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THE SECONDARY RADICALS OF SUBMODULES
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ABSTRACT. Let R be a commutative ring with identity and let M be an R-module. In this
paper, we will introduce the secondary radical of a submodule N of M as the sum of all
secondary submodules of M contained in N, denoted by sec*(NN), and explore the related
properties. We will show that this class of modules contains the family of second radicals

properly and can be regarded as a dual of primary radicals of submodules of M.

1. INTRODUCTION

Throughout this paper, R will denote a commutative ring with identity and ”C” will denote
the strict inclusion. Further, Z will denote the ring of integers.

Let M be an R-module. A proper submodule P of M is said to be prime if for any r € R
and m € M with rm € P, we have m € P or r € (P :g M), see [] Let N be a submodule
of M. The intersection of all prime submodules of M containing N is said to be the (prime)
radical of N and denote by rady N (or simply by rad(N)). In case N does not contained in
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any prime submodule, the radical of N is defined to be M, see [20]. A proper submodule @
of M is said to be primary, if rm € Q, where r € R, m € M, then m € Q or r"M C @ for
some n € N, see [21]. The primary radical of a submodule N of M, denoted by pradys(N) is
defined as the intersection of all primary submodules of M which contain N. If there exists
no primary submodule of M containing N, then prady (N) = M, see [14].

A non-zero submodule S of M is said to be second if for each a € R, the endomorphism of
M given by multiplication by a is either surjective or zero, see [23]. For a submodule N of
M the second radical (or second socle) of N is defined as the sum of all second submodules of
M contained in N and it is denoted by sec(IN) (or soc(NN)). In case N does not contain any
second submodule, the second radical of N is defined to be (0). N # 0 is said to be a second
radical submodule of M if sec(N) = N, see [4] and [12]. In [1§], I.G. Macdonald introduced
the notion of secondary modules. A non-zero R-module M is said to be secondary if for each
a € R the endomorphism of M given by multiplication by «a is either surjective or nilpotent,
see [1§].

The main purpose of this paper is to introduce and study the notion of secondary radicals
of submodules and provide some useful information concerning this notion. We show that this
class of modules contains the family of second radicals properly and can be regarded as a dual

of primary radicals of submodules of M.

In the following, we recall some definitions which are needed in the sequel.

Definition 1.1. (a) An R-module M is said to be finitely cogenerated if for every set
{M)}ren of submodules of M, NxeaM) = 0 implies N ; M), = 0 for some positive
integer n, see [1].

(b) Let P be a prime ideal of R and let N be a submodule of an R-module M. The

P-interior of N relative to M is as the set, see [2],
IM(N) = ﬂ{L | L is a completely irreducible submodule of M and

rN C L for somer € R— P}.

(¢) Let R be an integral domain. An R-module M is said to be cotorsion-free if I}1 (M) =
M and is cotorsion if I} (M) = 0, see [3].

(d) An R-module M is said to be a comultiplication module if for every submodule N of M
there exists an ideal I of R such that N = (0 :ps I), equivalently, for each submodule
N of M, we have N = (0 :3y Anng(N)), see [b].

(e) Let M be an R-module. A submodule N of M is said to be copure if (N :py I) =
N + (0 :pr I) for every ideal I of R, see [[].
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(f) M is said to be fully copure if every submodule of M is copure, see [§].

(g) A submodule N of an R-module M is said to be completely irreducible it N = (,c; N,
where {N;};er is a family of submodules of M, implies that N = N; for some i € I. It
is easy to see that every submodule of M is an intersection of completely irreducible
submodules of M. Thus the intersection of all completely irreducible submodules of
M is zero, see [15].

(h) An R-module M is said to be atomic if every nonzero submodule of M contains a
minimal submodule, see [16].

(i) A family {N;}ier of submodules of M is said to be an inverse family of submodules
of M if the intersection of two of its submodules again contains a module in {N;}ier.
Also M satisfies the property AB5* if for every submodule K of M and every inverse
family {NV;};cr of submodules of M, K + N;jerN; = Nicr (K + N;), see [22].

We refer the reader to [19] and [l for all concepts and basic properties of modules not
defined here.

2. THE SECONDARY RADICALS OF SUBMODULES

Definition 2.1. Let N be a submodule of an R-module M. We define the secondary radical of
N as the sum of all secondary submodules of M contained in N and it is denoted by sec* (V).

