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RESULTS ON ENGEL FUZZY SUBGROUPS
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Abstract. In the classical group theory there is an open question: Is every torsion free n-

Engel group (for n ≥ 4), nilpotent?. To answer the question, Traustason [11] showed that

with some additional conditions all 4-Engel groups are locally nilpotent. Here, we gave some

partial answer to this question on Engel fuzzy subgroups. We show that if µ is a normal

4-Engel fuzzy subgroup of group G, x, y ∈ G and a = yx, then µ|<a,ay> is a generalized

nilpotent of class at most 2. Also we define a torsion free fuzzy subgroup and show that if µ

is a 4-Engel torsion free fuzzy subgroup of G, then µ|<a,y> is a generalized nilpotent of class

at most 4, for conjugate elements a, y in G.

1. Introduction

Engel groups are certain generalized nilpotent groups which have received considerable at-

tention in recent years. Nilpotent groups arise in Galois theory, as well as in the classification

of groups. They also appear prominently in the classification of Lie groups. In mathematics,

more specifically in abstract algebra, Galois theory, named after Evariste Galois, provides a
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connection between field theory and group theory. Using Galois theory, certain problems in

field theory can be reduced to group theory, which is, in some sense, simpler and better un-

derstood. In 1936, Zorn [15] proved that each finite Engel group is nilpotent. Golod [4] has

constructed finitely generated Engel group that are not nilpotent. There are 3-Engel 2-groups

and 5-groups that are not nilpotent. Therefore, each Engel group is not nilpotent in general

and so scientists study on conditions that make n-Engel groups, nilpotent. Also, it is inter-

esting to know which subgroups of Engel groups are nilpotent. In Engel groups we have the

following question: Q : Is every torsion free n-Engel group, nilpotent? The answer is positive

for n ≤ 3, but it remain open for n ≥ 4. Moreover if n = 1, then every 1-Engel group is

Abelian. Levi [7] proved that 2-Engel groups are nilpotent of class at most 3. For 3-Engel

groups the problem is much harder. Heineken in [5] has shown that every 3-Engel group G

is nilpotent of class at most 4 if G has no element of order 2 or 5. L.Kappe and W.Kappe

[6] gave a characterization of 3-Engel groups which is analogous to Levi,s theorem on 2-Engel

groups. They showed that the following are equivalent:

(i) G is a 3-Engel group. (ii) xG is a 2-Engel group for any x ∈ G. (iii) for any x ∈ G we

have that xG is nilpotent of class at most 2.

Traustason [11] studied 4-Engel groups. He proved that with some additional conditions every

r generator subgroup of a 4-Engel group has nilpotency class at most 6r. Also he proved that

if G is a 4-Engel group, then ⟨a, ab⟩ is nilpotent, where a is of finite order and b ∈ G. Applying

the concept of fuzzy sets of Zadeh [14] to group theory, Rosenfeld [10] introduced the notion of

a fuzzy subgroup as early as 1971. With appropriate definitions in the fuzzy setting, most of

the elementary results of group theory have been superseded with a startling generalized effect.

In [3] we proposed a definition for nilpotent fuzzy subgroup through its ascending central series

and called it g-nilpotent fuzzy subgroups. Also in [1] we studied n-Engel fuzzy subgroups for

n ≤ 3. Now in this paper, we centered on 4-Engel fuzzy subgroups. Specially, we investigate

some conditions that 4-Engel fuzzy subgroups will be generalized nilpotent. Then we shall give

some partial answer to the following question, which is fuzzy analogies of the main question

on Engel groups.

Q : Is every torsion free n-Engel fuzzy subgroup, generalized nilpotent?

Moreover, we show that if µ is a 4-Engel torsion free fuzzy subgroup of a group G, then

µ|<a,y> is generalized nilpotent of class at most 4, for conjugate elements a, y in G.

2. Preliminaries

Let G be any group and x, y ∈ G. Define the n-commutator [x,n y], for any n ∈ N and

x, y ∈ G, by [x,0 y] = x, [x,1 y] = x−1y−1xy and [x,n y] = [[x,n−1 y], y]. Now a group G is
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called an Engel group if for each ordered pair (x, y) of elements in G there is a positive integer

n = n(x, y), such that [x,n y] = e, for any x, g ∈ G and n ∈ N. If n = n(x, y) is chosen

independently of x, y, then we say that G is an n-Engel group (See [9]).

