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ABSTRACT. Let R be a commutative ring with identity 1 # 0 which admits atleast two

c

maximal ideals. In this article, we have studied simple, undirected graph (INC(R))¢ whose

vertex set is the set of all proper ideals which are not contained in J(R) and two distinct
vertices I; and I are joined by an edge in (INC(R))® if and only if Iy C I or I C I1. In this

article, we have studied some interesting properties of (INC(R))®.

1. INTRODUCTION

The rings considered in this article are commutative with identity 1 # 0 which admits atleast
two maximal ideals. The idea of associating a graph with certain subsets of a commutative
ring and exploring the interplay between the ring-theoretic properties of a ring and the graph-
theoretic properties of the graph associated with it began with the work of I. Beck in [B]

For a commutative ring R, we denote the set of all maximal ideals of R by Max(R). We
denote the cardinality of a set A using the notation |A|. Let R be a ring. Then V(I) =
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{J € I(R) : J C I}; where I(R) denotes the set of all proper ideals of R. The graphs
considered in this article are undirected. Let G = (V, E) be a simple graph. Recall from [[]
that the complement of G, denoted by G¢ is a graph whose vertex set is V' and two distinct
u,v € V are joined by an edge in G¢ if and only if there exists no edge in GG joining u and v.
Let R be a ring with |[Max(R)| > 2. Inspired by the research work done on the comaximal
graph and comaximal ideal graph of algebraic structures in [2, 12, 13, 14, [15, 18, 19, 23, 25|
and the research work done on the annihilating-ideal graph of a ring in [9, 10, 21], Ye and
Wu [26] introduced and investigated an undirected graph associated with R whose vertex set
equals {I € I(R) : I ¢ J(R)} and distinct vertices I, I are joined by an edge if and only
if 1 + I = R. Ye and Wu called the graph introduced and studied by them in [26] as the
comaximal ideal graph of R and denoted it using the notation %' (R).

Visweswaran and Parejiya [22] introduced an undirected graph structure associated with
R denoted by INC(R), whose vertex set equals {I € I(R) : I ¢ J(R)} and distinct vertices
11, I are joined by an edge if and only if I; and Is are not comparable under the inclusion
relation. Motivated by this research work, we have discussed some properties of (INC(R))¢ in
this article.

We give brief of the theorems, proved in this article. In Theorem 3.1, we have proved that if
R is a ring with |[Maxz(R)| = 2 then (INC(R))€ is a disconnected graph with two components.
In Theorem 3.2, we have showed that if R is a ring with |Maxz(R)| = n; n > 3,n € N then
(INC(R))¢ is connected and diam((INC(R))¢) = 3. In Theorem 4.1, we have proved that if
R is a ring with |[Max(R)| > 4 then (INC(R))¢ is not a bipartite graph. In Theorem 4.2,
we have proved that for a ring R with |[Maxz(R)| = 3, (INC(R))¢ is bipartite if and only if
R = Fy x Fy x F3; where I, F5 and Fj are fields. In Theorem 4.3, we have investigated that
if R is a ring with [Max(R)| = 2, then (INC(R)) is a bipartite graph if and only if R is ring
isomorphic to one of the following rings:- (i) F1 x Fy; where Fj is a field for each ¢ € {1,2}.
(i) Ry x Fy; where (Ry,m;) is SPIR with m; # (0) but m? = (0) and F» is a field. (iii)
Fi x Rg; where F} is a field and (Rg,ms) is SPIR with mg # (0) but m3 = (0). (iv) Ry x Ra;
where (R;,m;) is SPIR with m; # (0) but m? = (0) for each i € {1,2}. In Theorem 4.4, we
have proved that for a ring R with |[Maz(R)| > 2, (INC(R))¢ is bipartite if and only if one
of the following conditions hold:- (i) R = F} x F» x F3; where Fy, F5 and F3 are fields. (ii)
R = F x Fy; where F; is a field for each i € {1,2}. (iii) R = R; x F»; where (R1,my) is
SPIR with my # (0) but m? = (0) and F is a field. (iv) R = F} x Rg; where F} is a field
and (Rg,ms2) is SPIR with ma # (0) but m3 = (0). (v) R = Ry x Ry; where (R;,m;) is SPIR
with m; # (0) but m? = (0) for each i € {1,2}. In Theorem 4.5, we have investigated that
for a ring R with |[Maz(R)| > 2, (INC(R))¢ is not a complete bipartite graph. In Theorem
5.1, we have proved that (INC(R))€ is not a split graph if R is a ring with |Maz(R)| > 3. We
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have proved in Theorem 6.1 that for a ring R with |Max(R)| > 4, girth(INC(R))¢) = 3. In
Theorem 6.2, we have shown that for a ring R with |Max(R)| = 3, girth((INC(R))¢) < 6.
Mlustration 1 shows that upper bound of the inequality in Theorem 6.2 is obtained by a ring
R = Fy x Fy x F3; where F; is a field Vi € {1,2,3}. In Theorem 6.3, we have investigated
that for a ring R with |[Maz(R)| = 3, girth((INC(R))¢) = 6 if and only if R = F} x Fy x F3;
where F; is a field Vi € {1,2,3}. In Theorem 7.1, we have shown that for a ring R with
|Max(R)| =mn,n >5and n € N, (INC(R))°) is not planar. Theorem 7.2 (7.3 resp.) gives the
characterization of rings R with |Max(R)| = 3 (|[Maz(R)| = 4 resp.) for which (INC(R)))
is planar. In Theorem 8.1, we have proved that (INC(R))® is not complemented if R is a
ring with [Maxz(R)| = 4. In Theorem 8.2 (and 8.3 resp.), we have characterized rings R with
|Maz(R)| = 3 (|[Max(R)| = 2 resp.) for which (INC(R))¢ is complemented. Corollary 8.4
gives characterization of ring R for which (INC(R))¢ is complemented. Corollary 8.5 depicts
that (INC(R))¢ is uniquely complemented if and only if R = R; x Rg; where (R;, m;) is SPIR
with m; # (0) but m? = (0) for each i € {1,2}.

