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w-FILTERS OF DISTRIBUTIVE LATTICES

MUKKAMALA SAMBASIVA RAO® AND CHUKKA VENKATA RAO

ABSTRACT. The notion of w-filters is introduced in distributive lattices and their properties
are studied. A set of equivalent conditions is derived for every maximal filter of a distributive
lattice to become an w-filter which leads to a characterization of quasi-complemented lattices.
Some sufficient conditions are derived for proper D-filters of a distributive lattice to become
an w-filter. Finally, w-filters of a distributive lattice are characterized with the help of minimal

prime D-filters.

1. INTRODUCTION

Many authors introduced the concept of annihilators in the structures of rings as well as
lattices and characterized several algebraic structures in terms of annihilators. T.P. Speed []
and W.H. Cornish [H] made an extensive study of annihilators in distributive lattices. In [H],
some properties of minimal prime filters are studied in distributive lattices and the properties
of dense elements and D-filters are studied in M S-algebras [E] In [E], the notion of D-filters
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was introduced in pseudo-complemented semilattices. Later it was generalized by the author
[9] in M S-algebras. In [10], the authors investigated certain important properties of prime
D-filters of distributive lattices. In this paper, some properties of minimal prime D-filters of

distributive lattices are derived with respect to congruences.

The main aim of this paper is to introduce the notion of w-filters and to study certain
properties of these filters with the help of maximal filters and minimal prime D-filters of
distributive lattices. These of w-filters are the dual of O-ideals of distributive lattices [6]
whenever D = {1}. In this paper, we initially observe the properties of prime D-filters in quasi-
complemented lattices and Boolean algebras in order to elevate their properties in distributive
lattices. A necessary and sufficient condition is derived for a proper w-filter of a distributive
lattice to become a prime w-filter. A set of equivalent conditions is derived for every maximal
filter of a distributive lattice to become an w-filter which leads to a characterization of quasi-
complemented lattice. Some equivalent conditions are derived for the class of all w-filters to
become a sublattice of the lattice of all filters of a distributive lattices. Finally, the role of

minimal prime D-filters is observed in the characterization of w-filters of distributive lattices.

2. PRELIMINARIES

The reader is referred to [ and [3] for the elementary notions and notations of distributive
lattices. However some of the preliminary definitions and results of [9] and [L(] are presented

for the ready reference of the reader.

Definition 2.1. [1] An algebra (L, A, V) of type (2,2) is called a distributive lattice if for all

z,y,z € L, it satisfies the following properties (1), (2), (3) and (4) along with (5) or (5')
HYxANz=z,zVzr=u=x,

2Q) xNy=yANz,zVy=yVuz,

(1)
(2)
B) @Ay Az=xA(YyAz), @Vy)Vz=zV(yVz),
4) (zANy)Vex==z, (xVy) ANz ==,
(G)xA(yVz)=(zAy)V(zA2),

(

aV(ynz)=(xVy) A(xVz).

A non-empty subset A of L is called an ideal(filter) of L if a Vb € A(a Ab € A) and
aNz € A(aV x € A) whenever a,b € A and € L. The set Z(L) of all ideals of (L, V,A,0)
forms a complete distributive lattice as well as the set F(L) of all filters of (L, V, A, 1) forms a
complete distributive lattice. A proper ideal (filter) M of a lattice is called mazimal if there

exists no proper ideal(filter) N such that M C N.
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The set (a] = {z € L | « < a} is called a principal ideal generated by a and the set of
all principal ideals is a sublattice of Z(L). Dually the set [a) = {z € L | a < x} is called
a principal filter generated by a and the set of all principal filters is a sublattice of F(L).
A proper ideal (proper filter) P of a lattice L is called prime if for all a,b € L, a Ab € P
(aVbe P)thenae Porbe P. Every maximal(ideal) filter is prime. For any element a of a
distributive lattice L, the annihilator of a is defined as the set (a)* ={z € L|zAa=0}. An
element a of a lattice L is called a dense element if (a)* = {0}. The set D of all dense elements
of a lattice L forms a filter of L. A distributive lattice L with 0 is called quasi-complemented
[6] if to each « € L there exists 2’ € L such that x A2’ =0 and z V2’ € D.

