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ABSTRACT. In this paper, we study Tychonoff spaces and uniformities on MV-algebras. In
particular, we find some conditions under which an MV-algebra can be made into a Tychonoff
space. Also, we find uniformities that make an MV-algebra into a uniform MV-algebra. Next,
we discuss some algebraic and topological properties of uniform MV-algebras. More precisely,
we study the existence of closed ideals and closed filters, and examine the way these are related
to uniform MV-algebras. Furthermore, we obtain some results on the uniform continuity of

the operations and its consequences.

1. INTRODUCTION

Some of the concepts which are related to the notion of measure, like uniform convergence
and uniform continuity, can be easily defined in pseudo-metric spaces. But, such concepts
cannot be defined in topological spaces. In 1938, Weil [] introduced uniform spaces as

spaces between pseudo-metric spaces and topological spaces. In 1948, Bourbaki presented a
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systematic theory for these spaces and determined their relationship to topological spaces.
Uniformities defined on algebraic structures are important research topics in mathematics, of
which three natural uniform structures on topological groups are the most important ones.

Algebraic structures related to logic are structures which have been introduced to the math-
ematics community around the second half of the last century, and their algebraic properties
have been studied. These include BCK-algebras, BCC-algebras, BL-algebras, MV-algebras,
etc. An important research topic of recent decades is the study of the aforementioned struc-
tures equipped with topology (see [L1], [14] and [13]). Algebraic structures related to logic
which are endowed with uniformity have also been discussed in recent years. For example,
Khanegir et al. [12] introduced the notion of uniform BL-algebra and studied some of its
properties. See [15], [7] and [6] for some other examples.

MV-algebras are among the most important algebraic structures related to logic, which were
introduced by Chang [8] in 1958. These structures prove the completeness theorem for No-
valued Lukasiewicz logic. Barbieri and Weber introduced the notion of uniform MV-algebra
in [2], and studied submeasures, real-valued measures, and the uniformity generated by a
measure.

Our aim in this paper is to find some conditions under which a topology on an MV-algebra
can be made into a Tychonoff space. Also, we study the relation between uniformities and
algebraic properties of MV-algebras.

The paper is organized as follows. In Section 2, we recall some definitions and results
from the theories of MV-algebras and uniform spaces. In Section 3, we recall the definition
of Tychonoff spaces, and derive some conditions under which an MV-algebra can be made
into a Tychonoff space. Also, we study the way Ty, T1,T> and Urysohn spaces are related to
each other. In Section 4, we first recall the definition of uniform MV-algebras and then, in
Theorem @, we find those uniformities that make an MV-algebra into a uniform MV-algebra.
Moreover, we investigate closed ideals and closed filters of uniform MV-algebras at the end of
this section. Finally, we prove the existence of a contravariant functor from the category of

uniform MV-algebras to the category of semigroups.

2. Preliminaries

In this section, we recall some definitions and results from the theories of MV-algebras and
uniform spaces.
MYV-algebras

Recall from [10] that an MV-algebra is an algebra (A, @, *,0) of type (2,1,0) such that for
every x,y € A,
(M1) (A,&,0) is a commutative monoid,
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(M2) z & 0* =0%,
(M3) (z*)* =z, and
(M4) (z*dy) dy=(xdy") ®x.
In an MV-algebra A, for every x,y € A define

(M35)
(M6) x 0y := (z" S y")";

(M7)x0y :=x20y"

(M8) x — y:=(zOy")"

(M9) z ~y:=(zdy*)*.

In an MV-algebra A, for every z,y € A we write x < y if and only if z* @&y = 1. It is
well-known that < is a partial order on A, which gives A the structure of a distributive lattice,
where join and meet are defined by Ay =y ©® (y* @ x) and x Vy = x @ (y © ), respectively,
0 is the least element and 1 is the greatest element. By (M6) and (M7), z <y <= 20y =0
for every z,y € A.

If I is a subset of A and x € A, then we denote the set {x ¢z : 2z € I} by z o I, and the set
{zox:2z€1I} by Iox, where o € {®,,0, =, ~}.

Proposition 2.1. [10] In an MV-algebra A, the following statements are true.
MlO)x@x*zl,x@x*:O.
M11) (A, ®,1) is a commutative monoid.
12)x®0—x®a: =0.
B)zoy=0=z=y=0.
Mzoy=1=—=z=y=1.
15) (x Ay)* =2* Vy*, (zVy)* =z ANy~
16) x <y <= y* < x*.
MNe<y—=—zr0z<y®z,202z<y0oz.
Bzoy<zAy<z<zVy<zdy.
19 zoy<z<zdy.
200y 0 (z®2) <zd® (y©2).
21)) z0z* < (z20y") @ (yOx*).
22) (zDy)Oy* <z
23)y®(z@y) =0.
24) (z70y) Oy=(y 0r) Oz,
25) 20 (yoz)=(20yY) O=.
26) (zdy)oy <y
2N r@z<y<—=ax<z"dy.

)
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29) (z1 — yl) (962 — 1y2) < (1 ©x2) = (Y1 O Y2).

QYY) Dy=(yox) o
toy)by=Yyor)da.
@@y =y (Y o).
rel=zx,x0x=00r=2x61=0,1cz==2".

(
(o
(x ® ) (@b) (x©a)® (yob).
("
(

33
34
35
36
37) x® (Nierzi) = Nz @ i), © (Vierz;) = V(z © x;).
B)rlys=zrsANy=r<=zVy=y.

rPr=r<crOr=umx.