In case N does not contain any secondary submodule, the secondary radical of N is defined
to be (0). Also, we say that N # 0 is a secondary radical submodule of M if sec*(N) = N.

Example 2.2. Clearly every second radical submodule of an R-module M is a secondary
radical submodule of M. But the converse is not true in general. Take the submodules
N; =< 1/p' + Z > of the Z-module Z,e for i = 2,3, .... Then each N; is a secondary radical

submodules of Zpe which it is not a second radical submodule.

Example 2.3. By [4, Proposition 2.1], for each submodule N of an R-module M, sec(N) C
(0 :pr \/Anng(N)). But if we consider the Z-module Zy~ and set No =< 1/p? + Z >, then

sec*(Na) € (0 :pr / Anng(N2)).

Proposition 2.4. Let N and K be two submodules of an R-module M. Then we have the
following.
(a) sec(N) C sec*(N) C N.
(b) If N C K, then sec*(N) C sec*(K).
(c) sec*(sec*(N)) = sec*(N).
(d) sec*(N) + sec*(K) C sec*(N + K).



4 Alg. Struc. Appl. Vol. 7 No. 2 (2020) 1-13.

(e) sec* (N NK) = sec*(sec*(N) N sec*(K)).

(f) If S is a P-secondary submodule of M such that S C N + K and Anng(N) € P, then
SCK.

(g) If N+ K = sec*(N) + sec*(K), then sec* (N + K) = N + K.

Proof. The proofs are straightforward.

Theorem 2.5. Let M be a comultiplication R-module. Then we have the following.
(a) sec*(M) =0 if and only if M = 0.
(b) If N and K are two submodules of M, then sec*(N) N sec*(K) = 0 if and only if
NNK=0.
(¢) If m a mazimal ideal of R and Q is an m-secondary submodule of M, then sec*(Q) is
an m-secondary submodule of M.
(d) If R is an integral domain with dimR = 1 and M is a secondary R-module, then

sec*(M) is a secondary submodule of M.

Proof. (a) By [6, Theorem 3.2], M contains a minimal submodule. Now the result follows from
the fact that every minimal submodule is secondary.

(b) This follows from part (a) and Proposition @ (e).

(¢c) We have m = /Anng(Q) C /Anng(sec*(Q)) so that \/Anng(sec*(Q)) = R or
VAnng(sec*(Q)) = m. If \/Anng(sec*(Q)) = R, then sec*(Q) = 0. Thus by part (a),
Q = 0, a contradiction. Hence \/Anng(sec*(Q)) = m. This implies that Anng(sec*(Q)) is a

primary ideal of R. Therefore, sec*(Q) is a m-secondary submodule of M by [J, Lemma 2.25].
(d) If Anng(M) = 0, then clearly M is a second R-module and hence sec*(M) = M is a
secondary submodule of M. So assume that Anngr(M) # 0. Then \/Anngr(M) is a non-zero

prime ideal of R. Since dimR = 1 and R is a domain, it follows that /Anng(M) is a maximal
ideal of R. Thus the result follows from part (c).

Proposition 2.6. If V is a vector space, then sec*(N1 + Na) = sec*(N1) + sec*(N3) for every
pair of subspaces N1, Ny of V.

Proof. This follows from the fact that every non-zero subspace of V' is a (0)-secondary sub-

module.

Proposition 2.7. Let N and K be two submodules of an R-module M such that whenever
S C N+ K, we have S C N or S C K for every secondary submodule S of M. Then

sec*(N + K) = sec*(N) + sec*(K).
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Proof. If sec*(N + K) = 0, then clearly, sec*(N) = sec*(K) = 0 and so sec* (N + K) =
sec*(N)+ sec*(K). If sec*(N + K) # 0, then there exists a secondary submodule S of M such
that S C N+ K. By hypothesis, S C N or S C K. Hence S C sec*(N) or S C sec*(K). Since
this is true for all secondary submodules S contained in N + K, sec*(N + K) C sec*(N) +

sec*(K). The reverse inclusion is clear.

We use the following basic fact without further comment.

Remark 2.8. Let N and K be two submodules of an R-module M. To prove N C K, it is
enough to show that if L is a completely irreducible submodule of M such that K C L, then
N C L.