Definition 2.2. [10] A filter F' of a lattice L is called a D-filter if D C F.

The set D of all dense elements of a distributive lattice is the smallest D-filter of the lattice.
For any subset A of a distributive lattice L, define A° = {z € L |aVz € D for all a € A}.
Clearly L° = D and D° = L. It can also be observed that D C A° for any subset A of a lattice
L. For any a € L, we simply represent ({a})° by (a)°. Then it is obvious that (1)° = L. For
any subset A of L, A° is a D-filter of L. It is clear that ([z))° = (2)°. Then clearly (0)° = D.

Proposition 2.3. [10] Let L be a distributive lattice. For any a,b,c € L, we have

(1) a < b implies (a)° C (b)°,

(2) (@ A B)° = (a)° N (B)°,

(3) (aV)* = (a)* N (b),

(4) (a)° =L if and only if a € D.

Let F' be a D-filter and P be a prime D-filter of a lattice L such that F* C P. Then P
is called a minimal prime D-filter belonging to F if there is no prime D-filter () such that
F C @ C P. A prime D-filter belonging to D is simply called minimal prime D-filter. A
prime D-filter P of a lattice L is minimal prime D-filter belonging to F' [10] if and only if to
each z € P, there exists y ¢ P such that x Vy € F. Throughout this article, all lattices are

bounded distributive lattices unless otherwise mentioned.

3. w-FILTERS OF LATTICES

In this section, we initially observe certain properties of prime D-filters. The notion of w-
filters is introduced in a distributive lattice. A characterization theorem of quasi-complemented
lattices is derived. Finally, the class of all w-filters are characterized in terms of minimal prime
D-filters.

Proposition 3.1. Let P be a prime filter of a quasi-complemented lattice L. Then the following

assertions are equivalent:



148 M. Sambasiva Rao and Ch. Venkata Rao

(1)
(2) for any x € L, x € P if and only if (z)° € P;

(3) for any x,y € L with (z)° = (y)°, v € P implies that y € P;
(4) DN(L—-P)=10.

D CP;

Proof. (1) = (2): Assume that D C P. Suppose x € P. Since L is quasi-complemented, there
exists 2’ € L such that x A2’ =0 and V2’ € D. Hence 2/ € (2)°. Suppose ' € P. Then
0 = z A2’ € P, which is a contradiction. Hence 2’ ¢ P. Therefore (z)° ¢ P. Conversely,
suppose that (z)° ¢ P. Then there exists #’ € L such that 2/ € (z)° and 2’ ¢ P. Clearly
xVax' € DCP. Smce P is prime and 2’ ¢ P, we must have z € P.

(2) = (3): Assume the condition (2). Let x,y € L such that (z)° = (y)°. Suppose z € P.
Then by (2), we get y € P.

(3) = (4): Assume that condition (3) holds. Let x € L. Suppose x € DN (L — P). Then
(£)° =L and = ¢ P. Hence (2)° = L = (d)° for any d € D C P. Since d € P, by (3), we get
x € P which is a contradiction. Therefore D N (L — P) = ().

(4) = (1): It is obvious.

Theorem 3.2. Let L be a quasi-complemented lattice and x € L. If 2’ is the quasi-complement

of z, then every prime D-filter must contain exactly one of x or x’.

Proof. Let P be a prime D-filter of L. Clearly zVz’ € D C P. Since P is prime, we get x € P
or ' € P. Suppose both z and 2’ are in P. Then 0 = z A 2’ € P, which is a contradiction.

Therefore P must contain exctly one of x or 2.

