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ABSTRACT. In this article, we extend the concept of divisors to ideals of Noetherian rings,
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We also show that an ideal b is a regular divisor of a non-zero ideal a in a Dedekind domain
R if and only if b contains a. We characterize regular divisors using some ordered sequences
of prime ideals and study their various properties. Lastly, we formulate a method to compute

the number of regular divisors of a submodule by solving a combinatorics problem.
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1. INTRODUCTION

In [B], the concept of prime ideal factorization is generalized to proper submodules of finitely

generated modules over a Noetherian ring. If
(1) N=MyC M CoC My &M, =M

is a filtration of submodules, where for each i, g; is a maximal element in Ass(M/M;_1) and M;
is maximal among the submodules of M such that M;_; is a g;-prime submodule of M;, then
we say the generalized prime ideal factorization of N in M, denoted Pys(N), is q1 - - qn. We
also write Pas(IN) = pi"t - - - pi"* if p; occurs exactly r; times in q1,...,qy, and r1+- - -+7r, = n.
In this case, the filtration @) is called a regular prime extension (RPE) filtration of M over
N. We call a submodule which occurs in any RPE filtration of M over N as a regular divisor
of N in M. We show that regular divisors extend the concept of divisors to submodules of
finitely generated modules over Noetherian rings. If n is an integer, then d is a divisor of n if
and only if dZ is a regular divisor of nZ in Z. So nZ has Hle(ri + 1) regular divisors if the
prime factorization of n is p1"* - - - pg"*.

In this paper, we show that a submodule N of M has only a finite number of regular divisors
in M. We also formulate a method to compute the number of regular divisors of a submodule.

Throughout this article, we assume that R is a commutative Noetherian ring with identity,
M is a finitely generated unitary R-module, and N is a proper submodule of M. For
terminology used, the standard reference is [4].

In [B], Lu put forward various useful properties of prime submodules of modules and showed
their applications. In [l], a submodule K of M is called a p-prime extension of N in M if N
is a prime submodule of K with (N : K) = p, and it is denoted as N & K. Further, if K
is not properly contained in any other p-prime extensions of N in M, then we say N é K is
maximal. If p is a maximal element in Ass(M/N), then a maximal p-prime extension N &K
is called a regular p-prime extension.

Let F: N = M, pCl My C---C M, an M,, = M be a filtration of submodules containing
N, where each extension M;_; g M; is a regular p;-prime extension. Then F is called a
regular prime extension (RPE) filtration of M over N. Regular prime extension filtration of
submodules is introduced and studied in [1].

It is proved that a regular p-prime extension of a submodule is unique.

Lemma 1.1. [1, Theorem 11| Let N be a proper submodule of M and p be a mazimal element
in Ass(M/N). Then the submodule (N : p) of M is the unique mazimal p-prime extension of
N in M.

Remark 1.2. Hence, if p is a maximal element in Ass(M/N), then (N : p) is the regular

p-prime extension of N in M. So the number of regular prime extensions of N in M is exactly
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equal to the number of maximal elements in Ass(M/N). Hence, a submodule of M has only

a finite number of regular prime extensions in M.

p Pn
Lemma 1.3. [l Proposition 14] Let N = M, c My C -+ C My_1 C M, = M be a
pi
filtration of submodules such that each M;_1 C M; is a mazximal p;-prime extension. Then
Ass(M/M;—1) = {pi,...,pn} for 1 < i <n. In particular, Ass(M/N) = {p1,...,pn}-

Since regular prime extensions are maximal prime extensions, we have that Ass(M/N) is
precisely the set of prime ideals occurring in any RPE filtration of M over N.

The following lemma shows the uniqueness of the length of RPE filtrations.

Lemma 1.4. [l, Theorem 22| For a proper submodule N of M, the number of times a prime
ideal p occurs in any RPE filtration of M over N is unique, and hence, any two RPE filtrations
of M over N have the same length.

Definition 1.5. Let N be a proper submodule of M with Ass(M/N) = {p1,...,pr}, where
pi’s are distinct. Then we write Pps(IN) = pi"t - - - pi"* if, for each i, p; occurs exactly r; times
in an RPE filtration of M over N.