39) (xAy)ANz=axA(yANz),xa A(yANz)=(xAy)A(xAz).

SSSSESES5E55£5S8

(M29)
(M30)
(M31)
(M32)
(M33)
(M34) x
(M35)
(M36)
(M37)
(M38)
(M39)
(M40)

40) (x 2 a)©(b—=y)<(a—b) = (x = vy).

Definition 2.2. Let A be an MV-algebra.

(1) [8] A non-empty subset I of A is called an ideal if it satisfies the following conditions.
(I1) For every z,y € I,z ®y € I.

(I2) Ifx € I and y < z, then y € I.

(2) [L0] A non-empty subset F' of A is called a filter if it satisfies the following conditions.
(F1) For every z,y € F,x ®y € F.

(F2) If x € Fand x <y, then y € F.

Proposition 2.3. [10] Let I and F be subsets of an MV-algebra A. Then, I is an ideal if and
only if the following conditions are satisfied.

(13) 0 € I.

(I4)yel andx oy el implyx € 1.

Also, F is a filter if and only if the following conditions are satisfied.

(F8) 1€ F.

(F4)x € Fandx —y € F implyy € F.

Proposition 2.4. [10] Let F be a filter and I be an ideal of an MV-algebra A. Then, the

following relations are congruence relations on A.

F
r=y < r—ye€ Fandy —>x € F.

I
r=y <= rzeyclandyoxrel.

Moreover, if z/F = {y € A : xéy}, AJF ={z/F :x € A}, z/Il = {y € A: xéy} and
AJI ={z/I:x € A}, then both A/F and A/I are quotient MV-algebras with the operations

z/Foy/F=oy)/F, v/I®oy/l =(xdy)/l, (¢/F)" =2"/F and (z/I)" =2™/I.
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Uniform Spaces

Let X be a non-empty set. A uniformity on X is a non-empty family U of subsets of X x X
with the following properties.
(Uh) A ={(x,z):x € X} CU, for each U € U.
(Uz) IfU €U, then UL = {(z,y) € X x X : (y,z) € U} belongs to U.
(Us) IfU e U, VoV C U forsome V € U, where VoV = {(z,y) : Iz € X s.t. (z, 2), (z,y) € V}.
(Uy) U,V eld,then UNV € U.
(Us) f U eld and U CV, then V € U.
The pair (X,U) is called a uniform space.

Let (X,U) be a uniform space. Each element of U is called an entourage, and U € U is
symmetric if U = U~'. A subfamily B of U is called a base for U if each member of U contains
a member of B. A subfamily S of U is called a subbase for U if the collection of all finite

intersections of members of S is a base for U. The set
T={GCX:Vee G 3U €U st. Ulz] C G},

where Ulz] = {y € X : (z,y) € U}, is a topology on X which is called the uniform topology
on X induced by U. [9]

Lemma 2.5. [9] A non-empty family B of subsets of X x X is a base for the uniformity
U={UCX x X :3IB € B,BC U} if and only if the following statements are true.

(Bl) A =A{(z,z):x € X} CU, for each U € B.

(B2) If U belongs to B, then U™ contains a member of B.

(B3) If U belongs to B, then there exists V in B such that VoV CU.

(B4) If U and V are in B, then there exists W € B such that W CUNV.

Suppose that (X,U) and (Y, V) are uniform spaces. The product of (X,U) and (Y,V) is a
uniform space (Z,) with the underlying set Z = X x Y and the uniformity ¥V on Z whose
base consists of the sets

Wov ={((z,y),(@",y) € Zx Z: (x,2') € U, (y,y) € V},

where U € U and V' € V. The uniformity W is written as W =U x V .[9]

Definition 2.6. [9] Let f : (X,U) — (Y, V) be a map between uniform spaces. The map f is
uniformly continuous if for each V' € V, there exists U € U such that (f(z), f(y)) € V for all
(z,y) € U, that is, (f x f)(U) C V. We denote f x f by £,

In Definition @, if f is bijective and the maps f and f~! are uniformly continuous, then

the map f is called a unimorphism, and X and Y are said to be uniformly equivalent. [9)].
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3. TYCHONOFF SPACES AND MV-ALGEBRAS

It is well-known that every Tychonoff space induces a uniformity. Hence, in this section,
we first recall the definition of Tychonoff spaces, and then find some conditions under which a
topology on an MV-algebra can make it into a Tychonoff space. For example in Propositions
@,@ and @ we use locally compact sets to do this. In Propositions @ and @, we use
open neighborhoods of 0 and 1 to convert a topological MV-algebra to a Tychonff space.

Recall from [9] that a topological space (X, 7) is said to be
(i) a regular space if for each € U € 7, there exists an open set H such that x € H C H C U.
A regular Ti-space is called a T3-space;

(ii) a normal space if for each closed set S and each open set U containing S, there is an open
set H such that S C H C H C U,

(iii) a completely regular space if for every closed set F' in X and for each x € X not belonging
to F', there exists a continuous function f : X — [0;1] such that f(z) =0 and f(F) = 1;

(iv) a Tychonoff space if it is a T}, completely regular space.

Lemma 3.1. Let I be an ideal in an MV-algebra A. Then, the following statements are true.
(i) y is the mazimum of 7 if and only if 7 =y S 1.
(ii) y is the minimum of 7 if and only if =y 1.

