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ABSTRACT. The notions of a local automorphism for Lie algebras are defined as similar to
the associative case. Every automorphism of a Lie algebra L is a local automorphism. For
a given Lie algebra £, the main problem concerning these notions is to prove that they
automatically become an automorphism or to give examples of local automorphisms of L,
which are not automorphisms. In this paper, we study local automorphisms on quasi-filiform
Leibniz algebras. It is proved that quasi-filiform Leibniz algebras of type I, as a rule, admit

local automorphisms which are not automorphisms.

1. INTRODUCTION

In recent years non-associative analogues of classical constructions become of interest in

connection with their applications in many branches of mathematics and physics. The notions

DOI: 10.22034/as.2023.18189.1517

MSC(2010): 08A35, 17A32, 17A36.

Keywords: Automorphisms, Leibniz algebras, Local automorphisms, Nilpotent algebras.
Received: 11 March 2022, Accepted: 08 April 2023

*Corresponding author

© 2024 Yazd University.
11



12 J. Adashev and B. Yusupov

of local and 2-local derivations (automorphisms) are also popular for some non-associative
algebras such as Lie and Leibniz algebras.

R.Kadison [[17] introduced the concept of a local derivation and proved that each continuous
local derivation from a von Neumann algebra into its dual Banach bimodule is a derivation.
B. Johnson [16] extended the above result by proving that every local derivation from a C*-
algebra into its Banach bimodule is a derivation. In particular, Johnson gave an automatic
continuity result by proving that local derivations of a C*-algebra A into a Banach A-bimodule
X are continuous even if not assumed a priori to be so (cf. [16, Theorem 7.5]). Based on these
results, many authors have studied local derivations on operator algebras.

A similar notion, which characterizes non-linear generalizations of automorphisms, was in-
troduced by P.Semrl in [21] as 2-local automorphisms. He described such maps on the algebra
B(H) of all bounded linear operators on an infinite dimensional separable Hilbert space H.
After P.Semrl’s work, numerous new results related to the description of local and 2-local
automorphisms of some varieties have been appeared (see, for example, [6, 9, 12, 13, 19, 20]).

The first results concerning to local and 2-local derivations and automorphisms on finite-
dimensional Lie algebras over algebraically closed field of zero characteristic were obtained
in [6, 7, 10] and [12]. Namely, in [10] it is proved that every 2-local derivation on a semi-
simple Lie algebra L is a derivation and that each finite-dimensional nilpotent Lie algebra
of dimension larger than two admits 2-local derivation which is not a derivation. In [7] the
authors have proved that every local derivation on semi-simple Lie algebras is a derivation and
gave examples of finite-dimensional nilpotent Lie algebras with local derivations which are not
derivations. Concerning 2-local automorphism, Z.Chen and D.Wang in [[12] proved that if £
is a simple Lie algebra of type A;, D; or Ey, (k = 6,7,8) over an algebraically closed field of
characteristic zero, then every 2-local automorphism of £ is an automorphism. Finally, in [6]
Sh.Ayupov and K.Kudaybergenov generalized the result of [12] and proved that every 2-local
automorphism of a finite-dimensional semi-simple Lie algebra over an algebraically closed field
of characteristic zero is an automorphism. Moreover, they showed also that every nilpotent
Lie algebra with finite dimension larger than two admits 2-local automorphisms which are
not an automorphism. Local automorphisms of certain finite-dimensional simple Lie and
Leibniz algebras are investigated in [§]. Concerning local automorphism, T.Becker, J.Escobar,
C.Salas and R.Turdibaev in [11] established that the set of local automorphisms LAut(sls)
coincides with the group Aut™(sly) of all automorphisms and anti-automorphisms. Later in
[13] M.Costantini proved that a linear map on a simple Lie algebra is a local automorphism if
and only if it is either an automorphism or an anti-automorphism. Similar results concerning
local and 2-local derivations and automorphisms on Lie superalgebras were obtained in [14, 22]