If Par(IN) =pi™ -« - pi"*, as a product of ideals, it is possible that pi" - - - pg"t = py51 - - pi5*
with r; # s; for some i. But Pp(IN) # p1°' - - - pi®* as per our definition. In [5], Pas (V) is called
the generalized prime ideal factorization of N in M and its various properties are studied.

We prove that a subchain of an RPE filtration is also an RPE filtration using the following

lemma.

Lemma 1.6. [2, Lemma 2.8] If N E K is a regular p-prime extension in M and L is any
submodule of M, then NN L é KNL is a reqular p-prime extension in L when NNL # KNL.

Proposition 1.7. If N = M, % My C---C M, an M, = M is an RPFE filtration of M
Pi pj

over N, then M; él My C---CMj < M; is an RPE filtration of M; over M; for every

0 <i<j<mn, and therefore, Py, (M;) = pi1---p; and Ass(M;/M;) = {pi+1,...,9;}-

Proof. For i <n,

Pi Pn
(2) M; &_IMZ'_HC"'CMn_lCMn:M

is an RPE filtration since My,1 is a regular piyi-prime extension of My in M for k =
i,...,n—1. Let i < j <n. Then intersecting (E) with M, we get a chain

Pit1

P
(3) M; € Myy,1C---C M];l CJ Mj.

By Lemma @, (E) is an RPE filtration of M; over M;, and hence, Py, (M;) = piy1---p; and
by Lemma B, Ass(M;/M;) = {pis1,---,9j}- O
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2. REGULAR DIVISORS OF A SUBMODULE

In this section, we define regular divisors of a submodule N in M and study its properties.

Definition 2.1. A submodule K of M is called a regular divisor of N in M if there exists an
RPE filtration N = Ny % N1 C---C Np_1 an N, = M with K = N; for some 7. We also say
M is a regular divisor of M in M.

Let Dps(N) denote the set of all regular divisors of N in M.

Example 2.2. N is a prime submodule of M if and only if Dy/(N) = {N,M}. For, if N is
a p-prime submodule of M, Ass(M/N) = {p} and M is the maximal p-prime extension of N.
So N g M is the only RPE filtration of M over N. In particular, an ideal a is a prime ideal
of R if and only if Dg(a) = {a, R}.

Example 2.3. Let R = k[z,y] and a = (2?y,zy?). Since the primary decomposition of a
is (z2,9%) N (x) N (y), Ass(R/a) = {(z,v), (x),(y)}. Then (a : (z,y)) = (zy) is the regular
(x,y)-prime extension of a in R. Now, Ass(R/(zy)) = {(z), (y)}. Then ((zy) : (y)) = (x) and
((zy) : (z)) = (y) are the regular (y)-prime and (z)-prime extensions of (zy) respectively. So

we have exactly two RPE filtrations of R over a,

(z,y) (v) (z)
a=(@2y,ay?) ¢ (zy) C (2) C R,

(z,y) (x) (v)
a=(z%y,2y*) C (zy) C (y) C R.

Therefore, the set of all regular divisors of a in R, Dg(a) = {a, (zy), (x), (y), R}.
Now we show that the set of regular divisors of a submodule is finite.
Proposition 2.4. A submodule N of M has a finite number of reqular divisors in M.

Proof. Since M is Noetherian, any RPE filtration is of finite length. While constructing an
RPE filtration N = Ny pC1 Ny C---C N1 an N, = M, Ny must be one of the regular prime
extensions of N in M; hence the number of choices for Ny is the number of maximal elements
in Ass(M/N) [Remark ] Similarly, for each ¢, the number of submodules N; which can
be regular prime extensions of N;_; is the number of maximal elements in Ass(M/N;_1), and
therefore is finite. So the number of RPE filtrations of M over N is finite, and hence the

number of regular divisors of N in M is finite.

