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FINITE GROUPS ADMITTING A CONNECTED CUBIC INTEGRAL

BI-CAYLEY GRAPH

MAJID AREZOOMAND∗ AND BIJAN TAERI

Communicated by M.A. Iranmanesh

Abstract. A graph is called integral if all eigenvalues of its adjacency matrix are integers.

Given a subset S of a finite group G, the bi-Cayley graph BCay(G,S) is a graph with vertex

set G × {1, 2} and edge set {{(x, 1), (sx, 2)} | s ∈ S, x ∈ G}. In this paper, we classify all

finite groups admitting a connected cubic integral bi-Cayley graph.

1. Introduction and results

A graph is called integral if its adjacency matrix has integer eigenvalues. Harary and

Schwenk [9] suggested the problem of determining which graphs are integral. This problem

has been attacked by many algebraic graph theorists during the last forty years and it is still

open. In general the problem seems too difficult. So some people investigated special classes

of graphs, including graphs of bounded valency and Cayley graphs. Schwenk [13] proved that

there are exactly thirteen connected cubic integral graphs . At the same time, independently,

the similar result was reported by Bussemaker and Cvetković [7]. The problem of classifying
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and constructing integral Cayley graphs was started by Abdollahi and Vatandoost [1]. They

classified all finite groups admitting a connected cubic integral Cayley graph. These are finite

groups G with the property that whenever S = S−1 ⊆ G \ {1} is a 3-element generating set

for G, the Cayley graph of G with respect to S, denoted by Cay(G,S), is an integral graph.

The bi-Cayley graph of a group G with respect to a subset S ⊆ G, denoted by BCay(G,S),

is a graph with vertex set G × {1, 2} and edge set {{(x, 1), (sx, 2)} | x ∈ G, s ∈ S}. The

bi-Cayley graph BCay(G,S) is a bipartite |S|-regular graph. Also, by [11, p. 1259], it is

connected if and only if G = ⟨SS−1⟩. Furthermore, if 1 ∈ S then BCay(G,S) is connected if

and only if G = ⟨S⟩. Also if S = S−1 then BCay(G,S) is isomorphic to the tensor product

Cay(G,S)⊗K2 [4, Lemma 3.2]. Therefore if S = S−1, then BCay(G,S) is integral if and only

if Cay(G,S) is integral. But in general, the connectivity of BCay(G,S) is not equivalent to

the connectivity of Cay(G,S).

The Cayley graphs and bi-Cayley graphs are special classes of n-Cayley graphs. For a

positive integer n, a graph Γ is called n-Cayley graph over a group G if the full automorphism

group of Γ has a semiregular subgroup isomorphic to G with n orbits. Recently, the present

authors determined the eigenvalues of n-Cayley graphs in [2]. By [2, Lemma 2], an n-Cayley

graph is characterized by n2 subsets Ti,j , 1 ≤ i, j ≤ n, of G (some subsets may be empty). An

n-Cayley graph over a group G can be identified by a graph Γ = Cay(G,Ti,j | 1 ≤ i, j ≤ n),

where Ti,j ’s are subsets of G, V (Γ) = G×{1, . . . , n} and (x, i) is adjacent to (y, j) if and only

if yx−1 ∈ Ti,j . It follows that every bi-Cayley graph is a 2-Cayley graph and BCay(G,S) ∼=
Cay(G,T1,1, T2,2, T1,2, T2,1), where T1,1 = T2,2 = ∅, T1,2 = S and T2,1 = S−1. Also by the

definition of Cayley graphs, every Cayley graph is a 1-Cayley graph.

Let G be a finite group, irr(G) = {ρ1, . . . , ρm} and Irr(G) = {χ1, . . . , χm} be the set of all

irreducible inequivalent C-representations and C-characters of G, respectively. If G is abelian,

then Irr(G) = irr(G). For a subset X of G and l = 1, . . . ,m, we set ρl(X) :=
∑

x∈X ρl(x). We

use these notation throughout the paper. Note that for each irreducible character χ of G and

each g ∈ G, χ(g−1) is the complex conjugate of χ(g).