and [23]. The first example of a simple (ternary) algebra with nontrivial local derivations is
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constructed by B.Ferreira, I.Kaygorodov and K.Kudaybergenov in [15]. Moreover, in [18§]
I.Kaygorodov, K.Kudaybergenov and I.Yuldashev proved that every local derivation on a
complex semi-simple finite-dimensional Leibniz algebra is a derivation. After that, in [3]
Sh.Ayupov, A.Elduque and K.Kudaybergenov constructed an example for a simple (binary)
algebra with non-trivial local derivations(automorphisms). In [2] the authors proved that
direct sum null-filiform nilpotent Leibniz algebras as a rule admit local automorphisms which
are not automorphisms.

In [4] local derivations of solvable Lie algebras are investigated and it is shown that in
the class of solvable Lie algebras there exist algebras which admit local derivations which
are not derivation and also algebras for which every local derivation is a derivation. More-
over, it is proved that every local derivation on a finite-dimensional solvable Lie algebra with
model nilradical and maximal dimension of complementary space is a derivation. Sh.Ayupov,
A.Khudoyberdiyev and B.Yusupov proved similar results concerning local derivations on solv-
able Leibniz algebras in their recent papers [5, 24].

In the present paper we describe local derivations of quasi-filiform Leibniz algebra of type
I and show the existence of a local automorphism on quasi-filiform Leibniz algebra of type I

which is not an automorphism.

2. Preliminaries

In this section we recall some basic notions and concepts used throughout the paper.

Definition 2.1. A vector space with a bilinear bracket (L, [-,-]) is called a Leibniz algebra if
for any x,y, z € L the so-called Leibniz identity

[x7 [y,z]] = [[xay]vz] - [[xwz]vy],

holds.

For a given Leibniz algebra (L, [-,-]), the sequence of two-sided ideals is defined recursively
as follows:

ct=c, A =2k L], k> 1.

This sequence is said to be the lower central series of L.

Definition 2.2. A Leibniz algebra L is said to be nilpotent, if there exists n € N such that
L ={0}.

It is easy to see that the sum of two nilpotent ideals is also nilpotent. Therefore, the maximal
nilpotent ideal always exists. The maximal nilpotent ideal of a Leibniz algebra is said to be
the nilradical of the algebra.

Now we give the definitions of automorphisms and local automorphisms.
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Definition 2.3. A linear bijective map ¢ : £ — L is called an automorphism (resp. an anti-

automorphism) if it satisfies p([z,y]) = [p(z), o(y)] (resp. ©([z,y]) = [p(y), p(z)]) for all
x,y € L.

Definition 2.4. Let £ be an algebra. A linear map A : £ — L is called a local automorphism

if for any element x € A there exists an automorphism ¢, : £ — £ such that A(z) = ¢, (x).

Below we define the notion of a quasi-filiform Leibniz algebra.

Definition 2.5. A Leibniz algebra £ is called quasi-filiform if £7=2 # {0} and £"~! = {0},

where n = dim L.

Given an n-dimensional nilpotent Leibniz algebra £ such that £57! # {0} and £° = {0},
put £L; = L/LH 1 <i<s—1,and gr(£) =L1® Ly B+ D Ls_1. Due to [L;, L;] C Liy;
we obtain the graded algebra gr(L). If gr(£) and £ are isomorphic, gr(L£) = L, we say that £
is naturally graded.

Let « be a nilpotent element of the set £\ £2. For the nilpotent operator of right multiplica-
tion R, we define a decreasing sequence C(x) = (n1,ng,...,ng), where n = ny +na+-- - +ng,
which consists of the dimensions of Jordan blocks of the operator R,. On the set of such
sequences we consider the lexicographic order, that is, C'(z) = (n1,ne,...,ng) < Cly) =

(m1,ma,...,my) iff there exists i € N such that n; = m; for any j < i and n; < m;.

