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CARTESIAN CLOSED SUBCATEGORIES OF TOPOLOGICAL FUZZES

MAHBOOBEH AKBARPOUR AND GHASEM MIRHOSSEINKHANI"

ABSTRACT. A category C is called Cartesian closed provided that it has finite products and
for each C-object A the functor (A x —) : A — A has a right adjoint. It is well known that
the category TopFuzz of all topological fuzzes is both complete and cocomplete, but it is
not Cartesian closed. In this paper, we introduce some Cartesian closed subcategories of this

category.

1. INTRODUCTION

A completely distributive complete lattice is called a molecular lattice. In 1992, Wang
introduced the concept of topological molecular lattices in terms of closed elements as a gen-
eralization of ordinary topological spaces, fuzzy topological spaces and L-fuzzy topological
spaces in tools of molecules, remote neighborhoods and generalized order homomorphisms [d].
A fuzz is a pair (F, ') consisting of a molecular lattice F' and an order reversing involution
" F — F,that is, x < yif and only if ¢/ < 2’/ and 2" = z for all z,y € F. A topological fuzz is
a triple (F, ’, 7) such that (F, ') is a fuzz and 7 C F is a topology, i.e., it is closed under finite
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meets, arbitrary joins and 0,1 € 7, where 0 and 1 are the smallest and the greatest elements of
F, respectively. Every element of a topology 7 is called open and every element of 7/ is called
closed, where 7/ = {d' | a € 7}.

For two molecular lattices F' and GG, and a mapping f : ' — G which preserves arbitrary
joins, suppose f denote the right adjoint of f, then f : G — F is defined by f(y) =\V{z €
F| f(z) <y} for every y € G. Amap f: (F,') — (G, ') between fuzzes is called an order
homomorphism or a fuzz-map in this paper if f preserves arbitrary joins and ]? preserves ’
[[M]. A fuzz-map f: (F,',7) = (G, ', u) between topological fuzzes is said to be continuous
if b € 1 implies f(b) € .

The category of all fuzzes with fuzz-maps between them is denoted by Fuzz, and the
category of all topological fuzzes with continuous fuzz-maps between them is denoted by
TopFuzz. It is well known that these categories are both complete and cocomplete, and some
categorical structures of them were introduced by many authors [@, B, 8, 00, I1]. Topological
fuzzes are more general frames for studding fuzzy topological spaces. Since the category Top
of all topological spaces, as a full subcategory of TopFuzz, is reflective and coreflective [§],
this points out the essential difference between the general topological spaces and topological
fuzzes on the categorical level.

An object A of a category C with finite products is called exponentiable if the functor
A x —: C — C has a right adjoint and it is called cartesian closed provided that every object
of C is exponentiable. It is well known a topological space is exponentiable in Top if and only
if it is core compact, in the sense that any given open neighborhood V' of a point x contains an
open neighborhood U of x with the property that every open cover of V' has a finite subcover
of U [B]. Some characterizations of exponentiable objects in TopFuzz, and the category Tml
of all topological molecular lattices were introduced in [2, G]. In this paper, we introduce some
cartesian closed subcategories of TopFuzz. In the following, readers are suggested to refer to

[M] for some categorical notions.

2. preliminaries

In this section, we first recall the definition of extra order introduced by Li [7]. Extra orders
are useful tools to construct molecular lattices and function spaces in topological molecular

lattices and topological fuzzes.

Definition 2.1. Let P be a poset and < be a binary relation on P.
a) < is called an extra order, if it satisfies the following conditions:
(1) x <y=2a <y,
2 u<zr<y<v=u-<u.
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b) < satisfies the interpolation property (short by INT), if z < y implies that there exists
z € P such that x < z < y.

Remark 2.2. If < is an extra order on a poset P, then there exists a largest extra order <

over P contained in < satisfying (INT).

