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ON PSEUDO-CONTRACTIBILITY OF CERTAIN ALGEBRAS RELATED
TO A DISCRETE SEMIGROUP

AMIR SAHAMI∗, MEHDI ROSTAMI AND SHAHAB KALANTARI

Abstract. In this paper, we introduce a notion of ultra central approximate identity for

Banach algebras which is a generalization of the bounded approximate identity and the central

approximate identity. Using this concept we study pseudo-contractibility of some matrix

algebras among ℓ1-Munn algebras. As an application, for the Brandt semigroup S = M0(G, I)

over a non-empty set I, we show that ℓ1(S) has an ultra central approximate identity if and

only if I is finite. Also we show that the notion of pseudo-contractibility and contractibility

are the same on ℓ1(S)∗∗, where S is the Brandt semigroup.

1. Introduction and Preliminaries

Johnson introduced and studied the concept of amenability for Banach algebras. A Banach
algebra A is called amenable (contractible) if there exists a bounded net (an element) mα (m)
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in A⊗p A such that a ·mα −mα · a → 0(a ·m = m · a) and πA(mα)a → a(πA(mα)a = a) for
all a ∈ A, respectively, where A ⊗p A is denoted for projective tensor product A with A and
also πA : A ⊗p A → A is given for the product morphism, defined by πA(a ⊗ b) = ab. It is
well-known that every amenable Banach algebra A has a bounded approximate identity, that
is a bounded net (eα) in A such that aeα → a for all a ∈ A. So for study the amenability,
it is important to study the existence of a bounded approximate identity. For the history of
amenability see [15].

By easying the boundedness condition of amenability, Ghahramani and Zhang gave two
concepts of amenability, say pseudo-amenability and pseudo-contractibility. A Banach algebra
A is called pseudo-amenable(pseudo-contractible) if there exists a net (mα) in A ⊗p A such
that a ·mα −mα · a → 0(a ·mα = mα · a) and πA(mα)a → a for all a ∈ A, respectively. It is
known that every pseudo-amenable(pseudo-contractible) Banach algebraA has an approximate
identity(central approximate identity), that is a net (eα) in A which aeα → a(aeα = eαa→ a)
for all a ∈ A, respectively.

Motivated by these considerations, if A∗∗ is pseudo-contractible, then A∗∗ has a central
approximate identity. Then there exists a central approximate identity (eα) in A∗∗ which

aeα = eαa→ a, (a ∈ A∗∗).

By relaxing the condition a ∈ A∗∗ and since A can be embedded in A∗∗, we have the following
definition:

Definition 1.1. Let A be a Banach algebra. We say that A has an ultra central approximate
identity if there exists a net (eα) in A∗∗ such that aeα = eαa and eαa→ a, for every a ∈ A.

Remark 1.2. Note that if we assume that the net (eα) is bounded, then the assumption of
boundedness of (eα) in the definition 1.1 is in fact equivalent to the existence of a bounded ap-
proximate identity. For this, let (eα) ⊆ A∗∗ be bounded in definition 1.1 and E = wk∗- limα eα.
It is known that for a ∈ A the maps A∗∗ → A∗∗ : x 7→ ax and A∗∗ → A∗∗ : x 7→ xa are weak∗-
continuous. Using this we obtain that aE = Ea = a, for all a ∈ A. By Goldstine’s Theorem
there exists a net (ξα) in A such that ‖ξα‖ ≤ ‖E‖ and ξ̂α

wk∗−−→ E. Thus aξ̂α − ξ̂αa
wk∗−−→ 0

and aξ̂α
wk∗−−→ a for all a ∈ A. So aξα − ξαa

wk−−→ 0 and aξα
wk−−→ a, for all a ∈ A. Applying

Mazur’s Theorem, we may assume that aξα − ξαa → 0 and aξα → a, for all a ∈ A. Thus the
net (ξα) ⊆ A is a bounded approximate identity for A.

