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ABSTRACT. In this paper, we define some new homomorphism-monotone parameters for hy-
pergraphs. Using these parameters, we extend some graph homomorphism results to hyper-
graph case. Also, we present some bounds for some well-known invariants of hypergraphs such
as fractional chromatic number,independent numer and some other invariants of hyergraphs,

in terms of these parameters.

1. INTRODUCTION

Graph homomorphism is known as a fundamental problem in graph theory, since many
problems in this area can be interpreted by the existence of homomorphism between some
related graphs, for instance, see [B, 6, B, U, [0, T1]. As expected, on the other hand, graph ho-
momorphism is an NP-hard problem, which as a matter of fact, emphasizes that finding some
necessary conditions for the existing of graph homomorphism are valuable. This problem has

been received a considerable attention in the literature, see[2, B, 4, [2].
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In this paper, we will lift the problem of the existence of graph homomorphism to the case

of hypergraphs. We generalize some known results [2, 4, [7] to hypergraph case. To state our

results, we first need to set up some notation and terminology.

[m]

Notations: Hereafter, two symbols [m] and (") stand respectively for the set {1,2,...,m}
and the collection of all n—subsets of [m]. A hypergraph H is a pair (V,E), where V is
a finite set of point called wvertices, and E is a set of subsets of V| called edges. A hy-
pergraph is called r—uniform if all of its edges have the same cardinality r. A hyper-
graph H' = (V(H'), E(H')) is called a subhypergraph of a hypergraph H = (V(H), E(H))
if V(H') € V(H) and E(H') € E(H). An induced subhypergraph of a hypergraph H is a
subhypergraph which is given by a subset of the vertices of H, and contains the same edges
regarding these vertices as in the original hypergraph. A clique of an r—uniform hypergraph
‘H is a subset of its vertices such that every r vertices in this subset form an edge in H. The
size of the largest clique in H is called the cliqgue number of H and denoted by w(H). A set
S C V(H) is called independent if there is no edge e € E(H) contained in S. The size of the
largest independent set is called independent number and denoted by a(#). For two hyper-
graphs G and H, a homomorphism from G to H is a mapping f : V(G) — V(H) such that for
every edge e € F(G), there exists at least one edge ¢’ € F(H) such that ¢ C f(e). We write
G — H(resp. G - H) if there exists a homomorphism ( resp. no-homomorphism) from G
to H. If a homomorphism is bijective then it is called an isomorphism. Note that, the clique
number of an r—uniform hypergraph H is the maximum integer n for which K, — H, where
K] is an r—uniform hypergraph with vertex set [n] and edge set consisting of all r—subsets of
[n]. For r = 2, we omit the super index and write K,, instead of K2. An isomorphism from a
hypergraph G to itself is called an automorphism. A hypergraph H is called vertex transitive
if for every vertices x,y € V(#H), there is an automorphism f : H — H such that f(z) = y.
A hypergraph H is called edge transitive if for every edges e, e € E(H), there is an automor-
phism f : H — H such that f(e;) = es. Let m > 2n be positive integers. The Kneser graph
KG(m,n) has vertex set ([Z‘]), and each pair of vertices make an edge, if their intersection is
empty.

A proper coloring of a hypergraph is an assignment of colors (natural numbers) to the ver-
tices of the hypergraph so that every edge receive at least two different colors. A t-coloring
of a hypergraph H is a coloring of H using at most ¢ colors. For a hypergraph H its
chromatic number x(H) is the smallest integer ¢ for which H admits a t-coloring. Note that
the chromatic number of a hypergraph # is the minimum integer n for which H — K,,. Also,

the fractional chromatic number of a hypergraph H, denoted by xs(H), is defined as follows,

xf(H) =inf {2 | H — KG(m,n)} .
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It is known that the infimum can be replaced by minimum. Also, since KG(m, 1) = K,,, for

any hypergraph #, we clearly have xr(H) < x(H).