Definition 2.3. [7] Let < be an extra order satisfying (INT) on a poset P. A subset [ in P

is called a lower-Dedekind —<-cut, if it satisfies the following conditions:

(1) I'is a lower set, that is | [ = I.
(2) If = € I, then there exists y € I such that x < y.

The set of all lower-Dedekind <-cuts in P ordered by subset inclusion is denoted by
Low<(P). The following important result is a construction of molecular lattices using ex-

tra order.

Theorem 2.4. [7] If < is an extra-order over P satisfying (INT), then Low<(P) is a molecular

lattice.

Remark 2.5. [G6] For a complete lattice L, an extra order < is defined by a <1 b if for every
subset S C L, b < VS implies a < s for some s € S. If L is a molecular lattice, then < satisfies
the condition (INT). Also a complete lattice L is a molecular lattice if and only if b = Vv <1 (b),
where <1(b) = {a € L | a < b}.

Example 2.6. Consider the lattice L = {0,a,b,c,1}, where a < ¢, b < ¢ and suppose a
and b are incomparable. Then L is molecular lattice and we have <1(0) = (), <i(a) = {0,a},
<(b) = {0,b}, <(c) = {0,a,b} and <(1) = L. By Remark 23, it easy to show that Low,(L) =
{0,{0,a},{0,b},{0,a,b}, L}. Hence Low,(L) = L.

In [IT], the author used extra order to construct function spaces in topological fuzzes. For
two fuzzes (L1, ') and (Lo, '), let [L1 — Lo] denote the set of all continuous sup-preserving
maps from L; to Ly. An extra order < over [L; — L] is defined by f < ¢ if x <y implies

f(z) <g(y).

Definition 2.7. [II] Let f,g € [L1 — Ls]. If for every z € Ly the formula f((g(x))") < 2’
holds, then we say that f and g are parallel and denote it by f || g; otherwise f }t g.

Theorem 2.8. [11] let [LY'] := Lowz[Li — Lo, and ' : [Lo™] — [Lo™1] is defined by
A =\U{B €L : flgforalfeAandge B} for every A € [Ly™]. Then ([LY'], ") is

a fuzz .

Theorem 2.9. [8/ Top is a reflective and coreflective full subcategory of TopFuzz via the
embedding power functor p : Top — TopFuzz defined by p(X,7) = (p(X),T), where p(X) is

the power set of X and involution on p(X) is the subset complement.
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Since the category Top is not cartesian closed, by Theorem 29 it follows that TopFuzz
is not a cartesian closed category. In [2], we have introduced the concept of Isbell topology
on function spaces in topological fuzzes. Also for presentation of the exponentiable objects
in TopFuzz we have defined an extra order < on a topological fuzz (L, ', 7) by a < b if for
every subset A C 7, b < VA implies that there exists a finite subset D of A such that a < VD.

Definition 2.10. [2] A topological fuzz (L, ', 7) is called core compact if b = V{a € 7 | a < b}
for all b e 7.

Example 2.11. Let (X, 7) be a topological space. Then X is a core compact topological

space if and only if (p(X),7) is a core compact topological fuzz.

Remark 2.12. [I1] The binary product of two topological fuzzes (L1, ’,71) and (Ls, ', 72)
is (Ll ® Lo, /,7’), where L1 ® Ly := {D C Ly x Ly ‘ D = U(ﬂc,y)GD <]($) X <](y)}, D =
Nyepi(<(@) x <(1)U(a(l) x <(y’))} for each D € L1 ® Ly and 7 is generated by subbase
{mi(z) |z € m}U{m(y) | y € ™2}, such that the projection Fuzz-maps m; and m are defined
by (D) =\/{z € L1 | 3y € Lo, (x,y) € D} and mo(D) = \/{y € Lo | 3z € L1, (x,y) € D}.

Theorem 2.13. [2] Let (M, ', 7) be a topological fuzz. Then the following conditions are

equivalent:

(1) (M, ', 1) is exponentiable in TopFuzz, and for every topological fuzz L, the exponential
topology on [LM] is the Isbell topology.

