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non-central elements of G and two distinct vertices ¢ and y© are adjacent if there exists some
elements ' € 2% and 3’ € y© such that 2y’ = y’2’. In this paper we compute various spectra
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SDsg;,. Our computation shows that CCC(G) is super integral for these groups. We compare
various energies and as a consequence it is observed that CCC(G) satisfy E-LE Conjecture of
Gutman et al. We also provide negative answer to a question posed by Dutta et al. comparing
Laplacian and Signless Laplacian energy. Finally, we conclude this paper by characterizing
the above mentioned groups G such that CCC(G) is hyperenergetic, L-hyperenergetic or Q-
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1. INTRODUCTION

The commuting graph of a finite non-abelian group G' with center Z(G) is a simple undi-
rected graph whose vertex set is G\ Z(G) and two distinct vertices z and y are adjacent if
xy = yz. This graph was first considered by Brauer and Fowler [3]. Later on, many mathemati-
cians have extended this graph by considering nilpotent graphs, solvable graphs, commuting
conjugacy class graphs etc. The commuting conjugacy class graph of a non-abelian group G,
denoted by CCC(G), is a simple undirected graph whose vertex set is the set of conjugacy
classes of the non-central elements of G and two distinct vertices & and y© are adjacent if
there exists some elements 2/ € & and v/ € y“ such that 2’y’ = y/2’. The notion of commut-
ing conjugacy class graph of groups was introduced by Herzog, Longobardi and Maj [14] in
the year 2009. However, in their definition of CCC(G), the vertex set is considered to be the
set of all non-identity conjugacy classes of G. In the year 2016, Mohammadian et al. [18] have
classified all finite groups such that CCC(G) is triangle-free. Recently, in [20], Salahshour and
Ashrafi have obtain the structure of CCC(G) considering G to be the following groups:

Doy = (w,y : a" = y* = 1,yay = 2~ ") for n > 3,

Qum = (z,y " =12" =y’ y ey = 1:_1> for m > 2,

Unm) = (7,9 : 2 =y" =1, 27 yz =y~ ) for m > 2 and n > 2,

2

Van = (z,y: 2™ =yt =Lyz=a "ty Ly

x =2 ly) for n > 2,
SDg, = (z,y : ' = y* = 1,yzy = 2" ) for n > 2 and

G(p7 m, n) = <x,y cal = yp = [:E?y]p =1, [.CC, [x,y]] = [y7 [x,y]] = 1>7

where p is any prime, m > 1 and n > 1.

In this paper we compute various spectra and energies of commuting conjugacy class graph
of the first five groups listed above due to the similar nature of their commuting conjugacy
class graphs. In a subsequent paper we shall consider commuting conjugacy class graph of
G(p, m,n). Computation of various spectra is helpful to check whether CCC(G) is super inte-
gral. Recall that a graph G is called super integral if it is integral, L-integral and Q-integral.
In the year 1974, Harary and Schwenk [13] introduced the concept of integral graphs. Several
results on these graphs can be found in [, 2, 4, 15, 17, 21]. It is observed that CCC(G) is
super integral for the groups mentioned above. In Section 4, using the energies computed
in Section 3, we determine whether the inequalities in [5, Conjecture 1] and [, Question 1]
satisfy for CCC(G). In Section 5, we determine whether CCC(G) is hyperenergetic, borderener-
getic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic or Q-borderenergetic. It is worth
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mentioning that various spectra and energies of commuting graphs of finite groups have been

computed in [6, [7, 19, 8, b].

2. DEFINITIONS AND USEFUL RESULTS

Let A(G) and D(G) denote the adjacency matrix and degree matrix of a graph G respectively.
Then the Laplacian matrix and Signless Laplacian matrix of G are given by L(G) = D(G)—A(G)
and Q(G) = D(G) + A(G) respectively. We write Spec(G), L-spec(G) and Q-spec(G) to denote
the spectrum, Laplacian spectrum and Signless Laplacian spectrum of G. Also, Spec(G) =
{af',a5?,...,a}"}, L-spec(G) = {Bi’l, 12)2, o, B} and Q-spec(G) = {7{',75%, ..., 7S} where
a1,Qa,...,q, are the eigenvalues of A(G) with multiplicities aj,aq,...,a;; B1, B2, ..., Bm are
the eigenvalues of L(G) with multiplicities by, b, ..., b, and 1,72, ..., are the eigenvalues
of Q(G) with multiplicities c¢1, o, ..., ¢, respectively. A graph G is called integral or L-integral
or Q-integral according as Spec(G) or L-spec(G) or Q-spec(G) contains only integers. Following

theorem is helpful in computing various spectra.

Theorem 2.1. If G = 1 K,,, U2 K,,,, where [;K,,, denotes the disjoint union of l; copies of

the complete graph K,,, on m; vertices for i =1,2, then
Spec(@) = { (~1)Z=HD, (my — 1), (mz — 1)1}
L-spec(G) = {Ol1+l2,mlll(m1—1)7ml22(m2—1)} and

Qspec(9) = {(2m1 — 2", (m1 = 2", (2my — 2)12, (my — 2)/20m2 D},

Depending on the various spectra of a graph, there are various energies called energy, Lapla-
cian energy and Signless Laplacian energy denoted by E(G), LE(G) and LE™(G) respectively.

These energies are defined as follows:

1) B = S ]

AE€Spec(G)

@) LE@ = Y ]u—f';g))|',
pe€L-spec(G)

w0 £ b

v€Q-spec(G)

where V(G) and e(G) denote the sets of vertices and edges of T'.
In 2008, Gutman et al. [12] posed the following conjecture comparing F(G) and LE(G).

Conjecture 2.2. (E-LE Conjecture) E(G) < LE(G) for any graph G.
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However, in the same year, Stevanovi¢ et al. [22] disproved the above conjecture. In 2009,
Liu and Lin [16] also disproved Conjecture @ by providing some counter examples. Following
Gutman et al. [12], recently Dutta et al. have posed the following question in [§] comparing

Laplacian and singless Laplacian energies of graphs.

Question 2.3. Is LE(G) < LET(G) for all graphs G?

3. VARIOUS SPECTRA AND ENERGIES

In this section we compute various spectra and energies of commuting conjugacy class graphs

of the groups mentioned in the introduction.

Theorem 3.1. If G = Do, then

{(—1)"7_3,01,(%_3)1}, if n is odd
(i) Spec(CCC(G)) = {(—1)%*2,02, (% - 2)1} ,ifn and § are even
{(—1)%_1,11, (% — 2)1}, if n is even and 5 is odd

n—3, ifn is odd
and E(CCC(G)) = Sn—4, ifn and % are even
n—2, ifniseven and 5 is odd.
{02, (%_I)HT_J} , if n is odd
(1) L-spec(CCC(Q)) = {03, (2 — )%_2}, if n and % are even

{02,21, (2 - 1)%72}, if n is even and % is odd

72(”_73?_3), if n is odd

3(n=2)(n—4) if n and 2 are even
and LE(CCC(G)) = e ?

4, ifn==06

%, if n is even, n > 10 and § is odd.

1 _ gyl (n=5)"3 ; ;
{0,(71 3),(2) , if n is odd

(i11) Q-spec(CCC(@)) = {027 (n—4) (% - 3)%72} , if n and % are even

{21,01, (n—4)% (% - 3)%_2}, if n is even and % is odd
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.
%7 if n is odd
%7 'lf’n = 4,8
2(71_71271(;_4)7 if n, % are even and n > 12
and LET(CCC(G)) =
2, if n=10
Q(Hfiw, if n is even, n > 14 and % is odd.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By [20, Proposition 2.1] we have CCC(G) = K; U Kn-1. Therefore, by Theorem El], it
2
follows that

Spec(CCC(G)) = {(_1)%3,01, <n ; 3>1} , L-spec(CCC(G)) = {02, (n ; 1>HQ_3}

and Q-spec(CCC(G)) = {01, (n—3)!, <n ; 5>2} .

Hence, by (E]), we get

E(CCC(@)) = ”;3 +";3 —n-3.
We have [V(CCC(G))| = ™5 and |e(CCC(G)| = "= Therefore, JACHGH =
(n—1)(n=3) Also,
2(n+1)
‘0_2|6(CCC(G))|‘ _ ’0_ (n—l)(n—S)‘ (n—1)(n—3) and
|V (CCC(G))| 2(n+1) 2(n+1)
n—1 2|e(CCC(G))|‘ _n-1 (n—l)(n—3)‘ _ 2(n —1)
2 |[V(CCC(@))] 2 2(n+1) n+1
Now, by (E), we have
LECCC(G)) =2 x " ;(711)&; 3, n o) 2 % 2(:;11) _ 2 _nli(’f —3)
Again,
‘ 4 2|eCCCG)|‘ | (n—l)(n—S)’:(n—S)(n+3) and
|[V(CCC(@))| 2(n+1) 2(n+1)
n—>5 |(C(G))|‘n—5_(n—1)(n—3)’ —4‘ 4
2 |[v(cee(@)) 2 2n+1) | |n+1| n+1

By (E), we have

_(n=-1)(n-3) (n-3)(n+3) n-3 4 (n—3)(n+3)
LE™(cce(c) = 2(n+1) 2(n+1) 5 “ntl n+1

Case 2. n is even.
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Consider the following subcases.
Subcase 2.1 7 is even.

By [20, Proposition 2.1] we have CCC(G) = 2K; U Kn_y. Therefore, by Theorem @, it
follows that

Spec(CCC(G)) = {(—1)32,02, (5 - 2)1} . Lespec(CCC(G)) = {03, (5- 1)3‘2}

and Q-spec(CCC(G)) = {02, (n—4)!, (E - 3) 32} .

Hence, by (E]), we get
E(CCC(G)) == — 242 —2=n—4.

2 2
We have [V/(CCC(G))| = 5 + 1 and [e(CCC(G))| = =214 g0, AACEEN = 152004
Also,
‘O 2e( CC(G)|‘ | B n—2( 4)‘:(71—2)(71—4) and
V(CCC(@))| 2(n+2) 2(n+2)
2_1_2‘6(6 (G)) ‘_n_l_(n—Z)(n—4)‘_3(n—2)
2 |V (CCC(@))] 2 2(n+2) n+2

Now, by (E)7 we have
LE(CCC(G)) =3 (n=2n-4) (” 2) L 3m=2) 3n-2)(n-4)

2(n+2) 2 n+ 2 n+ 2
Again,
L 2ecce@)]] |, (n=2m—4)| _ (n—4)(n+6)
e | Tt 2y |T 2ty ™
. P e T

By (E), we have

LET(CCC(G)) = 2 x

)

(n—2)(n—4) (n—4)(n+6)+(n ) —n+10 _ (n—4)(n+6)
2(n+2) 2(n+2) n+2 n+ 2

if n=4,8. If n > 12 then

(n—2)(n—4) (n—4)(n+6)+<n_2) n—10_2(n—2)(n—4).

LEY(CCC(G)) = 2 x D) At D _

“n +2 n+ 2
Subcase 2.2 3 is odd.

By [20, Proposition 2.1] we have CCC(G) = K U Kz_;. Therefore, by Theorem Ell, it
follows that

n_9

Spec(CCC(G)) = {(—1)3—1, (% - 2)1} | Lespec(CCC(G)) = {02,21, (5-1)° }

and Q-spec(CCC(Q)) = {21,01, (n—4)1, (5 - 3)_2} :
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Hence, by (E]), we get

E(CCC(G)):g—1+1+g—2:n—2.