Definition 2.6. The sequence C(£) = HR%Q C(z) is called the characteristic sequence of the
TE
algebra L.

Definition 2.7. A quasi-filiform non Lie Leibniz algebra L is called an algebra of the type I
(respectively, type II) if there exists an element x € L\ L? such that the operator R, has the
Jn—2 0 Jo 0

form (respectively, ).
0 J 2 0 J n—2

The following theorem obtained in [l] gives the classification of naturally graded quasi-

filiform Leibniz algebras.

Theorem 2.8. An arbitrary n-dimensional naturally graded quasi-filiform Leibniz algebra of

type I is isomorphic to one of the following pairwise non-isomorphic algebras of the families:
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ei,el] =eip1, 1<i<n—3,

leise1] = e€ip1, 1 <i<n—3, [
L3P 23 [en1,e1] = en, L5 [en—1,e1] = en,
le1,en_1] = Ben, B EC, le1, en—1] = Ben, B €{0,1},
[en—1,€n—1] = €n,
i er] =i, Lsisn=3, lei,el] = eip1, 1<i<n-—3,
L35 [en—1,€1] = €, + €2, LA len_1,e1] = en + €3,
le1,en—1] = Pen, B €{-1,0,1}, [en—1,€n_1] = Yen, ¥ #0,
lei,e1] =eip1, 1<i<n—3
L3 [en—1,e1] = en + €2,
le1, en—1] = Ben, (B,7) = (1,1) or (2,4),
len—1,€n—1] = ven,

where {e1,ea,...,

en} is a basis of the algebra.

3. AUTOMORPHISMS OF NATURALLY GRADED QUASI-FILIFORM LEIBNIZ ALGEBRA OF TYPE I

In the section we consider the main result concerning automorphisms of naturally graded

quasi-filiform Leibniz algebra of type L.

Proposition 3.1. A linear map ¢ :

following form:

where a1b,_1 # 0;

p(e1)
p(e2)
p(ej)

v(en—1)
[ plen)

where a1b,—1 # 0, by_1 = a1 + an_1;

L — L is an automorphism if and only if ¢ has the

||
- 3
L0,
5
»~
. o
D +
S
3
L
—
+
)
\_/
\_/

. n—2
=al " > ai—jr1e, 3<ji<n-—2
i=j
n
- Z bleu
i=n—3
= a1 (bn—3en—2 + bn_16),
n
- Z a;€q,
1:_
n—2
=a1 ), ai—16; + an_1(a1 + an_1)en,
=2
-1 n—2
= a3 Z Aj—j+1€4, 3< J <n-— 27
=)
=bp_2ey,—2+bp_164-1+ bnerw

= (al + an—l)bn—lena
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. n
oler) = aiei,
=1
‘ n—2
@(62) = a1 Z a;—1€; + anfl(Qal + an*1)€n7
=2
£2,l . . .o n=2 .
90( n ) @(ej) = ajl 1 Z Qj—j+1€;4, 3<j<n-2
i=j
@len—1) =bn—2en—2+bp_16n-1+bneéy,
v(en) = (a1 + ap—1)bp—16€n,

where aib,—1 # 0, by—1 = a1 + an—1;

/ n
w(er) = > aie;,
i=1
-1 el n—2 )
- plej)  =ap (atan)ej+al™" 3 aijne, 2<j<n-=2
PL3 3 <
e
olen—1) = > aie; +byp_2en_2+ (a1 + an—1)en—1 + bpey,
i=2
So(en) = Gl(al + an—l)em
where aj(aj + ap—1) # 0;
n
pler) =) ae,
i=1
n—2
p(ez) =aj(a1 +an—1)ea + a1 Y, a;—1€ + ajap_1€y,
i=3
3’0 . . . 71—2 .
(L) o(ej) =aj 1(a1 + an—1)e; + aj ! > aimjrie, 2<j<n-—2,
o
n—4 -
olen—1) = > ae;+by_3en_3+by_2en_2+ (a1 + an—1)en—1 + bpen,
i=2
L 90(671) = (bn—S - an—S)alen—Q + afena

