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ABSTRACT. It is well known that all subvarieties of the variety of all semigroups are not
absolutely closed. So, it is worth to find subvarieties of the variety of all semigroups that
are closed in itself or closed in the containing varieties of semigroups. We have gone through
this open problem and able to determine that the varieties of right [left] normal bands and
left [right] quasinormal bands are closed in the varieties of semigroups defined by the identities
avy = za™y larvy = ay"z], azy = z"ay [azy = ayz™] (n > 1); and azy = az"ay [axy =

ayx"y] (n > 1), azy = a"za"y [axy = ay"zy"] (n,r € N), respectively.

1. INTRODUCTION AND PRELIMINARIES

It is well known that all subvarieties of the variety of all semigroups are not absolutely
closed. So, it is worth to find subvarieties of the variety of all semigroups that are closed

in itself or closed in the containing varieties of semigroups. As a first step in this direction,
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one attempts to find those varieties of semigroups that are closed in itself. Encouraged by
the fact that Scheiblich [12] had shown that the variety of all normal bands was closed, Alam
and Khan in [3, 4, 5] had shown that the varieties of all left [right] regular bands, left [right]
quasi-normal bands and left [right] semi-normal bands were closed. In [2], Ahanger and Shah
had proved a stronger fact that the variety of all left [right] regular bands was closed in the
variety of all bands and, recently, Abbas and Ashraf [1] had shown that the variety of all left
[right] normal bands was closed in some containing homotypical varieties (varieties admitting

an identity containing same variables on both sides) of semigroups.

Let U be a subsemigroup of a semigroup S. Following Isbell [9], we say that U dominates
an element d of S if for every semigroup P and for all homomorphisms v,6 : S — P and
uy = ud for every u € U implies dy = d§. The set of all elements of S dominated by U is called
dominion of U in S and we denote it by Dom(U, S). It can be easily verified that Dom(U, S)
is a subsemigroup of S containing U. A subsemigroup U of a semigroup S is called closed in
S if Dom(U,S) = U whereas a semigroup is called absolutely closed if it is closed in every
containing semigroup. Let D be a class of semigroups. A semigroup U is said to be D-closed
if Dom(U,S) = U for all S € D such that U C S. Let A and D be classes of semigroups
such that A is a subclass of D. We say that A is D-closed if every member of A is D-closed.
A class D of semigroups is said to be closed if Dom(U,S) = U for all U, S € D with U as a
subsemigroup of S. Let B and C be two categories of semigroups with B as a subcategory of
C. Then it can be easily verified that a semigroup U is B-closed if it is C-closed.

The following definitions and results are necessary for our investigations.

Result 1.1. ([9], Theorem 2.3) Let U be a subsemigroup of a semigroup S and let d € S.
Then d € Dom(U,S) if and only if d € U or there exists a series of factorizations of d as

follows:
(1) d = agty = yra1ty = yrasts = yoasta = -+ = Yma2m—1tm = Ymazm
wherem > 1, a; €U (i =0,1,...,2m), y;,t; € S (i =1,2,...,m), and

ap = Y101, a2m—1tm = A2m,

azi—1t; = agtiv1, Yi2; = Yi+102i4+1 (1<i<m-—1).

Such a series of factorizations is called a zigzag in S over U with value d, length m and spine

ap,at, ..., 02m-.
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Result 1.2. (/10, Result 3) Let U and S be semigroups with U as a subsemigroup of S. Take
any d € S\U such that d € Dom(U, S). If (1) is a zigzag of shortest possible length m over U
with value d, then tj,y; € S\U for all j =1,2,...,m.

Definition 1.3. A band S is said to be a left [right] normal band if S satisfies the identity
ary = ayx [axy = xay] for all a,x,y € S.

Definition 1.4. A band S is said to be a left [right] quasinormal band if S satisfies the identity
ary = axay [axy = ayxy] for all a,z,y € S.