A result of Diaconis and Shahshahani [8] shows that there is a link between the represen-

tation theory and spectral theory of Cayley graphs. From [8] one can deduce that Cay(G,S)

is integral if and only if ρ(S) has integer eigenvalues, for all ρ ∈ irr(G), see also [2, Corollary

7]. In particular, if G is abelian then Cay(G,S) is integral if and only if χ(S) is an integer,

for all χ ∈ Irr(G). The present author and Taeri represented the adjacency matrix of an

n-Cayley graph over G as a diagonal block matrix in terms of irreducible representations of G

and determined its characteristic polynomial in [2]. Using of [2, Theorem 6], we correlate the

integrality of bi-Cayley graph to the irreducible representations of G in the following theorem:
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Theorem 1.1. Let A be the adjacency matrix of Γ = BCay(G,S), irr(G) = {ρ1, . . . , ρm} and

Al =

 0dl ρl(S
−1)

ρl(S) 0dl

 ,
where dl is the degree of ρl and 0dl is the dl × dl matrix with all entries 0. Then

(1) there exists a basis B such that [A]B = Diag(Id1 ⊗A1, . . . , Idm ⊗Am).

(2) pA(λ) =
∏m
l=1 pAl

(λ)dl , where pX(λ) is the characteristic polynomial of matrix X.

(3) Γ is integral if and only if for every l = 1, . . . ,m, Al has integer eigenvalues.

In particular, if G is an abelian group then eigenvalues of Γ = BCay(G,S) are ±|χ(S)|, where
χ ∈ Irr(G). Also Γ is integral if and only if |χ(S)| ∈ Z, for all χ ∈ Irr(G). �

The aim of this paper is to classify finite groups admitting a connected cubic integral bi-

Cayley graph. For the group-theoretic and graph-theoretic terminology not defined here we

refer the reader to [10], [5], respectively. We use the symbols Zn, D2n, Sn, An, and Dic12 for

the cyclic group of order n, the dihedral group of order 2n, the symmetric group on n letters,

the alternating group on n letters, and the dicyclic group of order 12, respectively. Also λ[k]

denotes that λ is an eigenvalue of multiplicity k.

We use the following theorem frequently, which is well-known in the representation theory

of finite groups.

Theorem 1.2. (1) Let G = ⟨a⟩ ∼= Zn and ω = exp(2πi/n). Then Irr(G) = {χr | 0 ≤ r ≤
n− 1}, where χr(as) = ωrs, 0 ≤ r, s ≤ n− 1.

(2) Let G = ⟨r, s | rn = s2 = (rs)2 = 1⟩ ∼= D2n. Then for odd n the irreducible representations

of G are

ρ1 : s
vru 7→ 1,

ρ2 : s
vru 7→ (−1)v,

ψk : r
u 7→

ωku 0

0 ω−ku

 , sru 7→

 0 ω−ku

ωku 0

 , 1 ≤ k ≤ (n− 1)/2,

and for even n the irreducible representations of G are

ρ1 : s
vru 7→ 1,

ρ2 : s
vru 7→ (−1)v,

ρ3 : s
vru 7→ (−1)u,

ρ4 : s
vru 7→ (−1)u+v,

ψk : r
u 7→

ωku 0

0 ω−ku

 , sru 7→

 0 ω−ku

ωku 0

 , 1 ≤ k ≤ n/2− 1,
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where ω = exp(2πi/n).

(3) Every irreducible character of G ×H is of the form χ × µ, where χ ∈ Irr(G), µ ∈ Irr(H)

and (χ× µ)(g, h) = χ(g)µ(h). �

Let Cn be a cycle with n vertices. It is well-known that the eigenvalues of Cn are

2 cos(2πj/n), j = 0, 1, . . . , n − 1. Hence, one can easily see that the only integral cycles

are ones with 3, 4 or 6 vertices. In the following proposition, we find all groups admitting a

connected 2-regular integral bi-Cayley graph.

Proposition 1.3. Let G be a finite group. Then G admits a connected integral bi-Cayley

graph of valency 2 if and only if G ∼= Z2 or Z3.

Proof. Let S be a subset of G, |S| = 2 and BCay(G,S) be connected and integral. So

BCay(G,S) ∼= C2|G| is integral and therefore |G| = 2 or 3. Conversely, let G1 = ⟨a⟩ ∼= Z2,

G2 = ⟨b⟩ ∼= Z3, S1 = G1 and S2 = {1, b}. Then it is easy to see that BCay(G1, S1) ∼= C4 and

BCay(G2, S2) ∼= C6, which both are connected and integral. �

In the following theorem, we classify all finite groups admitting a connected cubic integral

bi-Cayley graph.