In the following theorem, a set of equivalent conditions is derived, with the help of prime

filters, for a quasi-complemented lattice to become a Boolean algebra.

Proposition 3.3. Let L be a quasi-complemented lattice and x € L. Then the following
assertions are equivalent:

(1) L is a Boolean algebra;
(2

(3

every prime filter contains exactly one of x or x';

)
)
) every prime filter is a D-filter;

(4) every minimal prime filter is a D-filter;
where 2’ is the quasi-complement of x in L.

Proof. (1) = (2): Assume that L is Boolean. Let P be a prime filter of L and = € P. Since
L is Boolean, we get D = {1}. Hence z A2’ =0 and zVa’ =1 € P. Since P is prime, we
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get x € P or 2’ € P. If both z and 2’ are in P, then 0 = x A 2’ € P which is a contradiction.
Therefore P must contain exactly one of z or x’.

(2) = (3): Assume the condition (2). Let P be a prime filter of L. Let z € D. Since L is
quasi-complemented, we get that ' € (x)* = {0}. Hence 2/ = 0 ¢ P. By the condition (2),
we get « € P. Thus D C P. Therefore P is a D-filter of L.

(3) = (4): It is clear.

(4) = (1): Assume that condition (4) holds. Let x € L. Suppose 2V z’ # 1. Then there exists
a maximal ideal M of L such that V2’ € M. Then L — M is a minimal prime filter such
that z V 2/ ¢ M. Hence x ¢ M and 2/ ¢ M. By the hypothesis, we get D C L — M. Since L
is quasi-complemented, by Theorem @, L — M must contain exactly one of x or 2/, which is

a contradiction. Hence x V 2/ = 1. Therefore L is a Boolean algebra.

Theorem 3.4. Let M be a proper filter of a quasi-complemented lattice L. Then M is mazximal
if and only if M is prime D-filter.

Proof. Assume that M is a maximal filter of L. Clearly M is prime. Let € D. Then
(x)* = {0}. Suppose x ¢ M. Then M V [z) = L. Hence 0 = m A z for some 0 # m € M.
Then m € (z)* = {0}, which is a contradiction. Hence 2 € M. Thus D C M. Therefore M is
a prime D-filter of L.

Conversely, assume that M is a prime D-filter of L. Suppose M is not maximal. Let ) be
a proper filter of L such that M C Q. Choose x € Q — M. Since L is quasi-complemented,
there exists 2’ € L such that z A2’ =0 and 2V’ € D C M. Since M is prime and x ¢ M, we
get ' € M C Q. Hence 0 =z Az’ € Q, which is a contradiction. Therefore M is maximal.

From Theorem @, one can notice that the class of all maximal filters and the class of
all prime D-filters of a quasi-complemented lattice are the same. Since every prime D-filter
is maximal, we can conclude that every prime D-filter is minimal in a quasi-complemented
lattice. Therefore maximal filters, prime D-filter, and minimal prime D-filters are the same in

a quasi-complemented lattice.

Definition 3.5. Let I be an ideal of a lattice L. Then define w(I) = {z € L | zVa €

D for some a € I}. In other words, w(l) = | ()°.
zel

Proposition 3.6. For any ideal I of a lattice L, the set w(I) is a D-filter in L.

Proof. Clearly D C w(I). Let z,y € w(I). Then z Va € D and y Vb € D for some a,b € I.
Now (zAy)V(aVvb)=(xVaVb A(yVaVvb)eDandaVbel HencexAye€ w(l). Again,
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let z € w(I) and x <y. Then xVa € D for some a € I. Since zVa < yVa, we get yVa € D.
Thus y € w(I). Therefore w([I) is a D-filter of L.

Lemma 3.7. For any two ideals I,J of a lattice L, the following properties hold:

(1) INw(I)#0 if and only if w(I) = L,
(2) I C J implies w(I) C w(J),
B)wl)Nw(J)=w(INnJ)

Proof. (1) : Suppose I Nw(I) # 0. Choose x € I Nw(I). Then z € I and z V a € D for some
a € I. By Proposition @(4), we get (zVa)° = L. Sincex € I and a € I, we get xVa € I.