Proof. (i) Let y be the maximum of ¥ and z € § = ¥. Then, (y = 2)* = y© 2z € I and
z=yNz=yO Wy —z)ceyol* =yl So, 1 Cyol. If zcyocl, then z =y a for some
a € I. Now,
z0y=(yoa)oy=yo0a 0y =0l

On the other hand, by (M24) and (M19), ycz=ye (yoa) =a (aSy) < a € I. Hence,
ze¥=2

Conversely, if T =yo I, theny=yo0ec€yol =7 If z€ 7, then 2 = y © a for some
a € I. The inequality z = y © a <y implies y = max7.
(ii) Let y be the minimum of 7 and z € y @ I. Then, there exists b € I such that z =y @ b.
By (M22), (y®b) ©y < b€ I which implies that (y ®b) © y € I. On the other hand,

yo(yeb) =yo(yob) =yoyob =0¢cl.

1

Hence, z = y @b € ¥ = 2. Thus, y®I C %. If z € £ = ¥, then y = min¥ implies
z=yVz=y®(yoz) cydIl. So, T =4 CydI. Conversely, let T

=y®I. It is obvious that
yey®lI=7% If z€ 7, then 2=y ® b >y for some b € I. Hence, y is the minimum of 7.

Example 3.2. If X is a non-empty set, then (P(X),®, x,¢) is an MV-algebra, where P(X)
is the power set of X, * : P(X) — P(X) is a map defined by B* = X \ Band B&C = BUC,
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for every B,C € P(X). Let a be an element of X. It is easy to see that the set I = {¢p,{a}}
is an ideal of P(X). If B € P(X), then £ = {B} if a € B and otherwise, £ = {B, B U {a}}.
Now, by Lemma @, B =Bel=B&Iifac B andotherwise, 2 = (BU{a})6I=Ba 1.

Proposition 3.3. Let 7 be a Hausdorff topology on an MV-algebra A, and I be an open locally
compact ideal of A. Assume that for every a € A, the set 7 has a maximum and a © I, is an

open set. Then, (A, T) is a Thychonoff space.

Proof. Let x € A. By Lemma @, there exists y € A such that 7 =y © I. By the hypothesis,

T

the map [,(2) = y © z is an open map from I onto 7. By [9, Theorem 3.3.15]|

T
T
compact. The identity A = (J, .4 7 allows us to deduce that A is a union of open, locally

is locally

compact subspaces of A. By [J, Exercise 3.3.B], A is also locally compact. By [9, Theorem
3.3.1], (A, 7) is a Tychonoff space.

Proposition 3.4. Let 7 be a topology on an MV-algebra A, and U be an open locally compact
neighborhood of 0 such that for any a € A, U @ a is an open neighborhood of a. Then, (A,T)
is a Tychonoff space.

Proof. By [9, Theorem 3.3.15], the set U @ a is an open, locally compact subset of A. Since
A = U,eaU @ a, by [9, Exercise 3.3.B], A is a locally compact space. Let a # b. Then by
(M19), it is easy to prove that U@ aNU @b = . This shows that (A4, 7) is a Hausdorff space.
By [9, Theorem 3.3.1], (A, 7) is a Tychonoff space.

Example 3.5. Define @ : [0,1] x[0,1] — [0, 1] by &y = min{z+y, 1}, and % : [0,1] — [0, 1]
by z* =1 —z. Then, ([0, 1], ®,*,0) is an MV-algebra which is called the standard MV-algebra
[8). It is easy to prove that A = {0,%,2, 1} is a subalgebra of [0,1]. Let Tjo,1) be the discrete
topology on [0,1] and B = {{0,1/3},{1/3,2/3},{2/3,1}} be a subbase for a topology 74 on
A. If 7 is the Tychonoff topology on the MV-algebra A x [0, 1], then U = {0,1/3} x {0} is
an open, locally compact neighborhood of (0,0) in 7 and for any (a,b) € A x [0, 1], the set
U & (a,b) is an open neighborhood of (a,b). By Proposition @, (A x [0,1],7) is a Tychonoff

space.

Proposition 3.6. Let I be a locally compact ideal in a Hausdorff MV-algebra (A, 7). Then,
(A, 1) is a Tychonoff space provided that for every a € A\ {0}, the maps rq(z) = © © a and
lo(z) = a © z are continuous, and the compactness of some S C A implies that of the sets

r1(S) and I71(9).

a

Proof. First we prove that for every a € A\ {0}, r;1(I) and I, }(I) are locally compact. To do
so, let a € A and x € 7 }(I). Since I is locally compact, there is an open set V in A such that
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ro(x) €V CV C I and V is compact in A. From the continuity of r, we infer that r; (V) is
open. Thus, by the hypothesis, 7, 1(V) is compact. Hence, z € r; 1(V) C rg {(V) € 1(V) C

r1(I) and 74 ' (V) is compact. Therefore, r; *(I) is locally compact. Similarly, I;(I) is also
locally compact. The identity ¢ = r;'(I)(l;'(I) implies that % is locally compact. Thus,
A =Juea  is a union of open, locally compact subspaces of A. By [9, Exercise 3.3.B], (4, 7)
is locally compact. Now [J, Theorem 3.3.1] allows us to deduce that (A,7) is a Tychonoff

space. [

Proposition 3.7. Let T be a family of ideals in an MV-algebra A which is closed under
intersection. Also, assume that for any x # vy,

(i) there exists I € T such thaty ¢ I ® x, and

(ii) for every I, J € L, if I®x(\J By # @, then eitherx € J Dy ory € [ @ x.