Definition 2.1. [9] Let X1, X2, ... be nonempty subsets of a group G. Define the commutator

subgroup of X1 and X2 by

[X1, X2] = ⟨[x1, x2] | x1 ∈ X1, x2 ∈ X2⟩.

More generally, define

[X1, ..., Xn] = [[X1, ..., Xn−1], Xn]

where n ≥ 2 and [X1] = ⟨X1⟩. Also recall that XX2
1 = ⟨xx2

1 | x1 ∈ X1, x2 ∈ X2⟩, where
xx2
1 = x−1

2 x1x2.

Definition 2.2. A group G is called torsion free if no element of G has finite order than 0.

Also two element a, y in G are conjugate if a = yx for some x ∈ G.

Example 2.3. Let S3 = ⟨a, b | a3 = b2 = e, ab = a−1⟩. Then a and a−1 are conjugate

elements.

Theorem 2.4. [9] Let G be a group and x, y, z ∈ G. Then

(i) [x, y] = [y, x]−1,

(ii) [x.y, z] = [x, z]y.[y, z] and [x, y.z] = [x, z].[x, y]z,

(iii) [x, y−1] = ([x, y]y
−1
)−1 and [x−1, y] = ([x, y]x

−1
)−1.

Note that xg = x.[x, g].

Definition 2.5. [14] A fuzzy subset of X is a function from X into [0, 1].

Definition 2.6. [8] Let µ be a fuzzy subset of a group G. Then µ is called a fuzzy subgroup

of G if for all x, y ∈ G; µ(xy) ≥ µ(x) ∧ µ(y), and µ(x−1) ≥ µ(x). A fuzzy subgroup µ of G is

called normal if µ(xy) = µ(yx), for all x, y in G.

Theorem 2.7. [8] Fuzzy subgroup µ of G is normal if and only if µt = {x ∈ G : µ(x) ≤ t} is a

normal subgroup of G for any t ∈ µ(G)
∪
{b ∈ [0, 1] | b ≤ µ(e)} if and only if µ(x) = µ(y−1xy),

for any x, y ∈ G.

Theorem 2.8. [8] Let µ be a fuzzy subgroup of G.

(i) If µ(xy−1) = µ(e), then µ(x) = µ(y).

(ii) For any x, y ∈ G, µ(x) ̸= µ(y), implies µ(xy) = µ(x) ∧ µ(y).

(iii) If H is a subgroup of G, then µ |H , where µ |H : H −→ [0, 1] is defined by

µ |H (x) = µ(x) for any x ∈ H, is a fuzzy subgroup of H.

Definition 2.9. [8] Let µ be a fuzzy subset of a semigroup G and
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Z(µ) = {x ∈ G | µ(xy) = µ(yx) and µ(xyz) = µ(yxz), for any y, z ∈ G}.

If Z(µ) = G, then µ is called commutative in G.

Theorem 2.10. [8] Let µ be a fuzzy subset of a semigroup G. If Z(µ) is nonempty, then

Z(µ) is a subsemigroup of G. Moreover, if G is a group, then Z(µ) is a normal subgroup of

G. Also, if T = {x ∈ G | µ(xyx−1y−1) = µ(e), for any y ∈ G}, then T = Z(µ).

Notation . From now on, we let G be a group unless otherwise specified.

We recall the notion of the ascending central series of a fuzzy subgroup of G [3]. Let µ be a

fuzzy subgroup of G. Put Z0(µ) = {e}. Clearly Z0(µ) ⊴ G. Let Z1(µ) = {x ∈ G | µ([x, y]) =
µ(e), for any y ∈ G}. Now using Theorem 2.10, we have Z1(µ) = Z(µ) is a normal subgroup

of G. We define a subgroup Z2(µ) of G such that Z2(µ)
Z1(µ)

= Z( G
Z1(µ)

); since Z1(µ) ⊴ G then

Z1(µ) ⊴ Z2(µ). We show that [Z2(µ), G] ⊆ Z1(µ). For this, let x ∈ Z2(µ) and g ∈ G. Thus

xZ1(µ) ∈ Z2(µ)
Z1(µ)

= Z( G
Z1(µ)

), which implies that [xZ1(µ), gZ1(µ)] = Z1(µ) for any g ∈ G. Hence

[x, g] ∈ Z1(µ) and so [Z2(µ), G] ⊆ Z1(µ). Thus xg = x[x, g] ∈ Z2(µ). Therefore, Z2(µ) ⊴ G.

