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ABSTRACT. The undirected power graph of a finite group G, P(G), is a graph with the group
elements of G as vertices and two vertices are adjacent if and only if one of them is a power of
the other. Let A be an adjacency matrix of P(G). An eigenvalue A of A is a main eigenvalue
if the eigenspace £()) has an eigenvector X such that X*j # 0, where j is the all-one vector.
In this paper we want to focus on the power graph of the finite cyclic group Z, and find a
condition on n where P(Z,) has exactly one main eigenvalue. Then we calculate the number
of main eigenvalues of P(Z,) where n has a unique prime decomposition n = p"ps. We
also formulate a conjecture on the number of the main eigenvalues of P(Z,) for an arbitrary

positive integer n.

1. INTRODUCTION

All the groups and graphs are assumed to be finite. There are several constructions of
graphs from groups like Cayley graphs, Schreier coset graph, orbital digraph and etc. which

have a long history in the literature. One of the new consructions of graphs from a finite group

MSC(2010): Primary:05C50.
Keywords: Power graph, Main eigenvalue, Cyclic group, Prime divisor.
Received: 15 April 2017, Accepted: 23 December 2017.

*Corresponding author: fathtabar@kashanu.ac.ir

(© 2017 Yazd University.
19



20 Alg. Struc. Appl. Vol. 4 No. 1 (2017) 19-32.

G is the power graph of G which is the main concept considered in this paper. The undirected
power graph P(G) of G is a graph with V(P(G)) = G and two distinct vertices g; and g9
are adjacent if and only if there is a positive integer k such that gf = g2 or g1 = ¢g§. The
concept of the undirected power graph of the semigroups was first introduced by Chakrabarty
et al. in 2009 [2]. They found that for any finite group G, the power graph P(U,) is always
a connected graph. Then they presented a necessary and sufficient condition on the power
graph to be a complete graph. Good results were later obtained in this area. For example,
Cameron et al. observed that non-isomorphic finite groups may have isomorphic power graphs,
but in the case of abelian finite groups they must be isomorphic [1]. Furthermore, Pourgholi,
Yousefi-Azari and Ashrafi generalized some results of this area and gave some counterexamples
on the conjecture of Chakrabarty which state that P(G) is a Hamiltonian graph for all values
of n greater than 3 except for n = 2™p1ps...px, where p1, po, ..., pr are prime distinct divisors
of n, m and k are no negative integers and m > 2 for k = 0,1 and k > 2 for m = 0,1 ([7]).

In this paper we deal with specific eigenvalues of the power graph of Z,, called main eigenval-
ues. An eigenvalue \ of (0, 1)-adjacency matrix A of a finite graph I' with n vertices is a main
eigenvalue if it has a corresponding eigenvector X which is not orthogonal to all-one vector j.
By Perron Frobenuis theorem, the simple largest eigenvalue of I' is always main, because the
corresponding eigenvector can be chosen to have all positive components. For more studies on

main eigenvalues of a graph see [3, [5l 6] 8 9].

2. Preliminaries
Let A have the following spectral decomposition
A= MNP+ XoPot i + A P,

where Aq, Ao, ..., A\ are the main eigenvalues of I' and Py, P, ..., P. are the orthogonal pro-
jections onto eigenspaces £(A1),&(A2),...,e(Ag), respectively. Let I' be a simple graph with
(0,1)-adjacency matrix A and W(I') = (wj;) is its walk matrix where w;; is the number of

walks of length j with the start point v; and j be the all-one vector. We can easily see that:
W(T) = [j A A% A% L AN An—lj] .

We have the following theorem by [5].

Theorem 2.1. The rank of W(T') is equal to the number of main eigenvalues of T

The number of main eigenvalues of A can explain some of the graph theoretic properties of
I'. The following theorems give us some basic information about the structure of I' according

to the number of its main eigenvalues:
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Theorem 2.2. [9] Let T" be a simple graph, T' has exactly one main eigenvalue if and only if

I' is a regular graph. Particularly if I is a k-reqular graph, then k is a simple eigenvalue of I'.

Theorem 2.3. [5] Let u and v be two distinct vertices of T' such that d(u) # d(v), N(u) and
N (v) are respectively the sets of neighbors of u and v and

_ s —s() . d(v)s(u) - d(u)s(v)
d(u) —d(v)’ d(u) — d(v) ’

where s(u) = 3 e Aw) and s(v) =32, ey d(w'). Then I' has exactly two main eigen-

values 12 if and only if A?j — aAj + bj = 0 and these two main eigenvalues are

Theorem 2.4. [§] IfT has s main eigenvalues, then the automorphism group of T has at least

s orbits in V(T).

Now, let P(Z,) be the power graph of the cyclic group of integers modulo n under usual
addition and n = pi'py*...p%e, where pi,p2, ..., ps are not necessarily pairwise distinct prime
divisors of n and r1, 79, ...,7s are positive integers. In the following section we find a condition
on n such that P(Z,) have exactly one main eigenvalues. In section 3, the number of main

eigenvalues of P(Z,) When all the above p; for i = 1,2, ...s are distinct are calculated.

