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ABSTRACT. Let R be an associative ring with identity. A ring R is called reversible if ab = 0,
then ba = 0 for a,b € R. The quasi-zero-divisor graph of R, denoted by I'*(R) is an undirected
graph with all nonzero zero-divisors of R as vertex set and two distinct vertices x and y are
adjacent if and only if there exists 0 # r € R\ (ann(z)Uann(y)) such that zry = 0 or yrz = 0.
In this paper, we determine the diameter and girth of I'*(R). We show that the zero-divisor
graph of R denoted by I'(R), is a spanning subgraph of I'*(R). Also, we investigate when
I'*(R) is identical to I'(R). Moreover, for a reversible ring R, we study the diameter and girth
of I'(R[z]) and we investigate when I"*(R][z]) is identical to I'(R[z]).

1. INTRODUCTION

One of the interesting and active area in the last decade is using graph theoretical tools
to study the algebraic structures. There are several papers devoted to study of rings in this

approach, see for example [1], [2], [3] and [4].
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Throughout this paper, R denotes an associative ring with identity. For an element a € R,
let f.ann(a) = lr(a) = {b € R|ba = 0} the left annihilator of an element a € R and
the right annihilator of a denoted by r.ann(a) = rg(a), is the set {b € R|ab = 0}. Also
ann(x) = r.ann(z) U l.ann(z). We write Zy(R), Z,(R) and Z(R) the set of all left zero-divisors
of R, the set of right zero-divisors of R, and the Z;(R) U Z.(R), respectively. We use Min(R)
to denote the set of all minimal prime ideals and Nil(R) to denote the set of all nilpotent
elements of R. For any A C R, let A* = A\ {0}. A ring R is said to be reduced if Nil(R) = 0,
and a ring R is said to be reversible if ab = 0 implies that ba = 0 for each a,b € R. Clearly
commutative rings and reduced rings are reversible. All other terminology is standard, and
definitions can be found in [I0].

Let I' = (V, E) be a graph, where V = V(I') is the set of vertices and E = E(T) is the set
of edges. A graph is said to be connected if for each pair of distinct vertices v and w, there
is a finite sequence of distinct vertices v1 = v, vg,...,v, = w such that each pair {v;, vj41} is
an edge, such a sequence is said to be a path and the distance, dr(v,w), between connected
vertices v and w is the length of the shortest path connecting them. The diameter of a
connected graph I', denoted by diam(I'), is the maximum distance between any pair of the
vertices of I'. The girth of a graph T', denoted by g(I'), is the length of the shortest cycle in
I'. A graph with no cycle has infinite girth. We denote the complete graph with n vertices by
K™ and we denote the complete bipartite graph by K”". For two vertices u and v in I, the
notation u — v means that u and v are adjacent. For two arbitrary graphs I' and I'*, If " is
identical to I'*, then we write I' = I'*; otherwise, we write I' # I'*. Any undefined notation or
terminology is standard, as in [I4].

The concept of a zero-divisor graph of a commutative ring R was introduced by Beck in [4].
However, he let all elements of R be vertices of the graph and was mainly interested in coloring.
Inspired by his study, Anderson and Livingston [1], refined and studied the (undirected) zero-
divisor graph I'(R), whose vertices are the nonzero zero-divisors of a ring such that distinct
vertices x and y are adjacent in I'(R) if and only if zy = 0. The relationship between ring-
theoretic properties of commutative ring R and graph theoretic properties of I'(R) has been
studied extensively. For example, I'(R) is connected with diam(I'(R)) < 3, and g(I'(R)) < 4
if I'(R) contains a cycle [, Theorems 2.3 and 2.4].

If R is a non-commutative ring, Redmond [I3], defined a directed zero-divisor graph in a
similar way. A directed graph is connected if there exists a directed path connecting any two
distinct vertices. The distance and the diameter are defined in a similar way as well, having in
mind that all paths in question are directed. Redmond, also defined an undirected zero-divisor

graph of a non-commutative ring R, the graph I'(R), with vertices in the set Z(R)* and such
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that for distinct vertices a and b there is an edge connecting them if and only if ab = 0 or
ba = 0.