We have [V(CCC(G))| = & +1 and |e(CCC(G))| = @245 Therefore, A4CCCEN]
(n=2)(n—4)+8 Also,

2(n+2)
‘O— 2|6(CCC(G))|’ _ '0_ (n—2)(n—4)—|—8‘ _ (n—2)(n—4)+8
|V(cce(q))| 2(n+2) 2(n+2) ’
'2_ Q\e(CCC(G))\‘ _ ’2_ (n—2)(n—4)+8'
|[V(CCC(@))] 2(n+2)
C|-n?+10n-8] )L if n=06
_‘ 2(n +2) ‘_ TLQQZI:)—Z—)FS, ifn > 10
and
’n_l_ QG(CCC(G))‘: no (n—2)(n—4)+8': 3n—10
2 [V (CCC(@))] 2 2(n+2) n+2
Now, by (), we have
(n—2)(n—4)+8 n 3n — 10
LE(CCC(@) =2 x g P +1+<§—2>>< =4

if n=6. If n > 10 then

LE(CCC(G)) =2 x

(n—2)(n—4)—|—8+n2—10n+8 (ﬁ_ ) 3n —10
2(n+2) 2(n+2) 2 n+ 2
3n? —22n—40  (n—4)(3n — 10)

n+2 n+ 2
Again,
o 2leccec@I| |, (n=2)(n—4)+8] n®+2n—32
El e[| Rl K e T AT R
no_g 2eCCC@O| _|n 4, (=2){n-4)+8
2 vicee@@)l| |2 2(n +2)
n—14‘ —ntld - ifn=6,10
nte nl g > 14,

By (E), we have

n—2)(n—4)+8 n?+2n—32 (n )X—n+14_

. n_
LET(CCC(G) =1+ o+ 50y 2 nt2 b
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if n=26. If n =10 then

2 2
n o n —1m+8 (n—-2)(n—4)+8 n°+2n—32 n —n+14
LETCCCO) = =0 Y 2mry T 2m19) +(2 )X n+t2
_ 2
=3

If n > 14 then

n?—10n+8 (n—2)(n—4)+8 n?+2n—32 (n_2>xn—14

LET(CCC(@) = 0t a1 9) 2(n + 2) 2 n+2
_2(n—2)(n—6).
n+2

This completes the proof.

Theorem 3.2. If G = Q4 then
—)m LAt (m—=2)'Y,  if mis odd
(1) Spec(CCC(Q)) = {=n ( '
{(=1)™=2,0%,(m —2)'}, ifm is even
2m —2, if m is odd
and E(CCC(G)) =
2m — 4, if m is even.

0%,2% (m =)™ 2}, if m is odd
(i1) L-spec(CCC(G)) = {0%24 (m = 1™}, dfm

{03, (m —1)m2}, if m is even
4, ifm=3
and LE(CCC(G)) = { 2n=2Bm=5) = ¢ 1y is odd and m > 5
G(mfmliw, if m is even.

2101, (2m — AL, (m — 3y 2V ifm is odd
(i17) Q-spec(CCC(Q)) = {2,01,@m =L (m =3)"2} . ifmois o

{02, 2m — ), (m — 3)" 2} if m is even.
4, ifm=23
2—32, ifm=25
and LE*(CCC(G)) = § Am=D0n=d) it 1y is odd and m > 7

2(7”;371(?1*3)’ ifm =24
4(m—1)(m—2)

s , if m is even and m > 6.

Proof. We shall prove the result by considering the following cases.

Case 1. m is odd.
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By [20, Proposition 2.2] we have CCC(G) = K2 U Kp,—1. Therefore, by Theorem @, it
follows that

Spec(CCC(GR)) = {(—1)" 1,11, (m —2)'}, L-spec(CCC(G)) = {0%,2!, (m — 1) 2}

and Q-spec(CCC(G)) = {21, oL, (2m — ), (m — 3)m_2} .
Hence, by (m), we get
E(CCC(G))=m—-14+14+m—2=2m—2.

We have [V(CCC(G))| = m + 1 and [e(CCC(G))| = P=2E=22 | Therefore, JoCeeiall| =
(m=D)(m=2)+2 " pjqq

m+1
0_2[6(CCC(G))] _lo- (m—1)(m—-2)+2| (m—1)(m—2)+2
veeea@)| | m+1 N m+1 ’
o 2le(CCC(@))] o (m—1)(m—2)+2
vcee(a@))|| m+1
’—m2—|—5m—2‘ L, ifm=3
m+1 mibmi2 i > 5
and
2le(CCC(@))] (m—1)(m-2)+2| 3m-—5
S Il i b 21 Y P (O = :
‘m HEZEE) I m+ 1 m+ 1
Now, by (E), we have
LECCC(G)) =2 x MoV =D H2 gy 3mES
m+1 m+1
if m=3. If m > 5 then
LE(CCC(G)) = 2 (m—1)(m—2)+2 m2—5m+2+( 9y x 3m—5
N m+1 m+1 " m+1
2(m — 2)(3m —5)
B m+1 ’
Again,
_ — 2 —
2m_4_2|e(CCC(G))|‘:‘Qm_4_(m )(m—-2)+2| m°+m-—38

[V (CCe(@)) m+ 1 m+ 1

and
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2le(CCC(G))] (m—1)(m —2) +2

_ g 2B _3_
’”’ IV(CCC(GOH‘ ’”1 m+ 1
m—"7 ;:Lnjl?, itm=3,5
mAll | mt >
By (E), we have
-1 —2)+2 2 -8 - 7
LEHCCe(G)) =14 M Dm=2)+2 mim=8 o TmET_,
m+1 m+1 m+1
ifm=3. If m=5 then
2 _ 2 —1)(m—2)+2 2 - _
LE+(CCC(G)):m 5m + +(m )(m —2)+ L m +m 8+(m—2)>< m+7
m—+1 m+ 1 m—+1 m+1
_ 22
3
If m > 7 then
2 _ 2 —1)(m—2)+2 2 _ _
LEWCCC(G))Zm 5m + (m—1)(m—2)+ m+m 8+(m—2)><m 7
m+1 m+ 1 m+ 1 m+ 1
4(m —1)(m — 3)

m+1
Case 2. m is even.
By [20, Proposition 2.2] we have CCC(G) = 2K, U Ky,—1. Therefore, by Theorem @, it
follows that
Spec(CCC(G)) = {(—1)m_2, 02, (m — 2)1} ,  L-spec(CCC(G)) = {03, (m — 1)’"—2}
and Q-spec(CCC(Q)) = {02, (2m — 4), (m — 3)m_2} .
Hence, by (m), we get
ElCCC(G))=m—24+m—2=2m —4.

We have |V/(CCC(G))| = m + 1 and [e(CCC(G))| = M=f=2) Therefore, R4ceaan =
%. Also,
o 2LCCOEN] |, (m= =) _ = 10 -2
|[V(CCC(G))] m+1 m+1

and

‘m . 2\6(CCC(G))\‘ _ ‘m 1 (m—1)(m — 2)‘ _ 3(m—1)

|V(CCC(G))] m+1 m+1
Now, by (E)7 we have
LE(CCC(G)) = 3 % (m—1)(m—2) +(m—2) x 3(m—1) _ 6(m—1)(m —2)
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Again,
2le(CcCC(@))|| o, (m=1(m=2)|  (m-2)(m+3)
‘2m_4_|V(CCC(G))]‘_’2m 4 m ‘_ m
and
‘m_g_ Q\e(CCC(G))\‘ _ ’m_g_ (m—l)(m—2)’ _ m—5‘ ) ifm=24
v(cee(@))| m+1 m+ 1 m5 . ifm > 6.
By (E), we have
LE*(CCe(G)) =2 x ™ _n?i”; —2) , (m _n?ﬁl 3 | m—2) ;2”:15
2(m — 2)(m + 3)
N m+1 ’
if m=2,4. If m > 6 then
LEF(CCe(@)) =2 x ™ _Wll)i”; -2, _nz)ffr?’) +(m—2) x :;i
4(m — 1)(m—2)'

m+1

This completes the proof.

n(m+1)—4

— p— 1 . .
Theorem 3.3. If G {L(’@}T,)L) then (%) ,(n— 1)1} , if mis odd and n > 2
(1) Spec(CCC(G)) = R pon ]

{(—1) 3 ,(%) ,(n—l)Q}, if m is even and n > 2

and

nim+1)—4, ifm is odd and n > 2
E(CCC(G)) = q4(n—1), ifm=2andn>2

n(m+2)—6, ifm iseven, m >4 andn > 2.

nm-1)-2
02’ (n(rr;—l)) 2 ’nn_l} , ’Lfm is odd and n >2
(11) L-spec(CCC(G)) =

n(m—2)—2

03, (”(”12*2)) ? ,n2”2} . if m is even and n > 2

and
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§
4(n —1), ifm=3andn > 2

2en-1)(n+) ifm=5andn>2

mznzf4mnz+m2n:,r’bl_’;_nlz72mnf2m+5nf27 me is Odd, m Z 7
andn > 2
LE(CCC(Q)) =
4(n —1), ifm=2andn>2
6(n—1), ifm=4andn>2

2m2n2—12mn2+m2n+16n2—4mn—2m+12n—4
m—+2 )

if m is even, m > 6

and n > 2.
(1i1) Q-spec(CCC(G))

( n(m—1)—2

{<n<m —1) -2t (M) T e -2l (- 2>"-1} ,

if m is odd and n > 2

n(m—2)—2

{(n(m - 2) - 2)17 (n(m—22)—4) ’ ) (2n - 2)27 (n - 2)2n_2} )

if m is even and n > 2

4(n —1), ifm=3andn =2

1327 ifm=5andn=2

W’ ifm=>5andn >3

A Vm=8) it s odd, m > T and n > 2
and LET(CCC(Q)) =

2(n+2)(n—1), ifm=6andn>2

2n?(m—2)(m—4)
m—+2 )

if m is even, m > 8 and n > 2.

Proof. We shall prove the result by considering the following cases.

Case 1. m is odd.
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By [20, Proposition 2.3] we have CCC(G) = K nm-1 U K,,. Therefore, by Theorem El], it
2

follows that
n(mt1)— —1)—2\!
(e, (M=) ,<n1>1},

nim—1)-2
L-spec(CCC(G)) = {027 (n(mz—l)> : ’nnl}

and Q-spec(CCC(QR)) =< (n(m —1) —2), (n(m—1)—4> : ,(2n—2)', (n - Q)nl} .

Spec(CCC(G)) =

n(m—1)—2
2

Hence, by (E]), we get

n(m+1) —4 N nim—1)—2
2 2
We have |[V(CCC(G))| = ™D and |e(cCC(G))| = mMlm=bi=2n(m=20%1) © pherefore,

2le(CCC(@))| _ n(m—1)2—2(m—2n+1
|V((CCC((G))| = 2(mi1) L. Also,

E(CCC(G)) =

+n—1=n(m+1)—4.

‘O Q\e(CCC(G))\‘ _ ’0 ~n(m—1)> =2(m —2n + 1)‘ _ n(m— 1)2 —2(m—2n+1)
(@))]

~v(cee(a) 2(m + 1) 2(m + 1) ’
since n(m —1)2 = 2(m —2n+1) = m?n — 2m(n + 1) +5n —2 > 0;
n(m—1) 2]e(CCC(Q))] ‘ _

n(m —1) n(m1)22(m2n+1)‘:n(m3)+m+1

2 |V (CCC(@)) 2 2(m+1) m+1
and
’n _ 2[e(CCe(@))] ‘ B ’n ~n(m— 1)2 —2(m—2n+ 1)' B '—fl(m,n)
vcee( @) | 2(m+1) | 2(m+1) |’

where fi(m,n) = n(m?+3) — (4mn + 2m + 2). For m = 3 and n > 2 we have f;(3,n) = —8.
For m = 5 and n > 2 we have fi(5,n) = 8n — 12 > 0. For m > 7 and n > 2 we have
m? +3 > m? > 4m + 2m + 2. Therefore, n(m? +3) > 4mn + (2m + 2)n > 4mn + 2m + 2 and
so fi(m,n) > 0. Hence,

1, ifm=3and n > 2

‘—fl(m,n)
2(m+1)

= 2"3_3, ifm=5and n>2

n(m?+43)—(4mn+2m+2)
2(m+1) ’

ifm>7andn > 2.