We show that a Banach algebra with central approximate identity or bounded approximate
identity has an ultra central approximate identity. In the theory of Banach algebras, the
existence of a bounded (central) approximate identity may characterize the structure of Banach
algebra, respectively. For instance, the Fourier algebra A(G) has a bounded approximate
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identity if and only if G is amenable (Leptin’s theorem). Also the Segal algebra S(G) has
a central approximate identity if and only if G is a SIN group, see [12]. Ramsden in [14,
Proposition 2.9] showed that if a semigroup algebra ℓ1(S) has bounded approximate identity,
then the set of idempotent elements of S, say E(S), is finite, provided that S is uniformly
locally finite semigroup. In fact, he relate the topological notion of bounded approximate
identity to the algebraic notion of idempotent set.

Motivated by these considerations, the following question raised:
” Whenever the semigroup algebra ℓ1(S) has an ultra central approximate identity?”
Since the structure of the uniformly locally finite inverse semigroup algebra is related to some

group algebras, we answer this question for the semigroup algebras associated to a uniformly
locally finite inverse semigroups. In fact we show that MΛ(C) (the Banach algebra of Λ× Λ-
matrices over C, with finite ℓ1-norm and matrix multiplication which belongs to the class of
ℓ1-Munn algebras) has an ultra central approximate identity if and only if Λ is finite (for
further information on ℓ1-Munn algebras or namely Esslamzadeh-Munn algebras see [3], [4],
[5], [6], [7] and [13]). Using this result, we characterize pseudo-contractibility of MΛ(C)∗∗. We
study the existence of an ultra central approximate identity for the semigroup algebra ℓ1(S),
provided that S is an uniformly locally finite semigroup. As an application, we show that
ℓ1(S) has an ultra central approximate identity if and only if I is finite, where S = M0(G, I)

is the Brandt semigroup over a non-empty set I. As the main result of this paper we show
that ℓ1(S)∗∗ is pseudo-contractible if and only if ℓ1(S)∗∗ is contractible (or super amenable),
where S =M0(G, I) is the Brandt semigroup over a non-empty set I.

First we give some standard notations and definitions that we shall need in this paper. Let
A be a Banach algebra. Then A∗∗ denotes the second dual of A. It is well-known that we can
see A as a subset of A∗∗. If X is a Banach A-bimodule, then X∗ is also a Banach A-bimodule
via the following actions

(a · f)(x) = f(x · a), (f · a)(x) = f(a · x) (a ∈ A, x ∈ X, f ∈ X∗).

Let A and B be Banach algebras. The projective tensor product A ⊗p B with the following
multiplication is a Banach algebra

(a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2 (a1, a2 ∈ A, b1b2 ∈ B).

The product morphism πA : A⊗p A→ A is specified by πA(a⊗ b) = ab for every a, b ∈ A.
Let A be a Banach algebra and let Λ be a non-empty set. We denote εi,j for a matrix

belongs to MΛ(A) which (i, j)-entry is 1 and 0 elsewhere. The map θ : MΛ(A) → A⊗p MΛ(C)
defined by θ((ai,j)) =

∑
i,j ai,j ⊗ εi,j is an isometric algebra isomorphism.

We present some notions of semigroup theory, for the further background see [11]. Let S be
a semigroup and let E(S) be the set of its idempotents. There exists a partial order on E(S)
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which is defined by

s ≤ t⇐⇒ s = st = ts (s, t ∈ E(S)).

A semigroup S is called inverse semigroup, if for every s ∈ S there exists s∗ ∈ S such that
ss∗s = s∗ and s∗ss∗ = s∗. If S is an inverse semigroup, then there exists a partial order on S

which coincides with the partial order on E(S). Indeed

s ≤ t⇐⇒ s = ss∗t (s, t ∈ S).

For every x ∈ S, we denote (x] = {y ∈ S| y ≤ x}. S is called locally finite (uniformly locally
finite) if for each x ∈ S, |(x]| <∞ (sup{|(x]| : x ∈ S} <∞), respectively.

