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ABSTRACT. In this paper, we introduced the concepts of normlet and normal ideal in a
pseudo-complemented almost distributive lattice and studied its properties. We have char-
acterized normal ideals and established equivalent conditions for every ideal to become a
normal ideal. Also, derived equivalent conditions for the set of all prime normal ideals of a

pseudo-complemented ADL to become a Hausdorff space.

1. INTRODUCTION

The concept of an Almost Distributive Lattice (ADL) was introduced by Swamy and Rao [
as a common abstraction of many existing ring theoretic generalizations of a Boolean algebra
on one hand and the class of distributive lattices on the other. In that paper, the concept of an
ideal in an ADL was introduced analogous to that in a distributive lattice and it was observed

that the set PI(L) of all principal ideals of L forms a distributive lattice. This provided
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a path to extend many existing concepts of lattice theory to the class of ADLs. With this
motivation, Swamy, Rao and Nanaji[®] introduced the concept of pseudo-complementation
on an ADL and they studied the properties of pseudo-complemented ADLs. In [4], G.C.
Rao and S. Ravi Kumar proved that some important results on minimal prime ideal of an
ADL. In [B], Sambasiva Rao introduced normal ideals in Pseudo-complemented distributive
lattices and proved their properties. In this paper, we introduced the concepts of normlets and
normal ideals in a pseudo-complemented ADL, analogous to that in a pseudo-complemented
distributive lattice. We characterized normal ideals in terms of normlets. Derived a set of
equivalent conditions for an ideal to become a normal ideal which leads to a characterization
of disjunctive ADL. Established a set of equivalent conditions for every prime normal ideal
to become a minimal prime ideal. Finally, proved a set of equivalent conditions for the space

Specy (L) to become a Hausdorff space.

2. Preliminaries

In this section we give some important definitions and results that are frequently used for

ready reference.

Definition 2.1. [ld] An Almost Distributive Lattice with zero or simply ADL is an algebra
(L,V,A,0) of type (2,2,0) satisfying:

(1) (xVvy)ANz=(xAz2)V(yA=z)
xA(yVz)=(xAy)V(xAz)

Every non-empty set X can be regarded as an ADL as follows. Let z¢p € X. Define the
binary operations V, A on X by

x if x # xg y if x # xo

y if x=uxg xo if x = xp.

Then (X, V, A, xp) is an ADL (where zg is the zero) and is called a discrete ADL. If (L, V, A, 0)
is an ADL, for any a,b € L, define a < b if and only if a = a A b (or equivalently, a V b = b),

then < is a partial ordering on L.

Theorem 2.2. [{1] If (L,V,A,0) is an ADL, for any a,b,c € L, we have the following:
(1) avb=a<aNb=b
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)
)
)
)
)
)aV(bAc)=(aVb)A(aVe)
8) aN(aVb)=a, (aANb)Vb=bandaV (bANa)=a
Ja<aVbandaANb<bd

)

)

)

)

It can be observed that an ADL L satisfies almost all the properties of a distributive lattice
except the right distributivity of V over A, commutativity of V, commutativity of A. Any one

of these properties make an ADL L a distributive lattice.

Theorem 2.3. [[@] Let (L,V,A,0) be an ADL with 0. Then the following are equivalent:
(1) (L,V,A,0) is a distributive lattice

(2) aVb=0bVa, for all a,be L

(3) anb=bAa, for alla,be L

(4) (anb)Ve=(aVec)N(bVe), forall a,b,c € L.

As usual, an element m € L is called maximal if it is a maximal element in the partially

ordered set (L, <). That is, for any a € L, m < a = m = a.

Theorem 2.4. [1] Let L be an ADL and m € L. Then the following are equivalent:

(1) m is mazimal with respect to <
(2) mVa=m, foralla € L

(3) mAa=a, foralla € L

(4)

a VvV m is maximal, for all a € L.

As in distributive lattices [[1], [2]], a non-empty sub set I of an ADL L is called an ideal of
Lifavbel and aAx € I for any a,b € I and x € L. Also, a non-empty subset F' of L is
said to be a filter of LifaAb € F and xVa € F for a,b € F and z € L.