where aj(aj + ap—1) # 0;
3,1 4,y 5,8,y
for the algebras Ly, Ly, Ly

n—2
p(e1) = > aie; + anen,
i—1
! 1 n—2
plej)  =ai " ) aijyie, 2<j<n-2,
i=j
o(en—1) =bp_2en_2+ arepn—1+ bpep,
wl(en) = Qa%en,

where a; # 0.
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Proof. Let ¢ be an automorphism of the algebra. We set

1) = Z%% olep—1) = Zbiei-
i1 ;

Consider the equalities

p(e2) = p(ler, e1]) = [p(er), ¢ [Z aie, Z‘W%] -

n—3 n—2
=a1) €1+ a1an 16y + 10, 18en = a1 [ > ai1e; +an 1(1+ Blen |

n—2
ples) = p(lez, e1]) = [p(e2), pler)] [ (Z ai-1€; + an-1(1+ Be ) Zazez] =
n—3 .
= a% (Z ai_geZ-) .
i=3

Now we shall prove the following equalities by an induction on j

n—2

ples) =ai™ Zai—j—i-lei , 4<j<n-2

Consider the equalities

(1) Beolen) = o([er, en—1]) = [w(e1), plen—1)] = [Z ae;, Zbiei] = arbiez + an—1bien.

=1 =1

(2) plen) = o([en-1,€1]) Zb €, Zazez = (Z bieit1 + bn 1en> :

Comparing @) and (E) we obtain that by = 0.
From the equality

n—3 n n—4
0= ¢([en, e1]) = [al (Z biei+1 + bn—1€n> ,Zaiei] = af (Z bi€i+2> ;
i=1 n=2

n=2
we get b; =0, 2<j<n-—4
Now, we shall prove the sufficiency condition of the theorem.

Let us take u,v € L'}@’B and denote them by

n n
u = E Ai€i, V= E Hi€;-
-1 i—1

17
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Consider

o([u,v]) = ¢

VR

n—2
[Z i€, Zﬂzez] > =@ (Z )\i—llufl@i + (An—lﬂl + /BAlﬂn—l)en) =
=2

i
[N}

' M

NN

n—2
Ai—iprp(er) + (An—1p1 + BAipn—1)p(en) = AMprar <Z ai—1€; +an—1(1+ 5)€n> +

i= =2

n—

+Y  NiopatT Zaz jr1€j + (An—1p1 + BApin—1) (bn—3en—2 + bp_1€5) .
=3

On the other hand,

[p(w), ()] = [@ (Z A) X (Z u)] -
=1 i=1

n—2

n—2
Alza]ej + Xoa Zaj 185 +an—1(1+ Pey —l—Z)\a Zai—j+1€j+
j=t

Jj=1 Jj=2

n n
+ A1 Z bjej + Ana1 (bn—3en—2 + by_1€,), pi1 Z aje;+
j=n—3 j=1
n—2

n—2
H2a1 g aj—1€5 + Gn— 1(14 B)en +Zuz 15 Aj—j+1€5+
J=i

J=2

n
+ pn—1 Z bjej + +pnar (bn—Sen—Z + bn—len)] =
j=n—3

n—2 n—2 n—2
= Ap1aq (Z ai—1€; + an—1(1+ ﬁ)%) ++ Z Nicipa'™! Z ai—jr1€+
j=i

1=2 =3
+ (An—lﬂl + ,8>\an—1) (bn—?)en—2 + bn—len) .
Comparing coefficients at the basis elements we obtain
o([u, v]) = [@(u), ¢(v)],

and we complete the proof of theorem.