2. PRELIMINARIES

It is useful to recall the following definitions and results from graph theory. Let G = (V, E)
be a graph. Let a,b € V, a # b. Recall that the distance between a and b, denoted by d(a, b) is
defined as the length of a shortest path in G between a and b if such a path exists, otherwise
d(a,b) = co. We define d(a,a) = 0. Let G be a simple graph. Then the complement G¢ of G is
defined by taking V(G¢) = V(G) and making two vertices u and v adjacent in G¢ if and only
if they are non-adjacent in G [[7]. A graph G is said to be connected if for any distinct a,b € V,
there exists a path in G between a and b. Recall from [7] that the diameter of a connected
graph G = (V, E) denoted by diam(G) is defined as diam(G) = sup{d(a,b)|a,b € V}. Let
G = (V,E) be a connected graph. Let a € V. Recall that G is a split graph if V(G) is the
disjoint union of two nonempty subsets K and S such that the subgraph of G induced on K
is complete and S is an independent set of G.

Let G = (V, E) be a graph such that G contains a cycle. Recall from [[7] that the girth of G
denoted by girth(G) is defined as the length of a shortest cycle in G. If a graph G does not
contain any cycle, then we define girth(G) = co. Let n € N. A complete graph on n vertices
is denoted by K,. Let G = (V,E) be a graph. Then G is said to be bipartite if the vertex
set V' of GG can be partitioned into two nonempty subsets V7 and V5 such that each edge of G
has one end in V4 and the other in V5. A bipartite graph with vertex partition V3 and V5 is
said to be complete, if each element of V is adjacent to every element of V5. Let m,n € N.
Let G = (V, E) be a complete bipartite graph with V' = V3 U V. If |Vi| = m and |Va| = n,
then G is denoted by Ky, [[]. Let G = (V, E) be a graph. Recall from [4] that two distinct
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vertices u,v of G are said to be orthogonal, written v L v if v and v are adjacent in G and
there is no vertex of G which is adjacent to both u and v in Gj; that is, the edge u — v is not
an edge of any triangle in G. Let u € V. A vertex v of G is said to be a complement of u if
u L v [4]. Moreover, we recall from [4] that G is complemented if each vertex of G admits a
complement in G. Furthermore, G is said to be uniquely complemented if G is complemented
and whenever the vertices u, v, w of G are such that v 1 v and u L w, then a vertex x of GG is
adjacent to v in G if and only if = is adjacent to w in G.

Let G = (V, E) be a graph. Recall from [[f, Definition 8.1.1] that G is said to be planar if
G can be drawn in a plane in such a way that no two edges of G intersect in a point other
than a vertex of G. Recall that two adjacent edges are said to be in series if their common end
vertex is of degree two [11, pg.9]. Two graphs are said to be homeomorphic if one graph can
be obtained from the other by intersection of vertices of degree two or by the merger of edges
in series [L1, pg. 100]. It is useful to note from [11, pg. 93] that the graph K3 is referred to as
Kuratowski’s first graph and K3 3 is referred to as Kuratowski’s second graph. The celebrated
theorem of Kuratowski states that a graph G is planar if and only if G does not contain either
of Kuratowski’s two graphs or any graph homeomorphic to either of them [[11, Theorem 5.9].

A ring R is said to be local if it has a unique maximal ideal. Recall that a principal ideal
ring R is said to be a special principal ring (SPIR) if R admits only one prime ideal. If m is
the only prime ideal of R, then m is necessarily nilpotent. If R is a special principal ideal ring
with m as its only prime ideal, then we describe it using the notation that (R, m) is a SPIR.
Let m be a nonzero maximal ideal of a ring R such that m is principal and is nilpotent. Let
n > 2 be least with the property that m™ = (0). Then it follows from the proof of (iii) = (7)
of [6] that {m‘|i € {1,...,n — 1}} is the set of all nonzero proper ideals of R. As each ideal of
R is principal with m as its only prime ideal, it follows that (R, m) is a SPIR.

3. Diam((INC(R))®)

Theorem 3.1. Let R be a ring with |Max(R)| = 2. Then (INC(R)) is a disconnected graph

with two components.

Proof. Let Max(R) = {Mi, Ma}. Suppose that (INC(R))¢ is connected. Consider V; ={I €
I(R) : I C M; but I ¢ M;} for i,j € {1,2}; where j # i. Observe that V3 NV, = (. Let
G; be the subgraph of (INC(R))¢ induced on Vj; for i € {1,2}. Let I,J € V(G1). Note that
I— M, —J is a path between I and J. So, G is a connected subgraph of (INC(R))¢. Similarly,
G2 is a connected subgraph of (INC(R))¢. Note that there is no edge in (INC(R))¢ with one
end vertex in V(G1) and another end vertex in V(G2). So, (INC(R))¢ is a disconnected graph

with two components, G; and Ga.
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Theorem 3.2. Let R be a ring with |Max(R)| = n; n € N and n > 3. Then (INC(R))® is
connected and diam(INC(R))¢ = 3.

Proof. Let Max(R) = {M1,Ms,...M,}; n € Nand n > 3. Let I,J € V((INC(R))) be
distinct non-adjacent vertices. Since I,J ¢ J(R), there exists M;, M; € Maz(R) such that
I'¢ M; and J ¢ Mj; for some i,j € {1,2,...,n}.

Case (i) M; = M;

Suppose that IJ C J(R). Then IJ C M;. So, either I C M; or J C M;. This is not
possible. So, IJ ¢ J(R). If IJ =1I then I C J. So, I and J are adjacent in (INC(R))® which
is a contradiction. Hence, I.J # I. Similarly, IJ # J. So, I — IJ — J is a path of length two
between I and J in (INC(R))®.