Next we show if K is a regular divisor of N in M, then Py;(N) is a multiple of Py, (K) as

a product of prime ideals.
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Proposition 2.5. If K is a reqular divisor of N in M, then Py(N) = Px(N)Pp(K) and
Ass(M/K) U Ass(K/N) = Ass(M/N).

pr+1

Proof. We have an RPE filtration N = Ny & N} C --- & N, &' ... & N,, = M with K = N,
Then by Proposition @, N = Ny ’8 Ny C - pCT N, = K and K = N, pgl an N, =M
are RPE filtrations. So Py(N) = p1-+-prPrs1 - Pn = Pr(N)Py(K). By Proposition @,
Ass(M/N) = {p1,...,pn}, Ass(M/K) = {pr4+1,-..,pn}, and Ass(K/N) = {p1,...,p,}. This

proves the Proposition.

Remark 2.6. In particular, if Py (N) = p1™ ---pr"*, where pi,...,px are distinct prime
ideals and ry,...,r, positive integers, and K is a regular divisor of N in M, then Px(N) =
Pt pek, Py(K) = prft-prt with 0 < s5,t; <rjand s; +t; =7 for 1 <i < k.

The converse of Proposition @ is not true. In Example @, we have Pr(a) = (z,y)(z)(y).
Let b = (z,y). Then

a= @2y ap?) & (@%ay) E (wy) =b and b= (0,y) & R
are RPE filtrations. So Py(a)Pr(b) = (y)(z)(z,y) = Pr(a) and Ass(b/a) U Ass(R/b) =
{(y), (z), (z,y)} = Ass(R/a), but b is not a regular divisor of a in R.

The next proposition shows that regular divisors extend the concept of divisors in integers.

Proposition 2.7. Let R be a Dedekind domain and a a non-zero ideal in R. Then an ideal b
is a reqular divisor of a in R if and only if b O a. In particular, for d,n € Z, dZ is a reqular

divisor of nZ in Z if and only if d is a divisor of n.

Proof. 1f b is a regular divisor of a in R, then clearly, a C b. Next, we assume b O a. There exist
distinct prime ideals py, ..., pr in R and positive integers r1,...,7; such that a = p;™ - - - pg"*.
Since p1,...,pr are non-zero prime ideals, they are maximal ideals.

Note that (p;"i: p;) = p;"~!. For since R is Dedekind, (p;": p;) = q1%* -+ - qm!™ for some
distinct prime ideals q, ..., q,, and positive integers t1,...,t;,. Then p;"i =1 C (p;"i: p;) C q;
for every 1 < j < m. This implies that p; = q; for 1 < j < m. Therefore (p;"': p;) = p;* for
some integer t. That is, p;'p; C p;"i. Sot > r; — 1. Also, p;"i "1 C (p;"i: p;) = p;’ implies that
r; — 1 > t. Therefore t = r; — 1.

We claim that (a:p;) = p1™ ---p;" L pp"™. Clearly p™ ---p;" "L+ pp™ C (a:p;). For
a€ (a:p),ap; Ca=p"---pp"k Cp;iofor j =1,...,k For j # i, ap; C p;’7 implies
a € p;"7 since p;’7 is a primary ideal. Also, we have ap; C p;"*, that is, a € (p;": p;) = pi L

Therefore a € p;" N ---Np; LA~ Npp™ =p" -~ p;" L. p,"%. Hence the claim.
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Then since p; is a maximal element in Ass(R/a), by Remark E, (a : p;) =
pi"t -l Tk is the regular p;-prime extension of a in R. For an ideal b D a,

b =p1° - pp®F, where 0 < s; < ;. So we can have an RPE filtration
Pi o
q:plm...pkrk Cpln...pim 1...pkm C .- Cp1$1'~~pk$k —bC--CR.

Hence b is a regular divisor of a in R.

If R is not Dedekind, then the above result is not true. In Example @, the ideal (22, 2y)

contains a, but is not a regular divisor of a in R.

3. REGULAR PRIME SEQUENCES

For a submodule N in M, for every RPE filtration there exists an ordered sequence of prime

ideals. In this section, we characterize the regular divisors of N in M using these sequences.

Definition 3.1. An ordered sequence of prime ideals (p1,...,p,) is called a regular prime

sequence of M with respect to N if there exists an RPE filtration
P1 Pn
N=NyCN{C---CNp_1CN,=M.