For a commutative ring R, Badawi [B], defined the concept of the annihilator graph of R,
denoted by AG(R), which is an undirected graph with vertex set Z(R)* and two distinct
vertices x and y are adjacent if and only if ann(zy) # ann(x) Uann(y). He showed that AG(R)
is connected and diam(AG(R)) < 2 and g(AG(R)) < 4 if AG(R) contains a cycle.

Zhao et al. [I5], introduced the quasi-zero-divisor graph of a ring R, denoted by I'.(R),
which is a directed graph defined on its nonzero quasi-zero-divisors, where x — ¥y is an edge
between disjoint vertices x and y if and only if zRy = 0. An element a € R is said to be a left
quasi-zero-divisor (resp., right quasi-zero-divisor) if there exists 0 # b € R such that aRb =0
(resp., bRa = 0). An element in R is called a quasi-zero-divisor of R if it is a left or right
quasi-zero-divisor. They studied I',(R), when the base ring R, is semiprime and FIC. A ring R
is said to be semiprime if it has no nonzero nilpotent ideal, or equivalently, the intersection of
minimal prime ideals of R is zero. A ring R is called FIC, if it satisfies the following condition:
for any finite ideal I of R, I',(R/I) having an infinite clique implies that I'.(R) contains an
infinite clique. They also defined the undirected quasi-zero-divisor graph of R, denoted by
T.(R) on nonzero quasi-zero-divisors, such that two distinct vertices 2 and y are adjacent if
and only if zRy = 0 or yRx = 0. They showed that I',(R) is connected, diam(T'x(R)) < 3 and
if R contains a cycle, then g(T',(R)) < 4. The graphs I',(R) and T'«(R) are subgraphs of T'(R).

In this paper, we introduce the quasi-zero-divisor graph for a non-commutative ring R.
The quasi-zero-divisor graph of R, denoted by I'*(R) is an undirected graph with vertex set
Z(R)*, and two distinct vertices z and y are adjacent if and only if there exists 0 # r €
R\ (ann(x) U ann(y)) such that zry = 0 or yrx = 0. If R is a commutative ring, then
I'*(R) = AG(R). Thus I'*(R) is a generalization of AG(R). We show that I'(R) is a spanning
subgraph of I'*(R), and we determine the diameter and girth of I'"*(R). Also, we investigate
when I'*(R) is identical to I'(R). Moreover, for a reversible ring R, we study the diameter and

girth of I'*(R[z]) and we investigate when I'*(R[z]) is identical to I'(R[z]).

2. QUASI-ZERO-DI1VISOR GRAPHS OF REVERSIBLE RINGS

In this section, at first we study some basic properties of I'*(R). Then we determine the
diameter and girth of I'*(R), when R is reversible. We also investigate when I'*(R) = I'(R).

We start this section with the following definition.

Definition 2.1. Let R be an associative ring with identity. The quasi-zero-divisor graph of R,
denoted by I'*(R), is an undirected graph with all nonzero zero-divisors of R as vertex set and
two distinct vertices x and y are adjacent if and only if there exists 0 # r € R\ (ann(z)Uann(y))

such that zry =0 or yrz = 0.
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Let R be an associative ring with identity and let x and y be distinct elements of Z(R)*.
If 2 and y are adjacent in I'(R), then z1gy = 0 or ylrx = 0 and so x and y are adjacent in
I'*(R). In particular, each path in I'(R) is a path in I'*(R). So the zero-divisor graph I'(R) is
a spanning subgraph of I'*(R). Thus we have the following result.

Theorem 2.2. Let R be an associative ring with identity. Then T*(R) is connected,
diam(I™*(R)) < 3, and g(I'*(R)) < 4 if T*(R) contains a cycle.

Proof. Since V(I'(R)) = V(I'"(R)) = Z(R)* and I'(R) is a spanning subgraph of I'*(R), by
[T3, Theorem 3.2], I'(R) is connected and diam(I'(R)) < 3. By [I3, Theorem 3.3], g(I'(R))
if I'(R) contains a cycle. Thus I'*(R) is connected, diam(I"*(R)) < 3. Moreover, g(I'*(R))
if I'™*(R) contains a cycle.