Suppose that S is an inverse semigroup. Then the maximal subgroup of S at p ∈ E(S) is
denoted by Gp = {s ∈ S|ss∗ = s∗s = p}.

Let S be an inverse semigroup. There exists an equivalence relation D on S such that sDt
if and only if there exists x ∈ S such that ss∗ = xx∗ and t∗t = x∗x. We denote {Dλ : λ ∈ Λ}
for the collection of D-classes and E(Dλ) = E(S) ∩Dλ.

2. Basic properties

In this section we focus on studying some properties of a class of ℓ1-Munn algebras, namely
MΛ(C) .

Lemma 2.1. Let Λ be any non-empty set. Then MΛ(C) has an ultra central approximate
identity if and only if Λ is finite.

Proof. Suppose that A = MΛ(C) has an ultra central approximate identity. It follows that
there exists a net (eα) in A∗∗ such that a · eα = eα · a and eαa→ a for each a ∈ A. Fix i0 ∈ Λ.
Using Mazur’s lemma we can find a net (xβα)β in A such that

w − lim
β
axβα − xβαa = 0, w∗ − lim

β
xβα = eα, ||xβα|| ≤ ||eα||, (a ∈ A).

Suppose that xβα = [xi,jα,β ]i,j∈Λ, where xi,jα,β belongs to C. Set a = εi0,j , where j ∈ Λ. Put this a
at the above fact, we have

w − lim
β
xj,jα,β − xi0,i0α,β = 0.

Since the net (xβα)β is bounded in A, (xi0,i0α,β )β is a bounded net in C. Using Heine-Borel theorem
we may assume that (xi0,i0α,β )β converges to x. We assume in contradiction that x = 0. Hence
|·|−limβ x

i0,i0
α,β = 0. It follows that |·|−limβ x

j,j
α,β = 0. Define Ti0 : A→ C by Ti0([x

i,j
α,β ]) = xi0,i0α,β .

Clearly Ti0 ∈ A∗. Since w∗ − limβ x
β
α = eα, we have w∗ − limβ x

β
αεi0,j = eαεi0,j . So

| · | − lim
β
xβαεi0,i0(Ti0) = eαεi0,i0(Ti0).
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We can see that
xβαεi0,i0(Ti0) = Ti0(x

β
αεi0,i0) = xi0,i0α,β

|·|−→ 0.

On the other hand
lim
β
xβαεi0,i0(Ti0) = εi0,i0(Ti0) = Ti0(εi0,i0) = 1.

So a contradiction reveals. Therefore x 6= 0. Hence | · | − limβ x
j,j
α,β = x. Then there exists β0

such that |x|
2 < |xj,jα,β0

| < 3
2 |x|.

We claim that Λ is finite. We assume in contradiction, that Λ is infinite. So Λ has a
countable and infinite subset say J . Clearly∑

j∈Λ
|xj,jα,β | ≤ ||xβα|| <∞,

because (xβα)β is bounded. So
∑

j∈J |x
j,j
α,β | is a convergent series. Therefore limj |xj,jα,β | = 0, for

all α and β. Put β = β0 and let j be big enough. Then we can assume that |xj,jα,β | <
|x|
2 . It is

a contradiction. So Λ must be finite.
Conversely, suppose that Λ be finite. it is easy to see that MΛ(C) has an identity. So MΛ(C)

has an ultra central approximate identity.

Proposition 2.2. Let A be a Banach algebra with a bounded approximate identity. Then A

has an ultra central approximate identity.

Proof. Suppose that (eα) is a bounded approximate identity for A. Put m for w∗-limit point
of (eα) in A∗∗. We can see that am = ma and ma = a, for every a ∈ A. Thus A has an ultra
central approximate identity.

We recall that a Banach algebra A is amenable if and only if there exists an element
m ∈ (A⊗p A)

∗∗ such that a ·m = m · a and π∗∗A (m)a = a for each a, b ∈ A, see [15].