Proposition 3.2. Let (p1,...,pn) be a reqular prime sequence of M with respect to N. Then
(i) p; & pj ifi < j, that is, p; is a mazimal element in {p;, Piy1,...,Pn}-
(ii) Any other sequence (p',...,pl) is a reqular prime sequence of M with respect to N if

and only if it is a permutation of (p1,...,pn) satisfying p, ¢ p;- for1<i<j<n.

Proof. Let N = Ny ’8 Ny C -+ C Np_1 an N, = M be the RPE filtration with respect to
(p1,...,Pn). Then for every 1 < i < n, N; is a regular p;-prime extension of N;_1, and therefore
p; is a maximal element in Ass(M/N;_1). By Lemma @, Ass(M/Ni—1) = {pi,Pit1,---,Pn}-
This proves (i).

Suppose (p},...,p,) is a regular prime sequence of M with respect to N. Then by Lemma
@, (p1s---,Py) is a permutation of (p1,...,pn), and by (i), p; ¢ pj for 1 < i < j < n.
Conversely, if (p, ..., p,) is a permutation of (p1,...,ps) satisfying p; ¢ p} for 1 <i < j <n,
then p} is maximal in {p},...,p),} = Ass(M/N). So there exists a regular p}-prime extension
K of Ko = N in M and Ass(M /K1) = {p,,...,pl,} [Proposition @] Inductively, we assume
that K is a regular pj-prime extension of K;_1 in M and Ass(M/K;) = {p},,...,p;}. Since

;.1 is maximal in {pj ;,...,p},}, by Lemma EI, there exists a regular p;_ ;-prime extension

Pl P P
K1 of K; in M. So we have an RPE filtration N = K| < K & Kyc.---CK,=M,and

therefore (p},...,p)) is a regular prime sequence of M with respect to N.
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Definition 3.3. A sequence of prime ideals (p1,...,p,) is called a part regular prime
sequence of M with respect to N if there exist prime ideals p,i1,...,p, such that
(P1y -3 PrsPrats- -, Pn) form a regular prime sequence of M with respect to V.

Proposition 3.4. Let (p1,...,pr) be a part reqular prime sequence of M with respect to N.
Then
(i) pi pj for1 <i<j<r.
(i) A permutation (p},...,p.) of (p1,...,pr) is also a part reqular prime sequence of M
with respect to N if and only if p; ¢ p; for 1 <i<j<r.
(iii) If q € Ass(M/N) and q D p; for some p; € {p1,...,pr}, then g € {p1,...,p,}.

Proof. We have prime ideals p,11, ..., p, such that (p1,...,pr, Prs1,...,Pn) is a regular prime
. p Pr Pr Pn
sequence of M with respect to N. Let N C Ny C --- C N, CJr1 .-+ C N, = M be the

corresponding RPE filtration of M over N. By Proposition @, N ’8 Ny C - pé N, is an
RPE filtration of N, over N, and hence (pi,...,p,) is a regular prime sequence of N, with
respect to N. So (i) and (ii) follow from Proposition @

Since {p1,...,pn} = Ass(M/N) [Lemma @], q = pg for some 1 < k < n. Then by
Proposition @ (i), pr D p; implies k < i < r, and therefore q € {p1,...,pr}. O

P p”‘ pn
Definition 3.5. If N = N, C NiC---CN, C---C N, =M is an RPE filtration of M over
N, then we say N, is the regular divisor of IV in M defined by the part regular prime sequence

(P1,-- - pr)-

Note. N, = (N : py---p,) by the following lemma.

Lemma 3.6. [2, Lemma 3.1] Let N be a proper submodule of an R-module M. If
N = Ny % Ny C --- an N, = M is an RPE filtration of M over N, then N; = {z €

Proposition 3.7. If K is the reqular divisor of N in M defined by a part reqular prime

sequence (p1,...,pr), then any permutation (pY,...,p;) of (p1,...,pr) satisfying p; & v} for
1<i<j<r also defines K.