Then, there exists a topology T on A such that (A, T) is a Tychonoff space and & is continuous.

Proof. Since 7 is a family of ideals, it is easy to show that forany I € Zand z € I, [ @ x is in
the set 7= {G C A:Vzx € G 3I € T such that I &z C G}. Since 7 is closed under arbitrary
unions and intersections, it is a topology on A. If z # y, then by (i), x ¢ J®yand y ¢ [ D x
for some I,J € 7. Hence x ¢ K @y and y ¢ K & x, where K = I(J € Z. Therefore, (A, 1)
is a Ty-space. By the definition of 7, the continuity of @ is clear. Now, we show that for every
rc€Aand I €Z, I Pxisclosedin (A,7). Letx € A, I € Zandy €I D z. If y =z, then it
is clear that y € I @ . Let y # z. By (i), z ¢ J @y for some J € Z. Since J @ y is an open
neighborhood of y, J @y I ®x # ¢. So, y € [ & x. Now, theset {I Gz :2 € AT €T}
is a base for 7 whose all elements are open and closed sets in (A, 7). Therefore, (4,7) is a

Tychonoff space.

Proposition 3.8. Let (A, 7) be a topological MV-algebra and let for any a € A, ro(z) =26 a
be an open map from A into A. Then, (A, 7) is a Tychonoff space if for each x # 0 and any
open neighborhood U of 0, there exists an open set V such that 0 € V CV C U, V is compact
andz ¢ V.

Proof. First, we prove that (A, 7) is a Hausdorff space. Let  # y. Without loss of generality,
assume that © © y # 0. Let U be an open neighborhood of 0. By the hypothesis, there exists
an open set V such that 0 € V C V C U, V is compact and z Sy ¢ V. Since © is continuous,
there exist open sets U; and Us such that x € Uy, y € Us and Uy © Uy C A\V. Now, it is
easy to show that Uy Uz = ¢. Thus, (A,7) is a Hausdorff space. Now, we prove that (A, 1)
is locally compact. To see this, let x € U € 7. If x = 0, then by the hypothesis, there exists
V € 7such that 0 € V CV C U and V is compact. If z # 0, then from 2 ©0 =z € U we
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obtain an open neighborhood W of 0 such that xt & W C U. Let V be an open set such that
0€V CV CW andV is compact. Since 7, is an open and continuous map, the set z & V

is an open neighborhood of z and x © V is a compact set. Since (A, 7) is Hausdorff, the set

x ©V is closed. Moreover, the set © © V is also compact because t6V C X oV =26 V.

The relation

roVCzoVCzoVCizoWCU

implies that (A, ) is locally compact. By [9, Theorem 3.3.1], (A, 7) is a Tychonoff space.

Proposition 3.9. Let 7 be a topology on an MV-algebra A such that — is continuous. More-
over, assume that for every a € A, \o(z) = x — a is an open map from A into A. Then, (A, T)
is a Tychonoff space if for each x # 1 and any open neighborhood U of 1, there exists an open
set V such that 1€V CV CU, V is compact and x ¢ V.

Proof. Let z* € U € 7. Since x — 0 € U and — is continuous, there exists V € 7 such that
x € V,and V* =V — 0 C U. Hence * is continuous and clearly, it is a homeomorphism. By
(M7) and (M8), © = %0 — and 7, = %0 )\, for every a € A. So, © is continuous and the map
rqo(x) =x S ais open. Let 0 # x € U € 7. Then, 1 # x* € U*. By the hypothesis, there exists
V ersuchthat 1 € V CV CU* V is compact and z* ¢V. Thus, 0 € V* QV*:WQU,
V* is compact and x ¢ V*. Therefore, by Proposition @, (A, 1) is a Tychonoff space.

4. UNIFORM MV-ALGEBRAS

In this section, we recall the notion of uniform MV-algebra. Moreover, we find some unifor-
mities under which the operations of MV-algebras are uniformly continuous. Proposition
reveals a connection between Tychonoff spaces and uniform MV-algebras. Also, we discuss
the existence of closed ideals, closed filters, and a contravariant functor from the category of
uniform MV-algebras to the category of semigroups.

Let A be an MV-algebra and U be a uniformity on A. By Definition @,

(i) the operation @ : (Ax A, U xU) — (A,U) is uniformly continuous if for every W € U, there
exist U,V € U such that U@V C W, or equivalently, (z @ y,2’ ®y')e W for every (z,2')e U
and (y,y')e V;

(73) the map = : (A, U) — (A,U) is uniformly continuous if for every W € U, there exists
V € U such that (x,y) € V implies (x(x), *(y)) € W.

The pair (A,U) is called a uniform MV-algebra if @ and * are uniformly continuous. [2]

Example 4.1. (i) Let ([0, 1], ®,*,0) be the standard MV-algebra. The family {U.}.50 is a
base for a uniformity U on A, where Uz = {(z,y) € [0,1] x [0,1] : |z —y| < e}. If W € U, then
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U:. CW for some € >0, and |[z* —y*| = |1 —z— 14+ y| = |y — z| < e for every (z,y) € Ue. So,
(z*,y*) € W. Thus, * is uniformly continuous. Now, we show that @ is uniformly continuous.
To see this, assume that U. € U and (x,y), (z',y’) € U, /5. Then, the following steps show that
Uej2 ® U,y C Ue and so, @ is uniformly continuous.