Now, by (E)7 we have

nm—-12%2-2m—-2n+1) n(m—1)—2 Xn(m—?))—i—m—l—l

LE(CCC(Q)) =2 x ot T) 5 1

+(n—-1)x1

= 4(” - 1)7
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ifm=3andn>2. If m=>5and n > 2 then

n(m —1)2 —2(m —2n + 1) n(m—l)—QXn(m—3)+m—i—1
2(m + 1) 2 m+ 1
2n —3
3

LE(CCC(G)) =2 x

+(n—1)x

2(2n — 1)(n + 3)
. .

If m > 7 and n > 2 then

nim—1)>%-2(m—-2n+1) n(m-—1)-2 Xn(m—S)—i—m—i—l

LE(CCC(G)) = 2 x S+ 1 + 5 e
n(m? + 3) — (4mn + 2m + 2)
+(n—-1)x S+ 1)
_m2n2—4mn2+m2n+3n2—2mn—2m+5n—2
B m+1 .
Again,
o 2leccc(G))] i — 1) — _n(m—1)2—2(m—2n+1)
1) 2= TG = o= 2 2+ 1) |
B n(m—l)(m+3)—2(m+2n+1)‘
N 2(m+1)
~n(m—1)(m+3) —2(m+2n+1)
N 2(m+1) '

since n(m — 1)(m +3) —2(m +2n + 1) = n(m? — 4) — 2 + n(m — 3) + m(n — 2) > 0;

2 2(m+1)

B fa(m,n)
C2(m+1)

n(m—1)—-4 2’€(CCC(G))" _
2 [v(cee(a))l

n(m—1) —4 n(m—1)2—2(m—2n+1)‘

)

where fa(m,n) =n(m—6)—2+m(n—2). Clearly, for m > 7 and n > 2 we have fa(m,n) > 0.
For m = 3 and n > 2 we have f3(3,n) = —8. Also for m = 5 and n > 2 we have fao(5,n) =
4n — 12. Therefore, f2(5,2) = —4 and f2(5,n) > 0 for n > 3. Hence,

1, if =3 and n > 2
fo(m,n) %7 ifm=>5andn=2
2m+ D] ) us, if m =5 and n > 3
Wn;fi)gm*l, if m>7and n > 2.
—1)2 _ —
om0 2O nlm =12t )| | S|
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where f3(m,n) = mn(m—6)+2m+n+2. Clearly, f3(m,n) > 0if m > 7andn > 2. Form =3
and n > 2 we have f3(3,n) = —8n+8 < 0. For m = 5 and n > 2 we have f3(5,n) = —4n+12.
Therefore, f3(5,2) =4 and f3(5,n) <0 if n > 3. Hence,

n—1, ifm=3andn>2
f3(m,n) 3, if m=5andn=2
‘_2(m+1) - n_3, ifm—=5andn>3
mnlm ORI i m > 7 and n > 2.
n_ o 2e(CCC(G))| ‘ I n(m—1)* —2(m — 2n + 1)‘ _ ‘_ fa(m, n)
|[V(CCC(G))] 2(m+1) 2(m+1)|’

where fi(m,n) = mn(m —2)+2— (m(n —2) +n(m —3)). For m = 3 and n > 2 we have
fa(3,m) = 8. Also, for m > 5 and n > 2 we have

mn(m —2) —2mn+2 =mn(m —4) +2 > —2m — 3n.
Therefore,
mn(m —2) 4+ 2> 2mn — 2m — 3n = m(n — 2) + n(m — 3)

and so fy(m,n) > 0 for m > 5 and n > 2. Hence,

_ falm,n) mn(m—2)—|—2—m(n—2)—n(m—3).

'_ fa(m,n)
2(m + 1) 2(m + 1)

2(m+1)

By (B), we have

LE*(CCC(G)) = n(m—l)(m;—(i};f)(mﬂ-Qn—f—l) +n(m—21)—2 <14 (n—1)
mn(m —2)+2—m(n —2) —n(m —3)
+n—1)x 2(m + 1)

=4(n—1),

ifm=3andn>2. If m =>5and n =2 then

_nm—1)(m+3)-2(m+2n+1) nm-1)—-2 1 1
LE*(C0C(G)) = s pamot=2, 1,1
mn(m —2)+2—m(n —2) —n(m —3)
+(n—-1)x S+ 1)
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If m =5 and n > 3 then

_nm—-1)(m+3)-2(m+2n+1) nm-1)-2 n-3 n-3
LET(CCC(@)) = 2+ D) + 5 X =3 + 3
mn(m —2)+2—m(n—2) —n(m —3)

Fn=1)x 2(m + 1)

220 +n—3)  2(2n+3)(n—1)
B 3 B 3 '

If m > 7 and n > 2 then

~nm—-1)(m+3)-2(m+2n+1) nm-1)-2 nm-3)-m-1
LE+(CCC(G)) = 2(m + 1) + 2 % m+1
mn(m —6) +2m +n + 2
+ 3(m + 1)
mn(m —2) 4+ 2 —m(n —2) —n(m —3)
+n-1)x 2(m + 1)

n?(m — 1)(m—3)‘
m—+1

Case 2. m is even.
By [20, Proposition 2.3] we have CCC(G) = K nim-2) U2K,,. Therefore, by Theorem El], it
2
follows that

2)—6 ni{m — — 1
Spec(CCC(G)) = {(—1)"“"*2’, (UM’) - 1)2} ,

n(m-2)-2
Lspec(CCC(G)){Oa (”(m—?)> : ’n%z}

2

and Q-spec(CCC(Q)) = {(n(m —2)-2)4 <n(m—22)—4 ,(2n —2)2 (n — 2)2”2}
We have
n(m—2)—2'_ L, if m=2
2 WD s
Therefore, by (E]), we have
E(CCC(G)) = n(m +2) = 6 +142(n—1)=4(n-1),

2
if m=2. If m >4 then

n(m+2)—6 n(m—2)—2
2 + 2

E(CCC(G)) = +2(n—1) = n(m+2) — 6.
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We have [V(CCC(G))| = ™2 and [e(CCC(G))| = Mlm=2i=2nlm=dn®2) = pherefore,
2e(Cccc(G))| _ n(m—2)2—2(m—4n+2) . Also,

Vecea@) — 2(m—+2)
0— 2le(CCC(G))| \ m—2)%—2(m—4n+2)| _|—fs5(m,n)
|v(cee(a 2(m + 2) [ 2(m+2)

where f5(m,n) = m(n(m 4) — 2) + 12n — 4. Note that for m > 6 we have f5(m,n) > 0 since
n(m—4) > 2and 12n—4 > 0. For m =2 and n > 2 we have f5(2,n) =8n—8 > 0. Form =4
and n > 2 we have f5(4,n) = 12n — 12 > 0. Therefore, for all m > 2 and n > 2, we have

—fs(m,n)| | fs(m,n)|  m(n(im—4)—2)+12n —4
mm+2)_’ﬂm+2)_ 2(m + 2)
n(m—2) 2le(CCC(G |‘ (m—2)2—2(m—4n+2)‘ | fe(m,n)
2 [V(ccc(G 2(m +2) S m+2 |

where fg(m,n) = 2n(m — 4 +m+ 2. Clearly, fe(m,n) >0 if m >4 and n > 2. For m = 2
and n > 2 we have f4(2,n) = —4n 4+ 4 < 0. Therefore,

fo(m,n) n—1, ifm=2andn>2
m+2 7%(7”;2;””2, itm>4andn > 2.
2le(CCC(G))| | m —2)% —2(m —4n +2) —fr(m,n)
n— =
vcee(a))| 2(m+2) 2(m+2)
where f7(m,n) = mn(m — 6 —2m + 8n — 4. For m = 2 and n > 2 we have f7(2,n) = —8.
For m = 4 and n > 2 we have f7(4,n) = —12. For m = 6 and n > 2 we have f7(6,n) =

8n — 16 > 0. Also, for m > 8 and n > 2 we have m? > 8m which gives m(m — 6) > 2m
and so mn(m — 6) > 2mn > 2m. Therefore, mn(m — 6) — 2m > 0 and so f7(m,n) > 0 since

8n — 4 > 0. Hence,

—fr(m,n)| 1, ifm=24andn>2

'2(m+2)_

mn(m—26(3;f£7;+8n—4’ ifm>6andn> 2.

Now, by (E), we have

Xm(n(m—4)—2)+12n—4 n(m —2) —2

E(CCC(G)) =3 Nt ) + 5

X(n—1)+(2n—-2) x 1
=4(n-1),

ifm=2andn>2 If m=4and n > 2 then
m(n(m—4)—2)+12n—4 n(m —2)—2 " 2n(m —4)+m+2

B(CCC(G)) = 3 x 2(m + 2) 2 m 2

+(2n—2)x1

=6(n—1).
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If m > 6 and n > 2 then

m(n(m—4)—2)—|—12n—4+n(m—2)—2 " 2n(m —4) +m+ 2

LE(CCC(G)) = 3 x

2(m + 2) 2 m+ 2
mn(m —6) —2m + 8n — 4
+ (2n —2) x )
_2m*n? — 12mn? + m®n + 16n* — 4mn — 2m + 12n — 4
- m+ 2 '
Again,
2|e(CCC(G))] n(m —2)? — 2(m — 4n + 2) fs(m,n)
—9y o AOERIN i —2) —2 - -
nim —2) vicee@y |~ MM =2 2(m + 2) 2(m+2)|’

where fg(m,n) = n(m? — 20) + 2m(n — 1) + 2mn — 4. For m = 2 and n > 2 we have
fs(2,n) = —8n —8 < 0. For m =4 and n > 2 we have fg(4,n) = 12n — 12 > 0. For m > 6
and n > 2 we have fg(m,n) > 0. Therefore,

n+1, ifm=2andn > 2

fS(ma ’I’L)
2(m+2)

=49yn-—1, ifm=4and n> 2

n(m2-20)+2m(n—1)+2mn—4 .
2(m+2) , ifm>6andn>2.

n(m—2)—4 n(m-—2)2—-2(m—4n+2)
2 B 2(m + 2)

fg(m,n)
m+ 2

2 |V (CCC(G))|

n(m—2)—4 2[e(CCC(Q))] '

i

where fo(m,n) = n(m—8)+m(n—1)—2. For m = 2 and n > 2 we have fy(2,n) = —4n—4 < 0.
For m = 4 and n > 2 we have fy9(4,n) = —6. For m = 6 and n > 2 we have f9(6,n) =4n—8 >
0. Further, if For m > 8 and n > 2 then fo(m,n) > 0 since n(m—8) > 0 and m(n—1)—2 > 0.