Lemma 2.3. Let A be an amenable Banach algebra. Then A has an ultra central approximate
identity.

Proof. Since A is amenable, there exists an element m ∈ (A⊗pA)
∗∗ such that a ·m = m ·a and

π∗∗A (m)a = a for each a, b ∈ A. It is easy to see that π∗∗A (m) ∈ A∗∗, aπ∗∗A (m) = π∗∗A (a ·m) =

π∗∗A (m ·a) = π∗∗A (m)a and π∗∗A (m)a = a for every a ∈ A. So A has an ultra central approximate
identity.

We recall that a Banach algebra A is called pseudo-contractible if there exists a net (mα)

in A⊗p A such that a ·mα = mα · a and πA(mα)a→ a for every a ∈ A, see [10].
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Lemma 2.4. Let A be a pseudo-contractible Banach algebra. Then A has an ultra central
approximate identity.

Proof. Since A is pseudo-contractible, there exists a net (mα) in A⊗pA such that a·mα = mα ·a
and πA(mα)a→ a for every a ∈ A. Set eα = πA(mα). It is easy to see that

aeα = aπA(mα) = πA(a ·mα) = πA(mα · a) = πA(mα)a = eαa

and eαa = πA(mα)a → a for every a ∈ A. Since A can be embedded in A∗∗, (eα) becomes an
ultra central approximate identity for A.

Theorem 2.5. Let A be a Banach algebra and also let Λ be a non-empty set. Then MΛ(C)∗∗

is pseudo-contractible if and only if Λ is finite.

Proof. Suppose that MΛ(C)∗∗ is pseudo-contractible. Then there exists a net (mα) in
MΛ(C)∗∗⊗pMΛ(C)∗∗ such that a ·mα = mα ·a and πMΛ(C)∗∗(mα)a→ a, for each a ∈ MΛ(C)∗∗.
There exists a bounded linear map ψ : MΛ(C)∗∗ ⊗p MΛ(C)∗∗ → (MΛ(C) ⊗p MΛ(C))∗∗ such
that for a, b ∈ MΛ(C) and m ∈ MΛ(C)∗∗ ⊗p MΛ(C)∗∗, the following holds;

(i) ψ(a⊗ b) = a⊗ b,
(ii) ψ(m) · a = ψ(m · a), a · ψ(m) = ψ(a ·m),

(iii) π∗∗MΛ(C)(ψ(m)) = πMΛ(C)∗∗(m),

see [9, Lemma 1.7]. Since π∗∗MΛ(C) is a MΛ(C)-bimodule morphism, we have

aπ∗∗MΛ(C)(ψ(mα)) = π∗∗MΛ(C)(aψ(mα)) = π∗∗MΛ(C)(ψ(mα)a) = π∗∗MΛ(C)(ψ(mα))a

and

π∗∗MΛ(C)(ψ(mα))a = πMΛ(C)∗∗(mα)a→ a,

for each a ∈ MΛ(C)∗∗. Clearly π∗∗MΛ(C)(ψ(mα)) is a net in MΛ(C)∗∗. It follows that MΛ(C) has
an ultra central approximate identity. Applying Lemma 2.1 gives that Λ is finite.

For converse, if Λ is finite then MΛ(C)∗∗ = MΛ(C∗∗) = MΛ(C). So MΛ(C)∗∗ is contractible.
Then MΛ(C)∗∗ is pseudo-contractible.

Using the similar argument as in the proof of previous theorem we have

Lemma 2.6. Let A∗∗ be a pseudo-contractible Banach algebra. Then A has an ultra central
approximate identity.

We give some examples among the semigroup algebras which have an ultra central approx-
imate identity.
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Example 2.7. Suppose that S = N∪{0}. With the following product S becomes a semigroup:

m ∗ n =

m if m = n

0 if m 6= n.