Step 1. If z + 2/ <1 and y + 9’ < 1, then
lroa —ydy|=lz+a’ —y—y|<|e—yl+ ' -y <e/2+e/2=c.
Step 2. If x + 2’ <1 and y + 3 > 1, then
lzda —ydy|=lz+2' -1 <|ly+y —z—2|<|ly—z|+ |y —2/|<e/2+¢/2=¢.

Step 3. If x + 2’ > 1 and y + ¢/ < 1, the proof is similar to that of Step 2.

Step4. Ifz4+2'>1landy+y >1,then [zd2' —ydy|=]1-1=0<e.

(i) Let A = {0,1/4,2/4,3/4,1}. Define  : Ax A — A by x @y = min{x + y,1}, and
x: A —> Abyaz*=1—xz. Then, (4,®,%*,0) is an MV-algebra [8]. Put U; = A,

Uy ={(z,y) : |z —y| < 1/4}, Us={(z,y) : |z —yl <1/2},
Uy ={(z,y) : |lx —y| <3/4} and Us ={(z,y) : |z —y| <1} = A x A.
It is easy to see that U = {U C X x X : There exists ¢ such that U; C U} is a uniformity on
A such that U;—y ® U;—1 C U;,Vi > 2. Also, U C U; for every ¢ > 1. These relations prove

that @ and x are uniformly continuous. Therefore, (A, @, *,U) is a uniform MV-algebra.

Proposition 4.2. Let A be an MV-algebra and U be a uniformity on it. If x is uniformly
continuous, then the following conditions are equivalent.
(i) The operation @ is uniformly continuous.

(ii) The operation ® is uniformly continuous.
(17i) The operation & is uniformly continuous.
(

iv) The operation — is uniformly continuous.

Proof. By (M6), (MT),(M8) and (M9), ® = xodo(xxx*), & = @o(I xx*) and —= xo®o (I xx*),
where o is the composition operator and [ is the identity map. Now the proof is clear because

the composition of uniformly continuous functions is uniformly continuous.

Theorem 4.3. Let U be a uniformity on an MV-algebra A. The uniform continuity of each
of the operations ©, — and ~~ implies that (A,U) is a uniform MV-algebra.

Proof. First assume that © is uniformly continuous and U € Y. Since & is uniformly contin-
uous, there exist V5 and V5 in U such that V3 © V5, C U. Let V. = Vi NV, and (z,y) € V*.
Then z* € Vi,y* € Vo and (x,y) = (1,1) © (z*,y*) € V1 © V5 C U. Hence V* C U, which
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implies that * is uniformly continuous. By Proposition @, (A,U) is a uniform MV-algebra.
Now, if — is uniformly continuous and U € U, then Vi — Vo C U for some Vi,V € U. Put
V = Vi NV, and choose (x,y) from V*. Then, (z,y) = (z*,y*) — (0,0) € Vi — V5 C U.
This allows us to deduce that * is uniformly continuous and so, by Proposition @, (A, U) is

a uniform MV-algebra. The proof of other case is similar.

Example 4.4. Consider A = {0,1/n,2/n,...,(n—1)/n,1} as a subalgebra of the standard
MV-algebra [0, 1]. If Uy = A and U; = {(z,y) : |t —y| < 1/n}, then theset U = {U C X x X :
There exists ¢ such that U; C U} is a uniformity on A such that U; © Uy C U;, Vi > 1. Hence,
© is uniformly continuous and by Proposition @, (A,U) is a uniform MV-algebra.

Theorem 4.5. Let I be a compact ideal in a Hausdorff topological MV-algebra (A, ). If the
set % is finite and for each x € A, the set § has a mazimum (minimum,), then there exists a

uniformity U on A such that (A,U) is a uniform MV-algebra.

Proof. Assume that for every x € A, the set 7 has a maximum. Then, by Lemma @, 7=vyol
for each z € A, where y is the maximum of 7. Since © is continuous, 7 is compact. By the fact
that ? is finite, we conclude that A is compact. By [9, Theorem 8.3.13], (A, 1) is a Tychonoff
space. Since A is compact, the operations @& and * are uniformly continuous. The proof of

other case is similar.

Theorem 4.6. Let (A, 7) be a Hausdorff topological MV-algebra, and F be a compact filter of
A. If % is finite and for each x € A, the set T has a mazimum, then there exists a uniformity
U on A such that (A,U) is a uniform MV-algebra.

Proof. Since % is finite, there exist x1,...,r, € A such that % =2 UJ...U%. Let y; be the
maximum of %, fori=1,...,n. If z € Z, then 2 = y; A2 = y; © (y; — 2) € y; © F. Hence,
% C y; © F. This implies that A = y1 © F'J...Jyn, © F. Since ® is continuous and F' is
compact, A is also compact. By [9, Theorem, 8.3.13], there exists a uniformity ¢/ on A such

that 7 is the topology induced by Y. Thus, @ and * are uniformly continuous.

Theorem 4.7. Let 7 be a topology on an MV-algebra A such that (A,T) is compact, and
assume that © is continuous at (x,x), for every x € A. Let T be a family of open ideals in A
that is closed under intersection and for each 0 # x € A, there exists I € T such that 0 ¢ 7.
Then, there exists a uniformity U on A such that (A,U) is a uniform MV-algebra.
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Proof. It is easy to prove that the set B = {7 : I € T,z € A} is a base for the topology
m={V CA:VeeV 3l eT such that 7 C V}.

