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SOME FINITE GROUPS WITH DIVISIBILITY GRAPH CONTAINING NO

TRIANGLES

DANIAL KHOSHNEVIS AND ZOHREH MOSTAGHIM∗

Abstract. Let G be a finite group. The graph D(G) is a divisibility graph of G. Its vertex

set is the non-central conjugacy class sizes of G and there is an edge between vertices a and

b if and only if a|b or b|a. In this paper, we investigate the structure of the divisibility graph

D(G) for a non-solvable group with σ∗(G) = 2, a finite simple group G that satisfies the

one-prime power hypothesis, a group of type(A),(B) or (C) and certain metacyclic p−groups

and a minimal non-metacyclic p−group where p is a prime number. We will show that the

divisibility graph D(G) for all of them has no triangles.

1. Introduction

Assigning a graph to a group is one of the interesting tools in investigating the structure

of a group. There are some graphs related to finite groups and this graphs have been widely

studied. See, for instance [3, 4, 5, 6, 7, 12, 18, 21]. In the following, we recall some important

graphs associated with an arbitrary non-empty subset X of positive integers.
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Let X be a set of positive integers and X∗ = X \ {1}. In [19], the author introduced two

graphs related to X. The common divisor graph for X is denoted by Γ(X). The vertex set

for Γ(X) is V (Γ(X)) = X∗ and the edge set for Γ(X) is E(Γ(X)) = {{x, y}; gcd(x, y) ̸= 1 :

x, y ∈ X∗}, where gcd(x, y) is the greatest common divisor of x and y. The prime vertex

graph for X is denoted by ∆(X) that its vertex set is V (∆(X)) = ρ(X) = ∪x∈Xπ(x), where

π(x) = {p; p is a prime, p|x} and the edge set for ∆(X) is E(∆(X)) = {{p, q}; pq|x, x ∈ X}.
The connection between these two graphs has been clarified by [16] which defines a bipartite

graph B(X). Iranmanesh and Praeger in [16] introduced the bipartite divisor graph B(X)

for X, that has as vertex set the disjoint union ρ(X) ∪ X∗ and its edge set is E(B(X)) =

{{p, x}; p ∈ ρ(X), x ∈ X∗ : p|x}.
In [10] A. R. Camina and R. D. Camina introduced a new graph. This graph is called

divisibility graph
−→
D(X) for a set of positive integers X. Its vertex set is V (

−→
D(X)) = X∗ and

the edge set is E(
−→
D(X)) = {(x, y);x, y ∈ X∗, x|y}. This graph is not strongly connected, so

we consider simple graph D(X) instead of
−→
D(X). In [1] the authors showed some relations

between the structure of D(X), and the structure of known graphs Γ(X), ∆(X) and B(X).

All groups considered here are finite groups. Let G be a finite group and x an element of

G. xG denotes the G-conjugacy class containing x, |xG| denotes the size of xG and cs(G) =

{|xG|;x ∈ G} denotes the set of G-conjugacy class sizes. Also we consider D(G) instead of

D(cs(G)). For a,b in G we denote by [a, b] = a−1b−1ab, the commutator of a and b and

ab = b−1ab. We denote by G
′
, the derived subgroup of G and let G be a finite p−group and

for any positive integer i, Ki(G) = {g ∈ G : |G : CG(g)| = pi}. Kn is the complete graph with

n vertices.

In this paper, we investigate the structure of the divisibility graph D(G) for some finite

groups such as:

i) a non-solvable group with σ∗(G) = 2, where σ∗(G) = max{|π(gG)| : g ∈ G}.
ii) a finite simple group G that satisfies the one-prime power hypothesis.

iii) a group of type(A),(B) or (C).

iv) certain metacyclic p−groups where p is a prime number.

v) some non-metacyclic p−groups where p is a prime number.

vi) a minimal non-metacyclic p−group where p is a prime number.