Hence,
n+1, ifm=2andn>2
m,n
e N m =dandn =2
n(me);Tén*1)72’ if m > 6and n > 2.
2n_2_2\e(CCC(G))\‘ om0 n(m—2)2_2(m—4n+2)’ _ ‘—flo(m,n)
vicee@)l |~ 2m+2) | At |

where fio(m,n) = n(m? — 8m +4) + 2m + 4. Clearly, fio(m,n) > 0 for m > 8 and n > 2.
For m = 2 and n > 2 we have fi9(2,n) = —8n +8 < 0. For m = 4 and n > 2 we have
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fio(4,n) = —12n 4+ 12 < 0. For m = 6 and n > 2 we have f19(6,n) = —8n + 16 < 0. Hence,

n—1, ifm=2and n>2
fro(m,n) n—1, ifm=4andn>2
m+2 %‘2, ifm=6andn>2
k"(mQ_g?:anQ);ﬂmH, ifm>8andn > 2.
n—2—2‘ e(CCC(G \ n_2_n(m—2)2—2(m—4n+2) | =fir(m,n)
|vV(cee(G 2(m + 2) |l 2(m+2) |’
where f11(m,n) = n(m —4) + 2m + 4. Note that for m > 4 and n > 2 we have

fii(m,n) > 0. For m =2 and n > 2 we have fi1(m,n) = 8. Therefore,

‘—fn(m,n) ~ fulm,n)  n(m—2)(m—4) +2m+4
20m+2) | 2(m+2) 2(m +2) ‘
By (E), we have

non—2) -2

LET(CCC(G))=n+1+ Xx(n+1)+2x(n—1)

2
L (20— 2) x n(m — 2)57(7:71—+4;)+ 2m +4
=4(n—1),
ifm=2andn>2. If m=4andn > 2 then
LE+(CCC(G)):n—1+n(m_22)_2 x14+2x (n—1)
L 2n—2) n(m — 2);7(721—+4;)+ 2m +4
=6(n—1).

If m =6 and n > 2 then
n(m? — 20) + 2m(n — 1) + 2mn — 4

LET(CCC(@)) = 2m +2)
nm—2)—2 nm-8)+m(n—1)—2
T * m+2
n—2 n(m—2)(m—4)+2m+4
+2x + (2n —2) x 2m 1 2)

=2(n+2)(n—1).

If m > 8 and n > 2 then
n(m? —20) +2m(n — 1) + 2mn — 4
2(m+ 2)
n(m —2) —2 " n(m—8)+m(n—1)—2
2 m+ 2

LEY(CCC(G)) =

+




86 P. Bhowal and R. K. Nath

n(m? —8m +4) +2m +4

T2 2(m + 2)
+(2n—2) n(m — 2)51(7:71—4_4;)—1— 2m +4

~2n*(m —2)(m —4)
B m+2 '
This completes the proof.

Theorem 3.4. If G = Vg, then

{(—1)2”_2, 02, (2n — 2)* if n is odd

(1) Spec(CCC(G)) =

, if n is even

b
{17112, 2n - 3)' |

dn —4, ifn is odd
and E(CCC(G)) =

dn — 2, ifn is even.

3 _ 2n—2 . .
(7i) L-spec(CCC(G)) = {0 ,(2n —1) } 5 if n is odd
{03, 22 (2n — 2)2n73} ifn s cven

76(%;7%?”72), if n is odd

and LE(CCC(G)) = | 6, ifn=2

2(2n—3)(5n—7)

T , if n is even and n > 4.

(ZZZ) Q_SpeC(CCC(G)) _ {02a (4TL — 4)1; (271/ — 3)2'ﬂ—2} ’ 'Lf n 7:8 Odd
{22’02’ (4n — 6)17 (2n — 4)2n_3} , ifm is even

74(271535?”72), if n is odd

and LE*(CCC(G)) = { 6, ifn =2

16(n—1)(n—2)

— , if n is even and n > 4.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By [20, Proposition 2.4] we have CCC(G) = 2K, U Ka,—1. Therefore, by Theorem El], it
follows that

Spec(CCC(G)) = {(—1)%—2, 02, (2n — 2)1} . Lespec(CCC(G)) = {03, (2n — 1)2"—2}
and Q-spec(CCC(Q)) = {02, (4n — 4, (2n — 3)2"_2} .

Hence, by (E]), we get
E(CCC(G))=2n—2+2n—-2=4n—4.
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We have [V(CCC(G))| = 2n + 1 and |e(CCC(@))| = @122 " Therefore,

2le(CCC(G))| _ (2n—1)2n —2)

v(cee(@))| 2n +1
Also,
‘0 B 2le(CCC(@R))] ‘ _ ’0 B (2n —1)(2n — 2) ' _ (2n —1)(2n — 2)
|[V(CCC(G))| 2n+1 2n+1
and
om — 1 — 2le(CCC(@))] ‘ _lop—1— (2n —1)(2n — 2)‘ _ 3(2n —1)
|V (CCC(G))] 2n+1 2n+1 °

Now, by (B)7 we have
32n—1) 6(2n—1)(2n—2)

LE(CCC(G)) =3 x "= S5 4 (2n = 2) x =i = i
Again,
2le(ccC(@))|| 2n—1)2n—2)|  (2n—2)(2n+3)
4n4|V(CCC(G))\‘_’4 B S ‘_ on+ 1
and
2e(CCC(G))|| (2n—1)2n—2)| 2n-35
=3 e (@) ‘ Bl S ‘ BETESE
By (E), we have
LEF(CC(@)) = 2 x 2" _2711)(+21f =2, (n _Qi)f? =3) 4 (on—2) x ;Z . i
4(2n —1)(2n — 2)

2n+1
Case 2. n is even.
By [20, Proposition 2.4] we have CCC(G) = 2Ky Ll Ko,—3. Therefore, by Theorem El], it
follows that

Spec(CCC(G)) = {(—1)%*1, 12, (2n — 3)1} . Lespec(CCC(G)) = {03, 22 (2n — 2)2"—3}
and Q-spec(CCC(G)) = {22, 02, (4n — 6)1, (2n — 4)2”*3} .
Hence, by ([l), we get
B(CCC(G))=2n—1+2+2n—3=4n—2.

We have [V(CCC(G))| = 2n + 2 and [e(CCC(G))| = Er=2Cn=8112  Therefore, A4SCCE] —

» V(CCC(@))]
7("_1)7(3?1_3”2. Also,

0

)

B 2|e(CCC(G))|‘ _ ‘0— (n—1)2n—-3)+2| (n—1)(2n—3)+2
|[V(CCC(G))] n+1 n+1
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m (@) (n-1)@2n—3)+2
2 —
|[V(CCC(G)) n+1
| =@2n—1)(n—3)
N n+1
1, ifn=2
I =
and
2le(CCC(Q))| (n—=1)2n—-3)+2| 5n-7
on —2— S oy — 9 — = :
" IV (cee(Q))] " n+ 1 n+1
Now, by (), we have
(n—1)2n —3) +2 5n — T
LE(CCC(G)) =3 x +2x1+4(2n—3) x =6,
n+1 n+1
ifn=2. If n >4 then
—1)(2n — 2 2n —1 - —
LECCC(G)) =3 x nZHE =9+, @no D =3) gy T
n+1 n+1 n+1
2(10n* —29n +21)  2(2n—3)(5n —7)
B n+1 B n+1 '
Again,
2|e(CCC(@))] (n—1)(2n—-3)+2| 2n%2+3n—11
an—6— 292 g — 6 — =
n=6=reee@@y| T8 w1 ntl
and
2le(CCC(@))] (n—1)(2n—3)+2
on — 4 — SETN o g -
" IV (Cce(@))] " n+ 1
_3n—9
| n+1
1, if n =2

3:;19, if n> 4.

By (E), we have

(n—1)2n—3)+2 2n?+3n—11

LE™* =2x1+42
(cce(a)) xAtax n+1 n+1

+(2n—3)x1=06,
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ifn=2.If n >4 then

LE*(CCC(@))
— _ _ _ 2 _
:2X(2n 1)(n 3)+2X(n 1)(2n 3)+2+2n +3n—11
n+1 n+1 n+1
3n—9
+(2n—3)><n+1
_ 16(n—1)(n—2)
B n+1 '

This completes the proof.

Theorem 3.5. If G = SDsg, then

(i) Spec(CCC(Q)) = {(_1)271’31’ (2n — 3)1} ) if n is odd

{(—1)2”_2, 02, (2n — 2)1} . if nis even
4n, if n is odd
and E(CCC(G)) =
dn — 4, if n is even.

(i1) Lrspec(CCC(G)) = {0243, 2n = 2"} if n is odd

{03, (2n — 1)2”_2} , if n is even
12, ifn=3
and LE(CCC(G)) = { 2@n=36n=1D) 4y, s 0dd and n > 5
6(2n—1)(2n—2)

Tt ) if n is even.

(i8) Qrpeo(CCC(@)) = L 187 T U =6 =&} is odd

{02,(411—4)1,(271—3)2”_2}, if n is even
12, ifn=3
22, ifn=>5
and LE*(CCC(G)) = § D=8 -y s odd and n > 7
%, ifn =2
4(2%)_8"_2), if n is even and n > 4.

Proof. We shall prove the result by considering the following cases.

Case 1. n is odd.
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By [20, Proposition 2.5] we have CCC(G) = K4 U Kay,_3. Therefore, by Theorem El], it
follows that
Spec(CCC(Q)) = {(—1)%, 3L (2n — 3)1} . Lespec(CCC(G)) = {02,43, (2n — 2)2"—3}
and Q-spec(CCC(G)) = {61, 23 (4n —6)!, (2n — 4)2”_3} )
Hence, by (ﬁ]), we get
E(CCC(G)) =2n+3+2n — 3 = 4n.
We have |V (CCC(G))| = 2n+2 and |e(CCC(G))| = En=22Cn=8)412 herefore, 24CCCEN] —

[vicee(@)l —
7(71_1)7(1?1_3”6. Also,

2le(ccc(G))I| _ 0— (n—1)2n-3)+6| (n—-1)(2n—3)+6
vcee(@) |~ n+ 1 - n+ 1 ’
’4_2]6(CCC(G))]’ ‘4_(n—l)(2n—3)+6’_‘—2n2—|—9n—5‘_ L, ifn=3
and
2le(CCC(@))] (n—1)2n—-3)+6| b5n—11
on—2— S o -2 — = .
" IV (cCe(G))] " n+ 1 n+1
Now, by (E), we have
LECCC(@)) =2 x MmN HE g oy My
n+1 n—+1
if n=3. If n > 5 then
—1)(2n — 2n? — —11
LECCC(@)) =2 x MmN =3+6 g Tt gy 50
n+1 n+1 n+1
_2(10n* = 37n+33) _ 2(2n —3)(5n — 11)
N n+1 B n+1 '
Again,
o 2leCcc(@)]| |, (n=1@n-3)+6
vcee(@y)|| n+1
| —2n*+11n -3
N n+1
72n2nt_111n*3’ if n = 3’5
2n2;i11n+3’ if n > 7’

o _ 2le(CCC(G))|| o _ (n—1)2n—-3)+6| 2n*—Tn+7
v(cce(G)| | n+1 T a+1
2le(CCC(@))] (n—1)2n—-3)+6| 2n%2+3n—15

dn—6— T = Ay — 6 — _
" V(CCe(@))| " n+1 n+1
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and
_1 _
by 2eCCC@| |y, (n-DEn-3)+6
[Vcee(a))| n+1
_|3n—13
| n+1
1, ifn=3
e, ifn>5.
By (E), we have
—2n* 4+ 11n — m? — on2 _q
LE*(CCC(G)) = 2n° + 11n 3+3>< n 7n+7+ n* +3n 54_(27&_3)><1
=12,
if n=3. If n =5 then
—2n? +11n — 3 m2 —Tn+7 2m2+3n—15
LEH(Cee(G)) = 2 n =S g 2 ot T 2 o
3n—13
2n—3
+ (2n —3) x T
= 22.
If n > 7 then
2n% — 11n + 3 M2 _Tn+7 22+ 3n—15 3 13
LEt(Cce(G)) = Nt g oot P15, g 3
ntl ntl1 n+1 n+1
_ 16(n —1)(n —3)
; n+1 '

Case 2. n is even.
By [20, Proposition 2.5] we have CCC(G) = 2K; U Ky,_1. Therefore, by Theorem @, it
follows that

Spec(CCC(G)) = { (~1)*2,0%, (20— 2)'} | Lespec(cCC(G)) = {0%, (2n — 1"}
and Q-spec(CCC(G)) = {02, (4n — 4, (2n — 3)2n_2} .

