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NOTE ON REGULAR AND COREGULAR SEQUENCES
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ABSTRACT. Let R be a commutative Noetherian ring and let M be a finitely generated R-
module. If I is an ideal of R generated by M-regular sequence, then we study the vanishing
of the first Tor functors. Moreover, for Artinian modules and coregular sequences we examine

the vanishing of the first Ext functors.

1. INTRODUCTION

Throughout this note, we shall assume that R is a commutative Noetherian ring with non-
zero identity and I an ideal of R. Suppose M and A two non-zero finitely generated and
Artinian R-modules, respectively. An ordered sequence x1, ..., x;+ of elements of R is called an
M-regular sequence [, Definition 1.1.1]; if z; is not a zero-divisor in M/(x1,...,z;—1)M for
i=1,...,t,and M # (x1,...,x¢)M. Also, an ordered sequence z1, ..., z; of elements of R is said
an A-coregular sequence [B, Definition 3.1]; if z;; is an (0 :4 (21, ..., ;—1))-coregular element for
i=1,..,t,and (0:4 (z1,...,2¢)) # 0. Note that an element = of R is A-coregular if A = z A,
(see [B, Definition 2.4]).
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It is known that if I is generated by an M-regular sequence, then Torf(R/I, M) = 0. In
particular, if z1,...,z; is an R-regular sequence, I = (x1,...,x5) and J = (Tsy1,...,2¢) two
ideals of R then Torf(R/I,R/J) =0 andso IN.J=1IJ.

Our main aim in this article is to extend Proposition 1.1.4 of [0] for powers an ideal that
generated by regular sequence and use it over Tor functors. Additionally, we examine the

problem on the self-duality.

2. THE RESULTS

The interplay between regular sequences and homological invariants is a major theme, and

numerous arguments will be based on the following proposition which is appear in [I].

Proposition 2.1. Let R be a ring, M an R-module, and x an M -reqular sequence. Then an
exact sequence

Ny 25 Ny 5 Ny Lo v — 0,

induces an eract sequence

The following result is a generalization of Proposition 2.1.

Theorem 2.2. Let (R, m) be a local ring, M a finitely generated R-module, and I = (a1, ..., a;)

an ideal generated by an M -reqular sequence. Then an exact sequence
f2 1 fo
N2—>N1—>NQ—>M—>0,

of R-modules induces an exact sequence

No " N1 ;A No 7% M
"Ny,  I"N,  I"N,  I"M

for allm > 1.

Ny
I"Ny-*

let ~ denote residue classes modulo I"Nj. Let y; € Ni such that fi(y) = 0. Then fi(y) €

Proof. Since tensor product is a right exact functor, we only need to verify exactness at

I'""Ny. Hence we can consider a homogeneous polynomial of degree n, fi(y) € No[z1, ..., x4
such that
fily) = Z iy iy Ty it (%)
iyt tag, =n
for some «;, i, € Np . Since
Z folovy i)ay ™ ay™ = foo fi(y) =0 € I"MIM,  (x%)
q F. o =n
by [0, Theorem 1.1.7] or [B, Theorem 16.2] the coefficients fo(ay, i) € IM, and so

folaiy..q,) = Z;:l m;,x; for some m;, € M. By replacing mj, in the equation (*) and
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repeating this argument, we have fo(oy,. ;,) € I"M for all n € N. By Krull intersection The-
orem, fo(wi,. ) = 0 and by our hypothesis «;,. ;, € im f;. Hence there exists 5;, i, € N1
such that «;, 4, = f1(Bi,..i,). Therefore by replacing this value in the equation (*) and our
hypothesis, there exists z € Ny such that y — Eai1+...+ait=n Bil,,,itfn?” :E?” = fa(z). Hence
y = f2(2), as desired.

Corollary 2.3. Let (R,m) be a local ring, M a finitely generated R-module and

Ty .eey Ly Topl, -, Tg an M-reqular sequence. Then the following statements hold:

(i) IfI = (x1,...,x5), then Torlf(R/I", M) =0 for alln > 1.
(ii) If J = (Tst1, ..., 2¢), then TorR(R/J™, M/I"M) =0 for all m,n > 1.

Proof. (i) From the exact sequence 0 — K — ' — M — 0, where F is a free R-module
and by using Theorem 2.1, we obtain the result.