Similarly for k ≥ 2, we define a normal subgroup Zk(µ) such that Zk(µ)
Zk−1(µ)

= Z( G
Zk−1(µ)

). The

ascending normal series of µ is Z0(µ) ⊆ Z1(µ) ⊆ Z2(µ) ⊆ ....

Lemma 2.11. [3] Let µ be a fuzzy subgroup of G. Then for k ∈ N

Zk(µ) = {x ∈ G | µ([x, y1, ..., yk]) = µ(e), for any y1, y2, ..., yk ∈ G}.

Definition 2.12. [3] A fuzzy subgroup µ of G is called a generalized nilpotent or briefly g-

nilpotent if there exist none negative integer n, such that Zn(µ) = G. The smallest such integer

is called the class of µ.

3. Results on Engel fuzzy subgroups

In this section, first we define the notion of a torsion free fuzzy subgroup of G. Then

we study g-nilpotency of specific fuzzy subgroups. Specially, we have centered mainly on the

question weather torsion free n-Engel fuzzy subgroups are g-nilpotent. Moreover, we show that

with some conditions, µ|<a,y> is a g-nilpotent of class at most 4, where µ is a normal torsion

free 4-Engel fuzzy subgroup of G and a, y are conjugate elements in G.

Definition 3.1. [1] A fuzzy subgroup µ of G is called an n-Engel fuzzy subgroup if there exist

a positive integer n, such that µ([x,n y]) = µ(e) for any x, y ∈ G.
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Example 3.2. Let D3 = ⟨a, b; a3 = b2 = e, ba = a2b⟩ be the dihedral group with six

elements and t0, t1 ∈ [0, 1] such that t0 > t1. Define a fuzzy subgroup µ of D3 as follows:

µ(x) =

 t0 if x ∈< a >

t1 if x ̸∈< a >

Then (D3\⟨a⟩)(D3\⟨a⟩) = ⟨a⟩, (⟨a⟩)(D3\⟨a⟩) = (D3\⟨a⟩), (D3\⟨a⟩)(⟨a⟩) = (D3\⟨a⟩) and

(⟨a⟩)(⟨a⟩) = (⟨a⟩). Now, we show that µ is 1-Engel. If x ∈ ⟨a⟩ and y /∈ ⟨a⟩, then xy /∈ ⟨a⟩.
Thus by the above relations, we have [x, y] = x−1y−1xy = (yx)−1(xy) ∈ ⟨a⟩, which implies

that µ[x, y] = t0 = µ(e). Similarly, for the cases x /∈ ⟨a⟩ and y ∈ ⟨a⟩ or x, y ∈ ⟨a⟩ or x, y /∈ ⟨a⟩,
we have µ[x, y] = µ(e). Hence for any x, y ∈ D3, µ[x, y] = µ(e) and so µ is 1-Engel. Note that,

D3 is not an Engel group, since [a,n b] = a ̸= e.

Definition 3.3. Let µ be a fuzzy subgroup of G. Then µ is called a torsion free fuzzy subgroup

of G, if for some s ∈ N, µ(xs) = µ(e) implies µ(x) = µ(e).

Example 3.4. Let G be a torsion free n-Engel group and µ : G −→ [0, 1] is defined by:

µ(x) =

 1, x = e

1/2, otherwise

for any x ∈ G. Then for any t ∈ [0, 1], µt = {x | µ(x) ≥ t} is a normal subgroup of G and

so by Theorem 2.7, µ is a normal fuzzy subgroup. Now, let µ(xn) = µ(e), for x ∈ G. Then

xn = e. Since G is torsion free, x = e which implies that µ(x) = µ(e). Thus µ is torsion free.

Since G is n-Engel, µ is n-Engel. Therefore, µ is a normal torsion free n-Engel fuzzy subgroup

of G.

Note. In Example 3.4, if G is a non-Abelian torsion free n-Engel group and n ≥ 3, then

µ is a normal torsion free n-Engel fuzzy subgroup such that µ[x, y] ̸= µ(e). In the following

we prove that with an additional condition for some x, y ∈ G we have a normal torsion free

n-Engel fuzzy subgroup µ, such that µ[x, y] = µ(e).

