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ABSTRACT. The non-commuting graph I'(G) of a non-abelian group G with the center Z(G)
is a graph with the vertex set V(I'(G)) = G \ Z(G) and two distinct vertices « and y are
adjacent in I'(G) if and only if zy # yx. The aim of this paper is to compute the spectra of

some well-known NC-graphs.

1. INTRODUCTION

All graphs considered in this paper are simple namely undirected graph without parallel
edges. Also, all graphs and groups are finite. Let G be a non-abelian group with the center
Z(@). The non-commuting graph (NC—graph) I'(G) is a graph with the vertex set G\ Z(QG)
and two distinct vertices xz,y € G\ Z(G) are adjacent whenever xy # yx. The concept of
N(C—graphs was first considered by Paul Erdés in 1975 to answer a question on the size of
the cliques of a graph, see [Z1]. For background materials about NC—graphs, we encourage

the reader to see references [, 12, 19, 20].
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In the next section, we give necessary definitions and some preliminary results and the third

section contains the main results on the spectra of NC-graphs.

2. DEFINITIONS AND PRELIMINARIES

Our notation is standard and mainly taken from standard books such as [[4, B, [1]. For a
group G, Cent(G) = {Cg(z)|x € G}, where Cg(x) is the centralizer of the element z in G,
namely Cq(z) = {y € Glzy = yx}, see [2, 4, B].

Example 2.1. Consider the symmetric group S3 by the following presentation
Ss={(a,b: a®>=1,>=1,a"'ba =b"1).

This group is the smallest non-abelian group of order 6. The center of this group is trivial and
so Sz \ Z(S3) = {a,b,b% ab,ab®}. The element b commutes with b and thus I'(S3) = K5 \ e,
where K, \ e denotes the graph obtained from the complete graph K, by deleting an edge.

An independent set of a graph I' is a subset S C V(I') if no two vertices of which are
adjacent. The size of the largest independent set is called the independence number. A k-
partite graph is a graph whose vertices can be partitioned into k different independent sets.
When k = 2 or 3, the related graph is denoted by bipartite or tripartite graph, respectively.

Let A = [a;;] and B = [b;;] be matrices of sizes m by p and g by n, respectively. The tensor
product (or Kronecker product) of A and B is the mq by pn matrix A ® B obtained from A
by replacing each entry a;; of A with the ¢ by n matrix

aijB(lgiSm,lgjgp).

The lexicographic product or composition graph I'y o I's of two graphs I'y and I'o, is a
graph with the vertex set V(I';) x V(I'2) and any two vertices (u,v) and (z,y) are adjacent
in 'y o I'q if and only if either w is adjacent with x in I'; or v = x and v is adjacent with y in
I's. If the adjacency matrices of two graphs I'y and I's are A, xm and B, x, respectively, then

the lexicographic product of I'y o I'y; has adjacency matrix
A®Jp+ 1, ® B.

For given graphs I'y and I'y their Cartesian product I'1\[JI's is defined as the graph on the
vertex set V(I'1) x V(I'y), where two vertices u = (u1,u2) and v = (v1, v2) are adjacent if and
only if either ([u; = v; and ugvy € E(I'2)]) or ([ug = v and ujvq € E(I'1)]). Let A and B be
square matrices of orders m and n, respectively. The adjacency matrix of Cartesian product
I'100; can be written as A ® I, + I, ® B, see [§].

The direct product I'y KT’y of two graphs I'y and I's is defined as the graph on the vertex

set V(I'1) x V(I'2) and two vertices u = (u1,u2) and v = (v1, v2) are adjacent if and only if
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uivy € E(I'1) and ugve € E(I'3). The adjacency matrix of I'y XIT'y is the tensor product A ® B

of the adjacency matrices of I'y and I's.

Example 2.2. Consider the group Uy, with the following presentation
Usn = (a,b: a® =1,0°=1,a"ba = b~1).

The elements of this group are

{1,a,---,a* 1 b,ba,--- ,ba® 1,02 b%a, - -, b2a® 1},
One can see that Z(Us,) = (a?) and so |Z(Us,)| = n. This implies that

[V(L'(Usn))| = [Usn| — |Z(Usn)| = 5n.