Therefore w(I) = |J (z)° = L. Conversely, assume that w(/) = L. Then 0 € w(I). Hence
zel
0 € I Nw(I), which means that I Nw(I) # 0.

(2) : Suppose I C J. Let z € w(I). Then z Va € D for some a € I C J. Hence z € w(J).
Therefore w(l) C w(J).

(3) : Clearly w(INJ) C w(I)Nw(J). Conversely, let x € w(I) Nw(J). Then xVa € D and
xVbe D forsomea € Iandb € J. Then aAb e INJ. Hence 2V (aAb) = (zVa)A(zVb) € D.
Hence z € w(I NJ). Therefore w(I) Nw(J) Cw(INJ). g

Proposition 3.8. Let I, J be two ideals of a lattice L such that w(I)NJ = (), then there exists
a prime D-filter P such that w(I) C P and PN J = 0.

Proof. Let I and J be as mentioned in the hypothesis. Then there exists a maximal ideal @
such that J C @ and w(I) N Q = (). Since @ is a prime ideal, we get that L — @ is a prime
filter. Since w(I)NQ = 0, we get that D C w(I) C L — Q. Therefore L — Q = P is a prime
D-filter of L that is containing w([l). g

We now introduce the concept of w-filters of lattices.

Definition 3.9. Let F be a D-filter of a lattice L. Then F is called an w-filter of L if F' = w([I)
for some ideal I of L such that I N D = (.

From the above definition, it is an easy consequence that w({0}) = D. Hence D is proper

and the smallest w-filter of the lattice L.

Example 3.10. Consider the distributive lattice L = {0,a,b,c, 1} whose Hasse diagram is

given in the following figure:
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ac\/ b
0
Consider the filters F1 = {a,c, 1}, Fo» = {b,¢,1} and the ideals I} = {0,b},Is = {0,a}. It is

easily seen that F} = w(l;) and F = w(I3) such that Iy N D = I N D = (). Therefore F; and
F5 are w-filters of L.

Proposition 3.11. Let L be a lattice and x € L — D. Then (x)° is an w-filter of L.

Proof. Let x € L — D. Clearly (z]N' D = (. Let t € (z)°. Then ¢tV z € D. Since z € (z],
we get t € w((x]). Therefore (z)° C w((x]). Conversely, let ¢t € w((z]). Then tVa € D for
some a € (z]. Hence tV x € D, which implies that ¢ € (x)°. Thus w((z]) C (z)°. Hence
(2)° = w((z]). Therefore (z)° is an w-filter of L.

Theorem 3.12. Fvery prime D-filter P of a lattice with P° # D is an w-filter.

Proof. Let P be a prime D-filter of a lattice L. Suppose P° # D. Since D C P°, there exists
x ¢ D such that x € P°. Clearly (z]ND =0 and z ¢ P. Then P C P°° C (x)°. On the other
hand, let @ € (x)°. Then aVa € D C P. Since x ¢ P, we must have a € P. Thus (z)° C P.
Hence P = (2)° = w((x]). Therefore P is an w-filter of L.

Theorem 3.13. Every minimal prime D-filter of a lattice is an w-filter.

Proof. Let P be a minimal prime D-filter of a lattice L. Then L — P is a prime ideal of L such
that DN (L — P) = (). We now show that P = w(L — P). Let x € P. Since P is minimal,
there exists y € L — P such that © Vy € D. Hence z € w(L — P). Therefore P C w(L — P).
Conversely, let © € w(L — P). Then, we get x Va € D C P for some a € L — P. Since P is
prime and a ¢ P, we get © € P. Thus w(L — P) C P. Hence P = w(L — P). Therefore P is
an w-filter of L.