We will observe that the divisibility graph D(G) for all of them has no triangles.

2. Preliminaries

In this section, we state some preliminary results which are necessary for the proofs. In

the following theorems we need the definition of a metacyclic group. A group G is called

metacyclic, if it contains a normal cyclic subgroup whose quotient is also cyclic.
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Theorem 2.1. [22] Let G be a metacyclic 2−group. Then G has one presentation of the

following three kinds:

I) Groups

G = ⟨a, b : a2v+t′+u+1
= 1, b2

t+1
= a2

v+t′+1
, ab = a−1+2v+u+1⟩,

where v, t, t′, u are non-negative integers with u ≤ 1, t′ ≤ 1, tt′ = tv = ut′ = 0, and

if t+ u+ v = 0, then t′ = 0.

II) Ordinary metacyclic 2-groups

G = ⟨a, b : a2r+s+u
= 1, b2

r+s+t
= a2

r+s
, ab = a1+2r⟩,

where r, s, t, u are non-negative integers with r ≥ 2 and u ≤ r.

III) Exceptional metacyclic 2-groups

G = ⟨a, b : a2r+s+v+t′+u
= 1, b2

r+s+t
= a2

r+s+v+t′
, ab = a−1+2r+v⟩,

where r, s, v, t, t′, u are non-negative integers with r ≥ 2, t′ ≤ r, u ≤ 1, tt′ = sv = tv =

0, and if t′ ≥ r − 1, then u = 0.

Groups of different types or of the same type but with different values of parameters are not

isomorphic to each other. Furthermore, a Type I group G ̸= C2 × C2 is split if and only if

(t, u) ̸= (0, 1); a Type II group is split if and only if either s = 0, or t = 0, or u = 0; a Type

III group is split if and only if u = 0.

Theorem 2.2. [14] Let G be a metacyclic p−group, where p is an odd prime number, |G′ | =
pn ̸= 1. Then, for i = 1, ..., n, we have

|Ki(G)| = |Z(G)|(p2i − p2i−2)

thus G contains precisely |Z(G)|(pi − pi−2) conjugacy classes of length pi.

In [8] N. Blackburn has proved the following theorem:

Theorem 2.3. [8] Let G be a group of order pn, where p is an odd prime number, and suppose

that G has rank d ≤ 2. Then one of the following hold:

i) G is metacyclic.

ii) G = ⟨x, y, z : xp = yp = zp
n−2

= [x, z] = [y, z] = 1, x−1yx = yzp
n−3⟩ and n ≥ 3.

iii) G = ⟨x, y, z : xp = yp = zp
n−2

= [y, z] = 1, x−1yx = yzsp
n−3

, x−1zx = yz⟩ and n ≥ 4.

Moreover either s = 1, or s is a quadratic non-residue mod p.

iv) G is a 3−group of maximal class.

Lemma 2.4. [11] Let G be a non-solvable group with σ∗(G) = 2, where

σ∗(G) = max{|π(gG)|; g ∈ G}.
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Then G = A× S, where A is abelian and S is isomorphic to either PSL2(4) or PSL2(8).

Theorem 2.5. [20] Let G be a finite group such that B(G) is a cycle. Then G = A×S, where

A is abelian, and S ∼= SL2(q), q = 4, 8. Consequently B(G) is a cycle if and only if B(G) is the

6-cycle 2−12−3−15−5−20 and G ∼= A×SL2(4), or is the 6-cycle 2−72−3−63−7−56−2

and G ∼= A× SL2(8), where A is abelian.

Theorem 2.6. [1] If deg(v) ≤ 2 for every vertex v of B(X), then D(X) is acyclic.

Lemma 2.7. [20] Let G be a finite simple group. Then G satisfies the one-prime power

hypothesis if and only if G ∼= SL2(4) or SL2(8).( A finite group G satisfies the one-prime

power hypothesis, if m,n ∈ cs∗(G) (cs∗(G) = cs(G) \ {1}), then either gcd(m,n) = 1 or

gcd(m,n) is a power of a prime.)