Let 7,7 be odd numbers, then

(a'b)(a’b) = (a’b)a(a’"'b) = a'(ba)a’ 'b = a7 = (a’b)(a'D).

Hence, {ab, a®b, - - - ,a®~'b} is an independent set. Similarly, we can prove that if i, j are odd
numbers, then (a’b?)(a’b?) = (a’b?)(a'b?) and so the set {ab?,--- ,a?"~1b?} is an independent
set. Now we can show that the following sets are independent

{CL, (13, L. ’a2n—1}’ {ab, (l3b, L ’a2n—1b}7 {abQ, a3b2, L. ,a2n—1b2}’

{b, b2, CL2b, a2b2 . ,a2n—2b, a2n—2b2}'
This implies that I'(Us,) is a 4-partite graph with the following adjacency matrix

®Jn:B®Jna

I
— == = O

_ = = O

1
1
0
1
1

O O ==
O O = =

J2n><n J2n><n J2n><n 02n

where J,, is the square matrix with all entries one.
Example 2.3. Consider now the NC-graph of group T}, with the following presentation
Tin = (a,b: a®* =1,a" =b*, b tab=a"1).
The elements of the this group are
{1,a,--- ,a®* 1 b,ba,--- ,ba®""}.
One can prove that Z(Ty,) = (b?) and so | Z(Ty,)| = 2. This implies that

V(L (Tun))| = |Tan| — | Z(Tan)| = 4n — 2.
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It is not difficult to see that, I'(Ty,) is (n + 1)-partite graph. On the other hand, I' has
2n — 2 vertices of degree 2n and 2n vertices of degree 4n — 4. This implies that the adjacency

matrix of I'(Tyy,) is

Oy -+ 0y Jo - Jo

0r oo 0o Jo oo J O Jin1)xn

2 2 J2 2 _ 1 (n=1)x @ Jo.
Jo oo Ja 02 - o Jnx(n—l) (‘] - I)n

Jo oo Jo Jo oo 0Oy

We recall that a finite group is called a p-group if and only if its order is a power of p, where
p is a prime integer. In [I3], it is proved that there is no regular NC—graph of valency p”,
where p is an odd prime number and n is a positive integer. In general, we have the following

result.

Theorem 2.4. [3] Let G be a finite non-abelian group such that T'(G) is k-reqular. Then k

is an even number greater than or equal with 4.

Theorem 2.5. [13] Let G be a finite non-abelian group such that I'(G) is 2°-regqular, where
s € N\ {1}. Then G is a 2-group.

Proposition 2.6. [[] Let G be a finite non-abelian group such that T'(G) is a regular graph.
Then G is nilpotent of class at most 3 and G = P x A, where A is an abelian group, P is a
p-group (p is a prime) and furthermore I'(P) is a regular graph.

Theorem 2.7. [14] Let G be a non-abelian group and p be a prime number. If [G : Z(GQ)] = p?

)

then T'(Q) is a regular graph.

Theorem 2.8. [6] Let G be a finite non-abelian group. Then |Cent(G)| = 4 if and only if
G/Z(G) = ZQ X ZQ.

Theorem 2.9. [G6] Let G be a finite non-abelian group and p be a prime number. If G/Z(G) =
Ly X Ly, then |Cent(G)| =p + 2.

Remark 2.10. Let G = P x Z, where p, q are prime numbers and P be a p-group. Hence,
we have G/Z(G) = P/Z(P). Thus, P/Z(P) = 7Z, X Z, if and only if G/Z(G) = Z;, X Z,.

Proposition 2.11. [13] Let p be a prime number and P be a non-abelian p-group. Then I'(P)

is k-regular if and only if I'(P X Zgq) is kq-regular, where q is a prime number.

In the following by K, we mean the complement of the complete graph K,,.
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Corollary 2.12. [[4] Let p be a prime number and P be a non-abelian p-group. If G = P x A,
where A is an abelian group, then the graph I'(G) is lexicographic product of I'(P) around F|A|

Theorem 2.13. [[4] Let G be a finite non-abelian group and p be a prime number. Then

G/Z(G) = Zy x Zy if and only if I'(G) is a regular complete (p + 1)-partite graph.