We now turn our intension towards the converse of the above theorem. In general, every
w-filter of a lattice need not be a minimal prime D-filter. In fact it need not even be a prime

D-filter. It can be observed in the following example:
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Example 3.14. Let X = {1,2,3,4} be a set and L the sublattice of the power set of X,
which is generated by the sets {1},{2} and {3}. That is, L = {0, {1}, {2}, {3}, {1,2},
{2,3}, {1,3}, {1,2,3} }. Clearly D = {{1,2,3}}. Consider F = {{1,2},{1,2,3}} and
I = {0,{2},{3},{2,3}}. Clearly F is a filter and I is an ideal of L such that I N D = 0.
It can be easily verified that w(I) = {{1,2},{1,2,3}} = F. Therefore F is an w-filter of L.
Note that the filter F' is not a prime D-filter of L, because {2,3} ¢ F and {1,3} ¢ F but
2,3}V {1,3} ={1,2,3}€F.

Though every w-filter need not be a prime D-filter, we derive a necessary and sufficient

condition for an w-filter of a lattice to become a prime D-filter.

Theorem 3.15. Let F' be a proper w-filter of a lattice L. Then F' is a prime D-filter if and
only if F' contains a prime D-filter.

Proof. The necessary part is clear. For sufficiency, assume that F' contains a prime D-filter,
say P. Since D C P C F, F is a D-filter of L. Since F' is an w-filter, we get F' = w(I) for
some ideal I of L with I N D = (). Choose a,b € L such that a ¢ F and b ¢ F. Since P C F,
we get a ¢ P and b ¢ P. Since P is prime, we get a Vb ¢ P. Thus (aVb)° C P C F =w(I).
Suppose aVb € F = w(I). Then aVbVi € D for some i € I. Hence i € (aVb)° C w(l). Thus
i€ InNuw(l). Hence I Nw(I) # (). By Lemma @(1), F = w(I) = L which is a contradiction.
Thus F' is a prime D-filter of L.

We have already observed in Theorem that every minimal prime D-filter is a prime
w-filter of L. Now we derive, in the following theorem, the equivalency between prime w-filters

and minimal prime D-filters of a lattices.
Theorem 3.16. Every prime w-filter of a lattice L is a minimal prime D-filter.

Proof. Let P be a prime w-filter of L. Then P = w(I) for some ideal I of L with I N D = {).
Let z € P = w(I). Then 2 Vy € D for some y € I. Suppose y € P. Then y € I Nw(I).
Hence I Nw(I) # (. By Lemma @(1), P = w(I) = L which is a contradiction. Hence y ¢ P.

Therefore P is a minimal prime D-filter.

Theorem 3.17. The following assertions are equivalent in a lattice L:

1) L is quasi-complemented;

2) every prime D-filter is an w-filter;

(1)

(2)

(3) every prime D-filter is minimal;

(4) every mazimal filter is a minimal prime D-filter;
(5)

5) every maximal filter is an w-filter.
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Proof. (1) = (2): Assume that L is quasi-complemented. Let P be a prime D-filter L. Then
L — P is a prime ideal of L such that (L — P)N D = (). We now prove that P = w(L — P). Let
x € P. Since L is quasi-complemented, there exists y € L such that tAy =0and xVy € D. If
y € P, then 0 = x Ay € P, which is a contradiction. Hence y ¢ P, which gives that y € L — P.
Since z Vy € D, we get v € w(L — P). Thus P C w(L — P). Conversely, let z € w(L — P).
Then zVy € D for some y € L — P. Since x Vy € D C P and y ¢ P, we must have z € P.
Hence w(L — P) C P. Therefore P is an w-filter of L.