Hence, by (E]), we get
E(CCC(G))=2n—2+2n—-2=4n—4.

We have V(CCC(G)) = 2n+1 and ¢(CCC(G)) = En=t2n=2) - go, ACCCEN] — G- liZn=2)
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Also,
‘0 _ 2le(cce(@))| ‘ _ ’0 ~ (2n-1)(2n -2 ' _ (2n —1)(2n — 2)
|[V(CCC(@))| 2n+1 2n+1
and
om — 1 — 2|e(CCC(G))|‘ N P (2n —1)(2n — 2)‘ _ 3(2n —1)
|V (CCC(G))] 2n+1 2n+1

Now, by (E)7 we have

(2n —1)(2n — 2) 32n—1) 6(2n—1)(2n—2)

LE(CCC(G)) = 3 x +(2n - 2) % -

2n+1 2n+1 2n+1
Again,
2le(CCC(@))| (2n —1)(2n — 2) (2n —2)(2n +3)
an — 4 — AEEEEN Ny g -
g Ve |~ | I+ 1 1 and
_ _ _ L if n =2
on 3 2\6(CCC(G))\‘ _lop—3_ (2n —1)(2n 2)‘ _|2n 5‘ _J5
|V(CCC(G))] 2n+1 2n+1 321?7 ifn> 4.
By (E), we have
+ B (2n—1)2n—2) (2n—2)(2n+ 3) B 128
LET(CCC(G)) =2 x o 1 o+ 1 + (2n 2)><5_ =
ifn=2. If n >4 then
" B 2n—1)(2n—-2) (2n—2)(2n+3) B 2n—5
LET(CCC(R)) =2 x ot 1 o1 1 + (2n 2)X2n+1
~ 4(2n —1)(2n —2)
N 2n+1

This completes the proof.

We conclude this section with the following corollary.

Corollary 3.6. If G is isomorphic to Dan, Qam, U m), Van or SDg, then CCC(G) is super

integral.

4. COMPARING VARIOUS ENERGIES

In this section we compare various energies of CCC(G) obtained in Section 3 and derive the

following relations.

Theorem 4.1. Let G = Ds,,.

(i) If n = 3,4,6 then E(CCC(GQ)) = LET(CCC(G)) = LE(CCC(Q)).

(i7) If n =5 then E(CCC(GQ)) < LET(CCC(R)) = LE(CCC(Q)).

(i73) If n = 10 then LET(CCC(G)) < E(CCC(R)) < LE(CCC(Q)).

(iv) If n > 7 but n # 10 then E(CCC(G)) < LET(CCC(G)) < LE(CCC(@Q)).
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Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
If n = 3 then, by Theorem @, we have

E(CCC(G)) = LET(CCC(Q)) = LE(CCC(Q)) = 0.

If n = 5 then, by Theorem @, we have

E(CCC(G)) — LE*(CCC(G)) = n — 3 — m‘j)ﬂm _ —% <0

and LET(CCC(G)) = LE(CCC(R)) = %. Therefore, E(CCC(G)) < LET(CCC(R)) =
LE(CCC(G)).
If n > 7 then, by Theorem @, we have
(n—3)(n+3) 2(n — 3)

B(CCC(G)) — LE*(CCC(G)) =n =3 — 52 im0 = - S0 <0

and

LE*(Cce(G)) — LE(cce(G)) = O _s)jﬁ* 3) _2(n —nll(? -3) _ _W — 0

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
Case 2. n is even.
Consider the following subcases.

Subcase 2.1 5 is even.
If n = 4 then, by Theorem @, we have

E(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 0.

If n = 8 then, by Theorem @, we have

E(CCC(G)) — LE*(CCC(G)) = n — 4 — W - —% <0

and

LE*(cce(@)) - LE(cce(@)) = ™ _;)fy 6) _ 3(n _73(72”‘ —4) _ _g <0.

Therefore, E(CCC(G)) < LE*+(CCC(G)) < LE(CCC(G)).

If n > 12 then, by Theorem @, we have
2(n—2)(n—4) (n—4)(n —6)

B(CCC(G)) — LEF(CCC(G) =n — 4 — = 20— = — e <0

and
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LEHCCO(GY) — LE(CCC(E) = 2(n —n23_ (Z —4) 3(n —nzi (Z —4)
__ =24
n+2 .

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
Subcase 2.2 7 is odd.
If n = 6 then, by Theorem @, we have

E(CCC(G)) = LET(CCC(Q)) = LE(CCC(Q)) = 4.

If n = 10 then, by Theorem El!, we have

LE*(CCC(G)) — B(CCC(G)) = %2 (n-2) = —g <0

and

(n —4)(3n — 10)

E(CCC(GR)) — LE(CCC(G)) =n—2— —— =—-2<0.
Therefore, LE™(CCC(G)) < E(CCC(G)) < LE(CCC(Q)).
If n > 14 then, by Theorem @, we have
B(CCC(G)) — LEF(CCC(G)) = n—2 — 21 _nQJ)F(Z —6)
_ _(n—2)(n— 10) <0
n+2

and

2(n—=2)(n—6) (n—4)(3n—10)

LET(CCC(@)) — LE(CCC(@)) =

n+2 n+2
 n?—6n+16
n+2
- 14
_n(n )+8n+10<0'
n+2

Therefore, E(CCC(GR)) < LE*(CCC(G)) < LE(CCC(G)). Hence, the result follows.

Theorem 4.2. Let G = Q4.
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i) If m = 2,3 then E(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)).

(i
(it) If m =5 then LET(CCC(G)) < E(CCC(G)) < LE(CCC(Q))

(i73) If m =7 then LE*(CCC(GQ)) = E(CCC(R)) < LE(CCC(Q)).

(iv) If m = 4,6 or m > 8 then E(CCC(G)) < LET(CCC(R)) < LE(CCC(@Q)).

Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.
If m = 3 then, by Theorem @, we have

B(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 4.
If m = 5 then, by Theorem .9, we have
LEH(CCC(G)) — B(CCC(G)) = % —(am—2) = —% <0
and

2(m —2)(3m —5)
m+1

E(CCC(G)) — LE(CCC(G)) = 2m — 2 —

Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(Q)).
If m = 7 then, by Theorem @, we have LET(CCC(R)) = E(CCC(G)) =12 and

LE*(CCC(G)) — LE(CCC(G)) = 4(m _mlzr(T —3)  2(m —nf)f;n —5)

2(m+4)(m —1)

= 0.
m+1 <

Therefore, LET(CCC(G)) = E(CCC(G)) < LE(CCC(Q)).
If m > 9 then, by Theorem @, we have

BCCC(G)) — LEHCCC(C)) = 2m —2 — 4(m —mll(rln —-3) __2(m —mll(ql -7) <0

and

LE*(CCO(G)) — LE(CCC(G) = 4(m —m1zr(rln —-3) 2(m —W2L)J(F3In —5)
__2m+y(m-1)
m+1

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
Case 2. m is even.

If m = 2 then, by Theorem @, we have

E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) = 0.

If m = 4 then, by Theorem @, we have

E(CCC(G)) — LEH(CCC(G)) = 2m — 4 — 27 _in(T +3) _ _§ <0
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and

LE*(CCC(G)) — LE(CCe(c)) = 2™ _le(T +3) _ 6(m _ml)f? ~2) _ _g <0,
Therefore, E(CCC(G)) < LE*(CCC(G)) < LE(CCC(Q)).

If m > 6 then, by Theorem , we have

E(CCC(G)) — LE*(CCC(G)) = 2m — 4 — 2 —mll(v? -2) _ 2m _m2l(T -3 _,

and

LE*(CCC(G)) — LE(CCC(G)) 4(m _mli_(T —2) 6(m —mll(rln —2)
Am-Dm—2)
m—+1

Therefore, E(CCC(R)) < LE1(CCC(G)) < LE(CCC(G)). Hence, the result follows.

Theorem 4.3. Let G = Uy, m)-
(i) If m = 2,3,4 and n > 2 then LE*(CCC(G)) = E(CCC(G)) = LE(CCC(Q)).
(t3) If m =5 and n=2,3; orm =6 and n =2 then
LET(CCC(QR)) < E(CCC(G)) < LE(CCC(@)).
(4ii) If m=5andn>4; m>6 andn > 3; orm > 8 and n > 2 then
E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
(iv) If m =7 and n = 2 then E(CCC(G)) = LET(CCC(GR)) < LE(CCC(Q)).

Proof. We shall prove the result by considering the following cases.
Case 1. If m is odd and n > 2.
If m =3 and n > 2 then, by Theorem @, we have

LE*(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 4(n — 1).

If m =5 and n = 2 then, by Theorem @, we have

202+ 100 — 6

LE*(CCC(G)) — E(CCC(G)) 3

—(n(m+1)—4):—§<0

and
2(2n — 1)(n + 3)

B(CCC(G)) — LE(CCC(G)) = n(m +1) — 4 — ;

=-2<0.

Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(Q)).
If m =5 and n = 3 then, by Theorem @, we have

_2@2n+3)(n—1)
N 3

LE*(CCC(G)) — E(CCC(@)) —(n(m+1)—4)=-2<0
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and
B(CCC(G)) — LE(CCC(G)) = n(m +1) — 4 — 22— ?(” +3) _ _4<o
Therefore, LE™(CCC(G)) < E(CCC(G)) < LE(CCC(Q)).
If m =5 and n > 4 then, by Theorem @, we have
B(CCC(G)) — LE(CCC(G)) = n(m +1) — 4 — 220+ ?;)(” iy

_ —2(2n? —8n+3)
N 3
~ —2(2n(n —4) + 3)
= 3 <0

and

LE*(CCC(G)) — LE(CCC(G)) = 22n+3)(n—1) 2(2n-1)(n+3) _ —8n <o

3 3 3
Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
If m > 7 and n > 2 then, by Theorem @, we have

n?(m —1)(m —3 m,n
B(CCC(G)) — LE(CCC(G)) = n(m +1) — 4 — "0 — +)(1 ) _ _f;i ) 1>

where fi(m,n) = mn(m —4)(n — 3) +2mn(m — 7) + 3n(n — 1) + 4(m + 1). For m > 7 and

n = 2 we have fi(m,n) = 2(m —1)(m —7) > 0. Hence, f1(7,2) = 0 and fi(m,2) > 0 if

m > 9. Thus, E(CCC(G)) = LET(CCC(G)) and F(CCC(G)) < LET(CCC(G)) according as

iftm=7 n=2andm >9,n=2 Form >7and n > 3 we have fi(m,n) > 0 and so

E(CCC(Q)) < LET(CCC(G)).

If m > 7 and n > 2 then, by Theorem @, we also have

Y

LE*(CCC(G)) — LE(CCC(Q))

n?(m—1)(m—3) m?n® —4mn® + m?n + 3n® — 2mn — 2m + 5n — 2
B m+1 B m+1
m2n — 2mn — 2m + 5n — 2
m+1
(mn—2)(m—2)+5(n—2)+4

= — < 0.
m—+1

Therefore, LET(CCC(G)) < LE(CCC(G)). Thus, if m =7 and n = 2 then

E(CCC(G)) = LE*(CCC(G)) < LE(CCC(Q))

and if m>T7and n >3 orm>9 and n = 2 then

E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)).
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Case 2. m is even and n > 2.