Lemma 3.5. Let µ be a normal torsion free n-Engel fuzzy subgroup of G. If µ[xs, y] = µ(e),

for some positive integer s ≥ 1 and x, y ∈ G, then µ[x, y] = µ(e).

Proof. Let µ be a normal torsion free n-Engel fuzzy subgroup of G and i > 1 be the minimum

positive integer such that µ[y,i x] = µ(e). We show that

µ[y,i−2 x, x
s] = µ(e). (∗)
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For this, we prove it by induction on i ≤ 2. If i = 2, then the result is immediate. Now let

µ[y,i−2 x, x
s] = µ(e), for i > 2. Then by Theorems 2.6 and 2.4 and since µ is normal, we have

µ[y,(i+1)−2 x, x
s] = µ[[[y,(i−2) x], x], x

s]

= µ[[y,(i−2) x]
−1[y,(i−2) x]

x, xs]

= µ([[y,(i−2) x]
−1, xs][y,(i−2)x]

x
[[y,(i−2) x]

x, xs]

≥ µ([[y,(i−2) x]
−1, xs][y,(i−2)x]

x ∧ µ[[y,(i−2) x]
x, xs]

= µ[[y,(i−2) x], x
s] ∧ µ[[y,(i−2) x], x

s]

= µ(e)).

Hence we have (∗). If µ([y,i−1 x]
s) = µ(e), since µ is torsion free, then µ([y,i−1 x]) = µ(e).

This gives a contradiction to the minimality of i. For the case µ([y,i−1 x]
s) ̸= µ(e), first we

show that

µ([[y,i−2 x], x
s]) = µ([y,i−1 x]

s[y,i x][y,i+1 x]...) (∗∗)

Let s = 2. Then by Theorem 2.4, we have

µ[y,(i−2) x, x
2] = µ([y,(i−2) x, x][y,(i−2) x, x]

x)

= µ([y,(i−1) x][y,(i−1) x][y,(i−1) x, x])

= µ([y,(i−1) x]
2[y,(i) x]).

By similar method we get (**) for s ≥ 2. Also by µ([y,i+1 x]) ≥ µ([y,i x]) = µ(e), we get

µ([y,i x][y,i+1 x]...) = µ(e) and so by (*), (**) and Theorem 2.8(ii), we have

µ(e) = µ[[y,i−2 x], x
s] = µ([y,i−1 x]

s[y,i x][y,i+1 x]...) = µ([y,i−1 x]
s) ∧ µ([y,i x][y,i+1 x]...)

= µ([y,i−1 x]
s)

which is a contradiction. This complete the proof.

Lemma 3.6. Let G be a torsion free n-Engel group, x, y ∈ G and there exists s ∈ N such that

[y, xs] = e. Then [y, x] = e.

Proof. Let there exists s ∈ N such that [y, xs] = e, but [y, x] ̸= e. Suppose that i > 1 is the

minimal positive integer such that [y,i x] = e. First we show that [[y,i−2 x], x
s] = e, for any

i ≥ 2. For i = 2 the proof is clear. Let [[y,i−2 x], x
s] = e, for i > 1. Then by Theorem 2.4, we
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have

[y,(i+1)−2 x, x
s] = [[[y,(i−2) x], x], x

s]

= [[y,(i−2) x]
−1[y,(i−2) x]

x, xs]

= ([[y,(i−2) x]
−1, xs][y,(i−2)x]

x
[[y,(i−2) x]

x, xs]

= e.

Hence [[y,i−2 x], x
s] = e for any i ≥ 2. Now, since [[y,i−2 x], x

s] = [y,i−1 x]
s[y,i x][y,i+1 x],

we have e = [[y,i−2 x], x
s] = [y,i−1 x]

s[y,i x][y,i+1 x]. Since [y,i+1 x] = [y,i x] = e, we get

e = [y,i−1 x]
s. Now by the hypotheses we have [y,i−1 x] = e, which contradicts the minimality

of i.

Theorem 3.7. Let µ be a normal torsion free n-Engel fuzzy subgroup of G, x, y ∈ G and

s ∈ N. If µ |⟨xs,y⟩ is a g-nilpotent of class 2, then µ |⟨x,y⟩ is a g-nilpotent of class 2, too.

