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AN ELEMENTARY PROOF OF NAGEL-SCHENZEL FORMULA

ALIREZA VAHIDI

ABSTRACT. Let R be a commutative Noetherian ring with non-zero identity, a an ideal of
R, M a finitely generated R—module, and ai,...,a, an afilter regular M—sequence. The
formula
HZ(M) ~ z:al """ an>(M) for all i < n,
Ho " (H{,, . a,) (M) for alli>n,
is known as Nagel-Schenzel formula and is a useful result to express the local cohomology

modules in terms of filter regular sequences. In this paper, we provide an elementary proof

to this formula.

1. INTRODUCTION

Throughout R will denote a commutative Noetherian ring with non-zero identity, a and b
two ideals of R, X an arbitrary R—module which is not necessarily finitely generated, and M
a finitely generated R—module. Recall that the i—th local cohomology functor Hg is the i—th
right derived functor of the a—torsion functor I'y. For basic results, notations and terminology

not given in this paper, the reader is referred to [1], [2], and [5].
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The concept of an a-filter regular sequence is a generalization of the concept of a filter

regular sequence which has been studied in [6] and [[7], and has led to some interesting results.

Let a1,...,a, € a. Recall that a1, ..., a, is an afilter regular M—sequence if
(ala ) ai*l)M ‘M Qj
Supp < C Var(a
i (a1,...,a;-1)M (6)
for all 1 <14 < n, where Var(a) denotes the set of prime ideals of R containing a. Let ay, ..., ay

be an afilter regular M—sequence. Then, by [3, Proposition 1.2], we have

(I) Z(M) ~Y (Aa 7"‘7an)( ) f
a ( ’Ela’lv"'?a”)(M)) or a‘ll 2 > TL,

which is known as Nagel-Schenzel formula. This formula was first obtained by Nagel and
Schenzel, in [, Lemma 3.4], in the case where R is a local ring with maximal ideal m and

a = m. Both of them used the Grothendieck spectral sequence

E5 .= HE(H!

(a1,...,an)

(M))= HE™(M)

to prove (). In this paper, we provide an elementary proof to this formula.

2. An elementary proof of ()

The following lemmas are needed in our proof of Nagel-Schenzel formula.

Lemma 2.1. Let t be a non-negative integer such that Hi "(Hi (X)) = 0 for all 0 < i < t.
Then H  ((X) = 0.

Proof. We prove by using induction on t. The case t = 0 is clear because I'q(T's (X)) = Tgpp(X).
Suppose that t > 0 and that ¢ — 1 is settled. Assume that X = X/T(X) and Q = Er(X)/X
where Eg(X) is an injective hull of X. Since I'y(X) = 0 = Tqyp(X), Te(Er(X)) = 0 =

Fato(Er(X)). Applying the derived functors of I'y(—) and I'y15(—) to the short exact sequence
0— X —Er(X) —Q—0,

we obtain the isomorphisms

(2) Hi(Q) = H{F (X)
and
(3) (@) = HIL(X)

for all ¢ > 0. From the isomorphisms (B), for all 0 < ¢ <t — 1, we have

VT Q) = Hy AR (X))
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which is zero by the assumptions. Thus, from the induction hypothesis on @, we have
Hiﬁa(Q) = 0. Therefore H ,(X) = 0 by the isomorphisms (8). Now, by the short exact
sequence

0 —Tp(X) — X — X —0,

we get the long exact sequence
c = Hy g (Do (X)) — Ho o (X) — H (X)) — -

Since H! ((Tp(X)) = HI(T(X)) = 0, the above long exact sequence shows that
Hf1+b(X )=0.g

Lemma 2.2. Let s and t be non-negative integers such that
(1) HET(HL (X)) = 0 for all i # t,
(i) HST= " (HI (X)) =0 for alli < t, and
(iil) HSH Y (H (X)) = 0 for all i > t.

Then we have the isomorphism H5(HE (X)) = HziE(X)

Proof. Let X = X/T'y(X) and Q = Eg(X)/X where Eg(X) is an injective hull of X. We
prove by using induction on ¢. In the case that ¢ = 0, we have Hi;é(Y) =0 = H} ,(X)
from hypothesis (iii) and (i), and Lemma 2. Since Hj_ ,(I'y(X)) = Hy(I's(X)), the assertion

follows by the exact sequence

Hy Lo (X) — Ha o (To(X)) — Hy o (X) — Hy (X)),

obtained from the short exact sequence
0—Tp(X)— X — X —0.

Suppose that ¢ > 0 and that ¢t — 1 is settled. From the isomorphisms (2) and the assumptions,
we have

o HPUT 1 (@) = BTN (X) = 0 for all i £ ¢ — 1,

o HPUH i (Q)) = H T D (HIFY (X)) = 0 for all i < ¢ — 1, and

o HYTTUTIT Q) = HETTT T (HIFY (X)) = 0 for all i > ¢ — 1.
Thus we get Hziét_l)(Q) ~ H:i(H; '(Q)) by the induction hypothesis on Q. Therefore
Hzﬂ) (X) = Hi(H} (X)) from the isomorphisms (B) and (8). On the other hand, by assumptions
(i) and (ii), and the exact sequence

Hy L (Do(X) — HITG (X) — Hi (X)) — H LM (Tu(X)

obtained from the short exact sequence

0 —Tp(X)— X — X —0,
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we get HT!(X) = H5'L (X). Hence HE(H! (X)) = H¥'L (X) which completes the proof.

e e atb
Lemma 2.3. Let ay,...,a, be an a—filter reqular M —sequence. Then, for all0 < i <n —1,
Suppp(Hi, . q,)(M)) C Var(a). In particular,

i G
HY (H (M)) = Hig, (M) =0,
a\*(a1,...,an) o
0 if 7 >0,

forall0<i<mn-—1.

Proof. Let 0 <i<n—1andp € SuppR(Hé )(M)) Assume contrarily that p ¢ Var(a).
Thus p € Spec(R) \ Var(a) and so ¢, ..., % is a weak M,—sequence. Hence Héu Ln)(Mp) =
T

1
(M)), = 0. This contradiction shows that p € Var(a). g

at,...,an

0. Therefore we get (Héal,--

'7a‘n)

Now we are ready to give an elementary and simple proof for ().

Proof of Nagel-Schenzel formula. Let i < n (resp. i > n). Consider Lemma =3 and apply

Lemma 22 with s =0,¢t =4, and b = (a1,...,a,) (resp. s =i—n,t =n,and b = (a1,...,a,)).
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