - XY, XY —2,2X,2Y)

Vertices R |R| | Graph | o(T'(R)) | v(T'(R)) | w(I'(R))
3 Zg 6 | Kio 2 1 2
Lg 8 | Kip2 2 1 2
Zo[X]/(X?) 8 | Kip 2 1 2
Z4[X]/(2X, X% —-2) | 8 | Kio 2 1 2
Zo[X,Y]/(X,Y)? | 8 | Kj 1 1 3
Z4[X]/(2,X)? 8 | Kj 1 1 3
F4[X]/(X?) 16 | Kj 1 1 3
Zo[X])( X2+ X +1)| 16 | K3 1 1 3

FIGURE 7. Graph for Z4[X,Y]/(X%, Y2, XY —2,2X,2Y), Zs[X,Y]/(X?%,Y?) and Z4[X]/(X?)

Vertices R |R| | Graph | «(T'(R)) | v(T'(R)) | w(I'(R))
4 ZoxFy | 8 | Kuis 3 1 9
ZsxZs | 9 | Ko 2 2 2
Z25 25 Ky 1 1 4
Zs[X]/(X?) | 25 | K4 1 1 4
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FIGURE 8. Graph for Z4[X]/(X3 — X% — 2,2X?,2X)
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FIGURE 9. Graph for Zo[X]/(3X, X? — 3),Z9[X]/(3X, X% — 6) and Z3[X]/(X?)

Ficure 10. Graph for Zs x Ficure 11. Graph for Z4 x
Zo X Lo Fy, 7o X]/(X?) x Fy.
FIGURE 12. Graph for Zy X Zy X Zso
Vertices R |R| | Graph | o(T'(R)) | v(T'(R)) | w(I'(R))

5 ZQ X Z5 10 K174 4 1 2
Zg X F4 12 K273 3 2 2
Lo X Ly 8 | Fig. 1 3 2 2
Zo x Zo[X]/(X?) | 8 | Fig. 1 2 1 2
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FIGURE 13. Graph for Zy x Fy, Zo[X]/(X?) x Fy

e
K

Ficure 14. Graph for Zy x
Zg and Zy x Z3[X]/(X?)

b
®

FicUure 16. Graph for Zs x
Zg and Zo x Zo[X]/(X?) and
Zo x Z4[X]/(2X, X2 — 2)

Ficure 15. Graph for Zs x
Z4 and Zs x Zo[X]/(X?)

Ficure 17. Graph for Zs x
Zo[X,Y]/(X,Y)? and Zo x
Z4[X]/(2,X)?

FIGURE 18. Graph for Zy x Zy, 74 x Zo[X]/(X?) and Zo[X]/(X?) x Zo|X]/(X?)