Since sup{|(s]| : s ∈ S} = 2, one can easily see that S is a uniformly locally finite semigroup.
Note that S is a commutative semigroup which E(S) = S (then S is a semilattice). Applying
[8, Corollary 2.7], ℓ1(S) is pseudo-contractible. Thus by Lemma 2.4, ℓ1(S) has an ultra central
approximate identity.

Example 2.8. Let S = N. With min as its multiplication, S becomes a commutative semi-
group. Let w : S → [1,∞) be any function. It is easy to show that w(st) ≤ w(s)w(t) for each
s, t ∈ S. So w is a weight on S. Set A = ℓ1(S,w), the weighted semigroup algebra with respect
to S. Suppose that w(n) = en for each n ∈ S. Clearly limw(n) = ∞. So by [1, Proposition
3.3.1] A doesn’t have a bounded approximate identity but it has a central approximate iden-
tity. Then we have a Banach algebra with an ultra central approximate identity but it doesn’t
have bounded approximate identity.

Let G be a locally compact non-SIN group. Then by the main result of [12], we have L1(G)

doesn’t have central approximate identity. On the other hand it is well-known that every group
algebra on a locally compact group G has a bounded approximate identity. Then L1(G) has
an ultra central approximate identity but it doesn’t have a central approximate identity.

Lemma 2.9. Let A and B be Banach algebras which A is unital. If A ⊗p B has an ultra
central approximate identity, then B has an ultra central approximate identity.

Proof. Suppose that A ⊗p B has an ultra central approximate identity. Then there exists a
net (eα) in (A ⊗p B)∗∗ such that xeα = eαx and eαx → x for every x ∈ A ⊗p B. Using the
following actions one may consider A⊗p B as a Banach B−bimodule:

b1 · (a⊗ b2) = a⊗ b1b2, (a⊗ b2) · b1 = a⊗ b2b1 (a ∈ A, b1, b2 ∈ B).

Let e be the identity of A. By Hahn-Banach theorem we can find φe ∈ A∗ such that φe(e) = 1.

Define φe ⊗ idB from A⊗p B into B by φe ⊗ idB(a⊗ b) = φe(a)b for every a ∈ A and b ∈ B,
where idB is denoted for the identity map on B. It is easy to see that φe ⊗ idB is a bounded
linear map. We claim that ((φe ⊗ idB)

∗∗(eα)α) is an ultra central approximate identity for B.
To see this consider

b(φe ⊗ idB)
∗∗(x) = (φe ⊗ idB)

∗∗(b · x), (φe ⊗ idB)
∗∗(x)b = (φe ⊗ idB)

∗∗(x · b)

for all (x ∈ (A⊗p B)∗∗, b ∈ B). Then we have
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b(φe ⊗ idB)
∗∗(eα) = (φe ⊗ idB)

∗∗(b · eα) = (φe ⊗ idB)
∗∗((e⊗ b)eα)

= (φe ⊗ idB)
∗∗(eα(e⊗ b))

= (φe ⊗ idB)
∗∗(eα · b)

= (φe ⊗ idB)
∗∗(eα)b

and

(φe ⊗ idB)
∗∗(eα)b = (φe ⊗ idB)

∗∗(eα(e⊗ b)) → (φe ⊗ idB)
∗∗(e⊗ b) = φe ⊗ idB(e⊗ b) = b,

for each b ∈ B. Thus B has an ultra central approximate identity.

3. Applications to certain semigroup algebras

In this section we study the existence of an ultra central approximate identity for certain
semigroup algebras.

Theorem 3.1. Let S be an inverse semigroup such that E(S) is uniformly locally finite. Then
the following are equivalent:

(i) ℓ1(S) has an ultra central approximate identity;
(ii) Each D-class has finitely many idempotent elements.