<4
<4

In the following lemma we show that for a reversible ring R, diam(I'*(R)) < 2.

Lemma 2.3. Let R be a reversible ring. If x and y are distinct elements of Z(R)* and

dr(ry(z,y) = 3, then dp-(gy(z,y) = 1, and therefore diam(I'™*(R)) < 2.

Proof. Let z and y be distinct elements of Z(R)*. If dpg)(v,y) = 3, then xy # 0 and z,y
have no mutual annihilator, and there exist distinct elements a,b € Z(R)* \ {z,y} such that
axr =0,yb=0, ya # 0, bx # 0. We consider r = a + b, if r = 0, then a = —b, a contradiction.
On the other hand, » € R\ (ann(z) U ann(y)) and x(a + b)y = 0. So dp+(g)(v,y) = 1. Thus
diam(I"™(R)) < 2. ¢

In the next theorem we give a necessary condition for g(I'*(R)) = 3, when R is a reversible

ring and I'*(R) # I'(R).

Theorem 2.4. Let R be a reversible ring. Suppose that x and y are distinct elements of Z(R)*
such that x — y is an edge of I'*(R) that is not an edge of T'(R). If zy*> # 0 and 2%y # 0,
then there exists r € Z(R)*, such that x —r —y is a path in T*(R), but is not a path in T'(R).
Hence C:x —r —y —x is a cycle in T*(R) of length three, which is not a cycle in T'(R).

Proof. Let x and y be distinct elements of Z(R)* such that z — y is an edge of I'*(R) that is
not an edge of I'(R). Then zy # 0 and there exists 0 # r € R\ (ann(x) U ann(y)) such that
xry = 0. We show that r ¢ {z,y}. If » = x, then 2%y = 0, that is a contradiction. Also
if » = y, then xy? = 0, that is a contradiction. Thus x — 7 — y is a path in ['*(R), hence
x —r—y—xis acycle in I'™*(R) that is not in I'(R).
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For a nonreduced commutative ring R, Badawi [3, Theorem 3.10], introduced the induced
subgraph of AG(R) with vertices Nil(R)*, denoted by AGn(R), and showed that AGy(R) is
complete. Moreover, he defined the induced subgraph of I'(R) with vertices Nil(R)*, denoted
by T'n(R), and showed that T'y(R) is complete if and only if Nil(R)? = 0. Now we extend

these Badawi’s results to reversible rings.

Theorem 2.5. Let R be a reversible ring which is not reduced with |Nil(R)*| > 2. IfI'\(R)
is the induced subgraph of I'*(R) with vertices Nil(R)*, then Iy (R) is complete.

Proof. Let a,b € Nil(R)* be distinct elements and m,n be the minimum positive integers such
that @™ = 0 and " = 0. Suppose that, ab # 0. If for some positive integer s < m, a®b = 0 and
sg is the least positive integer such that sy < m and a*°b = 0, then we consider r = a® 1. So
r is a nonzero element of Z(R), r ¢ ann(a) U ann(b), and arb = 0. Thus a and b are adjacent
in I'};(R). If for some positive integer ¢ < n, ab® = 0 and t is the least positive integer such
that tg < n and ab’® = 0, then we consider r = b*~1. So r is a nonzero element of Z(R),
r ¢ ann(a) U ann(b), and arb = 0. Thus a and b are adjacent in I'j (R). If for all positive
integers s < m and t < n, we have a*b # 0 and ab’ # 0, then we consider r = (a™ ! + "7 1),
that is a nonzero element of Z(R), r ¢ ann(a)Uann(b), and we have arb = a(a™ 1 +b""1)b = 0,

thus I'y (R) is complete.

Theorem 2.6. Let R be a reversible ring which is not reduced with |[Nil(R)*| > 2 and let
I'n(R) be the induced subgraph of I'(R) with vertices Nil(R)*. Then I'y(R) is complete if and
only if Nil(R)? = 0.