If m =2 and n > 2 then, by Theorem @, we have

LE'(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 4(n — 1).
If m = 4 and n > 2 then, by Theorem .3, we have

LE*(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 6(n — 1).
If m = 6 and n = 2 then, by Theorem .3, we have

LE'(CCC(G)) — B(CCC(G)) =2(n+2)(n—1) — (n(m+2) —6) = -4 <0
and
E(CCC(G)) — LE(CCC(G))
2m?n? — 12mn? + m?n + 16n? — 4mn — 2m + 12n — 4

— 2) — 6 — =-2<0.
n(m+ 2) 2

Therefore, LET(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If m =6 and n > 3 then by Theorem @

E(CCC(G)) — LET(CCC(G)) =n(m+2)—6—-2(n+2)(n—1)=2n(3-n)—2<0
and

LEY(CCC(G)) — LE(CCC(G))

2m2n? — 12mn2 + m2n + 16n2 — 4mn — 2m + 12n — 4

=2n+2)(n—1)— ——

=—(n+2)<0.

Therefore E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
If m > 8 and n > 2 then, by Theorem @, we have

2n2(m — 2)(m — 4)

E(CCC(G)) — LET(CCC(G)) =n(m +2) — 6 —

m 4+ 2
2m?n? — 12mn? — m?n + 16n° — 4mn + 6m — 4n + 12
- m 4+ 2
_ fa(m,n)
m+2

where fa(m,n) = mn(2n — 1)(m — 8) + 2m(2n(n — 3) + 3) + 4n(4n — 1) + 12. For n = 2
and m > 8 we have fao(m,n) = (6m — 2)(m —8) +52 > 0. For n > 3 and m > 8 we have
fo(m,n) > 0. Therefore, if m > 8 and n > 2 then E(CCC(G)) < LE*(CCC(Q)).
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If m > 8 and n > 2 then, by Theorem @, we also have

LE*(CCC(G)) — LE(CCC(G))
_ 2n2(m — 2)(m — 4)

m+ 2
2m2n? — 12mn? + m2n + 16n% — 4mn — 2m + 12n — 4
B m + 2
m2n — 4mn — 2m + 12n — 4
- m + 2
mn(m —8) 4+ 2m(2n — 1) +4(3n — 1)

= — < 0.
m 4+ 2

Therefore, LET(CCC(G)) < LE(CCC(QG)). Thus, if m > 8 and n > 2 then

E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)).

Hence, the result follows.
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Theorem 4.4. If G = Vg, then E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)). The equality

holds if and only if n = 2.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By Theorem @, we have

BCCC(GY) — LEHCCO(G) = drn— 4 — 4(2n ;nl)fln —2) _ 4n —22)5_2711 —3)

and

LE*(CCC(G)) — LE(CCC(G)) 4(2n 2n1)izln —2) 6(2n 2;152171 —2)
_2@2n—1)(2n—2)
_ 1 <0.

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
Case 2. n is even.
If n = 2 then, by Theorem @, we have

E(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 6.

If n > 4 then, by Theorem @, we have
16(n — 1)(n — 2)
n+1
2(6n* +25n — 17)  2(6n(n—4) +49n —7)
n+1 B n+1

E(CCC(G)) — LET(CCC(G)) = 4n — 2 —

<0




100 P. Bhowal and R. K. Nath

and

LE*(CCC(G)) — LE(Cce(q)) = 8 =1n=2)  20@n=3)(5n = 17)

n+1 n+1
. 22n* =5n+45)  2(2n(n—4) +3n+5) “0
B n+1 B n+1 '

Therefore, E(CCC(R)) < LE1(CCC(G)) < LE(CCC(G)). Hence, the result follows.

Theorem 4.5. If G = SDsg,, then E(CCC(G)) < LET(CCC(G)) < LE(CCC(G)). The equality
holds if and only if n = 3.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
If n = 3 then, by Theorem @, we have

E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) = 12.
If n =5 then, by Theorem @, we have
E(CCC(G)) — LET(CCC(G)) =4n —22=—-2<0

and
LE*(CCC(G)) — LE(CCC(G)) =22 — 2 _§)+(51n ) _%2 <0

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(Q)).
If n > 7 then, by Theorem @, we have
16(n —1)(n — 3)

E(CCC(G)) — LE+(CCC(G)) = 4n —

n+1
4(3n? — 17n + 12) 4(3n(n —7) +4n + 12)
- S <0
n+1 n+1
and
16(n —1)(n—3) 2(2n—3)(5n —11)
+ _ — _
LET(CCC(G)) — LE(CCC(G)) — o
220 =5n+49)  2@2n(n—T)+9n+9) “0
N n+1 B n+1 '

Therefore, E(CCC(G)) < LET(CCC(G)) < LE(CCC(@)).
Case 2. n is even.
If n = 2 then, by Theorem @, we have

B(CCC(G)) — LEH(CCC(G)) = 4n — 4 — 255 - —g <0

and
LE*(00C(@)) - LE(CCC(G)) = & - 6(2n ;nl)fl” —2) _ S
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Therefore, E(CCC(G)) < LE*+(CCC(G)) < LE(CCC(G)).

If n > 4 then, by Theorem @, we have
4(2n —1)(2n — 2) 4(n—1)(2n —3)

E — LET =4n—4 — -
(cee(@)) (CCC(@)) = 4n T o <0

and

_4@2n—1)(2n—-2)  6(2n—1)(2n—2)
LE*(CCC(G)) — LE(CCC(G)) = 1 - 2n + 1

2(2n — —
_ (2n —1)(2n — 2) <.
2n+1

Therefore, E(CCC(GR)) < LE*(CCC(G)) < LE(CCC(G)). Hence, the result follows.

Note that Theorems @@ can be summarized in the following way.

Theorem 4.6. Let G be a finite non-abelian group. Then we have the following.
(l) IfG 18 isomorphz’c to DG,Ds, Dlg, Qs, ng, U(n,2)7 U(n,S)a U(n,4) (n > 2), V16 or SD24 then

E(CCC(R)) = LET(CCC(G)) = LE(CCC(@)).
(ii) If G is isomorphic to Dao, Q20, U 5), Uizsy or Uy then
LET(CCC(@Q)) < E(CCC(R)) < LE(CCC(@)).

(iii) If G is isomorphic to D14, D1g, D1g, Dan(n > 11), Q16, Q24, Qam(m > 8), Uy, 5), (n > 4),
Unmy(m > 6 and n > 3), Ug, 1y (m > 8 and n > 2), Vgu(n > 3), SD1g or SDgn(n > 4) then

E(CCC(G)) < LE*(CCC(G)) < LE(CCC(G)).

(i) If G is isomorphic to Qag or U 7y then E(CCC(G)) = LE1(CCC(G)) < LE(CCC(@)).
(v) If G is isomorphic to Do then E(CCC(G)) < LET(CCC(G)) = LE(CCC(Q)).

We conclude this section with the following remark regarding Conjecture @ and Question

¥

Remark 4.7. By Theorem @, it follows that E(CCC(G)) < LE(CCC(G)) and
LET(CCC(G)) < LE(CCC(G)) for commuting conjugacy class graph of the groups
Doy, Qam, U(n,m),V};n and SDg,. Therefore, Conjecture @ holds for commuting conjugacy
class graph of these groups whereas the inequality in Question @ does not. However,
LE(CCC(G)) = LET(CCC(@)) if G = Dg, Dg, D19, D12, Qs,Q12, Vig, SDay and Un,m) where
m=2,3,4and n > 2.
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5. HYPERENERGETIC AND BORDERENERGETIC GRAPH

It is well-known that
(4) E(K,)=LE(K,) = LE"(K,)=2(n—1).

A graph G with n vertices is called hyperenergetic, L-hyperenergetic or Q-hyperenergetic ac-
cording as E(K,) < E(G), LE(K,) < LE(G) or LET(K,) < LET(G). Also, G is called bor-
derenergetic, L-borderenergetic and Q-borderenergetic if E(K,) = E(G), LE(K,) = LE(G)
and LET(K,) = LET(G) respectively. These graphs are considered in [24, 11, 10, 23, 9.
In this section we consider commuting conjugacy class graph CCC(G) for the groups con-
sidered in Section 3 and determine whether they are hyperenergetic, L-hyperenergetic or Q-
hyperenergetic. We shall also determine whether they are borderenergetic, L-borderenergetic

or Q-borderenergetic.

Theorem 5.1. Let G = Do,.

(i) If n is odd or n = 4,6 then CCC(G) is neither hyperenergetic, borderenergetic,
L-hyper-energetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

(ii) If n = 8,10,12,14 then CCC(Q) is L-hyperenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic, Q-hyperenergetic nor ()-borderenergetic.

(tit) If n is even and n > 16 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but

neither hyperenergetic, borderenergetic, L-borderenergetic nor @QQ-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By [20, Proposition 2.1] we have CCC(G) = K; U KnT—l Therefore, |V(CCC(G))| = L.
Using (H), we get

(5) E(Kycceay)) = LET(Kvceeay)) = LE(Kjvcceay) =n — 1
If n = 3 then, by Theorem [£.1] and Theorem .1, we get

(6) E(CCC(G)) = LET(CCC(@)) = LE(CCC(G)) =0 < 2 = E(Kycce(a))))-
If n = 5 then, by Theorem [£.1] and Theorem .1, we get

(7) E(CCC(G)) < LET(CCC(GQ)) = LE(CCC(G)) = § < 4= B(Kyeceic)-

Therefore CCC(G) is neither hyperenergetic nor L-hyperenergetic nor Q-hyperenergetic for
n = 5.
If n > 7 then, by Theorem EI and Theorem @, we get

(n—3)(n+3)

B(CCC(G)) < LE*(CCC(G)) < LE(CCC(G)) = ——— 1
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Again,
=3)n+3) 8
n+1 (n—1)= n+1<0
Therefore,

Hence, in view of (B)*(E): it follows that CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Case 2. n is even.

By [20, Proposition 2.1] we have CCC(G) = 2K1 U Kz ;. Therefore, [V(CCC(G))| = § + 1.
Using (H), we get

9) E(K\vcceay)) = LET (K cee(ay)) = LE(Kjvcee(cy)) = n-

Subcase 2.1. % is even.

If n = 4 then, by Theorem @ and Theorem @, we get
(10) E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) =0< 4= E(Kycceay))-

Therefore, by (E) and by (@), it follows that CCC(Q) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n = 8 then, by Theorem @ and Theorem @, we get

Also,

So, CCC(@) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.

If n > 12 then, by Theorem @, we get

LECCe(q)) = 2 _nQJ)r(Z -4
We have
3n—2)(n—4)  2(n(n—12)+2n+12) 0
" n+2 T n+2 <

Therefore, LE(Kycce(ay)) < LE(CCC(G)) and so CCC(G) is L-hyperenergetic but not
L-borderenergetic.
By Theorem @ and Theorem @, we also get

2(n—2)(n— 4).

E(CCC(G)) < LET(CCC(G)) = o
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We have

2(n —2)(n — 4) n?—14n+16  n(n—16) +2n+16

11 —n =
(11) n -+ 2 " n-+ 2 n-+ 2

= fi(n)

Therefore, for n = 12, we have fi(n) < 0 and so

2(n—2)(n—4)
n+2

E(CCC(G)) < LE+(CCC(G)) = <n= LE+(K|V(CCC(G))|)‘

Thus, if n = 12 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n > 16 then, by (El), we have fi(n) >0 and so LE*(CCC(G)) > n = LE™ (K|y(ccc(ay))-
Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also,

E(CCC(G)) =n — 4 <n = E(Kjy(cc()))

and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if n > 16 then CCC(G)
is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic.
Subcase 2.2. 5 is odd.