Proof. By Proposition @ (ii), any permutation (pi,...,p;) of (p1,...,p,) satisfying p; ¢ p’
for 1 < i < j < r is also a part regular prime sequence of M with respect to N. Then the
regular divisor defined by (p},...,pl) is (N:pj---p.)=(N:p1---p,) =K. g

Let S denote the set of all part regular prime sequences of M with respect to V. We define
a relation ~ on S as (p1,...,pr) ~ (q1,.-.,9s), if (q1,...,qs) is a permutation of (p1,...,p,).
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Clearly, ~ is an equivalence relation. We denote the equivalence class containing the sequence

(P1,.--,Pr) as [p1,...,0r.

Proposition 3.8. Mapping an equivalence class [p1,...,p,| to the reqular divisor defined by
(p1,...,Pr) is a one-to-one correspondence between the set of all equivalence classes in S under

the relation ~ defined above and Dpr(N).

Proof. By Proposition @, every equivalence class [p1,...,p,| defines a unique regular divisor
K of N in M. Suppose an element of [q1,...,qs] also defines K. Then we have two RPE
filtrations of K over N

Pr

N=Ny& N, C---&EN, = K,

N=N,&N|c..-EN =K.

S

By Lemma @, s = r and by Proposition @ (ii), (q1,-..,9qs) is a permutation of (p1,...,p,),
ie, (q1,...,9s) € [p1,...,ps], and therefore [qq,...,qs] = [p1,...,Pr]-

Let K € Dp;(N). Then there exists an RPE filtration N = Ny '8 Ny C - ‘g N, C - an
N, = M with N, = K for some r. Then K is the regular divisor defined by [p1,...,p.]. O

Let Pp(N) = pi™ -+ - pi"=. We characterize the k-tuples (sq,...,s) of integers such that
there exists a regular divisor K of N in M with Pg (N) = p15 - - - pp°k.

Proposition 3.9. Let Py(N) = p1™ ---pi"*. There is a one-to-one correspondence between
the regular divisors of N in M and k-tuples (s1,...,sk) of integers such that 0 < s; < r;, and

whenever p; O p; with s; > 1, then s; = r;.

Proof. If K is a regular divisor of N in M, then there exists an RPE filtration N = Ny C
NiCc---CN,C---CN, =M with K = N,. Then by Remark @, Pr(N) = py5t---pg°k,
where 0 < s; < r;. This implies that each p; occurs s; times in any part regular prime sequence
(q1,...,q,) which defines K [Lemma Q] By Proposition @, the equivalence class [q1,. . ., q;]
is uniquely determined by p1°',...,pi**. Let p; D p;. Then s; > 1 implies p; € {q1,...,9,},
ie., p; =q; for some 1 <t <r. Let (q1,...,9,qr41,---,qn) be a regular prime sequence of
M with respect to N. Suppose q; = p; for some [. Since q; = p; C p; = q;, by Proposition @
(iii), I < t <r. This implies that p; occurs r; times in (qq,...,q,). Therefore s; = r;.
Suppose the k-tuple (s1, ..., sx) satisfies the given condition. Without loss of generality, we

assume that p; ¢ p; for 7 < j. We denote the sequence

(p17"‘7p1)p27"’7p27"'7pk7'"’pk?pl)"'7p17p2”"7p27"‘7pk7"‘7pk)

s1times sotimes sptimes r1—sitimes ro—sotimes i —SEptimes
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as 0. Note that if p; D p; and s; > 1 then s; = 4, and therefore p; cannot occur after p; in o.

This implies that o is a regular prime sequence [Proposition @ (ii)]. Therefore, the sequence

6:(p17"'7p17p27'"ap27"'>pk7"'7pk)

s1times sotimes sptimes

is a part regular prime sequence. Then the regular divisor K defined by § has Pg(N) =

p1°t -+ pr°*, and corresponds to the k-tuple (s1,...,8k). O

4. COMPUTATION OF THE NUMBER OF REGULAR DIVISORS OF A SUBMODULE

First, we compute the number of regular divisors of an ideal in a Dedekind domain.

Proposition 4.1. Let a be an ideal of a Dedekind domain R. If a =p1"" ---pi"* is the prime

ideal factorization of a, then |Dr(a)| = [T, (r;i + 1).