Proof. Suppose that ℓ1(S) has an ultra central approximate identity. Then there exists a net
(eα) in ℓ1(S)∗∗ such that aeα = eαa and eαa→ a for each a ∈ ℓ1(S). Using [14, Theorem 2.18]
since S is a uniformly locally finite inverse semigroup, we have

ℓ1(S) ∼= ℓ1 −
⊕

{ME(Dλ)(ℓ
1(Gpλ))},

where {Dλ : λ ∈ Λ} is a D-class and Gpλ is a maximal subgroup at pλ. We claim that
ME(Dλ)(ℓ

1(Gpλ)) has an ultra central approximate identity. To see this let Pλ be the projection
map from ℓ1(S) onto ME(Dλ)(ℓ

1(Gpλ)). It is easy to see that

aP ∗∗
λ (eα) = P ∗∗

λ (aeα) = P ∗∗
λ (eαa) = P ∗∗

λ (eα)a

and
P ∗∗
λ (eα)a = P ∗∗

λ (eαa) → P ∗∗
λ (a) = a,

for every a ∈ ME(Dλ)(ℓ
1(Gpλ)). Then ME(Dλ)(ℓ

1(Gpλ)) has an ultra central approximate
identity. On the other hand we know that ME(Dλ)(ℓ

1(Gpλ))
∼= ℓ1(Gpλ) ⊗p ME(Dλ)(C). Since

ℓ1(Gpλ) is a unital Banach algebra, by Lemma 2.9, we have ME(Dλ)(C) has an ultra central
approximate identity. Now applying Lemma 2.1 implies that E(Dλ) is finite.
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Conversely, suppose that E(Dλ) is finite. Since each ℓ1(Gpλ) is unital, each
ME(Dλ)(ℓ

1(Gpλ))
∼= ℓ1(Gpλ) ⊗p ME(Dλ)(C) is a unital Banach algebra. So one can easily

see that
ℓ1(S) ∼= ℓ1 −

⊕
{ME(Dλ)(ℓ

1(Gpλ))},

has a central approximate identity. Therefore ℓ1(S) has an ultra central approximate identity.

For a locally compact group G and non-empty set I, set

M0(G, I) = {(g)i,j : g ∈ G, i, j ∈ I} ∪ {0},

where (g)i,j denotes the I × I matrix with g in (i, j)-position and zero elsewhere. With the
following multiplication M0(G, I) becomes a semigroup

(g)i,j ∗ (h)k,l =

(gh)il j = k

0 j 6= k,

It is well known that M0(G, I) is an inverse semigroup with (g)∗i,j = (g−1)j,i. This semigroup
is called Brandt semigroup over G with the index set I.

Theorem 3.2. Let S = M0(G, I) be a Brandt semigroup over a group G with index set I.
Then the following are equivalent:

(i) ℓ1(S) has an ultra central approximate identity;
(ii) I is finite;

Proof. (i)⇒(ii) Suppose that ℓ1(S) has an ultra central approximate identity. Using [2, Re-
mark, p 315], we know that ℓ1(S) is isometrically isomorphic with [MI(C) ⊗p ℓ

1(G)] ⊕1 C.
Put P1 for the projection from ℓ1(S) onto MI(C) ⊗p ℓ

1(G). So it is easy to see that P ∗∗
1 (eα)

is an ultra central approximate identity for MI(C) ⊗p ℓ
1(G), where (eα) is an ultra central

approximate identity for ℓ1(S). Since ℓ1(G) is unital, Lemma 2.9 follows that MI(C) has an
ultra approximate identity. Applying Lemma 2.1, implies that I is finite.

(ii)⇒(i) Since I is finite, [MI(C)⊗p ℓ
1(G)]⊕1 C has an identity. So ℓ1(S) is unital. Clearly

ℓ1(S) has an ultra central approximate identity.