The set I(L) of all ideals of L is a bounded distributive lattice with least element {0} and
greatest element L under set inclusion in which, for any I,J € I(L), I NJ is the infimum of
I and J while the supremum is given by IV J := {aVb|a € I,b € J}. A proper ideal P of
L is called a prime ideal if, for any x,y € L, xt Ay € P = x € P or y € P. A proper ideal M
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of L is said to be maximal if it is not properly contained in any proper ideal of L. It can be
observed that every maximal ideal of L is a prime ideal. Every proper ideal ofL is contained
in a maximal ideal. For any subset S of L the smallest ideal containing S is given by (S] :=
{(\T} siyANx|s; €S,x € Landn e N}. If S={s}, we write (s] instead of (S]. Similarly, for
i=1
n

any SCL, [S):={xV A si)|si€S,xeLandne N} If S={s}, we write [s) instead of
i=1
[5)-

Theorem 2.5. [d] For any x, y in L the following are equivalent:

(1) (2] < (4]

For any x,y € L, it can be verified that (z]V (y] = (zVy| and (2] A (y] = (x Ay]. Hence the
set PI(L) of all principal ideals of L is a sublattice of the distributive lattice I(L) of ideals of
L.

Definition 2.6. [d] A prime ideal of L is called a minimal prime ideal if it is a minimal element

in the set of all prime ideals of L ordered by set inclusion.

Theorem 2.7. [A] Let L be an ADL. Then a prime ideal P is minimal if and only if for any
x € P, there exist an element y ¢ P such that x Ay = 0.

Definition 2.8 ([8]). An equivalence relation § on an ADL L is called a congruence relation
on Lif (aNe,bAd),(aVebVd) e, for all (a,b),(c,d) €0

Theorem 2.9 ([B]). An equivalence relation 8 on an ADL L is a congruence relation if and
only if for any (a,b) €0, x € L,(aV z,bVx),(xVa,xVb),(aNz,bAz),(xAa,xAb) are all
n 6
Definition 2.10. [8] Let (L,V,A,0) be an ADL. Then a unary operation a — a* on L is
called a pseudo-complementation on L if, for any a,b € L, it satisfies the following conditions:
(1) aNb=0=a"Ab=1b
(2) ana*=0
(3) (aVb)*=a* ANb*
Then (L, V,A,*,0) is called a pseudo-complemented ADL.

Theorem 2.11. [8] Let L be an ADL and * a pseudo-complementation on L. Then, for any
a,b € L, we have the following:

(1) 0* is a mazximal element
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For any pseudo-complemented ADL L, let us denote the set of all elements of the form
x* =0 by D(L). It is easy to prove that D(L) is a filter of an ADL L.

3. Normal ideals in Pseudo-complemented ADLs

In this section, we introduced the concept of normal ideals in a pseudo-complemented ADL,
analogous to that in a pseudo-complemented distributive lattice and studied their proper-
ties. Finally, observed some topological properties of the space Specy (L) of all prime normal
ideals of an pseudo-complemented ADL L. Derived a set of equivalent conditions for the space

Specn (L) to become a Hausdorff space. Now we have the following definition.

Definition 3.1. Let L be a pseudo-complemented ADL. For any ideal I of L, define the set
as [°={z € L/z Na* =0, for some a € I}.

Lemma 3.2. Let L be a pseudo-complemented ADL and I, an ideal of L. Then I° is an ideal
of L.

Proof. Clearly, we have that 0 € I°. Let x,y € I°. Then there exist elements a,b € I such
that x A a* = 0 = y A b*. Since a,b € I and [ is an ideal, we have that a Vb € I. Now,
(xVy)A(aVvd)* =(xVy A(a*Ab")=(xAa*AND*)V (yAa* Ab*) =0V 0 =0. That implies
xVy € I° Let x € I° and r € L. Then there exists an element a € I such that z A a® = 0.
Now (z A7) Aa* =0 and hence x A r € I°. Therefore I° is an Ideal of L. Thus I° is an ideal
of L.