Proof. Suppose that Nil(R)? = 0. Clearly, for each pair of nonzero distinct elements of Nil(R),
say a and b, we have ab = 0, and hence I'y(R) is complete.

Conversely, suppose that I'y(R) is complete and there exists ¢ € Nil(R)*, such that ¢? # 0
and ¢™ = 0, for some m € N such that ¢® # 0, for each k < m. We show that ¢™ ! 4 ¢ is

m—lec — _¢2 which implies that

a nonzero element. If ¢™ '+ ¢ = 0, then ¢™ ! = —¢, so ¢
¢? = 0, that is a contradiction. Moreover, (¢! +¢)c™~! = 0, thus ¢! + ¢ is an element of
Z(R)*. On the other hand, ¢™~! 4 ¢ is a nilpotent element of R, since (¢™~! 4 ¢)™ = 0. Thus
(c™~!+c) € Nil(R)*. By completeness of 'y (R), we have ¢(¢™ !t +¢) = 0, but ¢(c™ t+¢) = 2.

Thus ¢? = 0, and hence Nil(R)2 =0. g

By a similar method as used in the proof of Theorem 28 we have the following theorem.

Theorem 2.7. Let R be a nonreduced ring. Let |Nil(R)*| > 2 and I'n(R) be the induced
subgraph of T'(R) with vertices Nil(R)*. Then T'n(R) is complete if and only if Nil(R)? = 0.
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Since by Theorem P4, I'} (R) is complete, so by using Theorem 28 we have the following

corollary.

Corollary 2.8. Let R be a reversible ring which is not reduced. If Nil(R)? # 0, then I'*(R) #
I'(R).

In the next theorem, we give a necessary condition for I'*(R) # I'(R).

Theorem 2.9. Let R be a reversible ring. In each of the following conditions we have T'*(R) #
I'(R).

(1) If R is nonreduced and Z(R) is not an ideal.

(2) If there are zero-divisors a # b such that (0 : {a,b}) = 0 and either (i) R is a reduced ring

with more than two minimal primes, or (ii) R is nonreduced.

Proof. By [B, Theorem 2.5], diam(I'(R)) = 3 and by Lemma P23, diam(I'*(R)) < 2. Hence
I*(R) £ T(R). g

3. QUASI-ZERO-D1vISOR GRAPHS OF REDUCED RINGS

In this section, we study the diameter and girth of I'*(R), when R is reduced. We investigate,
when I'*(R) = I'(R). We start this section with the following theorem. In this theorem, we
study the case that I'"(R) # I'(R), by a similar method as used in the proof of [8, Corollary
25].

Theorem 3.1. Let R be a reduced ring and I''(R) # I'(R). Then g(I'"(R)) = 3 and there
exists a cycle of length three in I'*(R) that is not a cycle in I'(R).

Proof. Suppose that z — y is an edge of I'*(R) that is not an edge of I'(R). There exists
r € Z(R)* such that rz # 0, ry # 0 and zry = 0. We show that, r ¢ {x,y}. If r = x, then
2%y =0, so (xy)? = 0, that is a contradiction. If r = y, then y?x = 0, so (yx)? = 0, that is a
contradiction. On the other hand, y € R\ (ann(x) Uann(r)) and z € R\ (ann(y) Uann(r)), so
x —r —y is a path in I'*(R), that is not a path in I'(R). Hence C' : z —r — y — x is a cycle of
length three in I'*(R) such that the edges of C' are not in I'(R). [

In the next theorem we study the case that the completeness of I'*(R) and I'(R) are equiv-

alent. This theorem has an important role in this section.

Theorem 3.2. Let R be a reduced ring. The following statements are equivalent:
(1) T*(R) is complete;

(2) T'(R) is complete (and therefore I'*(R) = I'(R));

(3) R is isomorphic to Lo X Zs.
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Proof. (1) = (2) Suppose that I'*(R) is complete and I'(R) is not complete, thus there exist
a,b € Z(R)*, such that ab # 0 and there exists 0 # r € R\ (ann(x)Uann(y)), such that arb = 0.
If ab = a, then abr = ar = 0, that is a contradiction. Since R is reduced, if ab € ann(a), then
a’b = 0 = (ab)?, so we have ab = 0, that is a contradiction. Thus by completeness of I'*(R),
ab and a are adjacent, so there exists 0 # s € R\ (ann(ab) U ann(a)), such that absa = 0.
Thus a?bs = 0, which implies that abs = 0, a contradiction. So ab = 0 and I'(R) is complete.
(2) = (1) Since every two adjacent vertices in I'(R) are adjacent in I'*(R), we have the result.