Proof. Let x, y ∈ G and s ∈ N. First we show that,

Z(µ |⟨xs,y⟩) = Z(µ |⟨x,y⟩) ∩ ⟨xs, y⟩ (∗)

Suppose that w ∈ Z(µ |⟨xs,y⟩). Then by Theorem 2.10, we have µ[xs, w] = µ(e) and so by

Lemma 3.5, µ[x,w] = µ(e) which implies that w ∈ Z(µ |⟨x,y⟩) ∩ ⟨xs, y⟩. Hence Z(µ |⟨xs,y⟩) ⊆
Z(µ |⟨x,y⟩) ∩ ⟨xs, y⟩. Now let w ∈ Z(µ |⟨x,y⟩) ∩ ⟨xs, y⟩. Then w ∈ ⟨xs, y⟩, µ[x,w] = µ(e) and

µ[y, w] = µ(e) and so by Theorem 2.4,

µ[xs, w] = µ([x,w]x
s−1

[xs−1, w]) ≥ µ([x,w]x
s−1

) ∧ µ([xs−1, w]) = µ([xs−1, w])

which implies that µ[xs, w] = µ[xs−1, w] = ... = µ[x,w] = µ(e). Hence Z(µ |⟨xs,y⟩) ⊇ Z(µ |⟨x,y⟩
) ∩ ⟨xs, y⟩. Therefore Z(µ |⟨xs,y⟩) = Z(µ |⟨x,y⟩) ∩ ⟨xs, y⟩. Also since µ |⟨xs,y⟩ is g-nilpotent of

class 2, then by Lemma 2.11, we have µ[xs, y, z] = µ(e) for any z ∈ ⟨xs, y⟩. Therefore by

Theorem 2.10 and (*), [xs, y] ∈ Z(µ |⟨x,y⟩). Thus

[xsZ(µ |⟨x,y⟩), yZ(µ |⟨x,y⟩)] = Z(µ |⟨x,y⟩) = 1 ⟨x,y⟩
Z(µ|⟨x,y⟩)

.

Now we show that ⟨x,y⟩
Z(µ|⟨x,y⟩)

is a torsion free group. For this, let aZ(µ |⟨x,y⟩) ∈
⟨x,y⟩

Z(µ|⟨x,y⟩)
, where

a ∈ ⟨x, y⟩ and for some k ∈ N, ak ∈ Z(µ |⟨x,y⟩). Then we have µ[ak, b] = µ(e) for any b ∈ ⟨x, y⟩
and so by Theorem 2.10 and Lemma 3.5, a ∈ Z(µ |⟨x,y⟩). Hence aZ(µ |⟨x,y⟩) = Z(µ |⟨x,y⟩).
Therefore ⟨x,y⟩

Z(µ|⟨x,y⟩)
is a torsion free group. Since µ is a normal n-Engel fuzzy subgroup so for

any z ∈ ⟨x, y⟩, µ[[x,n y], z] ≥ µ[x,n y] = µ(e) and so by Theorem 2.10, [x,n y] ∈ Z(µ |⟨x,y⟩)
which implies that

[xZ(µ |⟨x,y⟩),n yZ(µ |⟨x,y⟩)] = Z(µ |⟨x,y⟩)
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Then ⟨x,y⟩
Z(µ|⟨x,y⟩)

is n-Engel and so by Lemma 3.6, we have [xZ(µ |⟨x,y⟩), yZ(µ |⟨x,y⟩)] = 1. Hence

[x, y] ∈ Z(µ |⟨x,y⟩). Therefore, by Theorem 2.10 and Lemma 2.11, µ |⟨x,y⟩ is a g-nilpotent of

class at most 2, too.

Theorem 3.8. Let µ be a normal 4-Engel fuzzy subgroup of G, x, y ∈ G and a = yx. Then

µ|<a,ay> is a g-nilpotent of class at most 2.

Proof. Since µ is a 4-Engel fuzzy subgroup of G, for any y ∈ G, µ[x−1, y, y, y, y] = µ(e). Now

Using Theorem 2.4 and µ is normal, we have

µ(e) = µ[[x−1, y], y, y, y] = µ[[x, y]−x−1
,3 y] = µ[y, x,3 y

x]x
−1

= µ[y, x,3 y
x] = µ[y−1yx,3 y

x]

which implies that µ(e) = µ([y−1,3 y
x]). By putting a = yx we have µ[y−1, a, a, a] = µ(e).