Lemma 3.3. Let L be a pseudo-complemented ADL. For any ideals I,J of L we have the
following:

(1) 1Cr°

(2)ICJ=1I1°CJ°

3) I°nJ°=(INJ)°
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(4) I°° = 1I°.

Proof. (1). Let « € I. Clearly, we have that z Az* = 0 and = € I and hence = € I°. Therefore
I1Cre.

(2). Suppose I C J. Let z € I°. Then there exists an element a € I such that x Aa* = 0. That
implies x A a* = 0 and a € J and hence x € J°. Therefore I° C J°

(3). Clearly, we have INJ C I and INJ C J. So that (INJ)° C I°NJ°. Let x € I°NJ°. Then
x € I° and z € J°. Then there exist elements a € I and b € J such that x Aa* =0 =2 A D*.
Since a € I and b € J we get that a Ab € I'NJ. Since x Aa* =0 and x A b* = 0 we get that
a*Nx =zand b ANz =x. Now 2 = a™* Az = a™ Ab™ Az = (a Ab)*™ A z. That implies
x A (aAb)* =0 and hence z € (I N J)°. Therefore (INJ)° =1°NJ°

(4). By (1) and (2) we have that I C I° and I° C I°°. Let € I°°. Then = A a* = 0 for
some a € I°. That implies a** A x = . Since a € I°, there exists an element b € I such that
aAb* = 0. That implies b** Aa = a. Now x = a™* Az = (b** Na)"™ Az = b* Na™ Az = b Ax.
That implies £ = b** Az and hence x A b* = 0. That implies x € I°. Therefore 1°° C I°. Thus
°=1°q

Definition 3.4. Let L be a pseudo-complemented ADL. An ideal of the form ((a])® = {z €
L/x A a* =0} is called normlet. Clearly, ((a])° is an ideal of L. We write a° instead of ((a])°.

We derive some important properties of normlet which will help to develop the theory

further.

Lemma 3.5. Let L be a pseudo-complemented ADL with maximal elements. For any a,b € L,
we have the following:

(1) a€a®

(2) a<b=a®Cd°

(3) a®Nb° = (amb)

(4)
(5) a €b®°=a® CH°
(6) a € D(L) iff a° =
(7) aV b is mazimal = a® VvV b° =L
(8)

Proof. (1),(2),(3),(4) are clear.

(5). Assume that a € 0°. Then a A b* = 0. That implies b* = a* A b*. Let x € a°. Then
zAa*=0. Now x Ab* =x Aa* Ab* =0 and hence x € b°. Therefore a® C b°.

(6). Assume a € D(L). Then a* = 0. Clearly, we have = A a* = 0, for all z € L. Therefore
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x € a® and hence L C a°. Thus L = a°. Conversely, assume that L = a°. Choose a maximal
element m in L such that m € a°. That implies m A a* = 0 and hence a* = 0. Therefore
ae D(L).

(7). Assume a Vb is maximal element of L. Suppose a° V b° # L. Then there exists a maximal
ideal M of L such that a® vV b° C M. That implies ¢® € M and 0° C M. That implies
a € M and b € M. That implies a V b € M, which is a contradiction. Hence a® VvV b° = L.

(8). Assume that a* = b*. Let x € a®. Then x A a* = 0. That implies 2 A b* = 0 and hence
x € b°. Therefore a® C b°. Similarly, we have that b° C a°. Therefore a® = b°. Conversely,
assume that a® = b°. Clearly, we have a A a* = 0 and b A b* = 0. That implies a € a° = b° and
b € b° = a°. That implies a € b° and b € a° and hence a A b* = 0 and b A a* = 0. Therefore

b* = a* Ab* and a* = b" A a*. Since a* A b* = b* A a*, we have that a* = b*.

Theorem 3.6. Let L be a pseudo-complemented ADL with maximal element m. Then set

A°(L) of all normlets forms a Boolean algebra.