If n = 6 then, by Theorem EI and Theorem @, we get

E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) =4<6= E(K|V(CCC(G))|)'

Therefore, CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n = 10 then, by Theorem @ and Theorem @, we get

LE™(CCC(@)) < E(CCC(@)) < LE(CCC(G)) = 10 = LE(K v (cce(c)))-

So, CCC(@G) is L-bordererenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n > 14 then, by Theorem @, we get
(n —4)(3n — 10)

LE(CCC(@)) = 2
We have
_— (n —4)(3n — 10) _ ~2n(n —14) +4n + 40 <o
n+2 n-+2

So, LE(Kv(cce(a))) < LE(CCC(G)) and so CCC(G) is L-hyperenergetic but not
L-borderenergetic.
By Theorem @ and Theorem @, we also get

2(n —2)(n— 6)'

E(CCC(G)) < LET(CCC(G)) = o
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We have
2(n—2)(n—6) n?—18n+24 n(n—18)+24
1 —_ — = = .
(12) n+2 " n+2 nt2 fa(n)
Therefore, for n = 14, we have fa(n) < 0 and so
2(n—2)(n—4)

n+2
Thus, if n = 14 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic, Q-hyperenergetic nor QQ-borderenergetic. If n > 18 then, by (@),
we have fa(n) > 0 and so LE*(CCC(G)) > n = LE"(Ky(ccea)))- Therefore, CCC(G) is
Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) =n—2 <n = E(Kjyccc(c))|)
and so CCC(@G) is neither hyperenergetic nor borderenergetic. Thus, if n > 18 then CCC(G)
is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic nor Q-borderenergetic.

Theorem 5.2. Let G = Qum, -

(1) If m = 2,3,4 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor (Q-borderenergetic.

(i) If m =5 then CCC(G) is L-borderenergetic but neither hyperenergetic, borderenergetic,
L-hyperenergetic, Q-hyperenergetic nor (Q)-borderenergetic.

(#i7) If m = 6,7 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor @Q-borderenergetic.

(tv) If m > 8 then CCC(Q) is L-hyperenergetic and Q-hyperenergetic but neither

hyperenergetic, borderenergetic, L-borderenergetic nor @Q-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.

By [20, Proposition 2.2] we have CCC(G) = Ky U K,,—1. Therefore, |V (CCC(G))| = m + 1.
Using (H), we get

(13) E(K\v(cceay)) = LET (K ceeay)) = LE(Kjvcee(ay)) = 2m.
If m = 3 then, by Theorem @ and Theorem @, we get
(14) E(CCC(G)) = LET(CCC(G)) = LE(CCC(G)) =4 < 6 = E(Kyccea)))-

So, by (@) and (@), CCC(@G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 5 then, by Theorem @ and Theorem @, we get

LE*(CCC(G)) < E(CCC(G)) < LE(CCC(G)) = 10 = LE(Ky cce(cy))-
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So, CCC(@) is L-borderenergetic but neither hyperenergetic, borderenergetic, L-hyperenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If m = 7 then, by Theorem @ and Theorem @, we get

Also,
LE(CCC(G)) =20>14 = LE(K|V(CCC(G))|)-

So, CCC(@) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If m > 9 then, by Theorem @ and Theorem @, we get
4(m —1)(m — 3)

= LE*(CCC(G)) < LE(CCC(G)).

m+1
We have
o 4(m—mll(711—3) _ _2(m(T;L1;91)+6) <0
and so LE™(Ky(cce(ay)) = 2m < W_mliﬁn_?’) = LET(CCC(G)) < LE(CCC(@)). Hence,

CCC(@) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-

borderenergetic. Also,
E(CCC(G)) =2m—-2<2m = E(K\V(CCC(G))\)'

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if m > 9 then
CCC(@) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic.
Case 2. m is even.

By [20, Proposition 2.2] we have CCC(G) = 2K; U K,,—1. Therefore, |V(CCC(G))| = m + 1.
Using (H), we get

(15) E(K\vcceay)) = LET (Kjvceeay) = LE(Kjvcee(cy)) = 2m.
If m = 2 then, by Theorem @ and Theorem @, we get
(16)  E(CCC(G)) = LE*(CCC(G)) = LE(CCC(G)) = 0 < 4 = E(Kycce(cy)).

So, by (@) and (@), CCC(@G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 4 then, by Theorem @ and Theorem @, we get

(1) B(CCC(G)) < LE*(CCC(G)) < LE(CCC(G)) = ? < 8= E(Kycee(cy).

So, by (@) and (@), CCC(@G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
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If m > 6 then, by Theorem @, we get

LECCe(c)) = S _mll(? =2

We have

2m_6(m71)(m72) __4(m275m+3) __A(m(m —6)+m+3) <0
m+1 B m+1 B m+1

and so

6(m —1)(m — 2)
m+1

Hence, CCC(G) is L-hyperenergetic but not L-borderenergetic.

By Theorem @ and Theorem @, we also get

LE(K\V(CCC(G))\) =2m < = LE(CCC(G))

B(cce(G)) < LE*(cce(q)) = Xm=1m=2)

m—+1
We have
— — 2 _
I e e

Therefore, for m = 6, we have f(m) < 0 and so

4(m —1)(m —2)
m+1

E(CCC(Q)) < LET(CCC(R)) = <2m = LE"(Kjy(cce(a)))-

Thus, if m = 6 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n > 8 then, by (@), we have f(m) > 0 and so LET(CCC(G)) > 2m = LE* (K|yccc(a)))-
Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) = 2m —
4 < 2m = E(Ky(cce(a))) and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus,
if n > 8 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,

borderenergetic, L-borderenergetic nor Q-borderenergetic.

Theorem 5.3. Let G = Uy -

(1) If m=2,3,4 and n > 2 or m =6 and n = 2 then CCC(G) is neither hyperenergetic,
borderenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor @Q-borderenergetic.
(ii) If m =5 and n = 2 then CCC(Q) is L-borderenergetic but neither hyperenergetic,
borderenergetic, L-hyperenergetic, Q-hyperenergetic nor ()-borderenergetic.

(tit) If m=5andn=3, m=6 andn =3 orm =7 and n = 2 then CCC(G) is
L-hyper-energetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor (Q-borderenergetic.

() If m=5,6 andn>4; m=7 andn >3 orm > 8 and n > 2 then CCC(G) is
L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,

L-border-energetic nor Q-borderenergetic.
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Proof. We shall prove the result by considering the following cases.
Case 1. m is odd and n > 2.
By [20, Proposition 2.3] we have CCC(G) = K nm-1 UK. Therefore, |V (CCC(G))| = n(W;H).

2

Using (H), we get
(19) E(Kycceay)) = LET (Kvcceay)) = LE(Kjv(ceey)) = mn +n — 2.
By Theorem @ we get

ECCC(G))=mn+n—4<mn+n-—2.

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If m = 3 and n > 2 then, by Theorem @, we get

LE+(CCC(G)) = LE(CCC(G)) =4dn—-4<4n -2 = LE(K|V(CCC(G))|)‘

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor

Q-borderenergetic. Thus, if m = 3 and n > 2 then CCC(G) is neither hyperenergetic, bor-

derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m =5 and n = 2 then, by Theorem @ and Theorem @, we get

Therefore, CCC(G) is L-borderenergetic but neither L-hyperenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 5 and n = 2 then CCC(G) is L-borderenergetic but neither
hyperenergetic, borderenergetic, L-hyperenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =5 and n = 3 then, by Theorem @, we get
LE(CCC(G)) = 20 > 16 = LE(K |y (cce(ay))-
Therefore, CCC(G) is L-hyperenergetic but not L-borderenergetic. Also,
LE*(CCC(G)) =12 < 16 = LE" (Kyccc(ay))-

Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 5 and
n =3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =5 and n > 4 then, by Theorem @ and Theorem @, we get

22n+3)(n—1)
3

= LE*(CCC(G)) < LE(CCC(G)).

We have

22n+3)(n—1)  4(n*-n—-1)  4(n(n—4)+3n—1)
6n —2 — 3 =— 3 =— 3 <0
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and so LEY(Kjy cce(ay) = 6n—2 < 22302l — pp+(cec(@)) < LE(CCC(Q)). Therefore,
CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-border-
energetic. Thus, if m = 5 and n > 4 then CCC(G) is L-hyperenergetic and Q-hyperenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.

If m > 7 and n > 2 then, by Theorem @, we get

m?n? — dmn? + m?n + 3n% — 2mn — 2m + 5n — 2
LE(CCC(G)) = P .

We have
m?n? — dmn? — dmn + 3n? + 4n
m—+1
_ _an(m —7) +2mn(n — 2) + mn? + 3n? + 4n <0
m-+1
and so LE(Ky(cce(a))) = mn+n—2 < LE(CCC(G)). Therefore, CCC(G) is L-hyperenergetic
but not L-borderenergetic. By Theorem @ and Theorem @, we also get

n?(m —1)(m — 3)

mn+n—2— LE(CCC(G)) =—

= LE*(CCC(G)) < LE(CCC(G)).

m+1
Let fi(m,n) = 712(%_2({”_3) — (mn +n —2). Then
2+ 2m — 2mn — m?*n —n + 3n? — dmn? + m?n?
fl(ma n) =
m+1

_ mn?(m — 11) + mn® + m?n(n — 2) + 2mn(n — 2) + 2n(3n — 1) + 2(m + 1)

N 2(m+1) '
For m =7 and n = 2 we have fi(m,n) = —2 < 0 and so

n?(m —1)(m — 3)
LE+(CCC(G>) = 1 <mn—+n-—2= LE+(K\V(CCC(G))\)'

Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 7 and
n =2 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =7 and n > 3 then fi(m,n) = W > 0. Therefore,
n?(m —1)(m — 3)
m+1
and so CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m = 7 and n > 3 then

LE*(Kjvcceay)) =mn+n—2< = LET(CCC(@))

CCC(@) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic nor Q-borderenergetic.

Now, for m = 9 and n = 2 we have fi(m,n) = g > 0. For m = 9 and n > 3 we have

film,n) = w > (0. For m > 11 and n > 2 we have fi(m,n) > 0. Therefore, for
m > 9 and n > 2 we have
n?(m —1)(m — 3)

— = LE*(CCC(G))

LE+(K|V(CCC(G))|) =mn+n—2<
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and so CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m > 9 and n > 2 then
CCC(Q) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic.

Case 2. m is even and n > 2.
By [20, Proposition 2.3] we have CCC(G) = Knm-2 U 2K,. Therefore, |V(CCC(G))| =
2

M. Using (H), we get
(20) E(Kycceay)) = LET (K cceay)) = LE(Kvcee(ay)) = mn +2n — 2.

By Theorem @ we get
E(CCC(G)) =4n —4 < 4n — 2 = E(K|yccc(a)))
ifm=2.If m >4 then
E(CCC(G)) =mn +2n —6 <mn+2n — 2 = E(Kyccea)))

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If m = 2 and n > 2 then, by Theorem @, we get

LE*(CCC(G)) = LE(CCC(G)) = 4n — 4 < 4n — 2.

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 2 and n < 2 then CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =4 and n > 2 then, by Theorem @, we get
LE'(CCC(G)) = LE(CCC(G)) = 6n —6 < 6n — 2.

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor

Q-borderenergetic. Thus, if m = 4 and n < 2 then CCC(G) is neither hyperenergetic, bor-

derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m =6 and n = 2 then, Theorem @ and Theorem @, we get

LET(CCC(@)) < LE(CCC(@)) =12 < 14 = LE(K |y (cce(a)))-

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if m = 6 and n = 2 then CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If m =6 and n > 3 then, by Theorem @, we get
LE(CCC(G)) = 2n* + 3n — 2.