We recall the definition of three relevant families of groups G that we need in the next

theorem.

Definition 2.8. [9] Let P be a p-group , Q a q-group and R an r-group, for distinct primes

p, q and r.

Type(A): Let

G = P o (Q×R)

with P andQ abelian, r = 2, Z(G) = O2(G),
G

Z(G)
a Frobenius group and

R

Z(G)
≃ Q8.

Type(B): Let

G = (P ×R)oQ

with P and Q abelian,
G

Z(G)
a Frobenius group and |Cs∗(R)| = 1.

Type(C): Let

G = Ro PQ

with R = CG(R) minimal normal in G and PQ ≤ ΓL(1, R) a Frobenius group.

Theorem 2.9. [9] For a group G, B(G) = P5( where P5 is a path of length 5) if and only if,

up to factoring out a subgroup Z0 ≤ Z(G) with Z0 ∩G′ = 1, G is a group of Type(A), (B) or

(C).

3. The investigation of divisibility graph for some finite groups

In this section, we consider some finite groups and investigate the structure of divisibility

graph D(G) for them. The divisibility graph D(G) for all of them has no triangles.

Theorem 3.1. Let G be one of the following groups:

i) A non-solvable group with σ∗(G) = 2, where σ∗(G) = max{|π(gG)| : g ∈ G}.
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ii) A finite simple group and G satisfies the one-prime power hypothesis.

iii) A group of type(A),(B) or (C). Then the divisibility graph D(G) has no triangles.

Proof. (i): Let G be a non-solvable group with σ∗(G) = 2. Now by Lemma 2.4, G ∼= A × S,

where A is abelian and S ∼= PSL2(q) where q ∈ {4, 8}. So by Theorem 2.5, B(G) is a cycle.

Thus deg(v) = 2 for every vertex v of B(G). Hence the divisibility graph D(G) is acyclic by

Theorem 2.6. Therefore the divisibility graph D(G) has no triangles.

(ii): Let G be a finite simple group and G satisfies the one-prime power hypothesis, therefore

by Lemma 2.7, we have G ∼= SL2(q) where q ∈ {4, 8}. Now according to [[2], Theorem 2.1]

and PSL2(q) ∼= SL2(q) where q is even, the divisibility graph D(G) has no triangles.

(iii): According to the hypothesis of theorem, we have that G is one of the groups of

type(A), (B) or (C). By Theorem 2.9, B(G) = P5. So deg(v) ≤ 2 for every v ∈ V (B(G)).

Therefore by Theorem 2.6, the divisibility graph D(G) is acyclic. Thus the divisibility graph

D(G) contains no triangles.

Theorem 3.2. Let G be a metacyclic 2−group as in Theorem 2.1(I) or a metacyclic p−group,

where p is an odd prime number and |G′| = pn, where n is a positive integer and n < 3, then

the divisibility graph D(G) contains no triangles.

Proof. We consider two cases for p. The first case p = 2 and the other case p ̸= 2. For the

first case, assume a non-abelian group G has order 2n. According to Theorem 2.1(I) and by

Satz I.14.9 of [15], G is isomorphic to exactly one of the following:

i) G = ⟨a, b : a2n−1
= 1, b2 = a2

n−2
, b−1ab = a−1⟩ ∼= Q2n , where n ≥ 3.

ii) G = ⟨a, b : a2n−1
= b2 = 1, b−1ab = a−1⟩ ∼= D2n , where n ≥ 3.

iii) G = ⟨a, b : a2n−1
= b2 = 1, b−1ab = a−1+2n−2⟩ ∼= SD2n , where n ≥ 4.

iv) G = ⟨a, b : a2n−1
= b2 = 1, b−1ab = a1+2n−2⟩, where n ≥ 4.