Let z € A, I € Z and y = Z. Then, ¥ % # ¢. This implies that y € Z. So, % is both open
and closed in (A4, 7). On the other hand, (A, 79) is a T1-space. In fact, if  # y, then xSy # 0
or y©x # 0. Assume that x©y # 0. By the hypothesis, 0 ¢ @ for some I € Z. This implies
that ¢ ¥ and y ¢ 7. Thus, (A,7) is a T} space that has a base of open and closed sets.
Hence, (A, 19) is a Tychonoff space. By [9, Theorem 8.1.2], the topology ¢ is the topology
induced by a uniformity ¢/. The relations 2 @& ¥ = £2¥ and (£)* = 2~ allow us to deduce that
@ and * are continuous in (A, 7). Now, we show that 7 is finer than 79. Let z € V € 9.
Then, there exists an ideal I € 7 such that x € 7 C V. Sincex©x =0€ I € 7 and © is
continuous at (z,z) in (A, 7), there exists U € 7 such that z € U and U U C I. Let z € U.
Then, z©z and z © z are in [. So 2 € 7 C V, which implies that x € U C V. Hence, V € 7.
Now, since 79 C 7 and (A, 7) is compact, (A, ) is also compact. By [0, Theorem 8.3.13],

there exists a uniformity ¢ on A that induces 79, and (A,U) is a uniform MV-algebra.

Theorem 4.8. Let T be a compact topology on MV-algebra A, and suppose that — is continuous
at (z,x). If F is a family of open filters that is closed under intersection and for any 1 # x € A,
there exists F' € F such that 1 ¢ %, then there is a uniformity U on A such that (A,U) is a
uniform MV-algebra.

Proof. Similar to the proof of Theorem @, we can show that the set 0 = {U C A : Vx €
UJdF € F, x € £ C U} is a topology on A such that (4,7) is a Thychonoff topological
MV-algebra and 79 C 7. Hence, (A, 1) is a compact space and by [9, Theorem 8.3.13], there

exists a uniformity ¢ on A that induces 79, and (A,U) is a uniform MV-algebra.

In the sequel, we are going to discuss Tychonoff spaces and uniform MV-algebras. One
knows that every Tychonoff space generates a uniformity, and it is clear that any uniform
MV-algebra is a completely regular space. We show that a uniform MV-algebra is a Tychonoff
space if it satisfies the equivalence conditions of Lemma @ To begin with, we fix our notation
as follows.

Notation. In a uniform MV-algebra (A,U), we denote the closure of Ulz] by Ulz] in the
topology induced by U.

Lemma 4.9. The following conditions are equivalent in a uniform MV-algebra (A,U).
(i) For each x # 0, there exists U € U such that 0 ¢ Ulx].
(i9) For any x # 1, there exists U € U such that 1 ¢ Ulz].
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il

(i41) For every x # 1, there exist U,V € U such that Ulz] N ©.
(iv) For every x # 0, there exist U,V € U such that Ulz] N V[0] = ¢.
(v) For any x # vy, there exist U,V € U such that Ulz] N V[y] = ¢.

\_;

Proof. (i = ii) Let © # 1. Then, 1 © x = z* # 0. By (i), there exists U € U such that
0 ¢ U[1 © z]. Since © is continuous, there exist entourages V and W such that V[1] © W[x] C
Ulez]. If ze V[1]NnW]z], then 0 =z6 z € V[1] & W[x] C U[1 & z], a contradiction. Now,
1 ¢ W(z] follows from V[1] N W{z] =

(15 = @i1) If x # 1, then by (i7) there exists U € U such that 1 ¢ U[x]. From z & 1* € Ulz]
we obtain entourages U; and Us such that Uylz] & Us[l]* C Ulz]. If z € Uylz] N Uz[l], then
1 = 2@ 2" € U[z] @ Usz]* C Ulz], a contradiction. Hence, Uj[z] N Uz[1l] = ¢. Now, since
1 — x =z € Uy[z], there exist V,W € U such that V[1] = W(z] C Uylz]. If z € V[1] N W]z],
then there exist nets {z; : i € I} and {y; : i € I'} in V[1] and W{z], respectively, that converge
to z. Thus, {x; — y; : i € I} is a net in V[1] — W]z| that converges to 1. This allows us to
deduce that 1 € Uy[z], a contradiction. Therefore, V1] N Wz] =

(791 = iv) Suppose that x # 0. Since  — 0 # 1, we can find entourages U; and Us such
that Uy[x — 0] NUz[1] = ¢. From © — 0 € Uy[z — 0] it follows that U[x] — V[0] C U;[x — 0],
for some U,V € U. If z € U[z] N V0], then there exist nets {x; : i € I'} and {y; : i € I} in U[z]
and V[0], respectively, that converge to z. Now, {x; — y; : i € I} is a net in U;[z — 0] that

converges to 1. Hence 1 € Uy[x — 0], a contradiction. Therefore, U[z] N V0] =

(tv = v) Let x # y and assume that x &y # 0. By (iv), there exist U;,Us € U such that
Uilz ©y] N U2[0] = ¢. Since z © y € Uiz © yl, there are entourages Wi and Ws such that
Wi[z]|eWaly] C Uy [x0y). If 2 € Wi [z]NWa[y], then there exist nets {x; : i € I} and {y; : i € I}
in W1[z] and Wa[y], respectively, that converge to z. Now, {x; ©y; : i € I} is a net in U;[z S y]

that converges to 0. Hence 0 € Uj[x © y], a contradiction. Therefore, Wi[z] N Way] = ¢.
(v = 1) The proof is straightforward.