2. Conditions for existence of hypergraph homomorphism

Let H be a hypergraph and ¢ be a proper coloring of H. We define the vertex-sum coloring
of 1 related to the coloring ¢ by > .(H) = 3.,y (x) c(v). The vertez-chromatic sum of H,
denoted by > (H), is defined as follows,

>>(H) =min{} (M) | ¢ is a proper coloring of H}.

The following theorem provides a necessary condition for the existence of hypergraph homo-
morphism extending a theorem in [?] to hypergraph case. In fact, we provide a necessary
condition for the existence of hypergraph homomorphism by using the vertex-chromatic sum

of a hypergraph.

Theorem 2.1. Let G and H be two hypergraphs such that # is a vertex transitive hypergraph.
If f: G — H is a homomorphism, then

SO) o S
Vo = VT

Proof. Let 5 = UUGAM(H) G,, where each G, is a copy of G. Define g : 5 — H such that
g(v) = oo f(v) whenever v is a vertex of G,. Obviously, g is a homomorphism and since H is
a vertex transitive hypergraph, one can easily check that for each vertex x € V(H), |g~ ()]
is a constant, i.e., independent of x. To see this, note that for any two vertices z,y € V(H),
there is an automorphism o € Aut(#H) such that o(x) = y. Now, it is clear that o o g is
same as ¢ with respect to a renaming of the copies of G in G which implies that |g~!(z)| =
|(c0g)~L(x)|. On the other hand, since o(z) = y, we have |g~!(z)| = |(c0g) ! (y)]| resulting in
lg1(x)] = |g~(y)|. For simplicity of notation, set 3 = |g~!(x)|. Consequently, |g~*(V(H))| =
D eV (H) lg1(x)] = 3 - |[V(H)]. On the other hand, g~ (V(H))| = |Aut(H)| - |V (G)|, which
implies 3 = W Let ¢ be a proper coloring of H such that ) _(H) = > (H). For each
v e V(G), set &(v) = c¢(g(v)). This is a proper coloring of G and ZE(CNJ) = W x> (H).

Therefore, there is an o such that ZEIQ (Gos) < |‘X‘;((7§-;L))|| X > (#) and since G, is isomorphic to

g, we have ) (G) < R//((%))‘l X > (H) which is the desired conclusion.

Let ‘H be a hypergraph with x(#H) = n. Since there is a homomorphism from H to K,
Theorem P71 implies

x(H)+1
2

2 (M)~ 2 (Ky) n(n+l) _ n4l
V(H) = V(K] 2n 2
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and thus

S (H) < X v ().

For two hypergraphs H and K define

ax(H) = max{|S| | § € V(H), H[S] — K},

i.e., ax(H) is the maximum number of vertices of hypergraph H which the induced subhy-
pergraph by these vertices is homomorphic to K. By the following theorem, we generalize a

graph homomorphism result by Bondy and Hell [d] to the hypergraph case.

Theorem 2.2. Let G and H be two hypergraphs and H be a vertex transitive hypergraph.
For each hypergraph K, if f : G — H is a homomorphism, then

K
S W

Proof. Let 5 = erAut(H) Gs, where each G, is a copy of G. Define g : 5 —— H such that

g(v) = o o f(v). Obviously, g is a homomorphism and we have

ax(G) = [Aut(H)| x ax(G)-

Consider S C V(H) such that #[S] — K and |S| = ax(H). For 8" = g71(S) C V(G), we have
G[S'] — K since G[S'] — H[S] — K. So |§’| < ax(G). On the other hand, we have |S’] =
> ses lg7H(@)]. With the same proof as in Theorem P71, we have |g7!(z)| = |Aut(H )\

|V(’H
for each x € V(H). Consequently, we have

'l = Yaes |97 @)] = lg7 (@) - |S] < ax(G) = [Aut(H)] x ax(9),

Thus, [Aut(H)| 571 - (M) < [Aut(H)] - axc(9), and {559 < 75}, as desired. o

For a hypergraph H, we remind that a subset of V() such that the induced subhypergraph
by them has no edge is an independent set of H. The maximum cardinality for such a subset
is called the independence number of H and denoted by a(H). It is clear that if there is a
homomorphism from H to K7, then H must have no edge and vice versa. Consequently, for each
hypergraph H, we have ag, (H) = a(H), because ag, (H) = max{|S|: S C V(H), H[S] —
((%” To see this, note that if
X(H) = n, then there is a homomorphism from H to K,, and accordingly by Theorem P72,

aH)  ox (Kn) 1 Al ot o A
V)| > VRl = n As applications of Theorem P2, we have the next tow corollaries as

K1}, which results in the well-known inequality x(H) > v

well.