Now we consider case (i), in this case, |G| = 2n. It is easy to see that Z(Q2n) = {1, b2},
then Q2n has two central conjugacy classes. Since < a >≤ CQ2n

< a > and ajba−j = a2jb and

ajaba−j = a2j+1b for 0 ≤ j ≤ 2n−2 − 1 , then the non central conjugacy classes of Q2n are as

the following:

i) {ai, a−i}, 1 ≤ i ≤ 2n−2 − 1.

ii) {a2jb : 0 ≤ j ≤ 2n−2 − 1}.
iii) {a2j+1b : 0 ≤ j ≤ 2n−2 − 1}.

So cs(Q2n) = {1, 2, 2n−2}, where n is a positive integer such that n ≥ 3. For case (ii), |G| = 2n.

According to[[17], page108] , the non central conjugacy classes of D2n are as the following:

i) {ai, a−i}, 1 ≤ i ≤ 2n−2 − 1.

ii) {aib : 0 ≤ i ≤ 2n−1 − 1, 2 - i} and (b)G = {aib : 0 ≤ i ≤ 2n−1 − 1, 2 | i}.
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So cs(D2n) = {1, 2, 2n−2}, where n is a positive integer such that n ≥ 3. For case (iii),

|G| = 2n. Similar to the above cases cs(G) = {1, 2, 2n−2}, where n is a positive integer such

that n ≥ 4.

For cases (i) and (ii) if n = 3 , then D(G) = K1. If n ≥ 4, then D(G) = K2. For case (iii),

we have D(G) = K2.

For case (iv), this group is of order 2n. Since |G′ | = 2, then cs(G) = {1, 2} Now according

to the definition of the divisibility graph D(G), V (D(G)) = {2}, therefore D(G) = K1.

Now we consider the second case, where p ̸= 2. Let G be a metacyclic p−group and |G′ | =
pn ̸= 1. According to Theorem 2.2, for i = 1, ..., n, G contains precisely |Z(G)|(pi − pi−2)

conjugacy classes of length pi. Therefore cs(G) = {1, pi : i = 1, ..., n}. Now according to

n < 3 and by the definition of the divisibility graph D(G), we have V (D(G)) = {p, p2}. So

D(G) = K2.

Now we will investigate the structure of the divisibility graph D(G) where G is a non-

metacyclic p−group as in Theorem 2.3. It is worth mentioning that we turn to case (iv) in

Theorem 2.3. Then p = 3, and G has maximal class. The structure of G is described in Satz

III.14.17 of [15]: G is metabelian , and G1 := CG(K2(G))�K4(G) is metacyclic of class c ≤ 2.

Moreover, G is not an exceptional group of maximal class, in the sense of Definition III.14.5

of [15]. Now in case (iii) in the next theorem, we consider the case where G1 is abelian.

Theorem 3.3. Suppose that G is a non-metacyclic p−group of order pn and rank d ≤ 2 where

p is an odd prime number. Moreover, suppose that G1 := CG(K2(G))�K4(G) is abelian. Then

D(G) ∼= K1or K2.

Proof. Let G be a non-metacyclic p−group of order pn and rank d ≤ 2. Now according to

Theorem 2.3, G is one of the following groups:

i) G = ⟨x, y, z : xp = yp = zp
n−2

= [x, z] = [y, z] = 1, x−1yx = yzp
n−3⟩ and n ≥ 3.

ii) G = ⟨x, y, z : xp = yp = zp
n−2

= [y, z] = 1, x−1yx = yzsp
n−3

, x−1zx = yz⟩ and n ≥ 4.

Moreover either s = 1, or s is a quadratic non-residue mod p.

iii) G is a 3−group of maximal class, with n ≥ 4.