(2) < (3) By [[4, Remark 2.2], it is clear.

Theorem B2, has the following immediate corollary.

Corollary 3.3. Let R be a reduced ring. Then diam(I'™(R)) = 2 if and only if R is not

isomorphic to Zo X Zo.

Theorem B2 and Corollary BZ3 give a characterization for diam(I'*(R)), when R is a reduced
ring. The following two theorems give a necessary condition for I'*(R) # I'(R) and hence for
g(I™(R)) = 3.

Theorem 3.4. Let R be a reduced ring that is not an integral domain and Z(R) be an ideal
of R. Then I'*(R) # I'(R) and g(I'"*(R)) = 3.

Proof. 1f I'*(R) is complete, then by Theorem B2, R is isomorphic to Zs x Za, so Z(R) is not
an ideal. Thus I'*(R) is not complete and I'*(R) # I'(R). So by Theorem B, g(I'*(R)) = 3. ¢

Theorem 3.5. Let R be a reduced ring and |Min(R)| > 3. ThenI'*(R) # I'(R) and g(I'*(R)) =
3.

Proof. We have the following cases:

(a) If diam(I'(R)) = 1, then by [@, Remark 2.2], R = Zs X Zy. So |Min(R)| = 2, that is a
contradiction. Thus diam(I'(R)) # 1.

(b) If diam(T'(R)) = 2, then by [B, Theorem 2.5], [Min(R)| = 2. That is a contradiction.

(c) If diam(I'(R)) = 3, then there exist distinct elements z,y € Z(R)* such that dp(p)(7,y) = 3.
By Lemma 3, z and y are adjacent in I'*(R), and hence I'*(R) # I'(R). So by Theorem B,

g(I™(R)) = 3. o

In the next theorem we give a necessary and sufficient condition for I'*(R) = I'(R).

Theorem 3.6. Let R be a reduced ring. Then I'*(R) = I'(R) if and only if [Min(R)| = 2.



8 Alg. Struc. Appl. Vol. 5 No. 2 (2018) 1-13.

Proof. Suppose that I'"(R) = I'(R). By Theorem B3, [Min(R)| < 2. If |[Min(R)| = 1, then
Z(R) is an ideal. By Theorem B, I'*(R) # I'(R), that is a contradiction. Thus |Min(R)| = 2.

Converesly, assume that R is reduced and [Min(R)| = 2. Suppose Min(R) = {P1, P2}, so
Z(R) = P1UP,. By [G, Theorem 2.5], diam(I'(R)) = 2 and by [, Proposition 3.6], P; and P,
are completely prime, Py N P, =0 and P1P, =0 = P,P;. If I'*(R) # I'(R), then there exists
distinct elements a and b in Z(R)* such that ab # 0 and for some 0 # r € R\ (ann(a)Uann(b)),
arb =0 = abr. So ab € P, or ab € P». Without loss of generality, assume that ab € P;. If
a € Pyorb e Py, then ab € P», a contradiction, since PN P, = 0. Soa € P, and b € P;.
abr =0 € P, and ab ¢ Py, so r € P, and hence, ra = 0 = rb, that is a contradiction. Thus
I'*(R) =T(R). g

The following result give a necessary condition for diam(I'*(R)) = 2.

Corollary 3.7. Let R be a reduced ring. If [Min(R)| = 2, then diam(I™*(R)) = 2.

Proof. By Theorem B8, I'"(R) = I'(R) and by [6, Theorem 2.5], diam(I'(R)) = 2. Thus
diam(I'"(R)) = 2.

In the next theorem we give a necessary and sufficient condition for g(I'™"(R)) = 4.