Case (ii) M; # M;

If J & M;, then by Case (i) we have a path of length two between I and J. So, J C M;.
If I ¢ M; then by Case (i), we have a path of length two between I and J. So, I C M;. Let
IM; ¢ J(R). If J = M;, then I — IM; — M; = J is a path of length two between I and J
in (INC(R))¢. If J C M;, then I — IM; — M; — J is a path of length three between I and J
in (INC(R))¢. Let JM; € J(R). If I = Mj, then I = M; — JM; — J is a path of length two
between I and J. If I C Mj, then I — M; — JM; — J is a path of length three between I and
J in (INC(R))®. So, let IM; C J(R) and JM; C J(R). So, I C MyMy...M;_1M;,,...M, and
J C MyMs..Mj_1Mjy1..M,. Then I — M), — J is a path of length two between I and J in
(INC(R))¢; where My € Max(R) and k € {1,2,...,n} ~ {i,j}. Hence, diam((INC(R))¢) < 3.

Note that M; and Mj are not adjacent in (INC(R))¢. So, (INC(R))® is not complete. Thus
diam((INC(R))¢) # 1. Suppose that diam((INC(R))¢) = 2 for some ring R. Note that M;
and MyMs...M, are non-adjacent vertices in (INC(R))¢. Suppose that there exists a path of
length two between My and MaMs... M, say, My —I— MsMs...M,; for some I € V((INC(R))®).
Then I C M. Suppose MyMs...M,, C I. Then MsMs...M,, C M;. Hence, M; C M;j; for some
i € {1,2,...,n} which is not possible. So, I C MyMs...M,,. So, I C MyMs...M,, = J(R) which
is not possible as I ¢ J(R). Hence, diam((INC(R))¢) # 2. Therefore, diam((INC(R))¢) = 3.

0

4. BIPARTITENESS OF (INC(R))¢

Theorem 4.1. Let R be a ring with |Max(R)| > 4. Then (INC(R)) is not a bipartite graph.

Proof. Let My, Ma, M3, My € Max(R). Suppose that (INC(R))¢ is a bipartite graph with V;
and V5 as its bipartite sets. Suppose that M; € Vi; for M; € Max(R) and i € {1,2,3,4}.
Without loss of generality, we may assume that M; € Vi. Note that M; M, is adjacent to
M. So, M1Ms ¢ V. Also, MMy is adjacent to My. So, MMy ¢ V,. This is not possible.
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Thus, Maxz(R) C V;; for some i € {1,2}. Without loss of generality, we may assume that
Maz(R) C Vi. Now, MMy is adjacent to M. So, MiMs ¢ Vi. So, MMy € Vi Also,
M MsMs is adjacent to My. So, MiMsMs ¢ Vi. But My MaMs is also adjacent to My Mo.
So, M1 MsMs ¢ Va. Thus (INC(R))€ is not a bipartite graph.

Theorem 4.2. Let R be a ring with |[Max(R)| = 3. Then (INC(R))¢ is bipartite if and only
if R= Fy x Fy x Fy; where Fy, F5 and F3 are fields.

Proof. Let Maxz(R) = {My, Ma, M3}. Suppose that (INC(R))¢ is bipartite. Let V; and V5
be its bipartite sets. Suppose that M; € Vi and M;, M € Va; for distinct 4, j,k € {1,2,3}.
Note that M;M; is adjacent to M;. So, M;M; ¢ Vi. Also, M;M; is adjacent to M;. So,
M;M; ¢ V5. This is not possible. So, Maxz(R) C Vj; for some i € {1,2}. Without loss of gen-
erality, we may assume that Maxz(R) C Vi. Now, M;M; is adjacent to M;; for 4,5 € {1,2,3}
and j # i. So, M;M; ¢ Vi. Thus M;M; € Vo; for all 4,5 € {1,2,3} and ¢ # j. Sup-
pose that M? # M;; for some i € {1,2,3}. Without loss of generality, we may assume that
M? # M. Also, M?M; is adjacent to M; in (INC(R))C for j € {1,2,3}. So, MEM; ¢ Vy; for
any j € {1,2,3}. Observe that MZM; is adjacent to MM, in (INC(R))C. So, MEM; ¢ Va.
This is not possible. Thus M? = M;; for each i € {1,2,3}. Let 2; € M; ~ (0); for some
i € {1,2,3}. Let if possible, M; # Rx;. Note that (Rx;)M; is adjacent to M;; for j € {1,2,3}
and j # i. So, (Rx;)M; ¢ Vi. Also, (Rx;)M; is adjacent to M;M; in (INC(R))¢. So,
(Rz;)M; ¢ V. This is not possible. Thus M; = Ru;; for some z; € M; ~ (0), i € {1,2,3}.
So, J(R) = M;MyM3 = Rxjxox3 is principal and (J(R))? = J(R). By Nakayama’s lemma
[6, Proposition 2.6], J(R) = (0). Hence, by Chinese Remainder Theorem [, Proposition 1.10
(ii), (iii)], R = % = b x b x = Fy x Fy x F3; where F1, Fy and F3 are fields.
Conversely, assume that R = Fy; x Fy x F3; where Fp, Fo and Fj are fields. Let V; =
(My, M, M3} and Vs = {M;Ms, MyMs, MoMs}. Then V; U Vs = V((INC(R))®) and
ViNVy = 0. Note that V3 and V5 form bipartite sets of (INC(R))¢ and hence (INC(R))©
is a bipartite graph.

Theorem 4.3. Let R be a ring with |Mazx(R)| = 2. Then (INC(R))® is a bipartite graph if

and only if R is isomorphic to one of the following rings:

(i) F1 x Fy; where F; is a field for each i € {1,2}.