Proposition 4.10. Let (A,U) be a uniform MV-algebra. If T is the topology induced by U,
then (A,T) is a Tychonoff space if and only if it satisfies one of the conditions of Lemma @

Proof. 1f (A, 1) is a Tychonoff space, it is a T space and so, for any = # 0 there exists U € U
such that 0 ¢ Ulx]. Hence, (A,U) satisfies (i) of Lemma @ Conversely, let (A,U) satisfy
condition () of Lemma @ and x # y. Without loss of generality assume that x ©y # 0. Then
0 ¢ Ulxr ©y], for some U € U. Since © is continuous, there exist entourages V and W such
that Viz] © Wy] C Uz © y]. Then V]z] N Wix] = ¢ because 0 € U[z © y]. Therefore, (A,U)
is a Th-space, which implies that (A, 7) is a Tychonoff space.
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Proposition 4.11. Every uniform MV-algebra (A,U) has a base B such that U* = U, for
any U € B. Moreover, U* € U for each U € U.

Proof. Let By be a base for Y and B={UNU*: U € By}. It is clear that W* = W for every
W € B. We show that B is a base for Y. Let U € U. Since © is uniformly continuous, there
exists V € By such that VC VoV CUand V¥ =(1,1)0V C V&V CU. Hence, VNV*is

an element of B which is contained in U.

Proposition 4.12. Assume that (A,U) is a uniform MV-algebra in which rq(x) = © & a is
an open map from A to A, for any a € A. Then, all ideals and filters are closed in A.

Proof. Let W be a subset of A such that z € W and = < y imply y € W. Let x € W and
V eU. Then (V[1] © 2*) N W is a non-empty set, because V[1] © z* is an open neighborhood
of z. Hence, 2 © x* € W for some z € V[1]. By (M18), z© z* < z. So, x € W. Thus, W = W.
This implies that every filter is closed in A. Since * is a homeomorphism, every ideal is also

closed.

Proposition 4.13. Let (A,U) be a uniform MV-algebra, and assume that for any a € A,
lo(z) = a© x is an open map from A to A. Let H be a subset of A which satisfies

if net{x,;} converges to a point of H, then x, is in H, for some r.
If H is an ideal or a filter, then so is H.

Proof. Let H be an ideal. Clearly, 0 is in H. Let x © y and y be in H. Then, Ulx] © y is an
open neighborhood of z © y. Hence, there exist u € U[z] and h € H such that h = u S y. If
{a,} is a net in H that converges to y, then the net {u © a,} converges to u ©y = h € H.
By the hypothesis, u © a, € H for some r. Since H is an ideal, v € H. Hence Ulx| N H is
non-empty and so, x € H.

Now, let H be a filter. Then, H* is an ideal. If {x,} is a net that converges a point of H*,
then the net {x}} converges a point of H. So z} € H for some r, which implies that =, € H*.

By the above paragraph, H* = H  is an ideal. Hence, H is a filter. 0

Proposition 4.14. Let I be an ideal and F be a filter in a uniform MV-algebra (A,U). If O
and 1 are interior points of I and F in I and F, respectively, then I is an ideal and F is a

filter.
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Proof. Let 1 be an interior point of F and x € F \ F. Then, there exists W € U such that
r—x=1¢€ FNWIl] C F. Since — is uniformly continuous, there exists an entourage U
such that FNU[z] — FNU[z] C FNW[1] C F. If f € FNU[z] N F, then the facts f — x € F
and f € F allow us to deduce that x is in F, a contradiction. Hence, z € FNU[z] C F \ F.
Therefore, F is closed in F and so, F = F is a filter in A.

Now, since * is a homeomorphism, the proof of the other case is straightforward.

Now, we are going to prove that every uniform MV-algebra has at least one closed ideal and
one closed filter. To do so, we first recall the definition of submeasures on MV-algebras.
A submeasure on an MV-algebra A is an increasing map N : A — R™ such that N(z ®y) <
N(z)+ N(y), for every z,y € A.[2]
If P(X) is the MV-algebra introduced in Example @, then the map N : P(X) — R* defined
by N(A) = card(A) is a submeasure on P(X).
The first part of the proof of the following proposition is similar to [l, Lemma 3.3.10].

Proposition 4.15. Every uniform MV-algebra has at least one closed ideal and one closed
filter.