A (semigroup)amalgam U = [{S;: i € I}; U ; {y; : i € I}] consists of a semigroup U (called
the core of the amalgam), a family {S; : ¢ € I} of semigroups disjoint from each other and
from U, and a family ¢; : U — S;(i € I) of monomorphisms. We shall simplify the notation to
U =1[S;; U ; pi] or toU = [S;; U | when the context allows. We shall say that the amalgam U
is embedded in a semigroup 7T if there exist a monomorphism A : U — T and, for each ¢ € I,
a monomorphism )\; : S; — T such that
(a) pidi = A for each i € I;

(b) SiAi N S;A; = U for all 4, j € I such that i # j.

A semigroup amalgam U = [{S,S5"}; U; {ia | U}] consisting of a semigroup S, a subsemigroup
U of S, an isomorphic copy S’ of S, where a: S— S’ be an isomorphism and 7 is the inclusion
mapping of U into S, is called a special semigroup amalgam. A class C of semigroups is said
to have the special amalgamation property if every special semigroup amalgam in C is embed-
dable in C.

Result 1.5. (/8, Theorem VII.2.3]). Let U be a subsemigroup of a semigroup S. Let S’ be a
semigroup disjoint from S and let a: S— S be an isomorphism. Let P = S xy S’ be the free

product of the amalgam
U=[{S,8%; U ;{i,a| U},

where i is the inclusion mapping of U into S, and let u, p' be the natural monomorphisms

from S, S’ respectively into P . Then
(Sp N 8"y )™t = Dom(U, S).

From the above result, it follows that a special semigroup amalgam [{S, S'}; U ; {i, a | U}]
is embeddable in a semigroup if and only if Dom(U,S) = U. Therefore, the above amalgam

with core U is embeddable in a semigroup if and only if U is closed in S.
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The reader is referred to Petrich [11] for a complete description of all varieties of bands.
The semigroup theoretic notations and conventions of Clifford and Preston [6] and Howie [8]

will be used throughout without explicit mention.

2. Closedness of Right [Left] Normal Bands and Left [Right] Quasinormal Bands

In general, varieties of bands containing the variety of normal bands are not absolutely
closed as Higgins [7, Chapter 4] had shown that variety of right [left] normal bands is not
absolutely closed. Therefore, for the varieties of semigroups, it is worthwhile to find largest
subvarieties of the variety of all semigroups in which the varieties of right [left] normal bands
and left [right] quasinormal bands are closed.

To this end, we first note that Petrich [11, Theorem I1.5.1] has classified an identity on bands
in atmost three variables. Therefore, on the class of bands, varieties of semigroups defined by
the identities azy = za™y [ary = ay™z] and axry = 2"ay [ary = ayx"| are equivalent to right
[left] normal bands; and varieties of semigroups defined by the identities axy = az"ay [azy =
ayz™y] and axy = a"xa"y [axy = ay"xy™] are equivalent to left [right] quasinormal bands. In
this section, we have shown that varieties of semigroups defined by the identities axy = za™y
l[axy = ay™z] , axy = 2"ay [axy = ayx"], axy = ax"ay [axy = ayxz"y] (n > 1) and azy =
a"za"y [axy = ay"zy"] (n,r € N) are closed in itself and, as an application and consequence of
these results, we conclude that the varieties of semigroups defined by the identities, azy = za™y
[axy = ay™x] , axy = z"ay [axy = ayz™] (n > 1), axy = ax"ay [axy = ayz"y] (n > 1)
and axy = a"zad"y [axy = ay"xy"] (n,r € N), have special amalgamation property, and right
[left] normal bands and left [right] quasinormal bands are closed in the varieties of semigroups
defined by the identities axy = xza"y [axy = ay"z| , axy = x"ay [azy = ayz™] (n > 1) and
ary = ax™ay [axy = ayx™y] (n > 1) , axy = a"xad"y [axy = ay"xy"] (n,r € N), respectively.
This is indeed a very positive and encouraging step towards a comprehensive solution of the
above problem. However to find out largest varieties of semigroups in which the varieties of
semigroups defined by the identities azy = za™y [axy = ay™z], axy = z"ay [azy = ayz"],
ary = ax"ay [axy = ayz™y] (n > 1) and axy = a"xa"y [axy = ay"zy"] (n,r € N) are closed

still remains open.