4. LOCAL AUTOMORPHISMS OF NATURALLY GRADED QUASI-FILIFORM LEIBNIZ ALGEBRA

OF TYPE I

Now we shall give the main result concerning local automorphisms of a naturally graded

quasi-filiform Leibniz algebra of type L.

Theorem 4.1. Let A be a linear operator on a naturally graded quasi-filiform Leibniz algebra

of type 1. Then A is a local automorphism if and only if:
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for the algebras cLh

e
oy

I
NgE

Cj,1€5,
j=1
n—2
Ale2) = > ¢j2ej + cnoen,
j=2
n—2
(3) LocAut : A(ez) = ijiej, 3 S ) S n—2
j=t
n
Alep—1) = >, Cin—16i,
i=n—3
A(en) = Cp—2n€n—2 + Cn,n€n,
for the algebras 2P
( n
j=1
n—2
A(es) = > Cj2€ej + Cpoen,
j=2
. n—2
LocAut : A(el) = Cji€j, 3<1<n—2
j=t
A(enfl) = Cn—2n—1€n—2 + Cp—1n—1€n—1 + Cnn—1€n,
A(en) = Cn—2n€n-2 + Cnn€n,
\
for the algebra £t
n
Aler) =) cjae,
j=1
n—2
A(ez) = Cji€j, 2 < ) <n-— 2
LocAut : jii
Alen-1) = ) ¢jn-165,
j=2
A(en) = Cp—2n€n—2 + Cn.n€n,
for the algebra £30
n
Aler) =3 cjaej,
5=1
n—2
A(QZ) = Z Cj,2€5 + ¢cp26en,
j=2
n—2
LocAut : ¢ A(e;) = cjiej, 3<i<n—2
]:1
Alen-1) = ) ¢jn-16€j,
j=2
A(en) = Cp—2,n€n—2 + Cn,n€n,
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for the algebras L, £y, L7

n—2

A(el) = Z Cj1€5 + Cn,1€n,
j=1
n—2

Ales) = ) ¢joej,
=2

. n—2
LocAut : A(el) == Z Cji€j, 3 S ) S n—2

Jj=t

A(en—l) = Cp—2n—1€n—2 + Cp—1n—1€n—1 1+ Cp,n—1€n,

A(en) = Cn—2n€n—2 + Cnn€n,

n
where [] ¢;; # 0.
=1

(2
Proof. Since the proof repeats the same arguments that were presented earlier for each case,
a detailed proof will be given only for the algebra chh , the rest of the cases are similar.

(=) Let A be a local automorphisms of the algebras £y” and let

n
A(ez) = ch7i€j’ 1 < /) <n.
j=1

Step 1. Take an automorphism ¢, such that A(e2) = ¢e,(e2). Then

n

Aled) = D cjoej,

j=1

n—2
ey (€2) = a1 <Z ai—16; + an—1(1+ 5)%) :

i=2
Comparing the coefficients at the basis elements, we get ¢12 = cp—1,2 = 0.

Step 2. Take an automorphism ¢, such that A(e;) = ¢, (€;), where 3 < i <mn —2. Then

n
Ale;) = ch,i€j7
j=1

n—2
1—1
ei(e) = ai "D aijpae;.
j=i

Comparing the coefficients at the basis elements for A(e;) and e, (e;), we obtain ¢;,; =
€24 ="""=Ci—145 = Cp—14 = Cpi = 0.

Step 3. Take an automorphism ¢, , such that A(en—1) = @e, ,(en—1). Then

n—2
Aler) = Z Cjn—1€j,
J

Z biei7

Pen—1 (en-1) =
i=n—3

1
n
n
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which implies ¢1 -1 = 21 = C3n-1 ="+ = Cp—an-1=0.

Step 4. Take an automorphism ¢, such that A(e,) = @e, (). Then

n

Ale,) = Z Cjn€yjs

7=1
Pen (en) = m (bn73en72 + bnflen) .