Theorem A. A finite group G admits a connected cubic integral bi-Cayley graph if and only

if G is isomorphic to one of the groups

Z2
2, Z3, Z4, Z6, Z2 × Z6, S3, A4, Dic12.

We need the following lemma which yields that if G admits a connected integral bi-Cayley

graph of valency k, then Z2 nG admits a connected integral Cayley graph of valency k.

Lemma 1.4. (see [3, Lemma 4.8]) Let G be a finite abelian group and Γ = BCay(G,S)

be a bi-Cayley graph of G. Then Γ ∼= Cay(⟨ψ⟩RG, ψRS), where RX = {ρx | x ∈ X},
ρx, ψ : V (Γ) → V (Γ) are functions defined by (g, i)ρx = (gx, i), i = 1, 2, (g, 1)ψ = (g−1, 2) and

(g, 2)ψ = (g−1, 1). �

In the rest of the paper, we use the following remark frequently and without explicit refer-

ence.

Remark 1.5. Let BCay(G,S) be a bi-Cayley graph. Then BCay(G,S) ∼= BCay(G,Sg), for

all g ∈ G, see [12, Lemma 2.2]. Also if 1 ∈ S then BCay(G,S) is connected if and only if

G = ⟨S⟩, see [11, Lemma 2.7]. Thus, to investigate whether BCay(G,S) is connected and

integral, we may assume that 1 ∈ S and so G = ⟨S⟩ if necessary. Also note that, by [12,

Lemma 2.1(3)], for all α ∈ Aut(G), BCay(G,S) ∼= BCay(G,Sα).
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2. Proof of Theorem A

Let us start with the following easy lemmas.

Lemma 2.1. The groups Z12, D10, and D12, have no a connected cubic integral bi-Cayley

graph.

Proof. First suppose that G = ⟨a⟩ ∼= Z12. Suppose, for a contradiction, that there exists

S ⊆ G with |S| = 3 such that BCay(G,S) is a connected integral graph. By Lemma 1.4,

BCay(G,S) ∼= Cay(⟨ψ⟩RG, ψRS) and ⟨ψ⟩RG ∼= D24. So D24 admits a connected cubic integral

Cayley graph, which contradicts [1, Theorem 1.1].

Now suppose that G ∼= D10 = ⟨a, b | a5 = b2 = (ab)2 = 1⟩ and that there exists a subset

S = {s1, s2, s3} of G such that BCay(G,S) is connected integral graph. It is well know that

D10 has a non-trivial linear character χ such that χ(aibj) = (−1)j , 0 ≤ j ≤ 1 and 0 ≤ i ≤ 4.

Since BCay(G,S) is connected, 3 is an eigenvalue of multiplicity 1. Also, by Theorem 1.1, ±3

are eigenvalues of BCay(G,S) corresponding to the trivial character of G. So there exist two

elements of S, say s1 and s2 such that χ(s1) = 1 and χ(s2) = −1. Hence s1 = ai, and s2 = ajb

for some 0 ≤ i, j ≤ 4. Thus the vertices (1, 1), (s1, 2), (a
j−ib, 1) and (s2, 2) form a 4-cycle and

so BCay(G,S) has girth ≤ 4. But by Schwenk’s Theorem, there exist exactly two connected

cubic integral graphs (up to isomorphisms) with 20 vertices and both of them have girth 6,

see [13] or [7, Theorem 1], a contradiction.

Finally, suppose that G ∼= D12 = ⟨a, b | a6 = b2 = (ab)2 = 1⟩. Suppose, for a contradiction,

that there exists a subset S of G such that BCay(G,S) is connected cubic integral graph. Since

D12 has a non-trivial linear character χ, where χ(aibj) = (−1)j , 0 ≤ j ≤ 1 and 0 ≤ i ≤ 5,

similar to the previous case, BCay(G,S) has girth 4. On the other hand, by Schwenk’s

Theorem, there exists exactly one connected cubic integral graph with 24 vertices and this

graph has girth 6, a contradiction. �

Lemma 2.2. Let G and H be abelian groups, S−1 = S ⊆ G \ {1} and T = T−1 ⊆ H. If

Cay(G,S) and BCay(H,T ) are connected and integral, then BCay(G × H,R), where R =

(S × {1}) ∪ ({1} × T ), is connected and integral.