Lemma 2.1. Let U be a subsemigroup of semigroup S such that S satisfies an identity axy =
za™y [azy = 2"ay] (n > 1) and let d € Dom (U, S)\U has a zigzag of type (1) in S over U
with value d of shortest possible length m. Then

k
d=(]] a?gﬁl))yka%—ﬁk
=1

for each k=1,2,...,m.
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Proof. Let V| = [azy = za"y] and V, = [axy = xz"ay] (n > 1) be the varieties of semigroups.
First we show that, in both cases whether S € V) or S € Vs, S satisfies zyz = y" lzyz.
Case (i): When S € Vy, for any z,y, z € S, we have

xyz =yx"z (as S € V)
=2"y"z (as S € V1)
=y"(x™)"z (as S € V)
=" Hy(a")"z)
= (y" " 'a"y)z (as S € V1)
= (2(y"'y)2) (as S € V)
=" Hya"2) (as S € V)

(2) =y" layz,

as required.

Case (ii): When S € Vs, then for any z,y,z € S, we have

xyz =y"xz (as S € Vo)
=2"y"z (as S € Vs)
— (" ye)
= (@"(y"y"1)2) (as S € W)
= (" (y"'w)2) (as S € W)

=y"layz (as S € V).

Thus the claim is proved.

Now, we prove the lemma by using induction on k. Let U be a subsemigroup of semigroup S
such that S belongs to either V; or Vs and let d € Dom(U, S)\U has a zigzag of type (1) in S
over U with value d of shortest possible length m.

Now, for k = 1, we have

d = y1a1t1 (by zigzag equations)

= a?_lylalh (by equation (2)).
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Thus the result holds for £ = 1. Assume inductively that the result holds for £ = j < m.
Then we shall show that it also holds for k = j + 1. Now

d= (H a”iil))yjagj,ltj (by inductive hypothesis)
— n—1 . .
= (H a 2i71))yj+1a2j+1tj+1 (by zigzag equations)

j
- (H a 2_ii1))a§j_+11yj+la2j+1tj+1 (by equation (2))

n—1

= (11 a(5i1))yir102541t511,

as required and, by induction, the lemma is established.

Theorem 2.2. The variety V = [axy = xa"y] (n > 1) of semigroups; i.e., the class of all

semigroups satisfying the identity axy = xa™y is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that d € Dom/(U, S)\U. Let d
has a zigzag of type (1) in S over U of shortest possible length m. Now

d= (H a?2;£1)>yma2m—1tm (by Lemma 2.1)

i=1
m—1
= ( a?z_iil))a;;z_l(agm_l(ymagm_l)tm) (for n = 2, we treat ay- 2 agm_1
i=1
as agm—1)
m—1
— ([T oty 1m(@2m 103t (a5 S € V)
=1
m—1
— (T a5t )2 s mizm1)(azm1tm) (a5 S € V)
=1
m—1
= ( a?{iil))a?;ilym_lagm_gagm (by zigzag equations)
=1
m—2
= (11 afsili)asn2s(azm—s(abn2 1 ym—1a2m—2)azm)
i=1
m—2
=( a?{@.il))agfngg)agfn%lym,l(agm,Qang_:;agm) (as S €V)
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m—2
H a; (2i- 1) Jag? 305 % | (Ym—102m—3)agm—2a9m (as U € V)
=1
m—2
_ n—1 n—2 . .
= ( (g 1))a2m 2052 Ym—2G2m— 402202y, (by zigzag equations)
i=1
n—1_n—2 n—2
=a; ag C Qo 3a2m 1Y1a2a4 - - - A2m—202m
n—2 n—2 n—2
= ay” “(a1(a3 Ay 3a5,” 1y1a2)( aq - Am—202m,))
a" a2 a2 el (agataq)ag - - a agm (as S € V)
— a1 3 2m32m1y12146 2m—202m
n—2 n—2 n—2 U Y
= a2y a2 a2 (y1a1)agasag - - - agm—2a2y, (as U € V)
n—2 n N -2 (b . ti )
=a; ‘ag Qg 3a2m 100a204 * Aam—202y, (by zigzag equations
eU

= Dom(U,S) =U.
Thus the proof of the theorem is complete.