We have
8n—2— (2n* +3n —2) = —n(2n —5) < 0.
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Therefore,
LE(Ky(cce(cy)) =8n—2 < 2n*+3n — 2 < LE(CCC(G))

and so CCC(G) is L-hyperenergetic but not L-borderenergetic. By Theorem @, we also get
LET(CCC(R)) =2(n+2)(n —1).

Let g(n) =2(n+2)(n — 1) — (8n — 2). Then g(n) = 2(n(n —4) + n — 1). Therefore, if n = 3
then g(n) = —2 < 0 and so

LET(CCC(G)) =2(n+2)(n—1) < 8n—2= LE" (K ccc(a))))-

Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 6
and n = 3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.

If n > 4 then g(n) > 0 and so
LE+(K|V(CCC(G))|) =8n—-2< 2(n + 2)(n - 1) = LE+(CCC(G))

Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m =6 and n > 4
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderen-
ergetic, L-borderenergetic nor Q-borderenergetic.

If m > 8 and n > 2 then, by Theorem @ and Theorem @, we get
2n2(m — 2)(m — 4)

= LE*(CCC(G)) < LE(CCC(G)).

m+ 2
We have
2n2(m — 2)(m — 4) 44 2m — m?n — 4n — dmn + 16n% — 12mn? + 2m2n?
mn+2n — 2 — =—
m+ 2 m+ 2
= _f2(m7 n)?

where fz(m,n) _ mn2(m—12)+m2n(n—2)+m:§;n2—6)+2n(m—2)+16n2+2m+4.

For m = 8 and n = 2 we have fo(m,n) = 2 > 0. For m = 8 and n > 3 we have

fa(m,n) = 2(12n% — 250+ 5) = Z(12n(n — 3) + 11n 4+ 5) > 0. For m = 10 and n > 2 we have

fa(m,n) = 2(4n? —6n + 1) = 2(4n(n —2) +2n+ 1) > 0. For m > 12 and n > 2 we have

fa(m,n) > 0. Therefore,

- 2n2(m — 2)(m — 4)
m + 2

LET(Kycccay)) = mn +2n — 2 = LET(CCC(G)) < LE(CCC(@))

and so CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor
Q-borderenergetic. Thus, if m > 8 and n > 2 then CCC(G) is L-hyperenergetic and
Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic nor

Q-borderenergetic.
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Theorem 5.4. Let G = Vg,.

(i) If n =2 then CCC(Q) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-border-energetic, Q-hyperenergetic nor Q-borderenergetic.

(ii) If n = 3,4 then CCC(Q) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor (Q-borderenergetic.

(7i7) If n > 5 then CCC(QG) is L-hyperenergetic and Q-hyperenergetic but neither

hyperenergetic, borderenergetic, L-borderenergetic nor @Q-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By [20, Proposition 2.4] we have CCC(G) = 2K, U Koy, 1. Therefore, |V(CCC(G))| = 2n+1.
Using (H), we get

(21) E(Kvceeay)) = LET (K cceay)) = LE(K v cee(ay)) = 4n-

By Theorem @ we get
6(2n —1)(2n —2)

LE(CCC(@) = == 25
We have
o 6(2n—1)2n—2)  4(4n* —10n+3)  4(4n(n—3)+2n+3) “0
" o+ 1 - on + 1 - o+ 1
and so  LE(Kycceay)) = 4n < 6(2%)4{?#2) = LE(CCC(Q)). Hence, CCC(G) is

L-hyperenergetic but not L-borderenergetic.
By Theorem @ and Theorem @, we also get

4(2n —1)(2n — 2)
2n+1

E(CCC(G)) < LE*(CCC(G)) =

‘We have

42n-1)2n—2) o — 42n* —=Tn+2)  4@2n(n—5)+3n+2)

(22) -
2n+1 2n+1 2n +1

= g1(n).

Therefore, for n = 3, we have g;(n) < 0 and so

4(2n —1)(2n — 2)
2n+1

E(CCC(G)) < LE+(CCC(G)) = <4n = LE+(K|V(CCC(G))|)-

Thus, if n = 3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic. If n > 5 then, by (@),
we have gi(n) > 0 and so LE*(CCC(G)) > 4n = LE" (K} (cce(ay))- Therefore, CCC(G) is Q-
hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) = 4n —4 < 4n = E(Kyccc(@))|)
and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if n > 5 then CCC( )
is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic nor Q-borderenergetic.
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Case 2. n is even.
By [20, Proposition 2.4] we have CCC(G) = 2Ky Ul Ka,,—9. Therefore |V (CCC(Q))| = 2n+ 2.
Using (H), we get

(23) E(Kycceway)) = LET (K cceway)) = LE(Kjy(ceeay)) = 4n + 2.
If n = 2 then, by Theorem @ and Theorem @, we get

Therefore, by (@) and (@), we have CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n > 4 then, Theorem @, we get

E(CCC(G)) = 4n — 2 < 4n + 2 = E(Ky(ccecy))-

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
By Theorem @ and Theorem @, we also get

16(n —1)(n — 2)

1 — LE*(CCC(G)) < LE(CCC(@)).

We have
16(n —1)(n — 2)
n+1

n2— mn nn — mn
(o= 9D SCnln -0+t

25
(25) n+1 n+1

Therefore, for n = 4 we have g2(n) < 0 and so

16(n — 1)(n — 2)

LE*(CCC(G)) = o <dn+2 = LE"(Kjycceay))-
Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Also,

130
LE(CCC(G)) =~ =26 > 18 = LE(Kjy(cec(c))-

Therefore, CCC(G) is L-hyperenergetic but not L-borderenergetic. Thus, if n = 4 then
CCC(@) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.

If n > 6 then, by (@), we have ga(n) > 0 and so

16(n —1)(n —2)
n+1

Therefore, CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic
nor Q-borderenergetic. Thus, if n > 6 then CCC(G) is L-hyperenergetic and Q-hyperenergetic

but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.
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Theorem 5.5. Let G = SDg,.

(1) If n = 2,3 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor @Q-borderenergetic.

(13) If n =5 then CCC(G) is L-hyperenergetic and Q-borderenergetic but neither
hyperenergetic, borderenergetic, L-borderenergetic nor Q-hyperenergetic.

(#i7) If n =4 or n > 6 then CCC(Q) is L-hyperenergetic and Q-hyperenergetic but neither

hyperenergetic, borderenergetic, L-borderenergetic nor @Q-borderenergetic.

Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.

By [20, Proposition 2.5] we have CCC(G) = K4 U Ko,,_2. Therefore, |V (CCC(G))| = 2n + 2.
Using (H), we get

(26) E(Kvcceway)) = LET (Kvcceway)) = LE(Kjy(ccey)) = 4n + 2.

By Theorem @ we get
E(CCC(GQ)) =4n < 4n + 2.

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If n = 3 then, by Theorem @, we get

LE*(CCC(G)) = LE(CCC(G)) =12 < 14 = LE(K |y (cce(a))))-

Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if n = 3 then CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-border-energetic, Q-hyperenergetic nor Q-borderenergetic.

If n = 5 then, by Theorem @ and Theorem @, we get

LE*(Kv(cce(ay)) = 22 = LET(CCC(G)) < LE(CCC(G)).

Therefore, CCC(G) is L-hyperenergetic and Q-borderenergetic but neither L-borderenergetic
nor Q-hyperenergetic. Thus, if n = 5 then CCC(G) is L-hyperenergetic and Q-borderenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-hyperenergetic.

If n > 7 then, by Theorem @ and Theorem @, we get

1600 =D =3) _ | p+(cee(q)) < LE(CCC(G)).

n+1
We have
dry b2 — 16(n —1)(n—3)  2(6n*=35n+23)  2(6n(n—7)+ 7n + 23) “0
n+1 N n+1 N n+1 '
So, LE* (Kjy(cee(ay)) = dn+2 < 220-D0=3) — [ p(cee(@)) < LE(CCC(G)) and so CCC(G)

is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-borderenergetic.



Alg. Struc. Appl. Vol. 8 No. 2 (2021) 67-118. 115

Thus, if n > 7 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperener-
getic, borderenergetic, L-borderenergetic nor Q-borderenergetic.
Case 2. n is even.

By [20, Proposition 2.5] we have CCC(G) = 2K U Ky,,—1. Therefore, |V (CCC(G))| = 2n+1.
Using (H), we get

(27) E(K\vcceay)) = LET (K ceeay)) = LE(K v cee(ay)) = 4n-

By Theorem @ we get
E(CCC(G)) = 4n —4 < 4n.

Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If n = 2 then, by Theorem @ and Theorem @, we get

LE*(CCC(G)) < LB(CCC(G)) = % < 8= LE(Kpvicccie):
Therefore, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic. Thus, if n = 2 then CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-border-energetic, Q-hyperenergetic nor Q-borderenergetic.
If n > 4 then, by Theorem @ and Theorem @, we get
4(2n —1)(2n — 2)
2n+1

= LE*(CCC(G)) < LE(CCC(G)).

‘We have

4(2n —1)(2n — 2) 4(2n% — Tn + 2) 42n(n—4) +n+2)
2n +1 2n+1 2n+1

Therefore, LET (K cce(ay) = 4n < 2502 — pp+(cce(@)) < LE(CCC(G)) and so
CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor
Q-borderener-getic. Thus, if n > 4 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but

neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.

We conclude this paper with the following characterization of commuting conjugacy class

graph.

Theorem 5.6. Let G be a finite non-abelian group. Then

(i) CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic if G is isomorphic to Dg, D1a, Day(n is odd), Qs,
Q12, Q16:U(2,6)s Un,2)s Utn,3)s Upn,a)(n 2> 2), Vig, SD1g or SDagy.

(ii) CCC(Q) is L-borderenergetic but neither hyperenergetic, borderenergetic,

L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic if G is isomorphic to Qa0 or U 5).
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(7i1) CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor @Q-borderenergetic if G is isomorphic to Dyg, Dag,
Doy, Dag, Q2a, Q28, Uz sy, Uy, Ugyrys Vaa or Vaa.

(iv) CCC(Q) is L-hyperenergetic and Q-borderenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic nor Q-hyperenergetic if G is isomorphic to SDyg.

(v) CCC(G) 1is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic nor Q-borderenergetic if G is isomorphic to Doy, (n is
even, n. > 16), Qum(m > 8), U 5(n > 4),Un6)(n > 4), Uy (n > 3), Upmy (n>2 and
m >8), Vg (n>5),5D3y or SDg,(n > 6).

Theorem 5.7. Let G be a finite non-abelian group. Then
(i) If G is isomorphic to Dan, Qam, Ugnm), Van or SDs, then CCC(G) is neither

hyperenergetic nor borderenergetic.

(13) If G is isomorphic to Day(n is even,n > 8), Qam(m > 6), U(n75)(n > 3), Utn,6) (n > 3),
Unmy(n =2 and m > 7), Vgn(n > 3) or SDg,(n > 4) then CCC(G) is L-hyperenergetic

(iii) If G is isomorphic to Qa0 or Uy 5) then CCC(G) is L-borderenergetic.

(i) If G is isomorphic to Day(n is even,n > 16), Qum(m > 8), Uy 5(n > 4), Ugy, 6)(n > 4),
U,y (n > 3), Upmy(n > 2 and m > 8), Vgn(n > 5), D32 or SDg,(n > 6) then CCC(G) is
Q-hyperenergetic.

(v) If G is isomorphic to SDag then CCC(G) is Q-borderenergetic.
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