Theorem 2.9. Let M be an R-module. If N and K are two submodules of M such that
VAnng(N) and \/Anng(K) are comazimal, then sec*(N + K) = sec*(N) + sec*(K).

Proof. Clearly, sec*(N) + sec*(K) C sec*(N + K). If S is a secondary submodule contained
in N + K, then Anng(N) N Anng(K) C /Anng(S). Thus Anng(N) C /Anng(S) or
Anng(K) C /Anng(S) because \/Anng(S) is a prime ideal of R. We can assume that

Anng(N) C \/Anng(S). Then Anng(K) € v/ Anng(S), otherwise it contradicts comaximal-
ity. We show that S C N. Suppose that L is a completely irreducible submodule of M such

that N C L and let r € Annr(K) — /Anng(S). Since K C (L :pyr)and N C L C (L iy 1),
N+ K C(L:pr). Hence rS C L. As S is secondary, it follows that S C L. This implies that
S C N. Thus S C sec*(N) C sec*(N)+sec*(K). Therefore, sec*(N+K) C sec*(N)+sec*(K).

O

Corollary 2.10. Let K3, ..., K,, be submodules of an R-module M such that /Anng(K;) are
pairwise comaximal. Then sec*(K; + ... + K;,) = sec*(K1) + ... + sec*(Ky,).

Definition 2.11. Let M be an R-module. We call the set of all secondary submodules of
M the secondary spectrum of M and denote by Spec®™(M). The map ¢ : Spec™(M) —
Spec(R/Anngr(M)) defined by ¢(S) = \/Anng(S)/Anng(M) for every S € Spec®*(M), is
called the natural map of Spec®™ (M).

Proposition 2.12. Let M be an R-module and let N be a submodule of M such that the
natural map ¢ of Spec®*(N) is surjective. Then \/Anng(sec*(N)) = \/Anng(N).

Proof. When N = 0, the proposition is trivially true. So suppose that N # 0. Clearly, we
have \/Anngr(N) C \/Anng(sec*(N)). Now let \/Anng(N) = N;P;, where P; runs through
V(VAnng(N)) = {P € Spec(R) | /Annr(N) C P}. Since ¢ is surjective, for each P; €
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V(y/Anngr(N)) there exists S; € Spec®*(N) such that \/Anng(S;) = P;. Hence ), S; C
sec*(N). Therefore,

VAnng(sec*(N)) C /AnnR(Z S;) = NP, = \/Anng(N),

Definition 2.13. The secondary submodule dimension of an R-module M, denoted by

as required.

dim®* M, is defined to be the supremum of the length of chains of secondary submodules
of M if Spec®™ (M) # () and —1 otherwise.

Theorem 2.14. Let K be a field and let M be a K-vector space with dimgM = n. Then
dim™M =n — 1.

Proof. Note that every non-zero submodule of M is secondary. Suppose that dim**M = k.
Then there exists a chain

S, DSL_.1D...051 D25
of secondary submodules. By using the fact that dimgS; > dimgS;—1 (0 < i < k), we have

k < mn. Now let {e1, €2, ..., e, } be a basis for M. Thus we have the following chain of secondary

submodules of M
< e1,e9,...,enp >O< €1,€2,...,nh_1 > ... O< €1,€9 >DO< €1 > .

Hence k > n — 1. Therefore, dim**M =n — 1.

Theorem 2.15. If R is a one dimensional domain and M is a finitely cogenerated cotorsion

R-module with dim®*M = 1, then the following are equivalent.

(a) M is a secondary module.

(b) S1 + So =M for any distinct secondary submodules S1 and Ss.

(¢) Ewery proper submodule contains exactly one secondary submodule.
)

(d) Ewvery proper secondary submodule is minimal.

Proof. (a) = (b). Since M is finitely cogenerated cotorsion, Annr(M) # 0. As M is a
secondary module, \/Anngr(M) is a prime ideal of R. Thus if S is any secondary submodule
of M, then we have \/Anng(M) = \/Anng(S) because dimR = 1. Therefore, for any distinct
secondary submodules S; and Sy of M, \/Anng(S1) = \/Anng(S2) = /Anng(M) so that
S1 + S5 is secondary. This implies that S; + So = M because dim** M = 1.