The following corollary is an immediate consequence of Theorem 2.2:

Corollary 2.3. The variety of all right normal bands is closed in the variety
V = [axy = xza"y] (n > 1) of semigroups.

Dually, we may prove the following results.

Theorem 2.4. The variety V = [axy = ay™z] (n > 1) of semigroups; i.e., the class of all

semigroups satisfying the identity axy = ay™x is closed.

Corollary 2.5. The variety of all left normal bands is closed in the variety

V = lazy = ay™x] (n > 1) of semigroups.

Theorem 2.6. The variety V = [axy = z"ay] (n > 1) of semigroups; i.e., the class of all

semigroups satisfying the identity axy = x™ay is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that d € Dom(U, S)\U. Let d
has a zigzag of type (1) in S over U of shortest possible length m. Now
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Ha’(gl 1) )Ymaam—1tm (by Lemma 2.1)

=1
m—1
= ( a?{iil))(ag;f_lagm_l(ymagm_l))tm (for n = 2, we treat agn_f_lagm_l
i=1
as agm—1)
m—1
1
= (TT 1)) @1 (@32 i)tz (a5 S € V)
=1
m—1
= ( a?2111))a2m2 1(yma2m 1)(a2m—1tm) (as S € V)
i=1
m—1
= ( a?{iil))agnﬁlym,lagm,gagm (by zigzag equations)
=1
m—2
=( a?{iil))(aggﬁgazm_g(a%?lym_lagmq))azm
=1
m—2
1 2
= ( a?zz_l))(CLZm 3(a5 2 505002 1 Ym—1)azm—2)azm (as S € V)
i=1
m—2
= ( a?zzll))ang 3052 (Ym—102m—3)a2m—2a2y, (as S € V)
=1
m—2
=( a?{lll))agmz 3a2m 1 Ym—202m—402m—202m (by zigzag equations)
i=1
=aj” 1a§f 2. ang 3a2m 1Y102a4 - - - A2m—202m
_ n—2 n—2 n—2
= (af “a1(ay Fy,” 505, 1y1a2)) 4 A2m—202m
= (aj(ay™ 2“? 2. ang 309 1y1)a2) 40 Qgm—202m (as S € V)
=a]” 2&? 2. ang N0~ 1(y1a1)a2a4 Q9m—2a2m (as S € V)
=a]" 2a7§ 2. a3m2 3a2m2 1400204 - - - G2m—202m, (by zigzag equations)
eU

= Dom(U,S)=U.
Thus the proof of the theorem is complete.

The following corollary is an immediate consequence of Theorem 2.6.
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Corollary 2.7. The variety of all right normal bands is closed in the variety
V = [axy = 2"ay] (n > 1) of semigroups.

Dually, we may prove the following results.

Theorem 2.8. The variety V = [axy = ayz™] (n > 1) of semigroups; i.e., the class of all

semigroups satisfying the identity axy = ayx™ is closed.

Corollary 2.9. The variety of all left normal bands is closed in the variety
V = [axy = ayz™] (n > 1) of semigroups.

Theorem 2.10. The variety V = [axy = ax™ay] (n > 1) of semigroups; i.e., the class of all

semigroups satisfying the identity axy = ax™ay is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that d € Dom (U, S)\U. Let d
has zigzag of type (1) in S over U of shortest possible length m. In order to prove the theorem,

we first prove the following lemma.

Lemma 2.11.
Yiai—1ti = Yiay;_1Yit102i+1tir1 (1 <i<m —1).

Proof.