(2) (M, ', 1) is core compact.

(3) The mapping ev : ([LM], ",n) @ (M, ',7) — (L, ', 1) defined by ev(D) = V{f(x)| f €
A, (A,z) € D} is a continuous fuzz-map for every topological fuzz (L, ', u).

If M is an exponentiable topological fuzz, then [LM | equipped with the exponential topology
is denoted by LM.

3. C-generated topological fuzzes

Let L; and Ls be topological fuzzes and let C'(L;, L) denote the set of all continuous fuzz-
maps from L; to Ly. The transpose f: M — [Lé:l] of a fuzz-map f: M ® Ly — Lo is defined
by f(a) = fa, where f, € [LE'] is given by fo(x) = f(<i(a) x <(x)).

By definition of the exponentiable objects in terms of adjoint situations [0], we have a
topological fuzz L is exponentiable if and only if for every topological fuzz Lo there exists a
topology on [L%l] such that for any topological fuzz M, the association f <> f is a bijection
from C(M ® L1, Ly) to C(M, [Lo1]).

Lemma 3.1. The product of two exponentiable topological fuzzes is exponentiable.
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Proof. Let L1, Ly be two exponentiable topological fuzzes. Then for arbitrary topological
fuzzes M and N, the following bijections hold: C(M ® (L1 ® L2), N) = C((M ® L1) ® L2, N)
~ O(M®Ly, NP2) = O(M, (NF2)E1). Moreover, [(NF2)l1] = [NF1®L2], Hence the exponential

topology on [(N'2)¥1] induces an exponential topology on [Nt1®12],

Corollary 3.2. The product of two core compact topological fuzzes is core compact.
Lemma 3.3. The coproduct of a family of exponentiable topological fuzzes is exponentiable.

Proof. Let {L;};c; be a family of exponentiable topological fuzzes and M be an arbitrary
topological fuzz. By the natural bijection @,[M%] = [ML:L] it follows that &,[M"]
induces an exponential topology on [MLi%], where L1, L; is the coproduct of {L;}icr. o

Definition 3.4. Let C be a fixed collection of topological fuzzes, which are called generating
topological fuzzes. A probe over topological fuzz L is a continuous fuzz-map from one of the
generating topological fuzzes to L. The C-generated topology CL on a topological fuzz L is the
final topology of the probes over L, that is, the finest topology making all probes continuous.
We say that a topological fuzz L is C-generated, if L = CL. The category of C-generated

topological fuzzes and continuous fuzz-maps between them is denoted by TopFuzzc.

Lemma 3.5. The following statements hold.

(1) Ewvery generating topological fuzz is C-generated.

(2) C-generated topological fuzzes are closed under the formation of quotients.

(3) C-generated topological fuzzes are closed under the formation of coproducts.

(4) Ewvery C-generated topological fuzz is a quotient of a coproduct of generating topological

fuzzes.

Proof. (1) : Consider the identity probe, then the result follows.

(2) : Let f: Ly — Ly be a quotient fuzz-map and L; be C-generated. Then the composite
probes fop: C — Lo suffice to generate topology of Lo, where p : C — L; varies over all
probes of L.

(3) : The proof is similar to (2).

(4) : Let L be a C-generated topological fuzz and I be the set of non-open elements of L.
Then by definition of final topology, for each ¢ € I there exists a probe p; : C; — L which
pi(i) is non-open. By the choice of probes, an element a of L is open if and only if p;(a) is
open for all ¢ € I, that is, the topology of L is just the final topology of the family

{pi : Ci = L};c1. We can enlarge this family, if necessary, by including all constant maps

from some nonempty generating fuzzes, to get sure that all elements of L are covered by
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probes. Let (J; : C; — S);cr be the coproduct of the topological fuzzes {C;};c;. According to
the universal property of coproducts, there is a unique fuzz-map ¢ : S — L such that
qo J; =p; for all i € I. Again by the universal property, a function f : L — M is continuous

if and only if fogqg: S — M is continuous, which shows that ¢ is a quotient fuzz-map.