Now, by Theorem 2.4 and since µ is normal, we get

µ(e) = µ[y−1,3 a] = µ[[a, y]y
−1
,2 a] = µ[a, y,2 a

y]y
−1

= µ[a, y,2 a
y] = µ[a−1ay,2 a

y] = µ[a−1,2 a
y].

Therefore µ[a−1, ay, ay] = µ(e) (∗). Now, by puting y−1 instead of y and a−1 instead of a in

(*) we have µ[a, (a−1)y
−1
, (a−1)y

−1
] = µ(e) and so by conjugacy we have µ[ay, a−1, a−1] = µ(e).

Hence by Theorem 2.4,

µ(e) = µ[ay, a−1, a−1] = µ[[ay, a]−a−1
, a−1]

= µ[[ay, a]−1, a−1]a
−1

= µ[[ay, a], a−1]−[ay ,a]−1a−1
= µ[[ay, a], a−1]

= µ[[ay, a], a].

Similarly,

µ[a, ay, a] = µ(e), µ[a, ay, ay] = µ(e) .

Therefore by Lemma 2.11, µ|<a,ay> is g-nilpotent of class at most 2.

Theorem 3.9. Let µ be a normal torsion free 4-Engel fuzzy subgroup of G and a, y be conjugate

elements of G. Then µ|<a,ay>, µ|<a,ay2>
, µ|<y,ya>, µ|<y,ya3>

and µ|
<a,ay3>

are g-nilpotent of

class at most 2.

Proof. By Theorem 3.8, µ|⟨a,ay⟩ and µ|⟨y,ya⟩ are g-nilpotent of class 2. Since ⟨a2, (a2)y2⟩ =

⟨a2, (ay2)2⟩ by Theorem 3.8, µ|⟨a2,(ay2 )2⟩ is g-nilpotent of class at most 2. Then by Theorem

3.7, µ|
<a,ay2>

is g-nilpotent of class at most 2. Similarly, since ⟨y3, (y3)a3⟩ = ⟨y3, (ya3)3⟩ we

have µ|
<y,ya3>

is g-nilpotent of class at most 2.
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Now, we are ready to give some partial answer to the following question, which is fuzzy

analogues of a main question on Engel groups. In the following we investigate the relation

between torsion free n-Engel fuzzy subgroup and g-nilpotent fuzzy subgroups.

Theorem 3.10. Let µ be a normal torsion free 4-Engel fuzzy subgroup of G and a, y be

conjugate elements of G. Then µ|⟨a,y⟩ is g-nilpotent of class at most 4.

Proof. First we show that if µ(b) = µ(e) and µ[a,2 c] = µ(e) for any a, b, c ∈ G, then

µ[ab,2 c] = µ(e), (I)

By Theorem 2.4 and since µ is normal, we have

µ[ab,2 c] ≥ µ([[a, c]b[b, c], c]) ≥ µ([[a, c]b, c]) ∧ µ([b,2 c]) ≥ µ([[a, c]b, c]) ∧ µ(b)

= µ([[a, c]b, c]) = µ([[a, c][a, c, b], c])

≥ µ([[a, c], c][a,c,b]) ∧ µ([a, c, b, c]) = µ(e) ∧ µ([a, c, b, c])

≥ µ([a, c, b]) = µ([a, c]−1b−1[a, c]b)

= µ(b−[a,c]b) ≥ µ(b)

= µ(e).

Hence [ab,2 c] = µ(c). Now, by using Theorem 3.8 and since [a, y] = a−1ay we have

µ[x1, x2, x3] = µ(e) for any xi ∈ ⟨[a, y], a⟩ which implies that [a3, y] = ([a, y]a)3u ; µ(u) = µ(e),

(II). Since ⟨[a3, y], y⟩ = ⟨y, ya3⟩, by Theorem 3.9, we have µ|⟨[a3,y],y⟩ is g-nilpotent of class

at most 2, which by (II) implies that µ|⟨([a,y]a)3,y⟩ is g-nilpotent of class at most 2 and so by

Theorem 3.7, we have µ|⟨[a,y]a,y⟩ is g-nilpotent of class at most 2. Hence µ[[a, y]a, y, y] = µ(e)

and so

µ[[a, y]a, y, y]a
−1

= µ(e)

=⇒ µ[[[a, y], y[y, a−1]], ya
−1
] = µ(e)

=⇒ µ[[[a, y], [y, a−1]][a, y, y][y,a
−1], ya

−1
] = µ(e)

=⇒ µ[[[a, y], [a, y]a
−1
][a, y, y][y,a

−1], ya
−1
] = µ(e)

=⇒ µ[[[a, y], [a, y][a, y, a−1]][a, y, y][y,a
−1] , ya

−1
] = µ(e).