Proof. Let a,b € L. We define a® Nb° = (a A b)° and a®° Ub° = (a V b)°. Clearly, we have
that (A°(L),N,U,0° m?°) is a bounded distributive lattice. Let a® € A°(L). Now, a®° N (a*)° =
(a Na*)® = 0° = {0} and now, z A (aV a*)* = 2 Aa* ANa™ = 2 A0 = 0. That implies
xA(aVa*)*=0forall z € L. That implies = € (aVa*)° = a° U (a*)° for all z € L. Therefore
a® U (a*)° = L and hence (A°(L),N,U, {0}, m*) is a Boolean algebra.

We introduce the concept of a normal ideal in a pseudo-complemented ADL analogous to

that in [6]. Now we have the following definition.

Definition 3.7. Let L be a pseudo-complemented ADL. An ideal I of L is said to be a normal
ideal of L if I = I°.

We following the example of normal ideal in a pseudo-complemented ADL.

Example 3.8. Consider a discrete ADL A = {0,a} and a distributive lattice B =

{0/,d’,¥', ', 1} whose Hasse diagram is given in the following Figure-1.

Figure 1
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Take

L = Ax B = {0,0),(0,d),(0,8),(0,),(0,1), (a,0), (a,d’), (a,b'), (a,),(a,1)}. Then
(L,V,A,0) is an ADL with zero 0 = (0,0’) under point-wise operations. Clearly, I =
{(0,0'),(0,a’)} is an ideal of L. Now I° = {& € L | x Ay* = 0, forsomey € I} =
{(0,0"),(0,a’)} = I. Therefore I is a normal ideal of L.

It is observed that every ideal of pseudo-complemented ADL L need not to be a normal

ideal. For that we have the following example.

Example 3.9. Let L = {0, a, b, c}. Define two binary operations V and A on L as follows

ViOja|b|c ANlO0lal|b|c
0[0ja|b]|c 0(0(0|0]0
alalalala a|0|a|blc
b|b|b|b|b b|0Ola|b]|c
clcla|blc c|Ojlclc|c

Now define z* = 0, for all z # 0 and 0* = a. Then (L, V, A,0) is an ADL and * is a pseudo-
complementation on L. But which is not lattice. Take an ideal J = {0, c}. Clearly which is

not a normal ideal of L, because J° = L.

Proposition 3.10. Let L be a pseudo-complemented ADL. Every minimal prime ideal of L

is a normal ideal.

Proof. Let P be a minimal prime ideal of pseudo-complemented ADL L. Now, We prove that
P° = P. Clearly, we have P C P°. Suppose P° ¢ P. Choose an element z € P° such that
x ¢ P. Since x € P°, there exists an element a € P such that xAa* = 0. Since a € P and P isa
minimal prime ideal of L, then there exists an element b ¢ P such that a Ab = 0. That implies
that b = a* A b. Since b A b* = 0 and P is an ideal, we have that b A b* € P. Since P is prime,
we have that b € P or b* € P. Since b ¢ P, we get that b* € P. Now, t Ab=x ANa*ANb=10
and hence x = b* A z. Since b* € P, we get that b* Az € P. That implies x € P, which is a
contradiction to x € P. Therefore P° C P and hence P = P°. Thus P is a normal ideal of L.

O

In the following, we characterized the normal ideal of pseudo-complemented ADL L in terms

of normlets.

Theorem 3.11. Let L be a pseudo-complemented ADL. For any ideal I of L, the following

are equivalent.
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(1) I is normal
(2) Foranyae€ L,ael=a°C1I
(3) For any a,b € Lya* =b" andacI=0bel
(4) For any a,b€ L,a° =b° anda €l =bel
(5) I= a°.

a€l

Proof. (1) = (2): Clear.

(2) = (3): Assume (2). Let a,b € L with a* = b* and a € I. Then a® C I. Since b A b* =0,
we get that b A a* = 0. That implies b € a® C I. Therefore b € I.

(3) = (4): Clear.