Theorem 3.8. Let R be a reduced ring that is not an integral domain. The following state-

ments are equivalent:

(1) eI (R)) = 4;

(2) I"(R) = T'(R) and g(T'(R)) = 4;

(3) IMin(R)| = 2 and each minimal prime ideal of R has at least three distinct elements;
(4) I(R) = K™" with m,n > 2;

(5) I'"(R) = K™" with m,n > 2.

Proof. (1) = (2) By Theorem B, I'*(R) = I'(R) and thus g(I'(R)) = 4.

(2) = (3) By Theorem B®, |Min(R)| = 2. On the other hand, g(I'(R)) = 4, so each minimal
prime ideal of R has at least three distinct elements.

(3) = (4) By [B, Theorem 2.5], diam(I'(R)) = 2, and by [, Proposition 3.6], Py P, = 0 = P,P;.
We show that the nonzero elements of P; don’t annihilate each other. If z,y € P; are nonzero
elements and xy = 0, then zy = 0 € P, s0 ¢ € P; or y € P, that is a contradiction. Similarly,
we can show that the nonzero elements of P, don’t annihilate each other. Thus I'(R) = K"™",
for some positive integers m, n. Since each minimal prime ideal of R has at least three distinct

elements, so m,n > 2.
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(4) = (b) I I'(R) = K™" with m,n > 2, then diam(I'(R)) = 2, so by [6, Theorem 2.5],
|[Min(R)| = 2, thus by Theorem B8, I'*(R) = I'(R), and hence I'*(R) = K™" with m,n > 2.
(5) = (1) It is clear. [

In the following theorem we give a necessary and sufficient condition for g(I'*(R)) = cc.

Theorem 3.9. Let R be a reduced ring that is not an integral domain. The following state-

ments are equivalent:

(1) g(I'"(R)) = o0;

(2) I"(R) =T'(R) and g('(R)) = oo;

(3) [Min(R)| = 2 and at least one minimal prime ideal of R has exactly two distinct elements;
(4) T(R) = K'™ for somen > 1;

(5) T*(R) = K1 for some n > 1.

Proof. (1) = (2) By Theorem B, I'*(R) = I'(R) and thus g(I'(R)) = co.

(2) = (3) By Theorem B®, |Min(R)| = 2. On the other hand, g(I'(R)) = oo, so at least one
minimal prime ideal of R has exactly two distinct elements.

(3) = (4) By the same argument as used in the proof of (3) = (4) of Theorem BR, we have
I'(R) = K™", for some positive integer m,n. Since at least one minimal prime ideal of R has
exactly two distinct elements, we have I'(R) = K" with n > 1.

(4) = (5) T (R) = KY™ with n > 1, then diam(I'(R)) = 2, so by [B, Theorem 2.5, [Min(R)| =
2, thus by Theorem BB, I'*(R) = I'(R), so I'*(R) = K"" with n > 1.

(5) = (1) It is clear. [

Corollary 3.10. Let R be a reduced ring. Then I'"(R) = I'(R) if and only if g(I*(R)) =
g(I'(R)) € {4, 00}

4. QUASI-ZERO-DIVISOR GRAPH OF R|[x]

Kim and Lee [9], studied extensions of reversible rings and showed that polynomial rings
over reversible rings need not to be reversible in general. In this section, we study the diameter

and girth of I'*(R[x]), when R is reversible. We investigate, when I'*(R[z]) = T'(R|x]).

Definition 4.1. [5, Definition 1.1] A ring R is said to be right McCoy (resp., left McCoy) if
for each pair of nonzero polynomials f(z), g(x) € R[z] with f(x)g(xz) = 0 then there exists a
nonzero element r € R with f(x)r = 0 (resp., rg(z) = 0 ). A ring is McCoy if it is both left
and right McCoy.
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For a commutative ring R, McCoy [[1], showed that a polynomial f(z) € R[x] is a zero-
divisor if and only if there is a nonzero element r € R such that rf(z) = 0. Afterward, Nielsen
[T2, Theorem 2], showed that reversible rings are McCoy. We use this property of reversible

rings. In the following Lemma, we show that for a reversible ring R, diam(I™*(R[z])) < 2.