By considering X = [[a, y], [a, y][a, y, a−1]] and Z = [a, y, y][y,a
−1], we have

µ(e) = µ([XZ, ya
−1
]) = µ([X, ya

−1
]Z [Z, ya

−1
]),
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If µ([Z, ya
−1
]) ̸= µ(e), since

µ([X, ya
−1
]) ≥ µ([[a, y], [a, y][a, y, a−1]])

= µ([[a, y], [a, y, a−1]]))

= µ([[a, y, a−1], [a, y]])

= µ([[a, y], a−1, [a, y]])

= µ(e) (∗ ∗ ∗)(since µ|⟨[a,y],a⟩ is nilpotent of class 2)

then by Theorem 2.8, we have

µ(e) = µ([X, ya
−1
]Z [Z, ya

−1
])

= µ([X, ya
−1
]Z) ∧ µ([Z, ya

−1
])

= µ(e) ∧ µ([Z, ya
−1
])

= µ([Z, ya
−1
]).

which is a contradiction. Therefore, µ(e) = µ([Z, ya
−1
]). Thus,

µ(e) = µ([Z, ya
−1
])

= µ([[a, y, y][y,a
−1], ya

−1
])

= µ([[a, y, y]y
−1aya−1

, ya
−1
])

= µ([[a, y, y]y
−1a, (ya

−1
)(ya−1)−1]ya

−1
)

= µ([[a, y, y]y
−1a, y])

= µ([([a, y, y]y
−1)a, y])

= µ([([a, y, y][a, y, y, y−1])a, y])

= µ([[a, y, y]a[a, y, y, y−1]a, y])

= µ([[a, y, y]a, y][a,y,y,y
−1]a [[a, y, y, y−1]a, y]) (III).

Now, by Theorem 3.9, µ|⟨y,ya⟩ is g-nilpotent of class 2. Thus

µ[a, y, y, y−1] = µ([y−ay, y, y−1]) = µ(e), (IV )

which implies that µ([[a, y, y, y−1]a, y]) ≥ µ([a, y, y, y−1]) = µ(e) and so for the case µ(e) ̸=
µ([[a, y, y]a, y] by Theorem 2.8 and (III) we have

µ(e) = µ([[a, y, y]a, y]) ∧ µ([[a, y, y, y−1]a, y]) = µ([[a, y, y]a, y])

which is a contradiction. Therefore

µ([[a, y, y]a, y]) = µ(e), (∗ ∗ ∗∗)
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By (IV), Theorem 2.4 and since µ is normal, we have

µ[[a, y, y]−1, y] = µ[a, y, y, y]−[a,y,y]−1
= µ(e)

Then µ[[a, y, y], y] = µ(e) and so

µ[[a, y, y, a], y] = µ([[a, y, y]−1[a, y, y]a, y])

= µ([[a, y, y]−1, y][a,y,y]
a
[[a, y, y]a, y])

≥ µ([[a, y, y]−1, y]) ∧ µ([[a, y, y]a, y])

= µ(e) ∧ µ([[a, y, y]a, y])

= µ(e) (by (∗ ∗ ∗∗),

Thus µ[[a, y, y, a], y] = µ(e), (V ). By Theorem 2.4, since µ |⟨ya,y⟩ is nilpotent of class 2,

µ[[a, y, y, a], ya] ≥ µ[[a, y, y], ya] ∧ µ[[a, y, y]a, ya] = µ(e)

which implies that

µ(e) = µ([a, y, y, a, ya] = µ([[a, y, y, a], y[y, a]]) = µ([[a, y, y, a, [y, a]][a, y, y, a, y][y,a]).