Yiazi—1ti = yiay;,_1yiti (as S € V)
= yiagf_% (agi—1a2i—1Y;)t; (for n = 2, we treat agi?lagi,lagi,l
as ag;—102;—1)
= yial % agi_1a5;_jazi1yiti (as S € V)
= yi(azi—1a2i-1)"yit;
= yiagi—1(azi-1t;) (as S € V)
= (yjagi—1a2;)t;+1 (by zigzag equations)
= yian;_1Yiaztiv1 (as S € V)

= y;ah;_1Yi+102i+1ti+1 (by zigzag equations),

as required.
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Now

d = apty (by zigzag equations)
= y1a;1t; (by zigzag equations)
= y1a7 (y2astz) (by Lemma 2.11)

= y1aly2asysasts (by Lemma 2.11)

= Y101Y203 - - Ym—205,,_5(Ym—102m—3tm—1)
= Y1a1Y205 * * * Ym—205m,_5Ym—10m—3(Yma2m—1tm) (by Lemma 2.11)
= Y101Y203 Ym—20%,,_5Ym—102,_3Ym sy _1Ymtm (as S € V)
—2
= 11079203+ Ym—205,, _5Ym—105m_3Ym o= 1 (G2m—102m—1Ym)tm
(for n = 2, we treat a%-2.a
=2, e 102m—102m—1 88 (2 —102m—1)
n n—2 n
= yla?yﬂlg T ym—2agm_5ym—1an_3yma2m71a2m—1a2m_1a2m—1ymtm (as S e V)
n n
= yla?yzag e 'ym72ag‘m—5ymfla2m—3(ym(a2m71a2mfl) ymtm)
= Y1a7Y203  ** Ym—205,_5Ym—105m—3(Yma2m—1)(a2m—1tm) (as S € V)
= y1aly2al - Ym—2a5,, _5(Ym—1a5,,_3Ym—1a2m—2)a2m (by zigzag equations)

n n n
= Y1a1Y203 Ym—20%,,_5Ym—102m—302m—202m (as S € V)

= y1a7 (Y203)a406 - - - A2m—202m

= (y1aty1a2)a4a6 - - - agm—2a2m, (by zigzag equations)
= 9101020406 - - - A2 202, (as S € V)

= apa2a4a¢ - - - Gam—2a2m (by zigzag equations)

eU

= Dom(U,S) =U.
Thus the proof of the theorem is complete.

The following corollaries are immediate consequences of the Theorem 2.10.
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Corollary 2.12. The variety of all left quasinormal bands is closed in the variety

V = [axy = az"ay] (n > 1) of semigroups.

Corollary 2.13. The variety of all left and right normal bands are closed in the variety
V = [axy = az™ay] (n > 1) of semigroups.

Dually, we have the following results.

Theorem 2.14. The variety V = [azy = ayx™y] (n > 1) of semigroups; i.e., the class of all
semigroups satisfying the identity axy = ayx™y is closed.

Corollary 2.15. The variety of all right quasinormal bands is closed in the variety

V = lazy = ayz™y] (n > 1) of semigroups.

Corollary 2.16. The variety of all left and right normal bands are closed in the variety

V = [axy = ayx"y] (n > 1) of semigroups.

Theorem 2.17. The variety V = [axy = a"za"y] (n,r € N) of semigroups; i.e., the class of

all semigroups satisfying the identity axy = a"xa"™y is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that d € Dom (U, S)\U. Let d
has zigzag of type (1) in S over U of shortest possible length m. In order to prove the theorem,

we first prove the following lemma.

Lemma 2.18.

1 r—1 .
Yiag;—1l; = y?a&tﬁ Yl Yir1a2i41tip1 (1 <0 <m—1).

Proof.
yiazi—1t; = y;' (agi—1y; ti) (as S € V)
= (yi'ay;_1y;ay 1)t (as S € V)
= yiag; 109 1t (as S € V)
= yial;_qab Y (agi—1t;) (for r = 1, we treat al; ' ag;i—1 as ag;_1)
= (yiagit Tl_lazi)ti_H (by zigzag equations)
= yPal Yyl agitivr (as S € V)

= yfagit"fly:*l(yiagi)tiﬂ (for r = 1, we treat y{flyi as ;)

_ +r—1, r—1 . .
=yias 1 Y Yit1a2i41tip1 (by zigzag equations),

as required.
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Now

d = apt1 (by zigzag equations)

= y1a1t1 (by zigzag equations)

n _n+r—1, r—1

=914 Y1
_ n.n+r—1 r—1 n _nt+r—1, r—1
=910 Y1 Yaag Ya

n n+r—1, r—1,n_nt+r—1, r—1

=y Y1 Yaaj Yo

— y?a?+rflyi"fly721ag+rflygfl .
— y?a?+r71y7{71y3ag+r71y571 .
(as S €V)

— el ety
(as S € V)

— y?a?-&-r—lyi—lygag—i-r—ly;—l .