Definition 3.6. [4] An element a of a topological fuzz L is called compact if a < a, and L is

called compact if every its closed element is compact.

Definition 3.7. [6] A topological fuzz (L, ', 7) is called Hausdorff (75) if the following condi-
tions hold:

(1) Every a € L can be written in the form a = e \/jeJi u;;, where u;; is open or closed
for every ¢« € I and j € J;.
(2) Every a € L can be written in the form a = Ajer \/jeJi wij = Nier \/jeJi uij, where u;;

is open for every i € I and j € J;, and u;; denote the closure of u;;.

Definition 3.8. A topological fuzz (L, ’,7) is said to be locally compact, if for each b € 7
and each m € <(b), then there exist a € 7 and ¢ € L compact such that m <a < ¢ <b.

Clearly, if (X, 7) is a locally compact (compact) topological space, then (p(X),7) is a locally
compact (compact) topological fuzz. If a < ¢ < b such that ¢ is compact, then we have a < b.

This implies that every locally compact topological fuzz is core compact.
Lemma 3.9. Every compact Hausdorff topological fuzz is locally compact.

Proof. Let (L,’,7) be a compact Hausdorff topological fuzz, b € 7 and m € <(b). Since
< satisfies the condition (INT), it follows that there exists d € L such that m <d <b. By
assumption, d = Ajer \/]EJZ_ wij = Nier vjeJi ui;j, where u;; is open. Then for each i € I,
d < \/jeJ,- uij < VjeJi @ij. Thus m < v; < 9; < vjeJi U;j, where v; = u;; for some j € J;.
Then m < Niervi < Nier? < d < b. Hence t/ <'\/,.; 7;. By compactness, there exists a finite
subset F' of I such that N\icpt; < b. Let a = Njcpv;. Then a € 7 and m < a < a < b, as

desired.

Example 3.10. Consider the lattice L = [0, 1] with usual order. Define the involution " on L
by ' =1 —a for every a € L. If 7 = L, then (L, , 7) is a topological fuzz. Since a < b implies
a < b, By Remark 23, it follows that b =V < (b) = V{a € 7| a < b} for every b € 7. Thus L
is a core compact Hausdorff topological fuzz. On the other hand, every nonzero element of L

is not compact, so L is neither locally compact nor compact.

Definition 3.11. A topological fuzz is called:
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(1) core compactly generated, if C consists of core compact topological fuzzes,

(2) compactly generated, if C consists of compact Hausdorff topological fuzzes.

Corollary 3.12. The following statements hold.

(1) A topological fuzz is core compactly generated if and only if it is a quotient of a core
compact topological fuzz.
(2) A topological fuzz is compactly generated if and only if it is a quotient of a compact

Hausdorff topological fuzz.

Proof. Since the class of core compact topological fuzzes and compact Hausdorff topological

fuzzes are closed under the coproducts and by Lemma B3, it follows directly.

Definition 3.13. A class C of generating topological fuzzes is called productive if each element
of C is exponentiable, and the topological fuzz product of any two generating spaces is C-

generated.

Example 3.14. The class of all core compact topological fuzzes and the class of all compact

Hausdorff topological fuzzes are productive.

Definition 3.15. A sup-preserving map f : L1 — Lo is called C-continuous if fop: C — Lo

is continuous for each probe p: C' — L;.

It is clear that every continuous fuzz-map is C-continuous and for fuzz-maps defined on
C-generated topological fuzzes, the C-continuity coincides with continuity. The topological
fuzzes and C-continuous fuzz-maps between them form a category which is denoted by Mapg.

It is easy to show that the identity fuzz-map C'L — L is an isomorphism in Mape¢.

