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ON THE SCHUR PAIR OF GROUPS

MAHBOUBEH ALIZADEH SANATI

ABSTRACT. In this paper, it is shown that (V,X) is a Schur pair if and only if the Baer-
invariant of an X-group with respect to V is an X-group. Also, it is proved that a locally X class
inherited the Schur pair property of , whenever X is closed with respect to forming subgroup,
images and extensions of its members. Subsequently, many interesting predicates about some

generalizations of Schur’s theorem and Schur multiplier of groups will be concluded.

1. INTRODUCTION

Let F be a free group on a countably set {x1,z9,...} and V' be a non-empty subset of
it. Every non-identity element of V is called a word and has a unique representation as
O(Tiy s Ty oo, Ty, ) = T3 a7 -xf;’“, where ij # ij41, for 1 < j < k—1 and the «; are non-zero
integers. Each mapping of {x1,z9,...} into a group G induces a homomorphism « : Foy — G
and for all v = v(z;,, iy, -+ ,x;,) € V, the element a(v) € G is called the value of the

word v in G and it is computed by substituting the images a(z;,) = g1, a(x;,) = g2 and
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a(zi,) = gk for the letters z; in the representation v = z7'z7? - 25" (n > k). We usually
write a(v) = v(g1,92, - ,9k). The subgroup generated by all values in G of words in V' is

called the verbal subgroup of G determined by V/,
V(G) = <U(91792,---,gk) ’ v E V?.gl € Gal <:< k7k € N>
Also, the marginal subgroup V*(G) of G consists of all a € G such that

v(glv'-'7gia)"'agk) = 0(91,.--,gi,. . 'agk)a
forall 1 <i <k and v € V. A verbal (marginal) subgroup is always fully-invariant (charac-

teristic) subgroup. For a normal subgroup N of G, the subgroup V (N, G) is defined as
<U(gl,...,gm,...,gk)v(gl,...,gk)_l lveV,gr € Gine N, 1<r< k:,k‘EN>.

A wvariety of groups, V, is the class of all groups whose verbal subgroup is trivial.

Example 1.1. (i) If V = {[z1,22]}, then V(G) = G’ is the derived subgroup and V*(G) =
Z (@) is the center subgroup of G. Hence V(N,G) = [N, G| and V = A is the variety of abelian
groups.

(i) BV = {[x1,29,...,2k+1]}(k € N), then V(G) = 7%41(G) is the (k + 1)-th item of the
lower central series and V*(G) = Z,(G) is k-th item of the upper central series of G. Also,

V(N,G) = [N,; G], in which [N, G| is an abbreviation for [N,G,...,G] and V = N, is the

k
variety of nilpotent groups of class at most k.

(ii7) If V = [[xll,...,xll+1],--~ ,[mk+11,...,xk+1l+1ﬂ, for some natural numbers k,{, then
V(G) = Y41 (n+1(G)). In 1981, M. R. R. Moghaddam (see [9]) proved V(N,G) =
[N, G, (G)], and V = N is the variety of polynilpotent groups of class row (I,k). In
general case, the variety of polynilpotent groups of class row (ki,k2,...,kn), N, ko, kn» 1S

defined inductively. For more details about varieties we refer the readers to [I0].

The following lemma is due to P. Hall (1957) which indicates a connection between these

three subgroups. Its proof is straightforward.

Lemma 1.2. Let V be a variety of groups and G be a group with a normal subgroup N. Then
(7) V(G) =1 if and only if V(G) = G.
(15) V(G/N) = V(G)N/N.
(1it) V(N, Q) is the least normal subgroup of G contained in N such that
N/V(N,G) C V* (G/V(N,G)).
(iv) [N,V(G)] CV(N,G) C NNnV(G).

Definition 1.3. Let 1 - R — F -5 G — 1 be a free presentation of a group G where F is a

free group and R = kerm and V be a variety of groups. The Baer-invariant of G, denoted
by VM (G), is defined as
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RNV(F)
V(R,F)’
where is always abelian and independent of the choice of the free presentation of G (see [6]). In
1907, Schur proved if V is the variety of abelian groups, then the Baer-invariant of the group
G will be (RN F')/[R, F] which is the Schur-multiplier of G denoted by M(G) [13]. Also,
if ¥V = N}, is the veriety of nilpotent groups of class at most k, then k-th multiplicator of G
is denoted by N M(G) and will be (RN ~k11(F)) /[R,x F] (see [B]).