Corollary 2.3. For any vertex transitive r—uniform hypergraph H, we have w(H) - a(H) <

(r = DIV(#H)|.
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Proof. If w(H) = n, then there is a homomorphism from K] to H. Now, by Theorem 22, we

or,(H) _ o (K5) _ ;1
Vel S TVEDT © on o

have < which finishes the proof.

Corollary 2.4. For any hypergraph #, the size of the largest bipartite subhypergraph of H

1 )IV(H)\
xf(H) xp(H) "

is more than 2(1 —

Proof. Let xy(H) = ™, then there is a homomorphism from H to KG(tm, tn) for some positive
integer t. Now, by Theorem P2, we have

ax, (KG(tm, tn)
|[V(KG(tm, tn))

OK, (H)
V(H)|

(1)

)<
P <

Define
A={XC[tm]||X|=tn, 1€ X, 2¢ X}
B={XC[tm]||X|=tn,2€ X, 1¢ X}.

Let K¢ be the induced subgraph of KG(tm,tn) by the vertices in AU B. It is simple to see
that K is bipartite and thus

2("m72) = |V(Ko)| < o, (KG(tm, tn))).

By Inequality O, we thus have

ak, (M)
[V(H)|

ax, (KG(tm,tn))
[V(KG(tm,tn))]

v

[V (Ko)l
[V (KG(tm,tn))]

v

It is known that for a graph G, xs(G) > % In the following, using Theorem P2, we
extend this result to the case of hypergraphs.

V(#H)]
a(H)

Observation: For any hypergraph #, we have x¢(H) >
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Proof. Let xs(H) = ", then there is a homomorphism from H to KG(tm, tn), for some positive
integer t. Now by Theorem P22, we have

a(H)
V{#)|

a(KG(tm,tn)
[V (KG(tm,tn)

>

=

as desired.

Free independent set of graphs was defined by Alishahi and Hajiabolhassan [3] as a tool for
studying the circular chromatic number of Kneser graphs. It was generalized to hypergraphs
in [@], where some results for circular chromatic number of Kneser hypergraphs was obtained
as well. For a hypergraph H, aset S C V(H) is called free independent if there are two distinct
maximal independent sets Si, 52 € V(H) such that S & S and S & S3. The size of the largest
free independent set of H is denoted by a(#). In what follows, we extend the definition of
aj (M) to ax(H) such that, as ay(H) is an extension of independent set, ay(H) is an extension
of free independent set, that is, ax, (H) = a(H) and ax, (H) = a(H). For two hypergraphs H
and K, a subset S C V(H) is called free with respect to IC, if there is a homomorphism from
H[S] — K and furthermore, there are two distinct maximal sets S1, S C V(H) with respect
to the existence of homomorphism from H[S;] to K such that S & Sy and S & Sz. Now, define

ax(H) = max {|S|: S CV(H) and S is free with respect to IC}.

If there is no such an S, we define ax(H) = oo. Note that setting K = K1, we have ag, (H) =

a(H). With a similar proof as one for Theorem PZ2, we have the following theorem.

Theorem 2.5. Let G and ‘H be two hypergraphs where H is vertex transitive. If f: G — H

is an edge-onto homomorphism, then

Density of a hypergraph H, denoted by £(#), is defined as follows:

§(H) = max{e(9): 6 <H},

where

—

e(9) = v(ah

and G < H means G is an induced subhypergraph of H. Note that when G is a graph (i.e., a

~

2-uniform hypergraph) 2¢(G) is equal to the average degree of G.