Theorem 3.3. Let S = M0(G, I) be a Brandt semigroup over a group G with index set I.
Then the following are equivalent:

(i) ℓ1(S)∗∗ pseudo-contractible.
(ii) ℓ1(S)∗∗ contractible.
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Proof. Let ℓ1(S)∗∗ be pseudo-contractible. Then Lemma 2.6 follows that ℓ1(S) has an ultra
central approximate identity. Applying previous theorem gives that I must be finite. Since
ℓ1(S) is isometrically isomorphic with [MI(C)⊗p ℓ

1(G)]⊕1C, ℓ1(S) becomes unital. It follows
that ℓ1(S)∗∗ is unital. By [10, Theorem 2.4] pseudo-contractibility of ℓ1(S)∗∗ gives that ℓ1(S)∗∗

is contractible.
Converse is clear.

Acknowledgments

The authors would like to thank the reviewer for carefully reading and his/her valuable
comments which improved the manuscript. The first author thanks Ilam university for its
support.

References

[1] H. G. Dales and R. J. Loy, Approximate amenability of semigroup algebras and Segal algebras, Dissertationes

Math. (Rozprawy Mat.), 474 (2010).

[2] J. Duncan and I. Namioka, Amenability of inverse semigroups and their semigroup algebras, Proc. Royal

Soc. Edinburgh, 80A (1978) 309-321.

[3] G. H. Esslamzadeh, Banach algebra structure and amenability of a class of matrix algebras with applications,

J. Funct. Anal., 161 (1999) 364-383.

[4] G. H. Esslamzadeh, Duals and topological center of a class of matrix algebras with applications, Proc. Amer.

Math. Soc., 128 (2000) 3493-3503.

[5] G. H. Esslamzadeh and T. Esslamzadeh, Contractability of ℓ1-Munn algebras with applications, Semigr.

Forum, 63 (2001) 1-10.

[6] G. H. Esslamzadeh, Homomorphisms of ℓ1-Munn algebras and Rees matrix semigroup algebras, Semigr.

Forum, 95 (2017) 1-12.

[7] G. H. Esslamzadeh, Double centralizer algebras of certain Banach algebras, Monatshette Math., 142 No. 3

(2004) 193-203.

[8] M. Essmaili, M. Rostami and A. R. Medghalchi, Pseudo-contractibility and pseudo-amenability of semigroup

algebras, Arch. Math., 97 No. 2 (2011) 167-177.

[9] F. Ghahramani, R. J. Loy and G. A. Willis, Amenability and weak amenability of second conjugate Banach

algebras, Proc. Amer. Math. Soc., 124 (1996) 1489-1497.

[10] F. Ghahramani and Y. Zhang, Pseudo-amenable and pseudo-contractible Banach algebras, Math. Proc.

Camb. Phil. Soc., 142 (2007) 111-123.

[11] J. Howie, Fundamental of Semigroup Theory. London Math. Soc Monographs, 12, Clarendon Press, Oxford

1995.

[12] E. Kotzman and H. Rindler, Segal algebras on non-abelian groups, Trans. Amer. Math. Soc., 237 (1978)

271-281.

[13] W. D. Munn, On semigroup algebras, Math. Proc. Cambridge Philos. Soc., 51 (1955) 1-15.



Alg. Struc. Appl. Vol. 8 No. 2 (2021) 145-155. 155

[14] P. Ramsden, Biflatness of semigroup algebras. Semigr. Forum, 79 (2009) 515-530.

[15] V. Runde, Lectures on Amenability, Springer, New York, 2002.

[16] H. H. Schaefer Topological Vector Spaces, Springer-Verlag, 1971.

Amir Sahami

Department of Mathematics, Faculty of Basic Sciences,

Ilam University

P.O. Box 69315-516, Ilam, Iran.

a.sahami@ilam.ac.ir

Mehdi Rostami

Faculty of Mathematics and Computer Science

Amirkabir University of Technology

424 Hafez Avenue, 15914 Tehran, Iran.

mross@aut.ac.ir

Shahab Kalantari

Department of Basic Science

Babol Noshirvani University of Technology,

Shariati Avenue, Babol 47148-71167, Iran.

shahab.kalantari@nit.ac.ir


	1. Introduction and Preliminaries
	2. Basic properties
	3. Applications to certain semigroup algebras
	Acknowledgments
	References