Lemma 4.2. Let R be a reversible ring. Let f(x) and g(z) be distinct elements of Z(R[x])*.
If dr(riap) (f(2), 9(z)) = 3, then dp«(grp)) (f(2),9(x)) = 1 and diam(I™(R[z])) < 2.

Proof. Let f(z) and g(x) be distinct elements of Z(R[z])*. Since R is McCoy, there exists
a and b in R\ {0}, such that f(z)a = 0 and bg(x) = 0. On the other hand, (a + b) # 0,
ag(x) # 0 # g(x)a and bf(x) # 0 # f(x)b, since f(x) and g(z) have no mutual annihilator.
So (a + b) is a nonzero element of R. Note that, (a + 0)f(z) = bf(x) # 0, f(z)(a +b) =
f(z)b # 0, (a4 b)g(x) = ag(xz) # 0, and g(z)(a +b) = g(zr)a # 0. We set r = a + b, then
047 € Rla] \ (ann(f(2)) Uann(g(@))), and f(z)rg(w) = 0. Thus dp-(aa(/(@), 9(z)) = 1. o

Lemma 4.3. Let R be a reversible ring and f(x) — g(x) is not an edge of I'*(R[x]). Then
there exists h(x) € Z(R[x])* \ {f(x),g(x)} such that, f(x) — h(xz) — g(x) is a path in ['(R[z]),
and hence f(z) — h(z) — g(z) is a path in I'*(R[x]).

Proof. Let f(x) and g(z) be distinct elements of Z(R[z])*. If f(x) and g(z) are not adja-
cent in I'™(R[x]), then f(x) and g(x) are not adjacent in I'(R[z]). Hence f(x)g(x) # 0 and
g(z)f(z) # 0. On the other hand, diam(I'(R[z])) < 3. If dpgp)(f(2),9(x)) = 3, then
dr«(rj2)) (f(7), g(x)) = 1, that is a contradiction. Thus dp(g))(f(7), g(7)) = 2. So there exists
h(z) € Z*(R[x]) \ {f(x), g(z)} which is a nonzero mutual annihilator of f(z) and g(x). Hence

f(z) — h(z) — g(z) is a path in I'(R[z]). g

Theorem 4.4. Let R be a reversible ring which is not reduced. If 'y (R[x]) is induced subgraph
of I'"(R[z]) with vertices Nil(R[x])*, then Iy (R[x]) is complete.

Proof. Let f(x) and g(z) be distinct elements of Nil(R[z])*. Then there exist n,m € N such
that f™(x) = 0 and ¢"(x) = 0. Suppose that n be the least positive integer such that f"(x) =0
and m be the least positive integer such that ¢"(x) = 0. If f(x)g(x) = 0 or g(z)f(x) = 0,

then we have the result. Otherwise, we have at least one of the following cases :

(i) Suppose that for some positive integer k < n, f¥(x)g(z) = 0 and for some positive integer
¢ <n, g(x)fi(x) =0, and k is the least positive integer such that f¥(x)g(x) =0, and ¢ is the
least positive integer such that g(z)f*(x) = 0. If min{k, £} = ¢, then we set h(z) = f*(z),

thus 0 # h(z) € Rlz| \ (ann(f(z)) Uann(g(z))) and g(z)h(z)f(z) = 0. If min{k, £} = k, then
we set h(x) = f*~(x), thus 0 # h(x) € R[z]\ (ann(f(x)) Uann(g(z))) and f(z)h(x)g(x) = 0.
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(i) Suppose that for some positive integer k < m, g¥(x) f(x) = 0 and for some positive
integer £ < m, f(x)g’(z) = 0, and k is the least positive integer such that ¢*(z)f(x) = 0, and
¢ is the least positive integer such that f(z)g(z) = 0. If min{k,£} = ¢, then we set

h(z) = g"1(z), thus 0 # h(z) € R[z] \ (ann(f(x)) Uann(g(z))) and f(z)h(z)g(z) = 0. If
min{k,{} = k, then we set h(x) = ¢*"(z), thus 0 # h(x) € R[z]\ (ann(f(z)) Uann(g(x)))
and g(x)h(x)f(z) = 0.