Theorem 2.6. Let G and H be two hypergraphs and H be an r-uniform vertex and edge

transitive hypergraph. If f : G — H is a homomorphism, then

€00 e)
£(9) = '
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Proof. Let G be a hypergraph made by disjoint union of | Aut(H)| copies {Go }ocaut(n) of G-
We define g : G — H such that g on each copy G, is defined by o o f. Obviously, g is an onto

(edge and vertex) homomorphism and for each v € V(H), we have

97! ()] = .

This clearly implies
Aut(
V(G| = MGl v (),

where H’ is a subhypergraph of H for which

§(H) = e(H) = 5

and G’ is the subhypergraph of G induced by the vertices in g~*(V(#’)). Now, for an edge
e€ E(H), set
g7 e) = {¢ e B@):eC g}
Since H is edge transitive, [g~!(e)| is independent from e. To see this, note that for any two
edges e, €’ € E(H), there is an automorphism o € Aut(#H) such that o(e) = ¢’. Now, it is clear
that o o g is same as g with respect to a renaming of the copies of G in G which implies that
lg~ ()| = |(cog)~1(¢')|. On the other hand, since o(e) = €', we have [g~!(e)| = [(cog)~ ()|
resulting in |g~2(e)| = [¢71(¢/)]. Now, let ¢ = [g~'(¢)|. Also, each edge ¢ € E(G) appears in
a constant number of g~!(e) for different e € E(H). Let this number be 7. One can simply
check that
S = |B(G)] x |Aut(H)

5
and thus
\E(G)| > \E(H)GC IE(Q)llx(\A;JIt < |E(H)].
Accordingly,
_ B
9) = e
> [BE@IX[AutFOIX|EF)] V()|
= [E(H)] V() [x[Aut(H)[x [V (H')]
_ \E(g)l VEH)  EH))
V(G) B < VD)
= e(g) x é(%_[) x e(H')
= < M)
Consequently,
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which yields

<
e(M) = &(H
One can simply check that £(G') = £(G), which finishes the proof.

~—

By use of Theorem P4, we obtain the following corollary.

Corollary 2.7. Let G be a hypergraph. We have, x¢(G) > (%) + 1.

Proof. If x¢(G) = 7, then there is a homomorphism from G to KG(tm, tn), for some positive
integer t. Let Ky be the induced subgraph of KG(tm,tn) by the vertices in AU B, where

A={XCltm]||X|=tn, 1€ X, 2¢ X},
B={XC[tm]||X|=tn, 2€ X, 1¢ X}

Clearly Ky is a bipartite subgraph. In view of the definition of density, we have V(Ro)] <
E(KG(tm,tn)). Consequently, using Theorem I8, we have

| E(Ko)|

V(Ko) <

V(KGmtn)| _ (M) 1
[BERGEmm)] — ()~ X @)1 =BG

tn

as desired.

3. Concluding remark

In view of the technique used in Theorems PZ1l and PZ0, we can prove some other similar
results. Since the proofs are almost the same as the ones of these theorems, we bring these
results here without proof.

Let G and K be two hypergraphs, we define
((G.K) = maxusg { |0 H — K}

By the following theorem, we generalize a result by Daneshgar and Hajiabolhassan [[d] to the

hypergraph case.
Theorem 3.1. Let G and H be two hypergraphs and H be a vertex and edge transitive
hypergraph. If f : G — H is a homomorphism, then

C(H,K)
e(H)

¢(G,K)
e(G)

<

Similar as Corollary 274, we have the next corollary.

Corollary 3.2. Let H be a hypergraph, we have, x¢(#H) > (%) +1.
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Let m be a fixed number. Define

Yom(@) =min{}".(G) | ¢: G — KG"(n,m) is a homomorphism},

where }_ (G) = >_,eg 2 icc(v) i Setting m =1 and r = 2, next theorem implies a generaliza-
tion of result by Alishahi and Taherkhani [2] to the hypergraph case.

Theorem 3.3. Let G and H be two hypergraphs. If f: G — H is a homomorphism and H

is a vertex transitive hypergraph, then we have

Z"L(g) < Zm(H)
V@l = VA"
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