Proof. Let (A,U) be a uniform MV-algebra and U € U. Since @ is uniformly continuous, for
each n > 0 there exists an entourage W), such that W,11[0] & W,41[0] € W,[0] C U|[0]. For
any n > 0, suppose that U, = W,[0] € A. Let V(1) = Up, n > 0 and assume that V(37)
are defined for each m = 1,2,3,...,2" such that 0 € V(3%). Then, put V(TL%) = Upi1,
V(Q%Tl) = V(gx) for m = 1,2,3,...,2" and for each m = 1,2,3,...,2" — 1, V(%",?jll) =
V(5) @ Upt1 = V() ® V(gerr)- Also, we define V(%) = A, when m > 2". By induction

on n we prove that for any m > 0 and n > 0,

() VeV V()

First notice that if m + 1 > 2", then (x) is obviously true. Let m < 2™. If n = 1, then m is
also equal to 1. So, V(3) & V(%) = U1 ® Uy C Uy = V(1). Assume that (*) holds for some n.
We verify it for n + 1. If m = 2k, then by the definition of V(é’}}%ﬂ), V(sigr) @© V(TL%) =

V(Z) @ Vige) = V(&) @ V() = V(%LE). Now, suppose that m = 2k + 1 < 2" for

some x > 0. Then,

m 1 2k +1 k k k 1
V(2”+1) @ V(2n+1) =V( ont1 )@ Unt1 = V(QTL) ® Unt1 ®Upy1 C V(27) Up = V(2—n) V(Q—n).

But, by the assumption of induction, V(52) & V(527) € V(EH) = V(Z44). If r > 0, then

V(r) = {z : Jy € V(r) such that x < y} is a subset of A containing 0 such that for any

— —

x,y € V(r), x <z <y implies z € V(r). It is easy to verify that the map f: A — R defined

by f(z) =inf{r:z € V(r)} is a bounded, increasing function with f(0) # f(1) = 1. Now, the
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map N : A — R defined by N(x) = sup{f(x @® 2) — f(2) : z € A} is a non-zero submeasure
such that N(0) = 0, and the set Iy = {z : N(z) = 0} is an ideal of A. To prove that Iy is

closed, it is enough to show that N is continuous. First, let us prove that for any n > 0,

1 —~ 2
{:L‘:N(:l:)<2—n}§Ung{xiN(x)fg}a

where U, = {z : 3y € U, such that < y}. Notice that f(0) = 0. Hence N(z) < 5
implies f(z) = f(z ®0) — f(0) < N(z) < 5. Thus, for some r > 0, z € 17(1"\) and 7 < 5.
Since V(r) C V(5) = Uy, it is easy to see that z € 17(?) CV(s) = U,. Now, let = € Up,.

Then, there exists 2’ € U, such that x < /. Clearly, for any z € A, there exists k& > 0 such
that % < f(z) < 2% Since z € V(z%), there exists 2’/ € V(%) such that z < 2/. From

condition (x) it follows that 2’ @2’ € V(£) & V(5) C V(E), and from z @ 2 < 2/ @ 2’ we
deduce that z ® z € V(%) Hence, f(x @ 2) — f(2) < % - k2_nl = 2. This implies that
N(z) < &. Let € > 0 be arbitrary. Then, there exists n > 1 such that 2 < e. Now, the

relation U,, C [/J; C{z:N(x) < 2% allows us to deduce that N is continuous at 0. To prove
the continuity of V on A, take b € A and assume that € > 0 is arbitrary. For arbitrary x in A,
by (M33), (bex)®dz=(xeb)®b>0b. So, N(b) < N(b& )+ N(z). This inequality implies
that | N(z) — N(b) |< maz{N(b&z), N(x&b)}. Since N is continuous at 0, there exists n > 0
such that N(z) < ¢, for any = € U,. Since © is continuous and b & b = 0 € U, there exists
an open neighborhood V of b such that b&V C U, and V &b C U,. Thus for each z € V,
| N(z) — N(b) |[< max{N(bcz), N(x&b)} < e, which implies that IV is continuous at b. Now,
the continuity of N and the identity Iy = N~!(0) imply that I is closed in A. Since * is a

homeomorphism, the filter Iy is a closed filter of A.

At the end of this paper, we are going to show that a contravariant functor exists from the
category of uniform MV-algebras to the category of monoids. Let C be the category whose
objects are uniform MV-algebras, and hom(A, B) denote the set of all MV-homomorphisms
f A — B that are also uniformly continuous. We also use M to denote the category of

monoids.

Proposition 4.16. There exists a contravariant functor from the category of uniform MV-

algebras to the category of monoids.

Proof. Let (A,U) be a uniform MV-algebra, and N(A) be the set of all submeasures on A.
Then, N(A) is a monoid with 0(z) = 0 as the identity element under the operation (Nj +
No)(z) = Ni(z)+ Na(x). Now, the map N : C — M that assigns to any uniform MV-algebra A
the monoid (N(A), +,0) is a contravarint functor. In fact, if f : (A,U) — (B,V) is a morphism
in C, then it is easy to prove that the map N (f)(N2) = Noo f is a morphism from (N (B), +,0)
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to (N(A),+,0) in M. Let f : (A,U) — (B,V) and g : (B,V) — (C,) be morphisms in C.
If N € N(C), then N(go f)(N) = Nogo f = N(f)(Nog) = N(f) o N(g9)(IN). Hence
N(go f)=N(f)oN(g). If I: (A,U) — (A,U) is the identity map, then for any N € N(A),
N(I)(N) = N oI = N, which implies that N'(I) is the identity morphism in M.

CONCLUSION

In this paper, we studied the relationship betweenTychonoff spaces, uniform spaces and
MV-algebras. In the third section, we provided conditions under which an MV-algebra could
be made into a Tychonoff space. In Section 4, after studying the uniform continuity of the
operations, we examined the relationship between MV-algebras and uniform spaces. Since a
close relationship exists between uniform and quasi-metric spaces, researchers can study the

relationship between MV-algebras and quasi-metric spaces.
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