(73) It is known that Ass(M/I"M) = Ass(M/IM). Tt therefore follows

Ass(M/I"M + (541, -y ki) M) = Ass(M/IM + (2541, ...,x;)M) for alln € Nand s+ 1 <i <
t. Hence xgy1, ...,z is an M /I™ M-regular sequence for all n € N and so by Theorem 2.2, the

result follows.

Corollary 2.4. Let (R,m) be a local ring and J C I be two ideals of R such that I/J is
generated by R/J-reqular sequence. Then I"NJ = I""1J for all n € N.

Proof. From the exact sequence
0—mlI+J/ml—I/ml— I/ml+J—0,

and by using Nakayama’s Lemma, There exists x1,...,Zs,¥y1,...,4¢ of R such that I =
(T1y s Tsy Y1y -y yt), J = (21,..,25) and I/J = (y1,...,7¢), where yq,...,y is an R/J-
regular sequence. By Corollary 2.3(i) Tor®(R/(y1,...,u:)", R/J) = 0 for all n € N and
so JN (Y1, yt)® = J(y1,...,y)". Therefore JNI* = J N (J" 4+ J" Yy, yt) + oo +

JWY1s ooy ) W1 s y)™) = T+ T W1 ) + o+ T(Y1s e, y) T O (Y1, e y)™ =
JIn_l. 0

Proposition 2.5. Let M be a finitely generated R-module and I = (aq,...,as) an ideal gen-
erated by an M -reqular sequence and an R-reqular sequence. Then Torf(l%,M) = 0 for all
n>1andalli>1.
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Proof. We use induction on n. If n = 1, then Torﬁ(% M) =0 for all i > 1, by Theorem 2.2.

let n > 1 and suppose that the proposition holds for all integer smaller than n. By using the

exact sequence

and the inductive hypothesis, Torf*(£ M) = TorlR(E M) for all ¢ > 1. Hence, by us-

I Iz
m-1l ~ (;let72) R .
7~ = ®;0; 7. Therefore, we obtain

Torfz(l%, M) =0 for all n > 1 and all 4 > 1. This completes the inductive step.

ing [0, Theorem 1.1.8] we have the isomorphism

Corollary 2.6. Let (R,m) be a Cohen-Macaulay local ring, M a finitely generated maximal
Cohen-Macaulay R-module, and I = (a1, ...,a;) an ideal generated by an R-regular sequence.

Then TorzR(I%,M) =0 foralli>1 and alln > 1.

Proof. Since every R-regular sequence is an M-regular sequence, the result follows by Propo-

sition 2.5.

The following result is a dual of [0, Proposition 1.1.4].

Proposition 2.7. Let A be an Artinian R-module and I = (a1, ...,a¢) an ideal generated by

an A-coreqular sequence. Then an exract sequence
0— A2 B2 B -2 B,
of R-modules induces an exact sequence
0 (0:a) 2 05, D) 25 05, 1) L5 (0:p, 1.

Proof. By induction, it is enough to consider the case in which I consists of a single A-coregular
element a = a;. We obtain the induced sequence if we use the functor HomR(% —). Since
HomR(%7 —) is a left exact functor, we only need to verify exactness at (0 :p, a). Let g| is a
reduced homomorphism of g. If ga|(a) = ga(a) = 0 for some a € (0 :p, a), then o € Ker go =
im g1 and hence there is 8 € By with a = g1(8). It follows that af € Kerg; = im gyg and so
there is v € A with a8 = go(7). Since a is an A-coregular element, we have A = aA (see [B,

Definition 2.4]), and so there is 4 € A with 4 = a’. It follows that a(8 — go(7')) = 0. Hence
B—go(v) €(0:p, a), and o = g1(8 — go(7)) = 91(B) € im g1}, as desired.

Corollary 2.8. Let A be an Artinian R-module and I = (a1, ...,a) an ideal generated by an

A-coregular sequence. Then Ext}%(% A)=0.
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Proof. From the exact sequence 0 — A — E — K — 0, where F is an injective R-module

and by using Proposition 2.7, we obtain the result.

Question 2.9. (with hypothesis as Proposition 2.7) Is the following
00— (0:4 1) 2h (05, 1) 2h (05, 1) 24 (05, 1),
exact sequence for allm > 1%
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