(b) = (c). Since M is finitely cogenerated, by [1], every submodule of M contains a minimal

submodule which is secondary. Now if IV is a proper submodule of M and 57 and S are distinct
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secondary submodules of M with S; C N and Sy C N, then we have M C N by part (b)
which is a contradiction.

(¢) = (d). Let S be a proper secondary submodule of M. By [l], S contains a minimal
submodule K because S is finitely cogenerated. But every minimal submodule is secondary.
Therefore, S = K by part (c).

(d) = (a). Since dim®*M = 1, there must exist a chain of secondary submodules S; D Ss.

Now part (d), implies that S; must be M.

Corollary 2.16. If R is a one dimensional domain and M is a secondary finitely cogenerated
cotorsion R-module with dim** M = 1, then sec*(NN) is secondary for every non-zero submodule
N of M.

Proof. This follows from part (a) = (c¢) of Theorem . 0

Theorem 2.17. Let R be an integral domain and let M be an R-module with dim®*M = 1.
If M is Artinian cotorsion-free, then sec*(N) = Socr(N) for any proper submodule N of M,

where Socr(N) is the sum of all minimal submodules of N.

Proof. Since M 1is cotorsion-free, IM (M) = M # 0 is a second submodule by [4] and so
secondary submodule this together with the assumption that M is Artinian (and hence every
non-zero submodule of M contains a minimal submodule) and dim®* M = 1 implies that
every proper secondary submodule of M is minimal. Hence sec*(N) C Socg(N). The reverse

inclusion is clear.

Definition 2.18. Let M be an R-module. We say that a non-zero submodule N of M is
secondary cocompactly packed if for each family {S)}xea of secondary submodules of M with
MacaSy € N, we have Sy C N for some A € A. A module M is called secondary cocompactly

packed if every submodule of M is secondary cocompactly packed.

Proposition 2.19. Let f : M — M be an R-module monomorphism. Then we have the

following.

(a) A submodule N of M is a secondary submodule of M if and only if f(V) is a secondary
submodule of M.

(b) If N is a secondary submodule of M with N C I'm(f), then f~'(N) is a secondary
submodule of M.

(¢) If M is secondary cocompactly packed, then M is so. The converse is true if sec*(M) C

Im(f).
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Proof. (a) and (b) are straightforward.
(¢) The proof is straightforward by using parts (a) and (b).

Lemma 2.20. Let M be a secondary cocompactly packed R-module. Then for each non-
zero submodule N of M there exists a completely irreducible submodule L of M such that
sec*(N) = sec*(L).

Proof. Let N be a non-zero submodule of M. Then there exists a family {L)} ea of completely
irreducible submodules of M such that N = NycaLy. Clearly, sec*(N) C sec*(Ly) for each
A € A. Suppose that sec*(Ly) € sec*(N) for each A € A. Then far each A € A there exists a
secondary submodule S such that Sy € N and S\ € L. Now Nxea S\ € N. Thus M is not a

secondary cocompactly packed module, which is a contradiction.

Proposition 2.21. Let M be a fully copure R-module which satisfies the AB5* property. If M
is a secondary cocompactly packed module, then each non-zero submodule of M is completely

irreducible.

Proof. Let N be a proper submodule of M. Then by Lemma , there exists a completely
irreducible submodule L of M with N C L such that sec*(N) = sec*(L). But K = sec*(K)
for each non-zero submodule K of M by [2, Theorem 3.6]. Therefore N = L as required.

Example 2.22. Let M be the Z-module Zg. Then M is a fully copure Z-module which
satisfies the AB5* property. Also M is a secondary cocompactly packed module. Thus by
Proposition , each non-zero submodule of M is completely irreducible.

Theorem 2.23. Let M be an R-module. Then the following statements are equivalent.

(a) M is a secondary cocompactly packed module.

(b) For each non-zero submodule N of M, if {Nx}xea is a family of submodules of M and
MxeaNyx € N, then sec*(N,) € N for some p € A.

(¢) For each non-zero submodule N of M, if {Nx}xen is a family of secondary radicals
submodules of M and NxeaNx € N, then N, C N for some jn € A.