(4) = (5): Assume (4). Let a € I. Now, we prove that a° C I. Let € a°. Then z A a* = 0.
That implies a* = 2* A a*. That implies a* = (z V a)*. Since a € I and by our assumption, we

get that « V a € I. That implies x € I and hence a° C I, for all a € I. Therefore |J (a)° C I.
acl
Let x € I. We prove that I C |J (z)°. Since z A z* = 0, we get that € z° and hence
zel
I C | (x)°. Therefore I = | (2)°
xel zel
(5) = (1): Assume that I = (J (a)°. Let x € I°. Then there exists an element b € I such that
acl
x A b* = 0. That implies € b° and b € I. That implies € |J (a)° = I. That implies = € I
acl
and hence I° C I. Therefore I = I°. Thus [ is a normal ideal of L.

For any ideal I of L, define arelation 6() = {(x,y) € LxL | a* Az = a*Ay, for some a € I}.

Lemma 3.12. Let L be a pseudo-complemented ADL with mazimal elements and I is an ideal

of L. Then 6(I) is a congruence relation on L.

Proof. Since I is non-empty subset L, we have 0(I) is non-empty set. Clearly, we have that
0* ANz = z. Since 0 € I, we get that (x,z) € 0(I) and hence 6(I) is reflexive. Clearly,
0(I) is symmetric. Let (z, y), (y, z) € 6(I). Then there exist elements a,b € I such that
a* ANx=a*ANyand b* ANy =>b* A z. Since a,b € I, we have that aVb e I. Now (a Vb)* Nz =
a* ANV N =b*Na*Nx=b"Na*Ny=a*ANb* Ny=a* ANb* Nz =aVDb)*Az That implies
(xz, z) € 0(I) and hence 0(I) is transitive. Therefore §(I) is an equivalence relation on L. Let
(z, y) € 0(I) and z € L. Then there exists an element a € I such that a* Az = a* A y. Now,
a*N(xAz) = (a*ANx)Az = (a*Ay)Az = a*A(yAz). That implies (zAz, yAz) € 6(I) and also we
have that (zAz, zAy) € (). Now a*A(zVz) = (a*Ax)V(a*Az) = (a*Ay)V(a*Az) = a*A(yVz).
That implies (z V 2z, y V z) € (1) and also we have that (zVz, 2V y) € (). Hence 6(I) is a

congruence relation on L. g
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Theorem 3.13. Let J be an ideal of a pseudo-complemented ADL L. Then J is a normal
ideal if and only if J = Ker 0(J).

Proof. Assume that J is a normal ideal of L. We prove that J = Ker 6(J). Let x € J. Since
x Az* =0, we get that z € Ker 6(J) and hence J C Ker §(J). Let x € Ker 6(J). Then
there exists an element a € J such that x A a* = 0. Since J = J°, we get that a € J°. Then
there exists an element b € J such that a A b* = 0. Now, z A (aV b)* = x Aa* Ab" = 0.
That implies € J° = J and hence = € J. Therefore Ker 6(.J) = J. Conversely, assume that
Ker 0(J) = J. Clearly, we have J C J°. Let x € J°. Then there exists an element a € J such
that z A a* = 0. By our assumption, we get that a € Ker 6(J). Then there exists an element
b € J such that a Ab* = 0. Since x Aa* = 0 and a Ab* = 0, we have x = a** Az and a = b** Aa.
Now z = a*™ Ax = (b* Na)"™ Az = (b ANa*™) Az = b Az. That implies z A b* = 0. Since
xAb* =0 and b € J, we get that z € Ker 6(J) = J and hence J° C J. Therefore J° = J.

Thus J is normal.

Definition 3.14. Let L1, Lo be two pseudo-complemented ADLs with * as their pseudo-
complementation. Then Lq x Ly is also a pseudo-complemented ADL with respect to the

point wise operation in which the pseudo-complementation is given by (a, b)* = (a*, b*).

It can be easily verified that the set of all normlets of L; x Lo forms a distributive lattice
with respect to the operations N and U of known result, when consider point-wise. We have

always that (a,b)° =a® x0° Va € L1,be Lo.

Theorem 3.15. If I; and Iy are normal ideals of L1 and Lo respectively. Then I1 X Iy is
a normal ideal of L1 X La. Conversely every normal ideal of L1 X Lo can be expressed as

I =11 x Iy where Iy and Is are normal ideals of L1 and Lo respectively.