Proof. Since Cay(G,S) and BCay(H,T ) are connected, G = ⟨S⟩ andH = ⟨TT−1⟩. So G×H =

⟨RR−1⟩ and BCay(G × H,R) is connected. Now let χ ∈ Irr(G × H). Then there exist

θ ∈ Irr(G) and µ ∈ Irr(H) such that χ = θ × µ. Since Cay(G,S) is integral, θ(S) ∈ Z. Also

since T = T−1, µ(T ) = µ(T−1) = µ(T ) and so µ(T ) = |µ(T )| ∈ Z (by Theorem 1.1). Hence

|χ(R)| = |θ(S) + µ(T )| = θ(S) + µ(T ) ∈ Z. This completes the proof. �
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Lemma 2.3. LetG be a finite group. If Cay(G,S) is connected and integral, then BCay(G,S∪
{1}) is connected and integral. Thus if G admits a connected integral Cayley graph of valency

k, then G admits a connected integral bi-Cayley graph of valency k + 1.

Proof. Put S1 := S ∪ {1}. Then ⟨S1S−1
1 ⟩ = ⟨S⟩ = G and so BCay(G,S1) is connected. Now

let ρ be an irreducible representation of G of degree d and put

Λ :=

 0d ρ(S−1
1 )

ρ(S1) 0d

 .
Since ρ(S) = ρ(S−1) we have ρ(S−1

1 ) = ρ(S1) = ρ(S) + Id, where Id is the identity matrix of

order d, and so

Λ =

 0d ρ(S) + Id

ρ(S) + Id 0d

 .
Let λ be an eigenvalue of ρ(S1). Then λ+ 1 and −(λ+ 1) are eigenvalues of Λ.

Since the number of eigenvalues of Λ is twice the number of eigenvalues of ρ(S), we conclude

that µ is an eigenvalue of Λ if and only if µ = λ + 1 or µ = −(λ + 1) for some eigenvalue

λ of ρ(S). Since Cay(G,S) is integral, ρ(S) has integer eigenvalues, and so Λ has integer

eigenvalues. Hence BCay(G,S1) is integral, by Theorem 1.1. This completes the proof. �

Now we are ready to prove Theorem A. We divide the proof into abelian and non-abelain

cases.

Proof of Theorem A (abelian case)

Let G be a finite abelian group admitting a connected cubic integral bi-Cayley graph Γ =

BCay(G,S). By Lemma 1.4, Γ ∼= Cay(⟨ψ⟩RG, ψRS), where RS = {ρs | s ∈ S} and ψ :

V (Γ) → V (Γ) is a function defined by (x, 1)ψ = (x−1, 2) and (x, 2)ψ = (x−1, 1). Thus H :=

⟨ψ⟩RG ∼= Z2 n G admits a connected cubic integral Cayley graph. Also H is abelian if and

only if ψρg = ρgψ for all g ∈ G. Equivalently, H is abelian if and only if x−1g = g−1x−1 for

all x, g ∈ G. Since G is abelian, we conclude that H is abelian if and only if G is elementary

abelian 2-group. Now we have the following cases.

Case I. G is an elementary abelian 2-group. Then H is elementary abelian 2-group, and

so by [1, Theorem 1.1], H is isomorphic to one of the groups Z2
2 or Z3

2. Since |H| = 2|G| and
|G| ≥ 3, we have G ∼= Z2

2.

Case II. G is not elementary abelian 2-group. Then H is non-abelian and by [1, Theorem

1.1], H is isomorphic to one of the groups D6, D8, D12, A4, S4, A4 × Z2, D8 × Z3, D6 × Z4.

If H ∼= D6, D8 or D12, then since G ∼= RG is a normal subgroup of H of index 2, we have
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G ∼= Z3, Z4 or Z6, respectively. The case H ∼= A4 cannot happen, as A4 has no subgroup of

order 6. In other cases, we have |G| = 12 and Lemma 2.1 implies that G ∼= Z2 × Z6.

To complete the proof, applying Lemma 2.3 and [1, Lemma 2.7], it is enough to prove that

Z2 × Z6 admits a connected cubic integral bi-Cayley graph.