For the first case, by [[14], proposition 5.2(ii)], G contains precisely pn−2 conjugacy classes

of length 1 and precisely pn−1 − pn−3 conjugacy classes of length p. So cs(G) = {1, p}, then
according to the definition of the divisibility graph D(G), we have V (D(G)) = {p}. Therefore
D(G) = K1. Now for case (ii), according to [[14], proposition 5.3(ii)], G contains precisely

pn−3 conjugacy classes of length 1, precisely pn−2 − pn−4 conjugacy classes of length p, and

precisely pn−2 − pn−3 conjugacy classes of length p2. Therefore cs(G) = {1, p, p2}, so by the

definition of the divisibility graph D(G), we have V (D(G)) = {p, p2}. Then D(G) = K2.
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Finally for the last one, we have two different cases. Let G as in [[14], proposition 5.4], then

according to [[14], proposition 5.4(ii)], G contains precisely p conjugacy classes of length 1,

precisely pn−2−1 conjugacy classes of length p, and precisely p2−p conjugacy classes of length

pn−2. So for n ≥ 4, cs(G) = {1, p, pn−2}. Then according to the definition of the divisibility

graph D(G), we have V (D(G)) = {p, pn−2}. Therefore D(G) = K2.

For the next theorem, we need the definition of the minimal non-metacyclic p−group. A

p-group G is a minimal non-metacyclic p−group when G is not metacyclic but all of its proper

subgroups are metacyclic.

Theorem 3.4. Suppose that G is a minimal non-metacyclic p−group where p is a prime

number. Then the divisibility graph D(G) has no triangles.

Proof. Now suppose that G is a minimal non-metacyclic p−group. By [[8], Theorem 3.2], G

is one of the following groups:

i) any group of order p3 and exponent p.

ii) a group of order 34 and class 3.

iii) the direct product C2 ×Q8.

iv) the central product Q8 ∗ C4 of order 24.

v) the group of order 25 and class 2, Z(G) = Ω1(G) = Φ(G) is of order 4.

For the first case, if G is abelian, then D(G) is a null graph. If G is non-abelian, then

|Z(G)| = |G′ | = p. Since |xG| ≤ |G′ | for x ∈ G, then cs(G) = {1, p}. Now according to the

definition of the divisibility graph D(G), we have V (D(G)) = {p}. So D(G) = K1.

For case (ii), since G is a minimal non-metacyclic 3−group, then G is a non-metacyclic

3−group. By [[14], proposition 5.4(ii)], we have cs(G) = {1, 3, 32}. Then D(G) = K2.

For case (iii), since Q8 has five conjugacy classes and C2 is an abelian group, so G ∼= C2×Q8

has the same conjugacy classes sizes as Q8. Therefore cs(G) = {1, 2}. Thus V (D(G)) = {2}
and we have D(G) = K1. For case (iv), G is a non-metacyclic 2−group of order 24. According

to [[13], Theorem 4.5], D16, Q16, and SD16 are the only groups of order 24 that |G′ | = 22. By

Theorem 2.1 these groups are metacyclic 2−groups. Therefore the other non-abelian groups

of order 24 have |G′ | = 2. So for this case, we have |G′ | = 2. Since |xG| ≤ |G′ | for x ∈ G,

therefore cs(G) = {1, 2}. Thus according to the definition of the divisibility graph D(G), we

have D(G) = K1. For the last one, since G
′
= Z(G), then |xG| ≤ 4. It is easy to see that

cs(G) = {1, 2, 22}. Now by the definition of the divisibility graph D(G), we have D(G) = K2.



64 Alg. Struc. Appl. Vol. 6 No. 2 (2019) 57-65.

References

[1] A. Abdolghafourian and M. A. Iranmanesh, On the divisibility graph for finite sets of positive integers,

Rocky Mountain. J. Math. Vol. 46 No. 6 (2016), pp. 1755-1770.

[2] A. Abdolghafourian and M. A. Iranmanesh, On the number of connected components of divisibility graph

for certain simple groups, Trans. Comb. Vol. 5 No. 2 (2016), pp. 33-40.