Proof. Let I and Is be normal ideals of L1 and Ly respectively. We prove that I; x I is a

normal ideal of Ly x Lo. It is enough to show that Iy x Iy = U (a,b)°. Clearly, we
(a,b)eh X 1o

have that I; x Iy is an ideal of L x Lg. Let (a,b) € I} x I5. Then a € I} and b € I5. Since

I; and Is are normal ideals, we get that a° C I; and 0° C I5. That implies a® x b° C I; x I,

and hence (a,b)° = a® x b° C I x Is. Therefore I} x Iy = U (a,b)° Thus [} x I is a
(a,b)e[l X 1o
normal ideal of Ly x Lo. Conversely, let I be a normal ideal of Ly x L. Consider I} = {a €

Li/(a,b) € I, for some b € Ly}. Clearly, Iy # ¢ and I; is an ideal of L;. Let € I;. Then

(x,y) € I for some y € Ly. Since I is a normal ideal of Ly x Ly we get that I = |J (z,y)°.
(zy)el
That implies (z,y)° C I and hence z° x y° C I. We prove that 2° C I. Let t € x°. Then

(t,y) € z°xy° C I. That implies (¢,y) € I. That implies t € I, since y € Lg). Therefore x° C I
and hence I is a normal ideal of L;. Similarly, Iy = {b € La/(a,b) € I, for some a € L;}
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is a normal ideal of Ls. Now we prove that I = I; x Iy. Clearly, we have that I C I} x Is.
Let (x,y) € I} x Is. Then z € I and y € Is. Then there exist elements a € L; and b € Ly
such that (z,a) € I,(b,y) € I. Since I is a normal ideal of L; x Ly we have (z,a)° C I and
(b,y)° C I. That implies (z,a)° U (b,y)° C I. That implies ((z,a) V (b,y))° C I. That implies
(x Vb,aVy)° CI. That implies (z,y)° C I and hence (x,y) € I. Therefore I; x Iy C I. Thus
I=1x1I

The following definition is taken from [5].

Definition 3.16. An ADL L is said to be a disjunctive ADL if for any x,y € L, 2* = y*

implies x = y.

In the following result, established a set of equivalent conditions for a ADL to become a

disjunctive ADL.

Theorem 3.17. The following conditions are equivalent in a pseudo-complemented ADL:
(1) L is a disjunctive ADL
(2) Every ideal is a normal ideal
(3) Ewvery principal ideal is a normal ideal
(4)
(5)

5

Every proper ideal contains no dense element

Every prime is a normal ideal.

Proof. (1) =-(2): Assume that L is a disjunctive ADL. Let I be any ideal of L. Now we prove
that I is a normal ideal of L. Let a,b € L, with a* =b* and a € I. Then a =b and a € I and
hence b € I. Therefore I is a normal ideal of L.

(2) = (3): Clear.

(3) = (4): Assume that every principal ideal is a normal ideal. Let I be a proper ideal of L.
We prove that D(L) NI = ¢. Suppose D(L) NI # ¢. Then choose an element x € D(L) N 1.
That implies x € D(L) and € I. That implies * = 0 and (2] C I. By our assumption, we
get that (z] = (z]°. Since ™ A z* = 0, we get «** € (2] = z°. Therefore 0* € (2] C I and
hence I N D(L) = ¢.

(4) = (5): Assume that every proper ideal contains no dense element. Let P be any prime
ideal of L. By our assumption we have that PN D(L) = ¢. Let € P. We prove that z° C P.
Let a € z°. Then a A z* = 0. Since z* A 2™ = 0, we get that (z V 2*)* = 0. That implies
xVa* e D(L). If z* € P. Then x V2* € PN D(L) and hence z* ¢ P. Since a Az* =0 € P,
we get that a € P. Therefore z° C P.

(5) = (1): Assume every prime is a normal ideal. Let x € L. Then zAz* = 0 and zVz* € D(L).