3. THE POWER GRAPH OF Z,

As we mentioned before, if G is a cyclic group generated by a € G, then I' = P(G) is an
undirected graph with vertex set V(I') = G and two different vertices u and v are adjacent if
andonly if <u> C <v>or<wv> C <u>. Obviously, if G is a finite group, then P(G)
is a connected graph. In [2], it was shown the power graph of a semigroup S is complete if
and only if for any two subsemigroups S; and Ss of S we have S C Sy or So C S1. So we

have the following theorem:

Theorem 3.1. For every finite group G, P(G) is a complete graph if and only if G is cyclic

group of order 1 or p™, where p is a prime number and m € N.

We know that the elements of the group of units in the integers modulo n ( i.e. U,) are the
generators of Z,. So the elements of U, [ J{0} are adjacent to all other vertices of P(Z,). The

number of these vertices are

(1) Un {0} = ¢(n) + 1.

On the other hand, for every d|n, dU,, = {dz;x € U,} is a clique of P(Z,). If z,y are two
arbitrary distinct elements of U,, then there is a unique element r such that rz = y. So

drz = dy and then dzr and dy are adjacent in P(G), which means dU, is a clique of P(G).
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Also, for every two cliques d1U,, and daU,(d; # d2), if one of the vertices of d;U,, is adjacent
to day € daU,,, then all of the vertices of d1U,, are adjacent to doy. Let diz € d1U,, be adjacent
to doy € daU,. Then dix = mdoy. So, for every diz € d1U,, we have,

diz = dirx = rdixz = rmday = m/doy
Thus dyz is adjacent to doy, and we can easily see that,

n
) AU =10 n | = ().

(3)
Example 2.1. In the Figure 1 we draw the power graph of Zio in order to see the overall
picture of the power graph. As you can see in this case n = 22.3 and graph has 5 cliques

Uis {0}, 2U1s, 3U1s, 22Up2 and 2.3U1s. Note that the edges between circles connect all the

FIGURE 1. The power graph of Zis.

vertices of one clique to all vertices of other clique.

Definition 3.2. An equitable partition of a graph I' is a partition of vertices into Cy, Co, ..., Cj
parts such that for every 1 < 4,5 < s, there exists a nonegative integer b;; such that every
vertex v; in C}, regardless of the choice of v;, has exactly b;; neighbors in C; . Therefore the

induced subgraph of I'[C};] is b;-regular.

Assume that O1,Os, ..., Oy are the orbits of the automorphism group of I' in V(I'). This
partition of vertices into orbits is called the orbit partition of V(I'). The following relationship

is established between these two types of partitions.

Theorem 3.3. FEvery orbit partition is an equitable partition.
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Proof. The proof is simple. Consider two vertices x,y in O;. Then there is an automorphism
¢ such that ¢(x) = y. So z and y have the same number of neighbors in O; because ¢ maps

Oj to O; preserving vertices degrees. Thus the orbit partition is an equitable partition.

As you can see in Figure [I], every clique is an orbit. So according to the previous theorem,
7 = {Uy2J{0},2U12, 22U19,2.3U19; 3Upo} is the equitable partition of V(T'). Note that in
the general case, every equitable partition is not always an orbit partition. Consider the

following graph, You can see {1,4} and {2,3,5,6,7,8} formed an equitable partition for the

[ I
[ I

FIGURE 2. An example of equitable partition of vertices which is not an orbit partition.

following graph which are not orbits. In the next section we prove new theorems about the

main eigenvalues of P(Zjy,) using the concept of the equitable partitions of vertices.

4. MAIN THEOREMS

Let’s begin this section with an important theorem about P(Z,) having exactly one main

eigenvalue

Theorem 4.1. P(Z,) has exactly one main eigenvalue if and only if n = p™, where p is a

prime number and m € N.

Proof. 1f P(Z,,) has exactly one main eigenvalue, then P(Z,,) is a regular graph by Clearly,
a regular power graph is complete. So by n = p", where p is a prime number and m is a
nonegative integer.

Conversely, let n = p™ where p is a prime number and m is a nonegative integer. So
P(Z,) is a complete graph, by On the other side, k-regular graphs has exactly one main
eigenvalue k, by Since every complete graph with n vertices is n — 1-regular graph, P(Z,)

has exactly one main eigenvalue. g

Definition 4.2. Let I" be simple graph and ©m = Vj, V5, ..., V} is a partition of V(I'). Then a
divisor of I denoted by I' /7 is a multidigraph with k vertices correspond to Vi, V5, ..., V4 and
|N(v;)| arcs from V; to V; , where |N(v;)| is the number of neighbors of an arbitrary vertex v;
of Viin Vj .
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Suppose that 7 is an equitable partition of V(I') according to the Definition Every
walk in I' /7 has a homomorphic projection in I'. But different walks in I' may have the same
homomorphic projections in I' /7. So by fixing a point in every part of 7w as a start point, we
have a one to one correspondence between the walks of I and the walks of I' /7. The following

theorem demonstrates this fact.