(ii) Ry x Fy; where (Ry,my) is SPIR with my # (0) but m3 = (0) and F» is a field.
(iii) Fy x Ro; where Fy is a field and (Rg,m2) is SPIR with mg # (0) but m3 = (0).
(iv) R1 x Ra; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each i € {1,2}.
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Proof. Let Max(R) = {M;,My}. Note that there exists a € M; and b € My such that
Ra+ Rb = R. It is clear that a ¢ My and b ¢ M;. Hence, a™ ¢ Ms and b™ ¢ Mj; for all n > 1.
Suppose that (INC(R))€ is a bipartite with vertex partition V; and Vo. We can assume without
loss of generality that Ra € V;. Now, either Ra = Ra® or Ra # Ra®. If Ra = Ra?, then
a = ra?; for some r € R and so, ra = r?a®. This implies that ra is a non-trivial idempotent
element of R. If Ra # Ra?, then Ra? must be in V5. Observe that Ra # Ra3. If Ra® # Ra?,
then Ra? can neither be in V; nor in V5. This is impossible and so, we get that Ra? = Ra®.

This implies that Ra? = Ra*. Hence, a®> = sa*; for some s € R and so we get that sa® = s2a*

and so sa?

is a non-trivial idempotent element. Hence, there exists a non-zero local ring Ry
and Ro such that R is a ring isomorphic to R; X Ry. Let us denote the ring R; X Ry by
T. Let m; denote the unique maximal ideal of R;; for each i € {1,2}. Now, (INC(T))¢ is
bipartite by assumption. Let it be bipartite with vertex partition W7 and Ws. If R; is not
a field, then (0) X Rg, my X Ry cannot be in same W;; for each i € {1,2}. We can assume
that (0) x Ry € Wp and m1 X Ry € Wa. Let € my \ (0). If my # Rix, then Ryz X Ry can
neither be in Wy nor be in Wy. This is impossible and so, m1 = Riz. As z # 0, it follows
that Rix # Ryz?. If Rix? # (0), then Ry2? x Ry can neither be in Wi nor be in Wa. This
is impossible. So, 22 = 0. Thus, either R; is a field or (R1,m1) is SPIR with m; # (0) but
m? = (0). Similarly, it follows that either Ry is a field or (Ry,m2) is SPIR with mg # (0) but
m3 = (0). Thus, if (INC(R))¢ is a bipartite then R is ring isomorphic to one of the following
rings:- (i) F} x Fy; where Fj is a field for each i € {1,2}. (ii) Ry x Fy; where (R;,m;) is SPIR
with my # (0) but m? = (0) and Fy is a field. (iii) F1 x Rg; where F} is a field and (Rg,ms2)
is SPIR with mg # (0) but m3 = (0). (iv) Ry x Rg; where (R;, m;) is SPIR with m; # (0) but
m? = (0) for each i € {1,2}.

Conversely, suppose that R is ring isomorphic to one of the following rings:- (i) F1 x Fy;
where F; is a field for each i € {1,2}. (ii) Ry x Fy; where (R, mq) is SPIR with my # (0) but
m? = (0) and Fy is a field. (iii) Fy x Ry; where Fy is a field and (R, ms) is SPIR with ma # (0)
but m3 = (0). (iv) Ry x Ro; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each
i€{1,2}. If R = F| x Fy; where Fj is a field for each i € {1,2} then take V; = {(0) x F5} and
Vo ={F; x (0)}. If R = Ry x F; where (Ry,m;) is SPIR with my # (0) but m? = (0) and F»
is a field then take Vi = {(0) x Fy, Ry x (0)} and Vo = {m x Fy}. If R = F} x Ry; where F} is
a field and (Rg,m2) is SPIR with mg # (0) but m3 = (0) then take V4 = {F} x (0), (0) x Ry}
and Vo = {Fy x ma}. If R 2 Ry x Rg; where (R;,m;) is SPIR with m; # (0) but m? = (0)
for each ¢ € {1,2} then take V7 = {R; x (0), m1 X Ro} and Vo = {(0) x Ra, R; x ma}. Note
that in all the above cases, V1 UV, = V((INC(R))¢) and V1 N V2 = (. So, in each of the above
cases V; and V, form bipartite sets of (INC(R))¢ and hence (INC(R))¢ is a bipartite graph.
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Theorem 4.4. Let R be a ring with |[Max(R)| > 2. Then (INC(R))® is bipartite if and only

if one of the following conditions hold:

(i) R= Fy x Fy X F3; where F1, Fy and F3 are fields.

(ii) R = Fy x Fy; where F; is a field for each i € {1,2}.
(iii) R~ Ry x Fy; where (R1,m1) is SPIR with my # (0) but m2 = (0) and F» is a field.
(iv) R = Fy x Re; where Fy is a field and (R, m2) is SPIR with ms # (0) but m3 = (0).

(v) R Ry x Ry; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each i € {1,2}.

Proof. Proof follows from Theorems 4.1, 4.2 and 4.3.

Theorem 4.5. Let R be a ring with |Max(R)| > 2. Then (INC(R))¢ is not a complete
bipartite graph.

Proof. Suppose that (INC(R))¢ is a complete bipartite graph. Let Vi and V2 be the cor-
responding bipartite sets. Let My, My € Max(R). Then M; and My are not adjacent in
(INC(R))¢. So, Max(R) C Vi or Max(R) C V5. Without loss of generality, we may assume
that Max(R) C V;. Since V, # (), there exists I € V((INC(R))¢) such that I € V5. Since we
have assumed that (INC(R))€ is complete bipartite, I is adjacent to M; for each M € Max(R).
So, I C J(R) which is not possible. So, (INC(R))¢ is not complete bipartite graph.

5. SPLITNESS OF (INC(R))¢

Theorem 5.1. Let |[Maz(R)| =n;n € Nyn > 3. Then (INC(R)) is not a split graph.