[3] A. Abdollahi, S. Akbari and H. R. Maimani, Non-commuting graph of a group, J. Algebra Vol. 298 No. 2

(2006), pp. 468-492.

[4] S. Akbari, H. R. Maimani and S. Yassemi, When a zero-divisor graph is planar or a complete r-partite

graph, J. Algebra Vol. 270 No. 1 (2003), pp. 169-180.

[5] A. Beltran, M. J. Felipe and C. Melchor, Triangles in the graph of conjugacy classes of normal subgroups,

Monatsh Math. Vol. 82 No. 1 (2016), pp. 5-21.

[6] E. A. Bertram, Some applications of graph theory to finite groups, Discrete Math. Vol. 44 No. 1 (1983), pp.

31-43.

[7] E. A. Bertram, M. Herzog and A. Mann, On a graph related to conjugacy classes of groups, Bull. London

Math. Soc. Vol. 22 No. 6 (1990), pp. 569-575.

[8] N. Blackburn, Generalizations of certain elementary theorems on p-groups, Proc. London Math. Soc. Vol.11

(1961), pp. 1-22.

[9] D. Bubboloni, S. Dolfi, M. A. Iranmanesh and C. E. Praeger, On bipartite divisor graphs for group conjugacy

class sizes, J. Pure Appl. Algebra Vol. 213 (2009), pp. 1722-1734.

[10] A. R. Camina and R. D. Camina, The influence of conjugacy class sizes on the structure of finite groups:

a survey, Asian-Eur. J. Math. Vol.4 No. 4 (2011), pp. 559-588.

[11] C. Casolo, Finite groups with small conjugacy classes, Manuscripta Math. Vol. 82 (1994), pp. 171-189.

[12] S. Dolfi, Arithmetical conditions on the length of the conjugacy classes in finite groups, J. Algebra Vol. 174

(1995), pp. 753-771.

[13] D. Gorenstein, Finite Groups, Chelsea Publishing Company, New York (1980).

[14] L. He’thelyi and B. Kulshammer, Characters, conjugacy classes and centrally large subgroups of p-groups

of small rank, J. Algebra Vol. 340 (2011), pp. 199-210.

[15] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin-New York (1967).

[16] M. A. Iranmanesh and C. E. Praeger, Bipartite divisor graphs for integer subsets, Graphs combin. Vol. 26

No. 1 (2010), pp. 65-105.

[17] G. James and M. Liebeck, Representations and Characters of Groups, Cambridge University Press, Cam-

bridge, (1993).

[18] D. Khoshnevis and Z. Mostaghim, Some properties of graph related to conjugacy classes of special linear

group SL2(F ), Math. Sci. Lett. Vol. 4 No. 2 (2015), pp.153-156.

[19] M. L. Lewis, An overview of graphs associated with character degrees and conjugacy class sizes in finite

groups, Rocky Mountain J. Math. Vol. 38 No. 1 (2008), pp. 175-211.

[20] B. Taeri, Cycles and bipartite graph on conjugacy class of groups, Rend. Semin. Mat. Univ. Padova Vol.

123 (2010), pp. 233-247.

[21] J. S. Williams, Prime graph components of finite groups, J. Algebra Vol. 69 No. 2 (1981), pp. 487-513.



Alg. Struc. Appl. Vol. 6 No. 2 (2019) 57-65. 65

[22] M. Xu and Q. Zhang, A classification of metacyclic 2−groups, Algebra Colloq. Vol.13 No. 1 (2006), pp.

25-34.

Danial Khoshnevis

School of of Mathematics

Iran University of Science and Technology

Tehran, Iran.

danyal khoshnevis@mathdep.iust.ac.ir

Zohreh Mostaghim

School of of Mathematics

Iran University of Science and Technology

Tehran, Iran.

mostaghim@iust.ac.ir


	1. Introduction
	2. Preliminaries
	3. The investigation of divisibility graph for some finite groups
	References