(2) = (3): Assume that every prime D-filter is an w-filter. Let P be a prime D-filter of L. By
(2), P will be a prime w-filter. By Theorem , P is minimal.
(3)
(
(

= (4): Since every maximal filter is a prime D-filter, it is clear.
4) = (5): Since every minimal prime D-filter is an w-filter, it is clear.
5) =

)

Then there exists a maximal filter M such that [z) V (z)° C M. Hence x € M and (z)° C M.
By the assumption, M is an w-filter. Since M is prime, by Theorem , M is minimal prime
D-filter. Hence = ¢ M, which is a contradiction. Therefore 0 € [z) V (z)°. Hence z Aa = 0

(1): Assume that every maximal filter is an w-filter. Let x € L. Suppose 0 ¢ [z) V (z)°.

for some a € (x)°. Since a € (z)°, we get a V x € D. Therefore L is quasi-complemented.

We conclude this paper with a characterization theorem of w-filters in terms of minimal

prime D-filters. For this, we first need the following results.

Lemma 3.18. Let I be an ideal of a lattice L such that IN D = (. If P is a minimal prime
D-filter containing w(I), then I NP = {).

Proof. Let P be a minimal prime D-filter containing w(I). Suppose x € I N P. Then z € P
and x € I. Since P is minimal, there exists y ¢ P such that Vy € w(I). Then zVyVi € D for
some i € I. Hence yV (z Vi) € D and Vi€ I. Thus y € w(I) C P, which is a contradiction.
Therefore INP = (.

Lemma 3.19. FEvery minimal prime D-filter of a lattice L containing an w-filter is a minimal

prime D-filter in L.

Proof. Let F be an w-filter of L. Then F = w([I) for some ideal I of L such that I N D = {.
Let P be a minimal prime D-filter containing F' = w(I). By the above lemma, I NP = (}. Let
x € P. Then there exists y ¢ P such that x Vy € w(l). Hence 2 Vy Vi€ D for some i € I.
Thus z V (yVi) € D C Pand yVi¢ P(since NP =0, we get that i ¢ P and also y ¢ P).

Hence P is a minimal prime D-filter of L.
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Now, w-filters are characterized in terms of minimal prime D-filters.

Theorem 3.20. FEvery w-filter of a lattice L is the intersection of all minimal prime D-filters

containing it.

Proof. Let F be an w-filter of L. Then F = w([I) for some ideal I of L such that I N D = {.
Let Fp = ({P | P is a minimal prime D-filter containing F'}. Clearly F C Fy. Conversely,
let a ¢ F =w(I). Then aVt ¢ D for all t € I. Then there exists a minimal prime D-filter
P such that a Vvt ¢ P. Hence a ¢ P and ¢t ¢ P. Since P is prime, (¢)° C P for all ¢t € I.
Therefore F' = w(I) € P. Thus P is minimal such that ' C P and a ¢ P. Hence a ¢ Fp,
which yields Fy C F'. Therefore F' = Fjy.

4. LATTICE OF w-FILTERS

In this section, we derive the lattice-theoretic properties of w-filters of lattices. A set of
equivalent conditions is derived for the class of all w-filters of a distributive lattice to become

a sublattice of the lattice of all filters.

Theorem 4.1. Let {F,}aen be a family of w-filters of a lattice L. Then () F, is again an
acA
w-filter of L.

Proof. For each o« € A, let F, = w(I,) where I, is an ideal of L such that I, " D = {.
Then {I,}aca will be an arbitrary family of ideals in L such that I, N D = ) for each
a € A. Hence () I, is an ideal of L such that ( (| Io) N D = (. By Lemma @(3), we get

a€A a€A
) w(ly) =w( ) Ia)- Therefore () F, is an w-filter of L.
a€A a€A acA

Note that the class of all w-filters of a lattice is closed under set-intersection. In general,
w-filters need not be closed under finite joins. However, in the following, we prove that the

class F, (L) of all w-filters of a lattice L forms a complete lattice.

Theorem 4.2. Let I,J be two ideals of a lattice L such that IND = JND = 0. Thenw(IV.J)
is the smallest w-filter containing both w(I) and w(J).