3. MAIN RESULTS

Let I be a graph with adjacency matrix A, the characteristic polynomial of I' is defined as
Xr(A) = det(A — A), where [ is the identity matrix. The roots of this polynomial are called
the eigenvalues of I' and form the spectrum of this graph, see [@, 00, 0T, O[5, 16, I7]. It is a
well-known fact that if A is a real symmetric matrix, then all eigenvalues of A are real. The

graph I' is said to be integral if all its eigenvalues are integers, see [3, B, 9, [0, [g].

Proposition 3.1. [22] A graph has exactly one positive eigenvalue if and only if the non-

isolated vertices form a complete multipartite graph.

Lemma 3.2. [T1] Let M be the following block matriz:
M _ Ome Ban
ngm Aan

Then

xu(A) = | = M| =X X"""|\2I, — AA — BT B].

Theorem 3.3. [B] Let A and B be square matrices of orders m and n, respectively. If
AL, o0, Am are eigenvalues of A and 1, -+, un are eigenvalues of B, then for 1 <i<m,1 <

J < n, the eigenvalues of A® B are \;jju; and the eigenvalues of A® I, + 1, ® B are \; + 1.

The aim of this section is to study the spectral properties of NC—graphs. In [I] it is proved
that the diameter of an NC'—graph is two. On the other hand, in [I0] it is proved that if T" is
an integral k—regular graph on n vertices with diameter d, then

—1)4 —
k-1 -2
- k—2
By using these results, in [[3] the authors has proposed a necessary condition for I'(G) to

be an integral k-regular graph. Here, we give a sufficient condition for I'(G) to be integral.

Theorem 3.4. Let G be a finite non-abelian group and p be a prime number. If G/Z(G) =
Ly X Ly, then I'(G) is an integral graph.
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Proof. By Theorem ETI3, T'(G) is a regular complete (p + 1)-partite graph and so it is a

strongly regular graph with parameters (k, A\, ). Hence, the eigenvalues of I'(G) are as follows:

{[)\—u—\/()\—ﬂ)2+4(/€—ﬂ)]ml [A—HW—“)““(’“‘“) h W}.

2 2
If n is the number of vertices of the graph, then the number of vertices of each part of this

graph is n/(p + 1). Hence, we have
_p _(p=Un _ pn
p+1 p+1°’
Therefore the spectrum of I'(G) is

Spec(D(G)) = { L}‘fl]ml o)™, [pffl] 1} .

On the other hand, m;+mo+1 = n and 1%4_7711%

Since p + 1 divides n, the eigenvalues of this graph are integral.;

p+1

= 0. Hence m; = pand mo = n—1—p.

Corollary 3.5. Let G be a finite non-abelian group and p be a prime number. If G/Z(G) =
Ly x Ly, then I'(G) has only one positive eigenvalue. In particular, p(p — 1)|Z(G)| is the only
positive eigenvalue of the reqular graph I'(G).

Proof. According to Theorem P13, T'(G) is a complete (p + 1)-partite graph. Thus, by
using Proposition B, I'(G) has only one positive eigenvalue. By Theorem B2 the positive
eigenvalue of I'(G) is

— 2—
p<|Gp +|21<G>|> _plp p1+>!12<G>’ — p(p— 1)|Z(G)].

Theorem 3.6. Let p be a prime number and P be a p-group. If G = P x A where A is an
abelian group, then the spectrum of T'(G) is

{[O}m—l)w(r(Pm Jan]™ - [axs]ms} ,
where {[\]™ -+ [Xs]"} is the spectrum of T(P) and |A| = a.

Proof. By Corollary 212, we have I'(G) = I'(P) 0 K|4. Let |A| = a and B be the
adjacency matrix of I'(P). Since the adjacency matrix of X| 4] 18 (0)axa, the adjacency matrix
of I'(G) is B® J,. Since the characteristic polynomial of J, is x., (\) = A* (A — a), by using
Theorem B33, the spectrum of I'(G) is

Spec(T(Q)) = {[0]<a—1>|V<r<P>>| JaM]™ - [a As]ms} -
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|

Lemma 3.7. Consider the block matrix

On—1 J(nfl)xn
Jnx(nfl) (J_I)n

The characteristic polynomial of A is

A:

(1) Xa(A) = A2+ 1) A2 + (1 —n)A — n(n — 1)).
Proof. By using Lemma B, we have
xa(A) = N""|\2T, — \A — BBT|,
where m =n — 1 and B = J,,»(,—1). Hence,

XA = A2+ L — A+ n =D = A A +n—1)" a2in (Jn).