(iii) If for some positive integer k < n, f¥(z)g(z) = 0 and for each positive integer £ < n,
g(x) f4(x) # 0, and k is the least positive integer such that f*(x)g(x) = 0, then we set

h(x) = f5(z), thus 0 £ h(z) € R[z]\ (ann(f(z)) Uann(g(x))), and f(z)h(z)g(z) = 0.

(4v) If for some positive integer £ < n, g(z)f*(x) = 0 and for each positive integer k < n,
fE(x)g(x) # 0, and £ is the least positive integer such that g(z)f’(x) = 0, then we set

hz) = (), thus 0 £ h(z) € Rlz] \ (ann(f(2)) Uann(g(z))), and g(x)h(z)f(z) = 0.

v) If for some positive integer k < m, f(x)g*(x) = 0 and for each positive integer £ < m,
g‘(x) f(x) # 0, then by the similar argument as used in case (iii), we have the result.

(vi) If for some positive integer £ < m, g*(z)f(z) = 0 and for each positive integer k < m,
f(z)g"(x) # 0, then by the similar argument as used in case (iv), we have the result.

(vid) If for each s < m, f(x)g®(z) # 0 # g°(z) f(x), and for each t < n,
g()ft(z) # 0 # fi(x)g(x), then we set h(z) = f*1(x) + g™ !(x). We show that h(z) # 0.
If h(x) =0, then f"(z) = —¢g™ (x), s0 0 = f(z)f" Y(x) = —f(x)g™ (), that is a
contradiction. Thus 0 # h(x) € R[z] \ (ann(f(x)) Uann(g(z))) and f(x)h(x)g(z) = 0.

Thus I'}, (R[z]) is complete.

Since by using Theorem B4, '}, (R[z]) is complete, whenever R is a reversible ring which is

not reduced, so by using Theorem PZ4, we have the following proposition.

Proposition 4.5. Let R be a reversible ring which is not reduced. If Nil(R[z])? # 0, then
I*(R[z]) # I'(R[x]).

C.Y. Hong, N.K. Kim, Y. Lee and S.J. Ryu in [§, Definition 1.1], introduced the right (resp.,
left) Property (A) of a ring R. We say that a ring R has right ( resp., left) Property (A) if for
every finitely generated two-sided ideal I C Zy(R) (resp., Z,(R)), there exists nonzero a € R
(resp., b € R) such that Ia = 0 (resp., bI = 0). A ring R is said to have Property (A) if R
has right and left Property(A). In the following theorem we give a necessary condition for

I*(R[z]) # T(R[z]).

Theorem 4.6. Let R be a reversible ring. If R is not a reduced ring with exactly two minimal

primes and either R has not Property(A) or Z(R) is not an ideal, then I'*(R[z]) # I'(R[z]).
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Proof. By [6, Theorem 2.7], diam(I'(R[z])) = 3, and by Lemma B2, diam(I"™(R[z])) < 2.
Hence I'*(R[z]) # T'(R[x]). o

Proposition 4.7. Let R be a reversible ring which is not reduced. Then g(I'*(R[z])) = 3.

Proof. Let a € Nil(R)* and m be the minimum positive integer such that a” = 0. We consider

2

r = a™ 2, which is not an element of ann(a), and ara = a™ = 0. So, a — ax — ar® —a is a

cycle in I'*(R[z]). g

Theorem 4.8. Let R be an associative ring with identity. Then diam(I'*(R[z])) > 1, and
g(I*(R[z])) € {3,4}.

Proof. Let a be a nonzero zero-divisor of R. Then ab = 0 or ba = 0, for some 0 # b € R. Then
ar # bz? and (ax)(bz?) = 0 or (bz?)(az) = 0, thus dr+(ra)) (a, br?) = 1, which implies that
diam(T*(R[z])) > 1. On the other hand, a — bz — az? — bz® — a, is a cycle of lenght four in
I'*(R[z]). If R is nonreduced, by Proposition 874, g(T'*(R[z])) = 3. [
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