Proof. Let Max(R) = {M;, Ma, ..., My}; n € N and n > 3. Suppose that (INC(R))¢ is a split
graph with V((INC(R))¢) = KUS; where the subgraph of (INC(R))¢ induced on K is complete
and S is an independent set. Since M; is not adjacent to Mj; for ¢ # j and 4,5 € {1,2,...,n},
atmost one M; can be placed in K. Let My € K and Ms, M3, ..., M,, € S. Note that MsMs3 is
adjacent to My in (INC(R))¢. So, MaMs ¢ S. Now, My + MaMs = R. So, MyMs ¢ K. This
is not possible. Hence, Maxz(R) C S. Note that M;M; and M; are adjacent in (INC(R))¢
and since M; € S, M;M; € K; for every i,j € {1,2,...,n} where i # j. Note that MM, and
M> M3z are not adjacent in (INC(R))¢. This is not possible. Hence, (INC(R))¢ is not a split
graph.
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6. Girth((INC(R))®)

Theorem 6.1. Let R be a ring with |Max(R)| =n; n € Nyn > 4. Then girth((INC(R))¢) = 3.

Proof. Let My, My, M3 € Max(R). Suppose that MyMs C J(R). Then MMy C Ms. So,
M; C M3 or Ms C M3 which is not possible. Thus MMy € J(R). Also, if MM, = M; (or
MMy = My) then M; C My (or Ms C M) which is also not possible. So, My My # M;; for
i € {1,2}. Similarly, My MyMs # My M, and My MoMs # M. Also M1 MyMs ¢ J(R). So, we
have a cycle My — M My— My My Ms— M, of length three in (INC(R))€. So, girth((INC(R))¢) =
3. 0

Theorem 6.2. Let R be a ring with |Max(R)| = 3. Then girth((INC(R))¢) < 6.

PT’OOf. Let MGJJ(R) = {Ml, Mg, Mg} Note that M1 —MlMQ—MQ —M2M3—M3 —M1M3—M1
is a cycle of length six. Hence, girth((INC(R))¢) < 6.

INlustration 1: Following is an example of a ring R for which girth((INC(R))°) is exactly
the upper bound of above inequality. i.e. girth((INC(R))¢) = 6.

Let R = Fy x Fy x F3; where Fy, Fy and F3 are fields. Let My = (0) x Fy X F3, My =
Fy x (0) x F3 and M3 = F; x F5 x (0). Then (INC(R))€ is itself a cycle My — My My — My —
MMz — Ms — MMz — M; of length 6. Hence, girth((INC(R))¢) = 6.

Theorem 6.3. Let R = Ry X Ry X R3 be a ring; where (R;,m;) is a local ring for each
i € {1,2,3}. Then girth((INC(R))¢) = 6 if and only if R = Fy x Fy x F3; where Fy,Fy and
F3 are fields.

Proof. Assume that R =2 F x Fbx F3; where I, F5 and F3 are fields. Then by above Illustration
1, it is clear that girth((INC(R))¢) = 6.

Conversely, assume that girth((INC(R))¢) = 6. Let R = R; x Ry X Rg3; where (R;,m;) is a
local ring for all i € {1,2, 3}.
Case(i) (R;,m;) is a local ring which is not a field; for all i € {1,2,3}.

Note that Max(R) = {M; = mj X Ra X R3, Mo = Ry x ma X R3, M3 = R; x Ry x mg}. Let
I =mj x (0) x Rs. Here, M1 My = mj X mg X R3. So, I — MMy — M; — I is a cycle of length
three. So, girth((INC(R))¢) = 3.
Case(ii) R = Ry x Ry x F; where (R;,m;) is a local ring which is not a field for all
i €{1,2} and F is a field.

Here, Max(R) = {M; = m1 x Ry X F, My = Ry xmg X F, M3 = R; x Ry x (0)}. Observe that
MMy = my xmg x F, My Ms = mq x Rg x (0), MoMs = Ry xmg X (0). Let I =mq1 x(0)x F C
MiMs ~ Ms. Then I — My — MMy — I is a cycle of length three. So, girth((INC(R))¢) = 3.
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Proof is similar if R = F' x Ry X Ry or Ry X F' X Ry; where (R;,m;) is a local ring which is
not a field for all ¢ € {1,2} and F is a field.

Case(iii) R = R; x F} x Fy; where (R;,m1) is a local ring which is not a field and
F1, F, are fields.

Here, Maz(R) = {M; = my x Fy x Fy, My = Ry x (0) x Fy, M3 = R, x Fy x (0)}. Also,
MMy = my x(0) x Fy, MaMs = Ry x (0) x (0), My Mz = mqy x Fy x(0). Let I = (0)x (0)x F» C
MMy~ Ms. So, I — MyMy — My — I is a cycle of length three. So, girth((INC(R))¢) = 3.
Proof runs similar for R = F} x Ry X Fy or F} x Fy x Ry; where Fj is a field for all ¢ € {1,2}
and (Rj,m1) is a local ring which is not a field. Hence, R = F} x Fy x F3; where Fy, F5 and
F3 are fields.

7. PLANARITY OF (INC(R))®¢

Theorem 7.1. Let R be a ring with |Max(R)| > 5. Then (INC(R))¢ is not planar.

Proof. Let My, My, Ms, My, Ms; € Max(R). Observe that MjMoMs, My MoMsMy,
MMy M3 Ms are distinct vertices in (INC(R))¢. Note that a subgraph of (INC(R))¢ induced
on Vi UV, contains Ks3; where Vi = {Mj, My, M3} and Vo = {MyMaMs, My MyMsM,y,
M MyMsMs}. Hence, (INC(R))€ is not planar.

Theorem 7.2. Let R be a ring with |[Max(R)| = 3. Then (INC(R))¢ is planar if and only if
R is isomorphic to one of the following rings:
(i) Ry x Fy x F3; where (R1,m1) is SPIR with my # (0) but m3 = (0) and Fy, F3 are
fields.
(ii) Fy x Fy x F3; where Fy, Fy, F3 are fields.