Proof. Let I,J be two ideals of L such that IND = JND = (. Clearly (IVJ)NnD = .
By Lemma @(2), we get w(l) C w(IVJ)and w(J) C w(IVJ). Suppose w(I) C w(K) and
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w(J) C w(K) for some ideal K of L with K N D = (). Then

rewdVJ) = xzVv(ivj)eD forsomeieclandjeJ
= zView(J) CwK)
= zViVk €D  forsome ks € K
= zVk €w(l) Cw(K)
= xVkVkya€D forsomeky € K

= zcw(K) since k1 V kp € K

Hence w(I V J) is the supremum of w(/) and w(J). Denote this supremum by w(I) U w(J).
Then (F,(L),N,U) forms a lattice.

Corollary 4.3. Let {w(I)}aca be a family of w-filters of a lattice L where I, N D = for

each o € A. Then || w(ly) is the smallest w-filter containing each w(ly,).
a€A

It can be easily observed that the class of all w-filters of a lattice forms a complete lattice with
respect to set inclusion C, in which for any {w(I,) }aea of w-filters, inf {w(Iy) }aea = w( ) Ia)
and the sup {w(ly)taca = w( \/ Ia). Since the class of all ideals of a distributive latticzefﬁrms
a complete distributive latticea,etAhe class F, (L) of all w-filters of a distributive lattice L forms
a complete distributive lattice. In general, the class F, (L) of all w-filters of a lattice L is not
a sublattice of the filter lattice F(L). However, in the following, we derive a set of equivalent
conditions for F,(L) to become a sublattice of F(L). For this, we first need the following

result.
Lemma 4.4. Every proper w-filter is contained in a minimal prime D-filter.

Proof. Let F be a proper w-filter of L. Then F = w(I) for some ideal I of L with I N D = (.
Hence D Cw(I) = F. Clearly FNI =w(I)NI = (. Consider, the set

Im = {J | J is an ideal of L such that I C J and F N J = (}}.

Clearly I € Im and Im satisfies the Zorn’s lemma. Let M be a maximal element of Im. Then
M is an ideal of L such that I C M and FNM = (). Since D C F, we get D N\ M = (). Hence
M is an ideal which is maximal with respect to the property that DN M = (). Therefore L — M
is a minimal prime D-filter such that F C L — M.
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Theorem 4.5. The following conditions are equivalent in a lattice L:

(1) Fu(L) is a sublattice of F(L);

(2) for a,b € LyaVbe D implies (a)°V (b)° = L;

(3) fora,be L,(a)°V (b)°=(aVb)°;

(4) for1,J € Z(L), IV J = L implies w(I) Vw(J) = L;
(5)

5) forI,J € Z(L), w(I)Vw(J)=w(I V J)

Proof. (1) = (2): Assume that F,(L) is a sublattice of F(L). Let a,b € L be such that
aVb e D. Suppose (a)°V (b)° # L. Since (a)° and (b)° are w-filters of L, by hypothesis, we get
that (a)° V (b)° is a proper w-filter of L. Hence by Lemma @, there exists a minimal prime
D-filter P such that (a)° Vv (b)° C P. Hence (a)° C P and (b)° C P. Since P is a minimal
prime D-filter, we get that a ¢ P and b ¢ P. Since P is a prime filter, we get that a Vb ¢ P,
which is a contradiction to that a Vb € D C P. Hence we must have (2)° V (y)° = L.

(2) = (3): Assume the condition (2). Let a,b € L. Clearly (a)° V (b)° C (a V b)°. Conversely,
let x € (aVb)°. Then (xVa)V(xVb) =zV(aVb) € D. Hence by condition (2), we get
(xVa)°V(zxVvb)°®=L. Thus z € (xVa)®V (xVDb)°. Hencex =rAs for some r € (zVa)°
and s € (x Vb)°. Since r € (x V a)°, we get r Vz € (a)°. Similarly, we can get sV z € (b)°.