Suppose x V x* is not a maximal element of L. Then there exists a prime filter P of L such
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that  V x* ¢ P. That implies z ¢ P and z* ¢ P. That implies z € L\ P and z* € L\ P
and L\ P is a proper ideal of L. That implies z V 2* € (L \ P) N D(L) and hence x V z* is a

maximal element of L. Therefore L is a Boolean algebra. Hence L is a disjunctive ADL.

Theorem 3.18. Let L be a pseudo-complemented ADL. For any normal ideal I and a filter F'
of L such that INF = ¢, there exists a prime normal ideal P such that I C P and PNF = ¢

Proof. Let I be a normal ideal and F, a filter of a pseudo-complemented ADL L such that
INF = ¢. Consider F = {J/J is a normal ideal of L,I C J and I N F' = ¢}. Clearly, we
have that I € F. Therefore F # ¢. Clearly, we have that (F,C) is a Poset. Let {J,}aca be

a simply ordered family of normal ideals. Then clearly. |J J, is a normal ideal of L and
aEA
Jo € U Ja. Therefore |J J, is an upper bound of F. By Zorn’s lemma, F has a maximal
acA a€EA
element say M. Then M is a normal ideal of L, I C M and M N F = ¢. We prove that

M is a prime ideal of L. Let z,y € M with 2 Ay € M. Suppose x ¢ M and y ¢ M. Then
MG MU (xz] and M G M U (y]. That implies M & (M U (2])° and M & (M U (y])°. That
implies (M U (2])° N F # ¢ and F'N (M U (y])° # ¢. Choose an element a € (M U (z])° N F
and b € FFN (MU (y])°. That implies a Abe (MU (z))°NEFN(MU(y])° and a Ab € F. Since
ANy € M, we get that a Ab € M N F. Therefore x € M or y € M and hence M is a prime

normal of L.

Corollary 3.19. Let I be a normal ideal of a pseudo-complemented ADL L and x ¢ I. Then
there exists a prime normal ideal P of L such that I C P and x ¢ P.

Corollary 3.20. For any normal ideal I of a pseudo-complemented ADL L, we have I =
N{P/P is a normal ideal of L and I C P}

Corollary 3.21. The intersection of all prime normal ideals of a pseudo-complemented ADL
L is {0}.

We discuss some topological properties of prime normal ideals. Fir this, we first need the
following.

Let L be a pseudo-complemented ADL and Specy (L), denotes the set of all prime normal
ideals of L. For any A C L, let K(A) = {P € Specy(L)/A & P} and for any © € L, K(z) =
K({z}). Then we have the following result.

Lemma 3.22. Let L be a pseudo-complemented ADL with mazximal elements. For any x,y €
L, the following holds:

(1) K(z) N K(y) = K(z Ay)
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(2) K(z)UK(y) = K(z Vy)

(3) K@) = iff 2 =0
(4) If m is a maximal element of L then K(M) = Specn(L).

From the above lemma, it can be easily observed that the collections {K(x) | x € L} forms

a base for topology on Specy(L). which is called a hull kernel topology.

Theorem 3.23. Let L be a pseudo-complemented ADL. Then we have the following:

(1) For any x € L, K(x) is compact in Specy (L)
(2) Let C be a compact open subset of Specy(L). Then C = K(x) for some x € L
(3) Speen(L) is a To— space.

Proof. (1). Let z € L and A C L with K(z) C |J K(y). Consider I = (A] when [ is a normal
yeA
ideal of L. We prove that = € I°. Suppose = ¢ I°. Then there exists a prime normal ideal P of

L such that ¢ P,1° C P. That implies p € K(z) C |J K(y). Then there exists an element
yeEA

y € A such that p € K(y). That implies y ¢ P. That implies y ¢ I°. Since I C I°, we get
that y ¢ I. That implies = € I°. Then there exists an element a € [ such that z A a* = 0.
That implies « € a® and a € I. Since a € I = (A], we have that a = (\/ a;) A\ a, where a; € A

for 1 < i < n. Now, a** = (( \T}l a;) Na)” = (an .\r}l ;)" A ( \T} ;). That implies

i= i= i=1
a™ < ( \T}l ai)** and hence ( \T}l ai) < a*. That implies z A ( \n/ ai) <z Aa* =0 and hence

i= i= i=
x A (\7}1 a;)” = 0. That implies = € (\71 a;)°. That implies a® C (\n/1 a;)°. We prove that
i= i= =