Proof. Let Maxz(R) = { M, My, M3}. Suppose that (INC(R))¢ is planar. Let if possible, M? #
M; and Mf # Mj; for some distinct 4,j € {1,2,3}. Then a subgraph of (INC(R))¢ induced
on Vi U Vs contains K33; where Vi = {M;, M;, M;M;} and Vo = {MZ?M]-,MZ»MJZ,MEMJ.Q}.
So, (INC(R))¢ is not planar which is not possible. So, we have following two possibilities:-
(i))M? # M; and M? = Mj; for i € {1,2,3} and for all j € {1,2,3} \ {i}. (i) M7 = M;
for each i € {1,2,3}. Suppose that M? # M; and ]\4]2 = Mj; for i € {1,2,3} and for all
j € {1,2,3} ~ {i}. Without loss of generality, we may assume that M? # My, M3 = Mj and
M2 = Mj. Suppose that M7 = M?. Let 1 € My ~ (My U M3 U M?). If Rxq # M then
(INC(R))¢ contains a subgraph homeomorphic to K33 as shown in following Figure m This is
not possible. So, M1 = Rx1.

Let 9 € My ~ (M; U Ms). If My # Rxs then a subgraph of (INC(R))¢ induced on
Vi U V; contains K3 3; where Vi = {My, My, M1 Mo} and Vo = {MEMs, My Rxo, M7 (Rx2)}.
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FIGURE 1. Kj33.

So, My = Rxo. By a similar argument, M3 = Rzgs; for some x3 € M3 ~ (M7 U Ms). So,
J(R) = M1 MsMs = Rxyxaxs is principal. Now, M MZMZ2 = M?MsM;. By Nakayama’s
lemma [6, Proposition 2.6], M2 MyM3 = (0). Thus by Chinese Remainder Theorem [, Propo-
sition 1.10(ii), (iii)], R = Milg X 3 X = = Ry X Fy x F3; where (Ry,my) is a local ring and
Fy, F3 are fields. Note that m? = (0). Let P be any prime ideal of R;. Then P C m;. Now,
m? = (0) C P. So, P = my. Thus (R, m;) is SPIR with m? = (0). Hence, R = Ry x F, x Fj;
where (Ry,m) is SPIR with m? = (0) and F, F3 are fields.

Suppose that M13 #* M12 Let ©1 € My ~ (My U M3 U M12) If Rxy # M; then a sub-
graph of (INC(R))¢ induced on V; U V5 contains K3 3; whereVy = {M;, My, M1 Ms} and V, =
{M?My, M3 My, (Rx1)Ms}. So, (INC(R))¢ is non-planar. So, Rxy = M. Also, if M} # M3,
then a subgraph of (INC(R))¢ induced on V; U V3 contains K3 3; where Vi = { My, My, M1 M}
and Vo = {MIQMQ, Mf’Mg, MflMg}. So it is non-planar which is not possible. Hence, M{L = Mf’
Let x9 € My ~ (M3 U M;). If Rxe # My then a subgraph of (INC(R))¢ induced on Vi UV,
contains K3 3; where Vi = {My, My, M1 My} and Vo = {MZMy, M3 My, My(Rx2)}. Hence,
it is non-planar. This is not possible. So, Rxo = Ms. Similarly, Rzs = Mj; for some
x3 € Mz~ (M; U M,). Thus M; = Rx;;Vi € {1,2,3}. Observe that J(R) = MjMyMs.
Let I = MiMyMs and M = M$MsMs. Now, IM = M}{M3M3 = M}M;Ms = M. By
Nakayama’s lemma [, Proposition 2.6], M = M} MsM; = (0). Thus by Chinese Remainder
Theorem [6, Proposition 1.10 (ii), (iii)], R = Ry X Fy x F3; where (R1,m1) is a local ring and
Fy, Fy are fields. If m? # (0) then (INC(R))¢ contains a subgraph homeomorphic to K33 as
shown in the following Figure E and so it is non-planar which is not possible.

Thus m? = (0). Let P be any prime ideal of Ry. Then P C my. Now, m? = (0) C P.
So, P = my. Thus (Ry,m1) is SPIR with m; # (0) but m? = (0). Suppose, M? = M;;
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MEx (0)x F3

M2 x Fx Fy

J\Jl X F2

J\/fl X (O) X F';

R1>< (O)XFf;

Ry x (0) x (0)

FIGURE 2.

Vi € {1,2,3}. Note that (J(R))?> = J(R). So by Nakayama’s lemma [B, Proposition 2.6],
J(R) = =

(0). Thus by Chinese Remainder Theorem [H, Proposition 1.10 (ii), (iii)], R

Mil X MQZ X Mig =~ [y x Fy x F3 where Fy, Fy and F3 are fields.

Conversely, assume that R & Ry x Fy x F3; where (Ry,m1) is SPIR with m; # (0) but
m? = (0) and Fy, F3 are fields. Then clearly by Figure E, (INC(R))® is planar.

(0)><F2><F3

FIGURE 3. (INC(R; x Fy x F3))c.

If R = Fy x Fy x Fy;where Fy, Fy and F3 are fields. Then V((INC(Fy; x Fy x F3))¢) =
{Ml, MQ, Mg, MlMQ, M1M3, MgMg}. Clearly (INC(R))C isa cycle M1 —M1M2—M2—M2M3—

Ms — My Ms — M;. Hence, (INC(R))¢ is planar.
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Theorem 7.3. Let R be a ring with |[Max(R)| = 4. Then (INC(R))¢ is planar if and only if
R = Fy x Fy x F3 X Fy; where Fy, Fy, F5 and Fy are fields.