During the last century a large amount of researchers have been devoted to the study of
various properties of the Baer-invariant of a group. There exists a long history of interaction
between Baer-invariant and other mathematical concepts such as algebraic number theory,
block theory of group algebras, and classification of finite simple groups, to mention only
a few. It all started with the fundamental work of Schur (1904) in which multipliers were
introduced in order to study projective representations of groups [[3]. Historically, it was
Frohlich (1954) and next Gorenstein (1982) who first pointed out a role of the Schur multiplier

of the Galois groups and in finite group theory, respectively (see [?] and [3]).

2. Preliminaries

In 1904, I. Schur asserted his classical result:

Theorem 2.1. [[2] (Schur) Let Z be a central subgroup of finite index n in a group G. Then
G’ is finite.

But it was Wiegold to give for the order of G’ the best upper bound nz %8 n=1) in which
p is the least prime dividing n, (see [IH]). After him, Green proved this assertion for finite

p-groups as follows.

Theorem 2.2. [d] (Green) Let G be a group such that |G : Z(G)] = p". Then G’ is finite
and |G'| < pan(n=1).

Later Baer generalized Schur’s theorem to higher terms of the upper and lower central series.

Theorem 2.3. [l] (Baer) Let G be a group such that |G/Z,(G)| is finite. Then |vyn+1(G)| is
finite.

The following problem is generally attributed to P. Hall [5]: If 7 is a set of primes and
(G : V*(G)] is a finite w-group, is V(G) also finite w-group? In 1964, Turner-Smith generalized

this concept to an arbitrary class of groups instead of finiteness [I4].

Definition 2.4. Let V be a variety of groups and X a class of groups. The pair (V, X) is called
Schur pair, if G/V*(G) € X always implies that V(G) € X.
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If X is a class of groups, £X is the class of locally X-groups, consisting of all groups G such
that every finite subset of G is contained in an X-subgroup. If X is closed with respect to
subgroup, it is equivalent to every finitely generated subgroup of G is an X-group. The first

main theorem extends Schur pair property to a bigger class of groups.

Theorem 2.5. Let X be closed with respect to forming subgroups, images and extension. If
(V,X) is Schur pair, then (V, £X) is also Schur pair.

Proof. Suppose G is a group such that G/V*(G) € £X. We claim that V(G) € £X.
For, assume that H is a finitely generated subgroup of V(G). Without loss gener-
ality, we can suppose that H = <vl(gh,-~ 291 ) s Un(Gngs 79nkn)>- Put K =
<9117"' Gl st s Gngs ,gnkn>. The quotient group K/ (K NV*(G)) can be considered
as a finitely generated subgroup of G/V*(G) and so is an X-group. On the other hand,
K | K/(KnV*Q))

VAE) ~ VAE)/(ENVHG)

Now, since (V, X) is Schur pair, one can conclude that H < V(K) € X.

e X.

With this theorem, one can see many interesting conclusions. Since the class of finite groups
is closed under the desired conditions in theorem P73, by the Schur’s theorem (Theorem 2)

we have the following easy but important corollary which was proved by Mann, in 2007.

Corollary 2.6. [8] (Mann) If G is a group whose central factor is locally finite group, then
G’ is locally finite.

On the other hand, Green’s theorem (theorem P=3) implies the next assertion.

Corollary 2.7. Suppose G is a group such that G/Z(Q) is locally finite p-group, then y2(G)
is a locally finite p-group.

Also, by theorem 223 and Baer’s theorem, one conclude:

Corollary 2.8. Suppose G is a group such that G/Z,(G) is locally finite, then v,+1(G) is a
locally finite group.

The following theorem presents an equivalent condition with Schur pair property.

Theorem 2.9. Let X be a class of groups which is closed with respect to forming subgroups,

images and extensions. (V,X) is Schur pair if and only if G € X implies that VM (G) € X.

Proof. Suppose (V,X) is Schur pair and G is an X—group. If G = F/R is a free presentation
of it and S < F such that V* (F/V (R, F)) = S/V(R, F), then
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F/V(R,F) _F _ F/R
V<(F/V(R,F)) S SR/R
Since (V, X) is Schur pair, by Lemma "2 we conclude
RNV(F) V(F) F
< =V|—— .
VRF) S VRE) C\VER) T

Conversely, let G be a group with G/V*(G) € X. We will prove V(G) € X. Consider the free
presentation G = F//R. There exists S < F' such that V*(G) = S/R. Hence F'/S € X and by
assumption, SNV (F)/V(S,F) = VM (F/S) € X. Now, S/R = V*(F/R) implies V(S,F) C R

and so

e X.