Vertices R |R| | Graph | o(T'(R)) | v(T'(R)) | w(I'(R))
6 ZsxZs |15 | Kygu 4 2 2
Fy x Fy 16 | Kss 3 2 2
Zo X Lo xZo| 8 | Fig. 2 3 3 3
Lag 49 | Ks 1 1 6
Z7(X]/(X?) | 49 | Kg 1 1 6
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Vertices R |R| | Graph | a(T'(R)) | v(I'(R)) | w(I'(R))
7 Zy X Ty 14 | Kig 6 1 2
Fy x Zs 10 | Ks3q4 4 2 2
Z3 x T4 12 | Fig. 3 4 2 2
Zs x 7o X]/(X?) 12 | Fig. 3 4 2 2
Z1g 16 | Fig. 4 5 1 3
Zo[X]/(X*4) 16 | Fig. 4 5 1 3
Z4[X]/(X? +2) 16 | Fig. 4 5 1 3
Z4[X]/ (X% + 3X) 16 | Fig. 4 5 1 3
Z4[X] /(X3 —2,2X2,2X) 16 | Fig. 4 5 1 3
Zo[X,Y]/(X3, XY, Y?) 16 | Fig. 5 4 1 4
Zs[X]/(2X, X?) 16 | Fig. 5 4 1 4
Z4[X]/(X3,2X2 2X) 16 | Fig. 5 4 1 4
Z4[X]/(X? + 2X) 16 | Fig. 6 3 1 3
Zg[X]/(2X, X2 +4) 16 | Fig. 6 3 1 3
Zo[X,Y]/(X2,Y? - XY) 16 | Fig. 6 3 1 3
Z4[X, Y]/ (X2 Y2 - XY, XY —2,2X,2Y) | 16 | Fig. 6 3 1 3
Z4[X,Y]/(X2 Y2 XY —2,2X,2Y) 16 | Fig. 7 3 1 3
Zo[X,Y]/(X2,Y?) 16 | Fig. 7 3 1 3
Z4[X]/(X?) 16 | Fig. 7 3 1 3
Z4[X]/ (X3 — X% - 2,2X? 2X) 16 | Fig. 8 4 1 3
Zo|X,Y, Z)/(X,Y, Z)? 16 | Kz 1 1 7
Z4[X,Y]/(X2, Y% XY, 2X,2Y) 16 | K 1 1 7
Fs[X]/(X?) 64 | Ky 1 1 7
Za[ X)) (X3 + X +1) 64 | Ky 1 1 7
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FiGURE 19. Graph for Zy x FiGURE 20. Graph for Zy X
ZQ X F4 Z3 X Z3.
/
N
FIGURE 23.
FiGURE 21. FIGURE 22.
Graph for
Graph for Graph for
Graph for
Z2XZ2XZ4 ZQXZQXZQ
Zg X Zg and
and ZQ X ZQ X X ZQ
9 Zg X
Zo[X]/(X?) )
L3 X]/(X7).
Vertices R |R| | Graph | a(T'(R)) | v(T'(R)) | w(I'(R))
8 ZQ X Fg 16 K177 7 1 2
L3 x L 21 Ky 6 2 2
Z5 X Z5 25 K474 4 2 2
Loz 27 | Fig. 9 6 1 3
Zo[X]/(3X,X? —3) | 27 | Fig. 9 6 1 3
Z9|X]/(3X,X?% —6) | 27 | Fig. 9 6 1 3
Z3[X]/(X3) 27 | Fig. 9 6 1 3
Z3[X,Y]/(X,Y)? | 27| Kg 1 1 8
Zo[X]/(3,X)? 27 | Kg 1 1 8
Fo[X]/(X?) 81 | Ks 1 1 8
Zo[X)/(X?2+1) | 81| Kg 1 1 8
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Vertices R |R| | Graph | a(T'(R)) | v(I'(R)) | w(T'(R))
9 Zy x Fy 18 | Kig 8 1 2
Z3 x Fy 24 | Koz 7 2 2
Fy X Z7 28 | Ksgp 6 2 2
Ty x Ty x 73 | 12 | Fig. 10 6 3 3
Zy % Fy 16 | Fig. 11 6 2 2
Z9[X]/(X?) x Fy | 16 | Fig. 11 6 2 2
Vertices R |R| | Graph | a(T'(R)) | v(I'(R)) | w(T'(R))
10 Z3 x Fy 27 | Kag 8 2 2
Fy x Fy 32 | Ksn 7 2 2
Zs x T 35 | Kug 6 2 2
AL 121 | Kig 1 1 10
Z11[X]/(X?) | 121 | Ko 1 1 10
Vertices R |R| | Graph | a(I'(R)) | v(T'(R)) | w(I'(R))
11 Zy x 11 22 | K19 10 1 2
Fy x Fy 36 | Ksg 8 2 2
Zs x Fy 40 | Kyr 7 2 2
Zy x Ly 18 | Fig. 12 8 3 3
7o x 73[X]/(X?) 18 | Fig. 12 8 3 3
Zs x T4 20 | Fig. 13 8 3 2
Zs x o[ X]/(X?) 20 | Fig. 13 8 3 2
Zy x Zsg 16 | Fig. 14 8 2 3
Zo x Lo[X]/(X3) 16 | Fig. 14 8 2 3
Zo x 74[X]/(2X,X? —2) | 16 | Fig. 14 8 2 3
Zo x Zo|X,Y]/(X,Y)? | 16 | Fig. 15 7 2 4
Zo x 74]1X]/(2,X)? 16 | Fig. 15 7 2 4
Zy X Ly 16 | Fig. 16 6 2 3
Za x T X]/(X?) 16 | Fig. 16 6 2 3
Zo[X]/(X?) x Zo[X]/(X?) | 16 | Fig. 16 6 2 3
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Vertices R |R| | Graph | a(I'(R)) | v(I'(R)) | w(I'(R))
12 Z3 X 71 33 | Koo 10 2 2
Zsx Ty | 45 | Kig 8 9 9
ZoxZp | 49 | Kgg 6 2 2
ToxToxZa| 16 | Fig. 17| 6 2 2
VALY 169 | K2 1 1 12
Z13[X)/(X?) | 169 | Kio 1 1 12
Vertices R |R| | Graph | a(I'(R)) | v(T'(R)) | w(I'(R))
13 Lo X L3 26 | Ki2 12 1 2
Fy x 71 44 | Ky 10 2 2
L x Iy 56 | K7 7 2 2
Lo X L3 X U3 18 | Fig. 18 8 3 3
Lo X Lo X iy 16 | Fig. 19 8 3 3
Zo x Ty x Za[X]/(X?) | 16 | Fig. 19 8 3 3
Vertices R |R| | Graph | a(I'(R)) | v(I'(R)) | w(I'(R))
14 Zs % T3 39 | Koo 12 2 2
Zs x Ty 55 | Ky 10 2 2
L7 x Fy 63 | Keg 8 2 2
Fg x Fy 64 | Koz 7 P P
Lo X Lo X Zy X Zo | 16 | Fig. 20 7 4 3
Zs X Zg 27 | Fig. 21| 10 2 3
Zs x 73[X]/(X?) | 27 | Fig. 21 10 2 3
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