Proof. Let Maxz(R) = {My, My, M3, My}. Suppose that M? # M;; for some i € {1,2,3,4}.
Without loss of generality, we may assume that M? # Mj. Let Vi = {My, My, My My}
and Vo = {MjMyMs, My MyMy, M2 M;Ms}. Then the subgraph of (INC(R))¢ induced by
Vi U V4 contains K3 3. So, (INC(R))¢ is not planar which is a contradiction. Thus M? = M;;
for all © € {1,2,3,4}. Let 1 € M; ~ (MU M3 U M,). Suppose that M; # Rx;. Let
Vi = {My, My, M1 My} and Vo = {(Rxz1)MaMs, (Rx1)MoMy, (Rx1)Ms}. Then the subgraph
of (INC(R))¢ induced on Vi UV, contains K33. So, My = Rxy. Similarly, we can say that
M; = Ray; for all z; € (M,- \UJ]'.;;“M]-), i € {1,2,3,4}. Thus J(R) = MiMoM3M, =
Rxyx9x324. Note that J(R) is principal and (J(R))? = J(R). So, by Nakayama’s lemma [H,
Proposition 2.6], J(R) = (0). Thus by Chinese Remainder Theorem [B, Proposition 1.10 (ii),
(iii)], R = % =] Mil X Mﬁg X Mis > F) X Fy x F3 x Fy; where F; is a field for all ¢ € {1,2,3,4}.
Conversely, assume that R = F X Fy x F3 x Fy; where Fj is a field for all ¢ € {1,2,3,4}. Then

FIGURE 4. (INC(Fl x Fy x F3 X F4))C.

clearly from the following Figure H, (INC(R))® is planar.
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8. COMPLEMENTEDNESS OF (INC(R))®

Theorem 8.1. Let R be a ring with |Max(R)| = 4. Then (INC(R))® is not complemented.

Proof. Let Max(R) = {Mi, Ma, M3, My}. Suppose that (INC(R))¢ is complemented. So,
every vertex in (INC(R))¢ has a complement in (INC(R))¢. Let I = M;M,. Then there exists
J € V((INC(R))¢) such that I L. J. So, I and J are adjacent in (INC(R))¢. So, either I C J or
JCI. IfICJ,then I—J— M MyMs;—1I is a triangle in (INC(R))¢ which is not possible. If
J C I, then I —J— M; —1I is a triangle in (INC(R))¢ which is not possible. Hence, (INC(R))®¢

is not complemented.

Theorem 8.2. Let R be a ring with |Max(R)| = 3. Then (INC(R))¢ is complemented if and
only if R = Fy X Fy x F3; where F1, Fy and F3 are fields.

Proof. Let Max(R) = {Mi, My, M3}. Suppose that (INC(R))¢ is complemented. Let I €
(INC(R))¢. Since (INC(R))€ is complemented, there exists J € V((INC(R))¢) such that I L J.
So, I and J are adjacent in (INC(R))¢ and there is no K € V((INC(R))¢) which is adjacent
to both, I and J. As I and J are adjacent in (INC(R))¢, I C J or J C I. Without loss of
generality, we may assume that I C J. Let M; € Maxz(R) be such that I C J C M;. If
J # My then I — J — M; — I is a triangle in (INC(R))¢ which is not possible. So, J = Mj.
Suppose that M? # M;; for some i € {1,2,3}. Let I = M;M;; j € {1,2,3} and j # i. Now,
J = M; or J = M;. Note that I = M;M; — J — M?M; is a triangle in (INC(R))¢ which is
not possible. So, M? = M;; for each i € {1,2,3}. Let z; € M; ~ (0); for i € {1,2,3}. If
Rx; # M; then I = M;M; — J — (Rx;)M; — I is a triangle in (INC(R))® which is not possible.
So, Rx; = M;; for each i € {1,2,3} and for x; € M; ~ (0). So, M; is principal; for each
i € {1,2,3}. Thus J(R) = My MyM3 = Rxywo73 is also principal. Moreover, (J(R))? = J(R).
So, by Nakayama’s lemma [§, Proposition 2.6] J(R) = (0). Hence, by Chinese Remainder
Theorem [0, Proposition 1.10(ii),(iii)], R = % = Mil X ]V% X Mig = F1 x Fy x F3; as a rings
where Fj, F5 and F3 are fields.

Conversely, assume that R = F} x Fy X F3; where F1, F, and F3 are fields. From Figure.4 |
it is clear that (INC(R))¢ is complemented.

Theorem 8.3. Let R be a ring with |Maxz(R)| = 2. Then (INC(R))€ is complemented if and
only if R~ Ry x Ra; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each i € {1,2}.

Proof. Let Max(R) = {M;, Ma}. Suppose that (INC(R))¢ is complemented. Suppose that
M3 # M?2; for some i € {1,2}. Without loss of generailty, let M7 # MZ. Let I = Mj. Let
J be a complement of I in (INC(R))¢. If J # M then I = M} — J — My — I is a triangle
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in (INC(R))¢ which is not possible. So, J = M;. Now, [ = M} —J = M; — M} — I is also
a triangle in (INC(R))® which is not possible. Thus M} = MZ. Similarly we can show that
M3 = M3.

Case(i) M? # M;; for each i € {1,2}.

Let I = M? and let J be complement of I. Let J C M;, for some i € {1,2}. If J # M;,
then I = M? — J — M; — I is a triangle in (INC(R))¢ which is not possible. So, J = M,;.
Let z; € M; ~ M;; where i,j € {1,2} and i # j. Suppose that M; # Rx;. If Rx? # M?
then I = M? — J = M; — Rz? — I is a triangle in (INC(R))¢ which is not possible. So,
M? = Rx?. Let y; € M; ~ (M? U M;); for distinct i,j € {1,2}. Suppose that Ry; # M;;
for i € {1,2}. Note that Ry; € M?. Then either M? C Ry; or M? ¢ Ry;. Suppose that
M? € Ry;. Then M? = I —J = M; — Ry; — I is a triangle in (INC(R))¢ which is not
possible. Suppose that MZ-2 ¢ Ry;. Then I = ]\42 — M?Ryi —J = M; — I is a triangle in
(INC(R))¢ which is not possible. Thus M; = Ry;; for each ¢ € {1,2}. Thus, M; = Rux;; for
each i € {1,2}. Note that J(R) = MMy = Rxjx9 is principal and (J(R))? = (J(R))%. So
by Nakayama’s lemma [, Proposition 2.6], (J(R))?> = (0). Hence, by Chinese Remainder
Theorem [6, Proposition 1.10(ii),(iii)], R = % = Mi% X Mig = Ry x Ry; where (R;,m1) and
(R2,ms) are local rings which are not fields. Observe that m? = (0); for each i € {1,2}. Let
P; be any prime ideal of R;. Then m? = (0) C P;. So P, = m;. Thus, (R;,m;) is a SPIR with
m; # (0) but m? = (0); for each i € {1,2}.