If µ([[a, y, y, a, [y, a]]) ̸= µ([a, y, y, a, y]) = µ(e)(See V), then by Theorem 2.8, we have

µ(e) = µ([[a, y, y, a, [y, a]]) ∧ µ([a, y, y, a, y]) = µ([[a, y, y, a, [y, a]])

which is a contradiction. Thus, µ([[a, y, y, a, [y, a]]) = µ(e) (V I). Now, since ⟨[a, y2], a⟩ =

⟨ay2 , a⟩ by Theorem 3.9, we have µ |⟨[a,y2],a⟩ is g-nilpotent of class at most 2. Then by Theorem

2.4,

µ[[a, y]2[a, y, y], a, a] = µ([[a, y][a, y]y, a, a]) = µ([a, y2, a, a]) = µ(e)

and since µ |⟨ya,y⟩ is nilpotent, we get

µ[[a, y, y], [a, y]2] ≥ µ[y−ay, y, y−ayy−ay] = µ(e)

and since xy = yx[y, x] for any x, y ∈ G, by

[a, y, y][a, y]2 = [a, y]2[a, y, y][[a, y, y], [a, y]2]

and (I), we have

µ(e) = µ([[a, y, y][a, y]2,2 a])

, where we put a = [a, y]2[a, y, y], b = [[a, y, y], [a, y]2] in (I). Hence by Theorem 2.4,

µ(e) = µ([[a, y, y][a, y]2,2 a]) = µ([[a, y, y, a][a,y]
2
[[a, y]2, a], a])

Now if µ([[a, y, y, a][a,y]
2
, a] ̸= µ([[a, y]2, a], a]) = µ(e), then by Theorem 2.8, we have

µ(e) = µ([[a, y, y, a][a,y]
2
, a]) ∧ µ([[a, y]2, a], a]) = µ([[a, y, y, a][a,y]

2
, a])
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which is a contradiction. Thus µ(e) = µ([[a, y, y, a][a,y]
2
, a]). Hence by Theorem 2.4,

µ(e) = µ([[a, y, y, a][a,y]
2
, a])

= µ([[a, y, y, a][a, y, y, a, [a, y]2], a]) (since xy = x[x, y] for any x, y ∈ G)

= µ([a, y, y, a, a][a,y,y,a,[a,y]
2][a, y, y, a, [a, y]2, a]) (V II)

If µ([a, y, y, a, a]) = µ([a, y, y, a, [a, y]2, a]), since by (VI)

µ([a, y, y, a, [a, y]2, a]) ≥ µ([a, y, y, a, [a, y]2] ≥ µ([a, y, y, a], [a, y]) = µ(e)

we get µ[a, y, y, a, , a] = µ(e). For the case µ([a, y, y, a, a]) ̸= µ([a, y, y, a, [a, y]2, a]), by Theorem

2.8 and (VII), we have

µ(e) = µ([a, y, y, a, a][a,y,y,a,[a,y]
2]) ∧ µ([a, y, y, a, [a, y]2, a])

= µ([a, y, y, a, a][a,y,y,a,[a,y]
2]) ∧ µ(e) = µ([a, y, y, a, a][a,y,y,a,[a,y]

2])

= µ[a, y, y, a, a],

which is a contradiction. Hence µ[a, y, y, a, , a] = µ(e) which by (V) implies that, [a, y, y, a] ∈
Z(µ |⟨a,y⟩). Now, by (IV) and Lemma 2.11, [a, y, y] ∈ Z2(µ |⟨a,y⟩). Similarly [y, a, a] ∈
Z2(µ |⟨a,y⟩) and so [y, a] ∈ Z3(µ |⟨a,y⟩). Therefore, by Lemma 2.11, µ |⟨a,y⟩ is a nilpotent

of class at most 4.

Corollary 3.11. Let µ be a normal torsion free 4-Engel fuzzy subgroup of G. Then for any

x, z ∈ G, µ|⟨xz,zy⟩ is g-nilpotent of class at most 4.

Proof. By Theorem 3.10, µ|⟨a,y⟩ is g-nilpotent of class at most 4 in which a, y are conjugate

elements of G. Therefore, µ|⟨xz,zx⟩ = µ|⟨xz,x−1(xz)x⟩ is g-nilpotent of class at most 4.

4. Conclusions

The study of Engel fuzzy subgroups allowed us to solve existence problems on g-nilpotent

fuzzy subgroups and so on nilpotent groups. In this paper we can justify our definition of a

g-nilpotent fuzzy subgroup. In the classical group theory there is an open question: Is every

torsion free n-Engel group (for n ≥ 4), nilpotent?. To answer the question, Traustason [11]

showed that with some additional conditions all 4-Engel groups are locally nilpotent. Here,

we gave some partial answer to this question on Engel fuzzy subgroups. Naturally, the results

attained prompt us for further researches on the subject.
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