K(z) C K( \77 a;). Let p ¢ K( \7} ;). Then (\n/ a;) € P. That implies ( \T} a;) Aa € P. That
implies a Ell:’; That implies (a) C P° = P. zS:irllce x € a°, we get that ?16 P. That implies

n
P ¢ K(z). Therefore K(z) C K ( \/ a;) = U K(a;), which is a finite open cover. Therefore
' i=1

=1

K (x) is a compact open subset of Specy(L).
(2). Let C be a compact open subset of Specy(L). Then C = K(A) for some A C L. That

implies C = |J K(a). Since C' is compact, there exist elements aj,az, - ,a, € A such that
a€A

C= UK(al)—K(\/ i). Therefore C' = K (z) for some z € L.
=1
(3). Let P and @ be two distinct prime normal ideals of L. Without loss of generality, we can

assume that P ¢ Q. Choose an element x € P such that ¢ Q. That implies P ¢ K(z) and
Q € K(x). Therefore Specy (L) is a To—space.

—_

Theorem 3.24. Let L be a pseudo-complemented ADL. Then the following are equivalent:

(1) Ewvery prime normal ideal is a minimal prime ideal
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(2) Speen(L) = Minp(L), where Minp(L) is the set of all minimal prime ideals of L

(3) Each K(z) is closed in Specy (L)

(4) Specy (L) is Hausdroff

(5) For any z,y € L, there exists z € L such that xAz = 0 and K (y)N(Specy (L)\K (z)) =
K(x* A z).

Proof. (1) = (2): Clear.

(2) = (3): Assume (2). We prove that Specy(L) \ K(x) is open. Let P € Specy(L) \ K(x).
Then x € P. By our assumption P is minimal, there exists an element y ¢ P such that xAy = 0.
That implies P € K(y) and hence Specy(L) \ K(z) C K(y). Therefore Specy (L) \ K(z)) is
open. Thus K (z) is closed.

(3) = (4): Let P, Q € SpecyL with P # @Q. Then there exists an element z € P such that
x ¢ Q. That implies P ¢ K(x) and @ € K(z). That implies P € Specy(L) \ K(z) and
Q € K(z) and (Specy \ K(z)) N K(x) = 0. By our assumption we have that Specy (L) \ K(x)
is open and hence Specy (L) is Hausdorff.

(4) = (5): Assume that Specy (L) is a Haudorff space. We have that K (a) is compact subset
of Specy (L), for all @ € L. Then K (a) is clopen subset of Specy (L), for all a € L. Let x,y € L
with z < y. Then K(y) N (Specy(L) \ K(x)) is a clopen subset of the compact space K (y).
Since K (y) is open on Specys(L), we have that K(y) N (Specy(L) \ K(z)) is a compact open
subset of Specy(L). Then by the theorem-B=23(2), there exists an element z € L such that
K(z) = K(y)N(Specy(L)\ K (x)). That implies K (x)NK(z) = () and hence K(zAz) = (). That
implies xAz = 0. That implies 2*Az = z. Hence K (y)N(Specy (L)\ K (x)) = K(2) = K(z*Az).
(5) = (1): Let P € Specny(L). Now we prove that P is minimal prime ideal of L. Let x € P.
Since P is a proper ideal of L, there exists an element y € L such that y ¢ P. By our assumption
there exits an element z € L such that 2 Az =0 and K(y) N (Specy (L) \ K (z)) = K (z* A 2).
Clearly, we have that P € K(y) N (Specy(L) \ K(z)) = K(z* A z). We prove that z ¢ P.
Suppose that z € P. Then 2* A z € P and hence P ¢ K(x* A z), which is a contradiction to
P € K(z* A z). Therefore z ¢ P. Hence we have that for any = € P, there exists an element
z ¢ P such that x A z = 0. Thus P is a minimal prime ideal of L.
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