Case(ii) M? = My and M2 # Ms.

As MZ # Ms, by previous Case(i) there exists x € My~ Mj such that My = Rx. Let I = M,
and J be a complement of I in (INC(R))¢. Let z1 € My ~ (J U Ms). Suppose that My # Rzy.
Note that JRz1 € J(R). If JRxzy # J and JRxy # Ry then I —J — JRxy — I is a triangle in
(INC(R))¢ which is not possible. So, JRz1 = J or JRz; = Rxy. Suppose that JRz1 = Rx.
Then Rx1 C J which is not possible. So, JRx1 = J. Now, I = M1 —J— Rx1—1 is a triangle in
(INC(R))€ which is not possible. So, My = Rzy. Note that J(R) = M;Ms = Rxjx is principal
and (J(R))? = (J(R))?. By Nakayama’s lemma [6, Proposition 2.6], (J(R))? = (0). Thus by
Chinese Remainder Theorem [6, Proposition 1.10(ii),(iii)], R = MfiMl X Mig = F| X Ry; where
Fy is a field and (Rg,mg2) is a local ring which is not a field. Note that m3 = (0) as J(R)? = (0).
Let P, be any prime ideal of Ry. Then m3 = (0) C P». So, P, = mg. Thus (Ry,ms) is SPIR
with mg # (0) but m3 = (0).

Case(iii) M? = M;; for each i € {1,2}.

By Case(ii), there exists x; € M; ~ M; such that M; = Rux;; for each i € {1,2}. Note
that (J(R))? = J(R). So by Nakayama’s lemma [6, Proposition 2.6], J(R) = (0). Hence, by
Chinese Remainder Theorem [, Proposition 1.10(ii),(iii)], R = % = Mil X Miz = [ x By
where F} and F, are fields. So, if (INC(R))¢ is complemented then R is isomorphic to one
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of the following rings:- (i) Ry x Ra; where (R;,m;) is SPIR with m; # (0) but m? = (0) for
each ¢ € {1,2}. (ii)F1 x Rg; where Fy is a field and (Rg,m2) is SPIR with mg # (0) but
m% = (0). (iii)Fy x Fy; where F} and Fy are fields. Now, suppose that R = Ry x Fy; where
(R1,mq) is SPIR with m; # (0) but m? = (0) and F} is a field. Note that V((INC(R))¢) =
{m1 x F5,(0) x F», Ry x (0)}. Observe that Ry x (0) is an isolated vertex in (INC(R))¢. So,
(INC(R))¢ is not complemented. Suppose that R = F| x Fy; where F} and F} are fields. Note
that V((INC(R))¢) = {F1 x (0),(0) x F»} and both these vertices are isolated in (INC(R))°.
So, (INC(R))¢ is not complemented. Thus, R; x Ry; where (R;,m;) is SPIR with m; # (0)
but m? = (0) for each i € {1,2}.

Conversely, assume that R = Ry x Rg; where (R;,m;) is SPIR with m; # (0) but m? = (0)
for each ¢ € {1,2}. Here, V((INC(R))¢) = {m1x Ra, Ry xma, R1 X (0), (0)x Re}. Here, mj x Ry
and (0) x Ry are complement of each other. Also, Ry x (0) and R; X mg are complements of

each other. Thus, (INC(R))¢ is complemented.

Corollary 8.4. Let R be a ring. Then (INC(R))¢ is complemented if and only if R is

isomorphic to one of the following rings:

(i) R= Fy x Fy x F3; where F1, Fy and F3 are fields.

(ii) R Ry x Ry; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each i € {1,2}.

Proof. Proof follows from Theorems 8.1, 8.2 and 8.3.

Corollary 8.5. Let R be a ring. Then (INC(R))¢ is uniquely complemented if and only if
R = Ry x Ry; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each i € {1,2}.

Proof. Note that if (INC(R))¢ is uniquely complemented then it is complemented. So, by
Corollary 7.4, R = F| x Fy x F3; where Fy, F» and Fj are fields or R = R; X Ry; where (R;, m;)
is SPIR with m; # (0) but m? = (0) for each i € {1,2}. Suppose that R = F} x Fy x F3; where
Fy, F5 and Fj are fields. Note that Fy x (0)x F3 and F} X F5x(0) are complements of F x(0)x (0)
in (INC(R))¢. Observe that (0)x(0)x F3 € N(F;x(0)x F3) but (0)x(0)x F5 ¢ N(F;xFyx(0)).
So, N(Fy x (0) x F3) # N(F; x Fy x (0)). Thus (INC(R))¢ is not uniquely complemented.
Suppose that R 2 Ry x Ra; where (R;,m;) is SPIR with m; # (0) but m? = (0) for each
i € {1,2}. Here, V((INC(R))¢) = {m1 X Ra, R1 X ma, Ry x (0),(0) x Ra}. Note that m; x Ry
and (0) x Ry are the only complements of each other. Also, Ry x (0) and Ry X mg are the only

complements of each other. Thus, (INC(R))¢ is uniquely complemented.
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9. OPEN PROBLEMS

Let R be a ring with |Max(R)| = 2. Then one can attempt the problems to classify the

rings R for which

(i) (INC(R))€ is split.
(ii) (INC(R))¢ is planar.
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