S. Abbas and W. Ashraf

(y2a3ta) (by Lemma 2.18)

ysasts (by Lemma 2.18)

: yfn,lagﬁzgly;__ll (yma2m—1tm)
‘y?n_laggigly;;,llyfn(a2m—1y:n,tm) (as S e V)

n+r—1, r—1

n n n ' T
"Ym—109m—3 Y1 Ym @ 1Y G —1 )tm

n+r—1

n r—1 n r
“Ym—102m—3 Ypm—1Ym02m—102m_1tm

n4r—1

n +
U Ym—1%2m—3

y:n_,ll (yma2m— 1 ) agmr:f (a2m—1tm)

(for n,r = 1, we treat agm,lagrtﬁfagm,l as agm—1a2m—1)

r—1
Y1

n_n+r—1

n _n+r—1
Ya ag

_ r—1
=Y )

Y2
(by zigzag equations)

n _n+r—1, r—1, n ntr—1_ r—1

=yia Y1 Yaas Ya
— y{za?—&—r—ly?l"—ly;zag—kr—ly;—l .
(as S € V)

— y?a?+r71y7{71y3ag+r71y571 .

_ n+r—
(for n,r = 1, we treat asm—3as, s

n, n+r—1

r—1
Yaag

Y1

n, n+r—1

— r—1
=Y )

Yo
(by zigzag equations)

n, n+r—1

r—1
Yaag

Y1

n n+r—1

_ r—1
=Y )

Yo

n _n+r—1_r ) n4+r—2
a
3

= (y1 ay Yyr1a2 a4q0g

n+4r—2

n+r—1

n '
Ym—1%9m—3

—1 n—+r—2
Yn—1Ym—102m—20Q9,, 1 G2m

n+r—1, r—1

n n+r—
Ym—2%9m—5 Ym—2

n 1, r n+r—2
(Ym—195 3 Ym—102m—2)05,," 1 Q2

n n+r—1, r—1 n+r—1 n+r—2
U Ym—202m—5 Ym—2Ym—10p,_3 A2m—209y,_1 A2m

n n+r—1, r—1 n4+r—2 n4+r—2
Ym—2@om—5 ymf2(ymfla2m*3)a’2m73 A2m—209p, 1 A2m
2
as agm—3)
n n+r—1, r—1 n+r—2 n+r—2
U Ym—202m—5 Ym—2Ym—202m—40oy, 3 A2m—205y,_ 1 2m

2 2

n+r—1
a2m

n T n+r— n+r—
Ym—202m—5 Ym—202m—4Ggy,_3 A2m—209y, 1

n+4r—2
ag - -+ a2m_1 aom
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= y1a’lﬂ‘+r71a2a§+r*2a4ag+“2a6 ------ a;;’flzagm (as S €V)

= (y1a1)a} " 2agay T 2agalt  2ag adt 2agm

(for n,r = 1, we treat aja}" 2 as a;)

= aoa?'”_zagag+r_2a4ag+r_2a6 ----- agntffagm (by zigzag equations)
eU

= Dom(U,S) =U.
Thus the proof of the theorem is complete.

The following corollaries are immediate consequences of the Theorem 2.17.

Corollary 2.19. The variety of all left quasinormal bands is closed in the variety

V = [azy = a"xa"y| (n € N) of semigroups.

Corollary 2.20. The variety of all left and right normal bands are closed in the variety
V = [azy = a"xa"y| (n € N) of semigroups.

Dually, we have the following results.

Theorem 2.21. The variety V = [axy = ay"xy"| (n € N) of semigroups; i.e., the class of all

semigroups satisfying the identity axy = ay"xy” is closed.

Corollary 2.22. The variety of all right quasinormal bands is closed in the variety

V = lazy = ay"xy"] (n € N) of semigroups.

Corollary 2.23. The variety of all left and right normal bands are closed in the variety
V = lazy = ay"xy"] (n € N) of semigroups.
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