From this, we get that ¢, = c2, = -+ = cp—3n = cn—1,n = 0. Thus, the operator A has
the form (E)

(<) Assume that the operator A has the form (E) Take an arbitrary element z = Enj xje;.

The coordinates A(z) of the basis {e1,e2,...,e,} are =

K3
Az)i = Zcz',jirj, 1<i<n-—4,

Jj=1
n—3
Alz)p—3 = g Cn—3,;%j + Cn—3n—1Tn—1,
i=1
n—2
A(x)n—Q = E Cn—2,%; + Cpn—2n—1Tp—1 + Cn—2.nTn,
Jj=1
A(x)n—l = Cpn-1,171 + Cn—1,n—1Tn—1,
A(a:)n = Cp1%1 + Cpn2%2 + Cnn—1Tn—1 + CpnTn-
The coordinates of p(z) are
i
= Y ,
o(z)i = a; aip1—jr; 1 <i<n—4,
Jj=1
i
— R P \
(p(x)n_g = a1 Gi41—5%5 + Op_3Tp—1,
Jj=1
i
_ j—1
o(x)p—2 = E @y Aip1-§T5 + by oTp 1+ arby 3Ty,
=1
O(x)p—1 = ap—121 + bp_12p_1,

(P(x)n = apx1 + alanfl(l + B)x2 + bn-rnfl + albnflftn-



22 J. Adashev and B. Yusupov

Comparing the coordinates of A(x) and ¢(x), we obtain
(4)

j 1 .
ay  Gi41—5Tj = ZCZ,J%’ l<i<mn-—4,

Ms.

Jj=1
7 e n—3
Sl a1 4 b3 = Y. 3T + Cn3n1Tn1,
= i=1
[ -1 n—2
Do a] Gip1—T 4 by oy 1+ a1bp_3Tn = Y Cu2Tj + Cn2n-1Tn—1 + Cn—2,nTn,
j=1 i=1

121 + bp_1Tp—1 = Cp—1,121 + Cp—1,n—1Tn—1,

anx1 + a1an—1(1 + B)xe + bprp_1 + a1bp—_12n = cn 171 + Cn2%2 + Cpp—1Tn—1 + CnnTn.

Now we consider the following possible cases.
Case 1. Let 1 # 0. In this case, putting b,_3 = b,_o = 0, from (@) we uniquely determine
a;, 1 <i<n.

Case 2. Let 1y = 0, 29 # 0. Then putting b,-3 = b,—o = 0 we determine

A1,02, oy Qp—3, Qp—1-
Case 3. Let x1 =20=-- =251 =0, 2 #0,3 <k <n—2. Putting b,_3 =b,_2=0
we determine remaining a,_;—1 form k < <n — 2.
Case 4. Let x1 =22 =--- =22 = 0 and z,_1 # 0. We determine b;, n —3 < j <n.
Case 5. Let 11 =29 =... =x,-1 = 0 and z,, # 0. In this case, it sufficient to determine

b,—_3 and b, _1 from (@) Theorem 3.1 is proved. [

Example 4.2. Let us consider the linear operator A on chp , such that

n
A(x) =+ x9€n_2, T= inei.
i=1
By Proposition @, it is not difficult to see that A is not an automorphism. We show that,
A is a local automorphism on s

Consider the automorphism 1 and 2 on the algebra chP , defined as:
¢1 () =z + T1€8-3 + To€n_2,
vo () =+ ox1€y, T = Z:L‘iei.

=1

n

Now, for any z = > z;e;, we shall find an automorphism ¢, such that A(z) = ¢(z).
i=1
If x1 =0, then

v1(x) =z + x9en_2 = A(x).
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If 21 # 0, then set 0 = 2, we obtain that

x1?

xT
po(z) =z +oxie, =+ fxlen =z + xe, = A(x).
1

Hence, A is a local automorphism.
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