A+n—1

Since x., (A) = A""1(\ — n), the proof is complete.

Theorem 3.8. The spectrum of T'(Ugy,) is
1
Spec(I(Usn)) = {[—n]“’ V] [0]5”‘4} -

Proof. In Example 2, it is shown that I'(Us,) is a 4-partite graph with the adjacency
matrix B ® J,. The eigenvalues of J, and B are {[0]"7!,[n]'} and {[0]},[1 + V7]},[1 —
V7], [~1]?}, respectively. Now Theorem B3 yeilds the proof.

Theorem 3.9. The spectrum of graph T'(Tyy,) is as follows:

Spec(T(Tin)) = {[2]“ 1P (= 1) /= D0 1>}1} |

Proof. In Example 3, it is shown that I'(Ty,) is a (n+ 1)-partite graph with the following

adjacency matrix

On—1 Jm-1)xn
Jnx(n—l) (J_I)TL

The spectrum of the left hand matrix can be computed directly from Lemma B72 as follows:

® Ja.

1

ne nea =1, /(Bn—1)(n-1)
[_1] 1’[0] 27 9 + 9

Thus, by using Theorem B3, the proof is complete.;
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Theorem 3.10. The spectrum of NC—graph Da, is as follows:
if n is odd:

Spec(L(Day)) = § [-1]"71,[0]" 2, [

if n is even:

1
Spec(L(Day)) = § [=2]271,10]7 7%, | (5 - 1) £ \/(52" - 1)(% - 1)]

Proof. In finding the spectrum of I'(Dsy,), it is convenient to consider two separately cases:

w
3

[ —
—
|3

Case 1. n is odd, the adjacency matrix of I' has the following form:

On—1 J(nfl)xn
Jnx(nfl) (J - I)n
By using Lemma B7, the proof is complete.

Case 2. n = 2m is even, in this case I'(Da,) = I'(T4y,) and according to Theorem B, the

proof is complete.

Here, we determine the spectrum of NC'—graph of group Vg, (n is odd) with the following

presentation:

Van = (a,b: a® =b*=1,b71ab™! = bab = a™1).

Theorem 3.11. The spectrum of T'(Vg,) is given by

1
{[—2}2"_1 1077 [2n = 14 V2002 — 120+ 1] } .
Proof. One can prove that Z(Vg,) = <b2> and so | Z(Vap)| = 2. This implies that
V(T (Van))| = |[Vanl = |Z(Van)| = 8n — 2.

Similar to the proof of Theorem B and Theorem B0, we can show that I'(Vg,) is a
(2n + 1)-partite graph with the following partitions:

Vl _ {a’”_ ,aQn_l,abz,--- ,aQn_le},
Vo = {bb%},
Vs = {ab,ab’},

‘/2n+1 — {a2n—1b7 a2n—1b3}‘
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In other words, the vertices of V; have degree 4n and the other vertices have degree 8n — 4.

This implies that its adjacency matrix is A(I'(Vgy)) = C ® Jo, where

O2n—1 Jn-1)x2n
Jonx@n—1) (J —1)an

C =

By using Lemma B74, we have
xo(A) = X2+ D22 4 (1 = 2n)\ — 4n? 4 2n).

By computing the roots of above polynomial, the spectrum of C' can be computed as follows:

1
{[—1]2"1 022, [(2n —1+/20n2 —12n + 1)/2} } :
Now, apply Theorem B=3 to complete the proof.
In continuing, we determine the spectrum of NC'—graph of group SDsg, with the following

presentation:

SDgn = <a,b : a4n — b2 — ].,b(lb — a2n—1>.