Lemma 3.16. The functor C : Mape — TopFuzze that sends a topological fuzz L to CL and

a C-continuous map to itself is an equivalence of categories.

Proof. TopFuzz; is a full subcategory of Map¢, because a topological fuzz L is C-generated
if and only if continuity of a function defined on L is equivalent to C-continuity. On the other
hand, every topological fuzz is isomorphic in TopFuzz¢ to an object of Map¢. Thus the
result holds.

Lemma 3.17. Map¢ has finite products and they are the same as in TopFuzz.

Proof. It is enough to show that L; ® Lo has the universal property, where L and Ly are
topological fuzzes. Since the projection fuzz-maps m; and 7o are continuous, they are C-

continuous. Let f; : M — L; be an arbitrary C-continuous fuzz-map for ¢ = 1,2. Then there
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exists a unique fuzz-map f : M — L; ® Lo such that f; = mo f. Now, we show that f is
C-continuous. Let p: C — M be a probe. It is enough to prove that m; o f o p is continuous.

But 7; o f o p = f; op, which is continuous by C-continuity of f;.

Remark 3.18. Let C be an arbitrary collection of topological fuzzes. For C-generated topo-
logical fuzzes L; and Lo, we write L1 ®¢ Lo for binary product in the category TopFuzzc.
Trivially, if the topological fuzz product L ® Lo is itself C-generated, then L1 ®¢ Lo = L1 ® Lo.
Moreover, since the functor C : Map¢e — TopFuzz; is an equivalence of categories, it follows
that L1 ®¢ Lo = C(L1 ® La).

Recall that an element a of a lattice L is called coprime, if a < bV ¢ implies a < b or a < ¢,
for every b,c € L. We denote by C'P(L) the set of all nonzero coprime elements of L. Nonzero
coprime elements are also called molecules. It is well known that if L is a molecular lattice,
then CP(L) is a join generating base for L, i.e., every element of L is a join of some elements
of CP(L) [4].

Lemma 3.19. Let f : M ® L1 — La be a C-continuous fuzz-map. Then for each p € CP(M)
the fuzz-map f, : L1 — Lo defined by f,(a) = f(<(p) x <(a)), is C-continuous.

Proof. For each p € CP(M) the fuzz-map g, : L1 - M ® Ly defined by g,(a) = <(p) x <(a)

is C-continuous, because it is continuous. Since f o g, = fp, the result follows directly.

For two fuzzes L; and Lo, and a class C of generating topological fuzzes, let [L1 —¢ Lo
denote the set of all C-continuous sup-preserving maps from L to Lo. Define an extra order
<c¢ over [L1 —¢ Lo| by f <¢ g if whenever x <y, then f(z) < g(y).

Now, let [L'])e = Low=[L1 —¢ Lo), and ' : [Ly"1]e — [Lo™]c is defined by A’ = |J{B ¢
[Lo™c : f ) g forall f € A and g € B} for every A € [Ly™']c. Then it is easy to show that
([LEe, ') is a fuzz.

Let f : M®L; — Lo be a C-continuous fuzz-map. Then we have a function f : M — [LQL]']C
such that f(r) = f,. Suppose that any element of C is exponentiable. Now, we define a
topology on [Lo™]c. Each probe p : C — L; induces a function Ty : [Lol1]e — LS defined
by T,(g) = g o p. We endow [Lng]C with initial topology of the family of functions that arise
in this way, obtaining a topological fuzz (Lo )c. Thus for any topological fuzz L, a function
h: L — (La™)c is continuous if and only if 7,0 h : L — LS is continuous for each probe

p:C—)Ll.

Lemma 3.20. Let C be a class of productive topological fuzzes.
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(1) A fuzz-map h: L — (Lo™)¢ is continuous if and only if the fuzz-map g : L C — Lo
defined by g(<(l) x <(c)) = (h(1))(p(c)) is continuous, for each probe p: C — L;.