Now, we get

r = xVx
= zV(rAs)

= (zVr)A(zVs)e(a)V(b)°.

Hence (a V b)° C (a)° V (b)°. Therefore (a)°V (b)° = (a V b)°.

(3) = (4): Assume the condition (3). Let I,J be two ideals of L such that IV J = L. Let
d be a dense element of L. Then d = iV j for some ¢ € I and j € J. Hence by (3), we get
L=(d)°=(iVvyj)°=01)°V()° Cw)Vw(J). Therefore w(I)Vw(J)= L.

(4) = (5): Let I, J be two ideals of L. We have always w(I)Vw(J) C w(IVJ). Let x € w(IVJ).
Then x Va € D for some a € IV J. Now

zew(IVJ) V(iVvj)eD where i € I and j € J
((zVvi)V(zVj)]= (D]
(xVi|V(zVj]=L

w((@ Vi) Vw((zVi]) =L

T

(xVi)°V(xVvy) =L
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Hence z € (x Vi)°V (z V j)°. Thus z = a Ab where a € (zVi)° and b € (z V j)°. Since
a€(zVi)andbe (xVj)°, weget xVac (i) and zVbe (5)°. Now

r = zVz
= zV(aADb)
= (zVa)A(zVDb)
€ (@)°vQ)”

w(l) Vw(J) sincet € [ and j € J

N

Hence we get w(I V J) Cw(l)V w(J). Therefore w(IV J) =w(l)Vw(J).

(5) = (1): It is obvious.

Theorem 4.6. Let L be a lattice that satisfies the conditions of Theorem @ If {F,}aen be

an arbitrary family of w-filters of L, then \/ F,, is again an w-filter of L.
acA

Proof. For each o € A, let F, = w(I,) where I, is an ideal of L such that I, N D = (. Then
{Ia}aea will be an arbitrary family of ideals in L such that I, N D = 0 for each a € A.
Clearly (\/ I,) N D = (. Since F,, = w(ly) C w(V I,) for each a € A, we get \/ F, C w(\/ I,).
Conversely, let © € w(\/ I,). Then x Va € D for some a € \/ I,. Then there exists a positive
integer n such that a = a; Vag V-V ay, where a; € I,,. By condition (4) of Theorem @, we
get

xVa€eD = xV(agVayV---Va,) €D
(xVa))V(xVag)V---V(zVa,) €D
(xVar]V(zVag]V---V(zVay] =1L

w(zVa])Vw((zVas])V---Vw((xVay]) =L

ol

(xVa))°V(zVay)°V---V(xVay,) =L
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Hence z € (zVa;)°V(xVa2)°V---V(zVa,)°. Thus x = by AbyA---Aby where b; € (zV a;)°
fori=1,2,...,n. Now
r = xVx

= 2V (i AbyA---Aby)

= (zVb)AN(xVb)A---AN(xVby)

€ (a1)°V(a2)°V---V(ap)°

C w(l)Vw(la) V- Vw(ly,)

= FMVEKV---VFE,

c \E

which concludes that w(\/ I,) C \/ F,,. Therefore \/ F,, is an w-filter of L.

Theorem 4.7. Let L be lattice that satisfies any one of the conditions of Theorem E For

any D-filter I, there exists a unique w-filter contained in F.

Proof. Let F be an arbitrary D-filter of L. Consider Imp = {H € F,(L) | H C F}. Since
D is the w-filter and D C F, we get D € Imp. Clearly Imp satisfies the hypothesis of Zorn’s
Lemma. Let M be a maximal element of Imp. It is enough to show that M is unique. Let
M; and M, be two maximal elements of Imp. Clearly M; V My C F. By Theorem @,
MV My € Imp. Thus My = My V My = M. Hence Imp has a unique maximal element,

which is the required w-filter contained in F'.
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