Proof. By Proposition @, the regular divisors of a in R are the ideals of R containing a. Since
R is a Dedekind domain, p;°! -+ - pp®%, 0 < s; < ry, are precisely the ideals of R which contain

a. So the number of regular divisors is Hle(ri +1). g

Proposition 4.2. If Ass(M/N) has only isolated prime ideals and Pyr(N) = pi™ - pi"*,
then |Dpr(N)| = [T, (ri +1).

Proof. 1If every element of Ass(M/N) is isolated, then any set of k integers si,..., s with
0 < s; < r; satisfies the condition given in Proposition @ Hence the number of regular

divisors of N in M is the number of k-tuples (si,...,s;) with 0 < s; < r;, and therefore
k
[ Dm(N)| =TITmq(ri +1). g

Next, we find a method to compute the number of regular divisors of NV in M for the general

case. For that, we consider the following combinatorics problem.

Definition 4.3. Let (P, <) be a partially ordered set. For a,b € P, we say a and b are
comparable if @ < b or b =< a. Otherwise, we say a and b are incomparable. We say a subset S
of a partially ordered set P is independent if the elements of S are pairwise incomparable. An
independent subset is said to be maximal if it is not a proper subset of any other independent

subset.

Every independent subset of a partially ordered set P is contained in a maximal independent
subset of P. Also, if A is a maximal independent subset of P, then b € P\ A implies b is

comparable with some element of A, that is, there exists a € A such that a <b or b < a.
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Example 4.4. Consider the ring k[z1,z2,23,24]. Let p1 = (21), p2 = (21,22), p3 =
(x1,x2,23), pa = (x1,24), and P be the partially ordered set {p1,p2,ps,pa} with p; < p;
if p; O pj. Then the maximal independent subsets of P are {p1}, {p2,pa}, and {p3,pas}.

Definition 4.5. Let (P, <) be a partially ordered set. A subset S of P is said to be a node if
whenever ¢ € S and b € P with b < a, then b € S.

Clearly ) and P are nodes of P. Also, any intersection of nodes is a node. For if a € N;S;
where each S; is a node, and b € P with b < a, then b € S; for each i, and therefore b € N;S;.

Hence N;S; is a node.

Example 4.6. Let P = {aq,...,a,} with a; =< a;41 for every i, i.e., P is a totally ordered set.

Then {{a1},{a2},...,{an}} is the set of all maximal independent subsets of P; and (), {a;},

{a1,as}, .., {a1,...,a,} are the nodes of P.
Example 4.7. Let P = {a1,...,a,}, where the elements of P are pairwise incomparable.
Then {ay,...,a,} is the only maximal independent subset of P. Clearly, any subset of P is a

node. So the power set of P, P(P), is the collection of all nodes of P, and therefore the total

number of nodes is 2%.

Example 4.8. In Example @, P = {p1,p2,p3,ps} with po, ps pairwise incomparable, ps, psy
pairwise incomparable, p3 < p2 < p1, and pg < p1. So the nodes of the partially ordered set

(P, =) are 0, {ps}, {pa}, {p3, P2}, {P3,pa}, {p3,p2,ps} and P.

Definition 4.9. Let (P, <) be a partially ordered set and P’ C P. Then the set
(P"y={a € P|a=bfor somebe P}

is a node of P, and we call it the node generated by the subset P’.

Proposition 4.10. Let P’ be a subset of a partially ordered set (P, =). Then every node of P
containing P’ contains (P'). In particular, (P') is the intersection of all nodes of P containing
P

Proof. For any node S with P’ C S, if a € (P’), then a < b for some b € P/ C S. This implies
that a € S, and hence (P’) C S. So (P’) is contained in the intersection of all nodes of P
containing P’. The equality holds since (P’) itself is a node of P containing P’.