Theorem 3.12. The spectrum of I'(SDs,,) is as follows:

if n is even:

Spec(T'(SDsp)) = {[2]2"1 [0]6m 3, [2n — 142002 — 12n + 1} 1} .
if n is odd:

Spec(T(SDsp)) = {[—4]"1 o)™ [z(n 1) +2¢6n—D)(n— 1)} 1} :

Proof. One can prove that if n is even, then Z(SDg,) = (a®®) and so |Z(SDg,)| = 2 and
if n is odd, then Z(SDs,) = (a"). Thus, |Z(SDs,)| = 4. This implies that if n is even, then

[V((5Dgn))| = |SDgn| — [Z(SDgn)| = 8n — 2,
and if n is odd, then
[V(D(SDsn)| = |SDsu| — |Z(SDgy)| = 81 — 4.
We can show that if n is even then I'(SDg,,) is a (2n + 1)-partite graph with partitions
Vi = {a, a, - a® et 7a4n—1}7
Vo = {b,a®b},
Vs = {ab,a®" b},

V2n+1 _ {a2n—1b’ a4n—1b}
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and if n is odd then I'(SDg,) is a (n + 1)-partite graph with partitions

Vi = {a,d® - ,a"™ )\ {a", a®, "},

Vo = {b,a"b,a*b,a*"b},

Vs = {ab,a"*'b,a®*'b, 0”10},

Vn+1 — {an—lb7 a]2n—1b7 a?m—lb7 a4n—1b}‘

In other words, if n is even, then the vertices of V; have degree 4n and the other vertices
have degree 8n — 4. This implies that its adjacency matrix is equal with A(T'(Vg,)) and thus
I'(SDsg,) and I'(Vg,), where n is even, are co-spectral. If n is odd, the vertices of V; have
degree 4n and the other vertices have degree 8n — 8. This implies that its adjacency matrix is
A(T(SDgy)) = C ® Jy, where

On—1 J(n—l)xn
Jnx(n—l) (J_ I)n

The spectrum of C' can be directly computed by Lemma B72 as follows:

C =

n— n— n—1 \/(5’0 — 1)(” - 1)
[_1] 1?[0] 27 92 + 92

Thus, by using Theorem B3, the proof is complete.

Finally, we determine the spectrum of NC—graph of Frobenius group F}, ; in which p is prime

and ¢g|p — 1. This group is a non-abelian group of order pg with the following presentation:

Fpy={a,b: a® =b?=1,b""ab = a")

where u is an element of order g in Z,.

Theorem 3.13. Let o = (¢ — 1)(p — 1). The spectrum of I'(F} 4) is given by
1
a £ +/a? — dpa

[—(q - 1)}1)—1 ) [O]pq—p—Q ) 9

Proof. It is not difficult to see that Z(F},,) = 1 and therefore |Z(F}, )| = 1. The elements

of this group are
{La,a® - ,a® 3 U{a™™0<m<p-1,1<n<q—1}
Now we compute the centralizer of a™b". First notice that

(G : Ca(a™b™)] = |(a™0")¢| = |(0")°] = p.
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This implies that % = p and so |Cg(a™b")| = ¢ which yields (a™b") C Cg(a™b").
On the other hand, o(a™b") = ¢ and therefore (a™b") = Cg(a™b"). So the graph I'(F, ) is
a multi-partite graph, where one part is of order p — 1 with the elements {1, a,a?, -, a?" '}

and the other parts are of order ¢ — 1. Clearly, the number of parts of order ¢ — 1 is

pg—(p—1)—-1 _ pg—p _

q—1 q—1
This implies that
Op—1 Jp-1)xa-1) Jp-1)xg-1) 7 Jp-1)x(¢-1)
T i 0, J J
A(F(FM)) _ (q 1).X(p 1) (g—1) (g—1) (g—1)
Jg-1)x(p-1) J(g-1) O(g-1)
This yields that
wlp1) ‘ Jixp ® (= Jp-1)x(g-1))

det(e] — A(T(Epy)) =

Ipx1 @ (=J(g-1)x(p-1)) ‘ Iy @alg1+ (J = 1)p @ (=Jg-1))

= 2PTP 2 (x4 (¢ — )P Nz — x1)(z — x2).

where
a++/a? —4dpa a— /o2 —4dpa
T = 5 and r9 = 5 .

This completes the proof.
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