(2) The transpose f : M — (Lo™)c of a function f : M ® L1 — Lo is C-continuous if and
only if the function fo(p®q) : C1 & Cy — Lo is continuous, for all probesp : C1 — M
and q: Co — Ly.

(3) A function f: M ® Ly — Lo is C-continuous if and only if the function f o (p ® q) :
C1 ® Co — Lo is continuous, for all probes p: C1 — M and q: Co — L.

Proof. (1) : For each probe p : C — Ly, a function h : L — (La™1)¢ is continuous if and only
if T,oh:L — Lg is continuous. Since T}, o h is the transpose of g : L ® C' — L and C'is
exponentiable in TopFuzz, we have T, o h is continuous if and only if g is continuous.

(2) : The function f is C-continuous if and only if fop: C; — (Lo™*)¢ is continuous for each
probe p : C; — M. According to the previous part f o p is continuous if and only if

g: C1 ® Cy — Lo is continuous for each probe g : Cy — L1, where

g(<(z) x <(y)) = ((f o p)(x))(q(y)). Since

((f ep)(@))(a(y)) = F(Qp(z)) x <(q(y))) = f o (p® q)(<A(x) X <(y)), the result follows.
(3) : Since C is productive, C; ® Cy is C-generated. Therefore, f o (p ® q) is continuous if and

only if it is C-continuous, that is, f o (p ® ¢) o s is continuous for each probe

s:C5 — C1®Cy But fo(p®q) is continuous, so is fo (p® q) o s.

For converse, let r : C — M ® L1 be an arbitrary probe over M ® L;. We will show that for
is continuous. The probes p: C — M and ¢ : C' — Ly obtained by composing r with the
projections. Since d : C'— C' ® C'is continuous, then fo(p®qg)od= for:C — Ly is

continuous. Thus f is C-continuous.

Now, by Lemmas BT8 and B=20, we have the following main result.

Theorem 3.21. IfC is a class of productive topological fuzzes, then Mapg is cartesian closed

and so is TopFuzz,.

Corollary 3.22. Core compactly generated and compactly generated topological fuzzes are

cartesian closed subcategories of TopFuzz.

The following Example shows that the converse of the previous Theorem need not be true

in general.

Example 3.23. Let C be the collection of all exponentiable topological fuzzes and D =
TopFuzzc:. Then it is easy to show that a topological fuzz is D-generated if and only if it is
quotient of a C-generating topological fuzz. Thus TopFuzzp = TopFuzzc, and hence it is

cartesian closed. But we prove that D is not productive. In [8] (Example 5.1), it is shown that
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there exist exponentiable spaces X and Y in Top such that the topological product X xY does
not generated by the collection of all exponentiable spaces in Top. By Theorem 29, we have
p(X xY) = p(X)® p(Y). Hence by Example 211, the topological fuzz product p(X) ® p(Y)
does not generated by D.

Remark 3.24. Let 1 be the one point topological fuzz. Since discreet fuzzes are 1-generated,
it follows that they form a cartesian closed category. This of course amounts to the familiar

fact that the category Fuzz is cartesian closed [I1].

4. CONCLUSION

It is well known that the category TopFuzz of all topological fuzzes is both complete and
cocomplete and some categorical structures of it were introduced by many authors. Since the
category Top of all topological spaces is a reflective and coreflective subcategory of TopFuzz,
it follows that TopFuzz is not a cartesian closed category. In our previous work, we have
introduced some characterizations of the exponentiable topological fuzzes. In this paper, we
have presented some cartesian closed subcategories of TopFuzz. For a class C of topological
fuzzes, we have defined the concepts as generated topological fuzz, productive class and the
category of C-generated topological fuzzes. As an important result we have proved that if
C is productive, then the category of C-generated topological fuzzes is cartesian closed. In
particular, we have shown that the category of core compactly generated topological fuzzes
and the category of compactly generated topological fuzzes are cartesian closed subcategories
of TopFuzz.
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