In Example @, ({ai}) ={a1,...,a;} for each i. In Example @, for every i, ({a;}) = {a;}.
In Example [Lg, ({p2}) = {p2. p3}, and ({p1}) = {p1, P2, p3, pa.
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Example 4.11. We consider a job that requires the completion of a set of n tasks, say
T = {t1,...,t,}. Certain tasks may have some prerequisite tasks in 7" that must be completed
before starting them. We define a relation < in T  as t; < t; if either ¢ = j, or to do the task t;,
the completion of task t; is required. Then (T, <) is a partially ordered set, and each node of
T is a stage of the job. That is, a subset S of T' is a stage if whenever t; € S, any prerequisite
task t; for t; also belongs to S. In other words, if ¢; € S and t; < t;, then t; € S. So the

number of distinct nodes of T' gives the number of all possible stages of the job.

We compute the number of distinct nodes of a finite partially ordered set P by using the

maximal independent subsets of P.

Theorem 4.12. Let (P,=) be a finite partially ordered set and T = {Ai,..., A} be the

collection of all maximal independent subsets of P. Then the number of nodes of P is equal to

t
D I S L o ) e ol Al

1<i<t 1<i<j<t 1<i<j<k<t

Proof. For a node S of P, let Sj; denote the set of all maximal elements of S, i.e.,
Sy ={a €S |a=0bfor someb € S implies a = b}. Then Sy is an independent subset
of P, and therefore contained in A; for some i. So Sy € EJ P(A4;), where P(A;) denotes the
power set of A;. By Proposition , (Sy)C S. Ifae s, ZtTllen by the definition of Sy, there
exists b € Sy such that a < b. This implies a € (Sys). So S = (Sur).

Let B € z‘QlfP(Ai)' Then B C A; for some maximal independent subset A; € 7. Then (B)
is the node such that the set of all maximal elements of (B) is B, i.e., (B),; = B. Hence the

t
correspondence S — S, induces a bijection between the set of all nodes of P and ‘Ul'J’(AZ-).
1=

So the number of nodes of P is equal to | LtJ P(A)|

=1
= 2aci<e [PAD = >0 [PA)NPA)L+ >0 [P(A) N P(AG) N P(AR)| — - +

1<i<j<t 1<i<j<k<t
¢

()| A P

i=

t
=Y 1ci<t 9lAs| _ > 2lAiNA;l 3 QlANA;NARl _ L. (—1)tt 2|¢Q1Ai|
== 1<i<j<t 1<i<j<k<t

since N;P(A;) = P(N;4;). o

Next, we compute the number of nodes of P containing given common elements.

Proposition 4.13. Let P be a partially ordered set and P’ a subset of P. Then the number
of nodes of P which contain P’ is equal to the number of nodes of the partially ordered set
P\ (P').
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Proof. Let S be any node of P containing P’. Then by Proposition , (P'y C S. Let
a€ S\ (P)andbe P\ (P') with b < a. Since S is a node, b € S. Hence, b € S\ (P’), and
therefore S\ (P’) is a node of P\ (P’).

Conversely, let S’ be a node of P\ (P’'). We claim that S’ U (P’) is a node of P containing
P'. Let a € S"U(P'y and b € P such that b < a. If b ¢ (P’), since (P’) is a node of P,
a¢ (P'). Thena € S, and b € P\ (P’) implies b € S’. Therefore b € S’ U (P’), which implies
that S” U (P’) is a node of P which contains P’. Since S’ C P\ (P’), (S"U(P"))\ (P") = 5"
Hence S — S\ (P’) is a one-to-one correspondence between the nodes of P which contain P’

and the nodes of P\ (P’). This proves the proposition.

We consider a partially ordered set consisting of products of prime ideals for the submodule
N in M using Ppr(N).

Notation. Let N be a submodule of M with Pas(N) = p1™ - -pi"*, where py,...,pr are

distinct prime ideals and r1,...,r; positive integers. Let
Sun =1 [ 1<i <k, 1<s <)
We define a partial order < on ¥y as p;* =< p;tif p; D p; or p; = p; with s < ¢.

Example 4.14. Let N be a submodule of M with Py (N) = p12popsps?, where the prime
ideals p1,p2,p3,pa are distinct, and py C p3 is the only inclusion. Then the set Xy =

{p1,p12,p2,p3, P4, P42} and the maximal independent subsets of (Em/n, 2) are {p1,p2, p3},
{p17p27p4}7 {p17p27p42}7 {p127p27p3}7 {p127p27p4}7 and {p127p27p42}'

Next, we identify the regular divisors of N in M with the nodes of X,;/y, and with that,

we compute the number of regular divisors of N in M.