Proof. (a) = (b). Let N be a non-zero submodule of M and sec*(N,) € N for each p € A.
Then for each 1 € A there exists a secondary submodule S, such that S,, € N, and S, £ N.
Therefore, N,enS,, € N. This implies that M is not a secondary cocompactly packed module,
which is a contradiction.

(b) = (c¢). This is clear.
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(¢) = (a). This follows from the fact that each secondary submodule is a secondary radical

submodule.

3. DESCENDING CHAIN CONDITION ON SECONDARY RADICAL SUBMODULES

Theorem 3.1. If M is a secondary cocompactly packed module which has one minimal sub-

module, then M satisfies the DCC on secondary radicals submodules.

Proof. Let N1 O No D ... be a descending chain of secondary radical submodules of M and let
T =n;N;. If T'=0 and K is a minimal submodule of M, then T'C K. As M is a secondary
cocompactly packed module, N; C K for some j by Theorem . Therefore, N; = K. Since
N; D Njip 2T =0for n=1,2,3,... and N; is a minimal submodule of M, we have N; = 0
or Njyn =0 for all n = 1,2,3,.... These contradictions show that 7" # o. Now by Theorem
, N; C T for some j as desired.

Corollary 3.2. Let M be a secondary cocompactly packed R-module. If M is an atomic
R-module (in particular, if M is a comultiplication or finitely cogenerated R-module), then M

satisfies the DCC on secondary radical submodules.

Theorem 3.3. Let M be an R-module which satisfies the DCC for secondary radical submodule.
Then every secondary radical submodule is a secondary radical of a submodule K of M such

that M /K is finitely cogenerated.

Proof. Assume that there exists a secondary radical submodule N which is not secondary
radical of a submodule K of M such that M/K is a finitely cogenerated module. Let Lq
be a completely irreducible submodule of M such that N C L; and Ny = sec*(L;). Then
N C Nj so that there exists a completely irreducible submodule Lo of M such that N C Lo
but No & Lo. Set Ny = sec*(L1 N Lg). Then N C Ny C Nj. Thus there exists a completely
irreducible submodule Ls of M such that N C L3 but Ny € L3 etc. This gives a descending

chain of secondary radical submodules N1 D N2 D N3 D ..., which is a contradiction.

Proposition 3.4. Let R be a Noetherian ring, P be a prime ideal of R, and M be an R-module
which has a finitely generated P-secondary submodule. Then I3 (0 :p P*) = (0 :py P™) for

some positive integer n.

Proof. Let N be a finitely generated P-secondary submodule of M. Then there exists a
positive integer n such that P* N = 0 since R is Noetherian. Let L be a completely irreducible
submodule of M such that (L :g (0 :py P™)) N (R\ P) # 0. Since N is P-secondary, (L :p
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(0 :pr P"))N = N. Hence, Anng(N) + (L :g (0 :pr P")) = R by using [17, Theorem 76].
Thus, (0:ps P") C L. Tt follows that IX (0 :p P™) = (0 13y P™). g

Theorem 3.5. Let R be a Noetherian ring and M be an Artinian R-module. Then
sec* (M) = Z{I}y((o :m P")) :neNand P is a prime ideal of R}.

Proof. Let sec*(M) =Y S, where S is a secondary submodules of M. Set P = \/Anng(S).
Then there exists a positive integer ¢ such that P'.S = 0. Hence S C (0 :ps Anng(S)) C (0:y
P%). By [10, Lemma 2.3], there exists € R\ P such that 7(0 :py PY) C IM((0:p P?)). Hence
rS C IM((0:pr PY)). Since S is P-secondary, 7S = S. Therefore, S C I3 ((0 :ps P')). Hence,
sec*(M) C S IM((0 :pr PY)). Now the claim follows from the fact that I2((0 :py PY)) is a
secondary submodule of M by [11, Corollary 2.4].

Theorem 3.6. Let M be an R-module which satisfies the descending chain condition for
secondary radical of its submodules. Then every secondary radical submodule of M is a sum

of a finite number of secondary submodules.