12

VM (G)

SNV(F)/V(S,F) , SNV(F) , (SNV(F)R

RNV(F)/V(S,F) RNV(F) R
Therefore V(G) as an extension of (SNV(F))R/R by V(F/S) belongs to X, note that
V(F)R/R __ V(F)R _ V(F)RS _ V(F)S _v <F

— .O
S>63€

€ X.

(SNV(F)R/R ~ SNV (F)R S S
A group is called Cernikov or extermal, if it is a finite extension of an abelian group satisfying
Min. It is proved that for the class of Cernikov groups, (A, X) is a Schur pair. For details see

[TT], Chapter 3. Hence we conclude the following statement.
Corollary 2.10. If G is a Cernikov group, then the Schur-multiplier of G too is Cernikov.

Let 7 be a finite set of prime numbers. As a generalization of Baer’s theorem (233), we know
if the order of G/Z,(G) is a m-number, then |y,41(G)| is a finite T-number, too. It means
(N, X) is a Schur pair, whenever X is the class of finite m-groups. Now, we have the following

result.
Corollary 2.11. If G is a finite w-group, then N.M(G) is a finite w-group.

In 1981, M. R. R. moghaddam proved (N, gy, k., B) is a Schur pair, in which P is the

class of finite p-groups, [d]. Hence we can deduce
Proposition 2.12. If G is a finite p-group, then Ny, k, ... 1k, M (G) is a finite p-group.

Note that it is a vast generalization of Green’s theorem, (theorem Z73).

The class of locally finite groups is closed under subgroups, quotients, and extensions ([I0],
p. 429). As we said in the corollary P76, Mann proved (A, X) is a Schur pair, in which X is the
class of locally finite group with finite exponent and with a long argument shew the exponent
of Schur multiplier of a locally finite group with finite exponent, is finite (see [8]). Whereas it

is a fast corollary of theorem PC9.

Corollary 2.13. If G is a locally finite group with finite exponent, then M(G) is locally finite

and it has finite exponent.

With the next lemma we can generalize more above results.
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Lemma 2.14. Suppose X is a class of groups which is closed with respect to forming subgroups,
homomorphic images and abelian tensor product of groups. Also U and V are two varieties of
groups defined by two words w and v, respectively. If (A, %), (U,X) and (V,X) are Schur pair,
then (U, V], X) is Schur pair, too.

Theorem 2.15. Let X be a class of groups which is closed with respect to forming subgroups,
homomorphic images and abelian tensor product of groups. If a group G belongs to X, then
N ko, ke M(G) is a X-group.

Proof. 1t is enough to use several times the Lemma P14 for Y = A= V.

A group G is said to have finite rank (special rank) r = r(G), if every finitely generated
subgroup can be generated by r elements and if r is the least positive integer with this property.
If there is no such integer r, the group has rank co. The groups of rank 1 are just the locally
cyclic groups and these are well-known to be the groups that are isomorphic with a subgroup
of either the additive group of rational numbers or the multiplicative group of complex roots
of unity. The class of finite rank is closed with respect to subgroups, homomorphic images
and extensions. In 2013, Kurdachenko and Shumyatsky proved if G is a finite group such that
G/Z(G) has rank r, then the rank of G is r-bounded, [[1]. Equivalently, by considering R as
the class of finite special rank, we have (A,fR) is Schur pair. Hence we can write the next

useful assertion.

Corollary 2.16. If G is a finite group with finite rank v = r(G), then the rank of M(G) is

r-bounded.
Also, by the Lemma T4 and Theorem 279 we have

Proposition 2.17. Let G be a locally finite group, then Ny, o ... 1, M (G) is locally finite.
With similar argument of corollary 21 we can generalize the above proposition as follows.

Corollary 2.18. If G is a locally finite w-group, then Ny, ky... k, M(G) is a locally finite

T-group, too.

Further class of groups can be found whom are closed with respect to forming subgroups,

homomorphic images and extensions. For those class, one can obtain a lot of more results.
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