Let G = ⟨a⟩ × ⟨b⟩ ∼= Z2 × Z6. Set S := {1, b, ab2}. Then SS−1 = {1, b5, ab3, b, ab4, ab2, ab}
and ⟨SS−1⟩ = G, and so BCay(G,S) is connected. Now let χ ∈ Irr(G). Then, by Theorem

1.2, there exist χ1 ∈ Irr(⟨a⟩) and χ2 ∈ Irr(⟨b⟩) such that χ(S) = 1+χ2(b) +χ1(a)χ2(b)
2. Also

χ1(a) = 1 or −1 and λ := χ2(b) = exp(2kπi/6) for some k ∈ {0, 1, . . . , 5}. On the other hand,

by inspecting all possible values of k, we can see that λ ∈ {±1,±1+i
√
3

2 ,±−1+i
√
3

2 }. If χ1(a) = 1,

then |χ(S)| = |1 + λ + λ2| ∈ {0, 1, 2, 3}. If χ1(a) = −1, then |χ(S)| = |1 + λ − λ2| ∈ {1, 2}.
Hence, by Theorem 1.1, BCay(G,S) is integral.

Proof of Theorem A (non-abelian case)

First suppose that G is non-abelian and admits a connected cubic integral bi-Cayley graph

BCay(G,S). By Schwenk’s Theorem, all possible connected integral cubic graphs have orders

4, 6, 8, 10, 12, 20, 24, 30, see [13] or [7, Theorem 1]. Since BCay(G,S) is of order 2|G| and G is

non-abelian, |G| = 6, 10, or 12. In fact, by Lemma 2.1, G is isomorphic to S3, Dic12 or A4.

To complete the proof, applying Lemma 2.3 and [1, Lemma 2.7], it is enough to show that

both A4 and Dic12 admit a connected cubic integral bi-Cayley graph.

(1) Let G = A4. Put a = (12)(34) and b = (123). Then A4 = ⟨a, b⟩. Now all irreducible

representations of A4 are

ρ1 : a 7→ 1, b 7→ 1,

ρ2 : a 7→ 1, b 7→ ω,

ρ3 : a 7→ 1, b 7→ ω−1,

ρ4 : a 7→


−1 0 0

−1 0 1

−1 1 0

 , b 7→

−1 1 0

−1 0 0

−1 0 1

 ,
where ω = (−1 + i

√
3)/2, see [6, p.111, Example 3]. Set S := {1, b, ab−1}. Then ρ1(S) =

ρ1(S
−1) = 3, ρ2(S) = ρ2(S

−1) = ρ3(S) = ρ3(S
−1) = 0,

ρ4(S) =


0 2 0

−1 1 1

0 0 2

 , ρ4(S−1) =


1 −1 1

2 0 0

0 0 2

 .
So by Theorem 1.1, the eigenvalues of BCay(A4, S) are 0[4], (±1)[3], (±2)[6] and (±3)[1], and

so A4 admits a connected cubic integral bi-Cayley graph.
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(2) Let G = Dic12 = ⟨a, b | a3 = b4 = 1, bab−1 = a2⟩. Set S := {a, b, b2}. Then ⟨SS−1⟩ = G,

which means that BCay(G,S) is connected. It is easy to see that the following maps are a full

list of irreducible representations of G

ρ1 : a, b 7→ 1,

ρ2 : a 7→ 1, b 7→ −1,

ρ3 : a 7→ 1, b 7→ −i,

ρ4 : a 7→ 1, b 7→ i,

ρ5 : a 7→

ω2 0

0 ω

 , b 7→
 0 1

−1 0

 ,
ρ6 : a 7→

ω2 0

0 ω

 , b 7→
0 1

1 0

 ,
where ω = exp(2πi/3). Now ρ1(S) = ρ1(S

−1) = 3, ρ2(S) = ρ2(S
−1) = 1, ρ3(S) = −i =

ρ4(S
−1), ρ3(S

−1) = i = ρ4(S),

ρ5(S) =

−1 + ω2 1

−1 −1 + ω

 , ρ5(S
−1) =

−1 + ω −1

1 −1 + ω2

 ,
ρ6(S) =

1 + ω2 1

1 1 + ω

 , ρ6(S
−1) =

1 + ω 1

1 1 + ω2

 .
It follows from Theorem 1.1 that 0[4], (±1)[3], (±2)[6], (±3)[1] are eigenvalues of BCay(Dic12, S).

Hence Dic12 admits a connected cubic integral bi-Cayley graph. This completes the proof. �
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