Proof. Let N be a secondary radical submodule of M and N =}, _; S;, where S; is a secondary
submodule of M for each ¢ € I and the expression is reduced. Assume that I is an infinite

index set. Without loss of generality we may assume that [ is countable, then

o oo [ee]
S SEE) SUED SLERS
i=1 =2 i=3
is a descending chain of secondary radical submodules of M. Since by Proposition @,
ZSi 2 sec*(z Si) D (sec*(z Si)) = Z Si,
by hypothesis this descending chain must terminate, so there exists j € I such that y ;2 y S; =

> izi1 Si, whence S; C >7% . S; which contradicts that the expression N = >7,;S; is re-

duced. Thus I must be finite.

Corollary 3.7. Let M be an Artinian R-module. Then there exists a positive integer m such

that
sec* (M) = Z{I%((O v Pl)) :n € N and Pj is a prime ideal of R}.
j=1

Proof. This follows from Theorems @ and @ 0
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Lemma 3.8. Let M be an R-module which satisfies the property AB5* and {S; };cr be a chain
of secondary submodules of M such that N;c71S; # 0. Then N;c7.S; is a secondary submodule
of M.

Proof. Let r € R and L be a completely irreducible submodule of M such that r(N;erS;) C L
and NierS; € L. Then NierS; € (L :p 7). By [10, Lemma 2.1], (L :ps r) is a completely
irreducible submodule of M. Therefore, (L :py 7) = (L :pr 1) + NierSi = Nier(Si + (L a1 7))
implies that there exists j € I such that S; C (L :p7 7). Thus as rS; C L and S; is a secondary
submodule of M by [11, Theorem 2.8], there is a positive integer n such that r™S; = 0. Hence
r™(NierSi) = 0 and the result follows from [11, Theorem 2.8].

Theorem 3.9. Let M be a finitely cogenerated R-module which satisfies the property AB5*.
If every secondary submodule S of M is a secondary radical of a submodule K of M such that
M/K is a finitely cogenerated R-module. Then M satisfies the descending chain condition for

secondary submodules.

Proof. Let §1 2 Sy D S3 O --- be a descending chain of secondary submodules of M. Since
M is finitely cogenerated, S = N;c1S; # 0. So by Lemma @, S = NerS; is a secondary
submodule of M. Thus by hypothesis, there exists a submodule K of M such that S = sec*(K)
and M /K is a finitely cogenerated R-module. Let {L;};cs be a family of completely irreducible
submodules of M such that K = NjesL;. Since M/K is a finitely cogenerated R-module, this
intersection must be finite. So suppose that K = ﬁ;‘:le. Hence L; 2 ﬁyzle =K DO
sec*(K) =S = N;e1S;. Now since M satisfies the property AB5*,

Lj = MNierS; + Lj = ﬁie[(Si + Lj)

for j = 1,2,...,n. Since L; is a completely irreducible submodule of M, there exists t; € I
such that S;, C L;. Thus ﬂ?’:lS’tj C N, L =K. Therefore, there exists a positive integer
h, where t; < h < t, such that S, C K. Hence N;jc;S; = S = sec*(K) D sec*(Sy) = Sp. It

follows that N;ec;S; = Sp, and the chain of secondary submodules S; terminates.

A secondary submodule N of an R-module M is said to be a mazximal secondary submodule
of a submodule K of M, if N C K and there does not exist a secondary submodule L of M
such that N C L C K, see [11].

Theorem 3.10. Let M be an R-module. If M satisfies the descending chain condition on
secondary radicals submodules, then every non-zero submodule of M has only a finite number

of mazimal secondary submodules or has no mazimal secondary submodules.
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Proof. Suppose that there exists a non-zero submodule N of M such that N has an infinite
number of maximal secondary submodules and look for a contradiction. Then sec*(N) is
a secondary radical submodule of M and it has an infinite number of maximal secondary
submodules. Let S be a secondary radical submodule of M chosen minimal such that S has
an infinite number of maximal secondary submodules. Then S is not secondary. Thus there
exists a submodule L of M and an element r of R such that L C S and S Z (0 :ps t) for each
t € N. Let V be a maximal secondary submodule of M contained in S. Then V' C (0 :g ") for
some n € Nor V C L. By the choice of S, both the modules (0 :s ™) and L have only finitely
many maximal secondary submodules. Therefore, there is only a finite number of possibilities

for the module .S, which is a contradiction.

Corollary 3.11. Every Artinian R-module contains only a finite number of maximal sec-

ondary submodules or contains no maximal secondary submodules.

Proof. This follows from Theorem 0O
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