Theorem 4.15. Let N be a submodule of M with Pay(N) = p1™ ---pr"*, where p1,..., Pk
are distinct prime ideals and r1,...,7r, positive integers. Then the regular divisors of N in M

are in one-to-one correspondence with the nodes of the partially ordered set (XN, =), and

therefore
t
(4) [Du(N) = 3 2l = 37 gldndil L ST glAnAnAd Ly (g oLl
1<i<t 1<i<j<t 1<i<j<k<t
where {A1, ..., A} are the mazimal independent subsets of the partially ordered set (ZM/N, =<).

Proof. For a node S of X);/y, we have the following.

(i) If p;* € S then p; € S for 1 <t < s.
(i) If p; < p; and p; € S, then p;* € S for 1 < s <7y
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So, if for each 1 < ¢ < k, s; is the largest integer such that p;** € S, then
({pi® |1 <i<k,s; #0}) = S5, and if p; < p; with s; > 1, then by (ii), s; = ;. That is,

the k-tuple (s1,...,sy) satisfies the condition
() 0 <s; < rj, and whenever p; D p; with s; > 1, then s; = r;.

Also, if (s1,...,sk) is a k-tuple of non-negative integers satisfying the condition (®), then we
have ({p;* |1 <4 <k,s; #0}), a node of ¥Xp;/y. So we have a one-to-one correspondence
between the nodes of the partially ordered set (Xj;/y,=) and the k-tuples (si,...,si) of
integers satisfying the condition (®). Hence, by Proposition @, the regular divisors of IV in
M are in one-to-one correspondence with the nodes of the partially ordered set (Xy//n, =)
Then (@) follows from Theorem .13, O

Using the above formula, the number of regular divisors of N in M in Example is equal
to 24.
Now we find the number of regular divisors of N which have a common factor in the

generalized prime ideal factorization.

Definition 4.16. Let Py (N) = p1"™ ---pi"* and K be a regular divisor of N in M with
Pr(N) = p1°t -+ -pp®. Then for 0 < t; < s;, we say a prime ideal product pi’t---p.tr is a

factor of the regular divisor K.

Corollary 4.17. Let Pyr(N) = pi™ - --pi"™ and t1,. .., t; be integers such that 0 < t; < r; for

i=1,...,k. Then the number of reqular divisors of N in M having p1* - - - pi'* as a factor is
equal to

Z oldil _ Z olAinA;l Z liNASNAl L (—1)s ! 2|Z~Q1Ag|’

1<i<s 1<i<j<s 1<i<j<l<s

where  {Alti<i<s is the set of all mazimal independent subsets of EM/N\
({pst [ 1 <i <k, t; #0}).

Proof. From Theorem , we have a one-to-one correspondence between the regular divisors
of N in M and the nodes of ¥/y, which maps a regular divisor K of N in M with Pg(N) =
p1°t - pp® to the node ({p;* |1 <i<k,s;#0}) of Xpyy. So a prime ideal product
p1't - pp'* is a factor of the regular divisor K if and only if p;' € ({p;* | 1 <i <k, s; # 0}),
for 1 < i < k, t; # 0. Therefore the number of regular divisors of N in M having
p1t - pitr as a factor is exactly equal to the number of nodes of YN containing {pit |

1 < i < k,t; # 0}, which is equal to the number of nodes of the partially ordered set
Sarn \ ({pit | 1 < i <k, t; #0}) by Proposition 1.1
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Example 4.18. For N, M in Example , we compute the number of regular divisors of N in

M having p1?p3 as a factor. We have Xy/n \ ({p12,03}) = Zar/nw \ {1, 1% p3} ={p2, pa, p4°},
and the maximal independent subsets of this set are {pa,ps} and {p2, p4?}. Using the formula,

the number of regular divisors of N in M having p;%p3 as a factor is equal to 6.
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