Theorem 4.3. [3] The spectrum of every divior of I' includes all the main eigenvalues of T

The definition of main eigenvalue of I' /7 is quite similar to the definition of main eigenvalue
of I.

Definition 4.4. [9] If 7 = V3, V5, ..., Vj is an equitable partition of I" with n vertices such that
for every 1 <i <k, |V;| = n;, then an eigenvalue A of I' /7 is a main eigenvalue of I' /7 if

(1) A has a right eigenvector which is not orthogonal to the vector j(n), where

(2) A has a left eigenvector which is not orthogonal to the vector j.

If 7 is the discrete partition, the above definition is equivalent to that of main eigenvalue of
a graph.

The following result is due to Teranishi [9].

Theorem 4.5. Let I' be a simple graph and w is an equitable partition of the vertices of I'.

Then an eigenvalue X is a main eigenvalue of I' if and only if A is a main eigenvalue of I' /7.

If n = pip2, then by the above theorem we can calculate the number of main eigenvalues
of P(Zy) by finding the number of main eigenvalues of P(Z,) w. Note that when using
the above theorem, 7 should be the equitable partition consisting of the elements of the set
{d;Up; di|n}.
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The walk matrix of figure 1 with j, A(P(Z12))j, ... and A (P(Z13))j as its columns is as
follows by use of Matlab 2015b.

_1 11 101 973 9257 88363 --- 1.0e+ 010 * 6.6562_
1 11 101 973 9257 88363 --- 1.0e+ 010 * 6.6562
1 11 101 973 9257 88363 --- 1.0e+ 010 * 6.6562
1 11 101 973 9257 88363 --- 1.0e+ 010 * 6.6562
1 11 101 973 9257 88363 --- 1.0e+ 010 * 6.6562
1 7 71 663 6355 60515 --- 1.0e+ 010 x4.5603

W(P(Z2)) =
1 7 71 663 6355 60515 --- 1.0e+ 010 x4.5603
1 9 &89 843 8061 76853 --- 1.0e+010=x5.791
1 9 &89 843 8061 76853 --- 1.0e+010=x5.791
1 9 87 825 7877 75113 --- 1.0e+ 010 * 5.6592
1 8 81 764 7315 69722 --- 1.0e+ 010 x5.2539
|1 8 81 764 7315 69722 --- 1.0e+ 010*5.2539]

The walk matrix of a qoutient graph P(Z13) /7 where 7 is an equitable partition shown in

figure 1 is
(1 11 101 973 9257 88363 --- 1.0c+ 010 % 6.6562]
1 7 71 663 6355 60515 --- 1.0e+ 010 *4.5603
W(P(Zi2)/m)= |1 9 89 843 8061 76853 --- 1.0e+010%*5.791
1 9 87 825 7877 75113 --- 1.0e 4 010 % 5.6592
1 8 81 764 7315 69722 --- 1.0e 4 010 % 5.2539

As we can see, the rows of W(P(Z12),//7) are the same as W (P(Z12)) without repeated ones.
Clearly

rank(W (P(Z12))) = rank(W (P(Z12) /)).

Let n; = |d;Uy| = cp(g), where

.- ‘
Py 1=1,2,..,r+1
(3) dz - i—r—1

Dy p2 t=r+2,..,2r '
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Then,
P = D(p2— 1) +1 i=1
(4) L P =D i=2 .7
=
p2—1 i=r+1
pi (o~ 1) i=r+2,..,2r

The adjacency matrix A = [a;;] of P(Zy,),/ 7 = [a;;] is defined as follows:
g 1 7& j, ng(di,dj) 75 1
Ai5 = 0 7 7’5 j, gcd(di,dj) =1

Now, we are ready to prove the following theorem:

Theorem 4.6. P(Zy,p,) has exactly three main eigenvalues.

UpipzU {0}

p2Upipz

FIGURE 3. The power graph of Z,, ,,

Proof. By looking at Figure 3, we can easily see that the automorphism group of P(Zy,,,) has
exactly three orbits Uy, ,, [J{0}, p1Up, —1p, and paUy,p, . In this case the adjacency matrix of
P(ZLpyp,) /7 is:

ny — 1 no ns
AGE = n1 Nno — 1 0
i 0 ng — 1

Let A be an eigenvalue of A with corresponding eigenvector X = [z1 z2 x3]'. We claim that A
is a main eigenvalue of P(Zp,,,). On the contrary, let X is orthogonal to the vector j(n). So
nix1 + noxo + nzxrs = 0. Thus by AGg X = \X,
(n1 —1—MN)x1 + nexo + ngxs =0
nizy+ (n2—1—AN)ze =0 .
niry+ (ng—1—AN)xg =0
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By solving the above equations system, we have z; = 2 = 3 = 0 which is a contradiction.

Therefore, every eigenvalue of A is main and P(Zy,,,) has exactly three main eigenvalues.

There is another proof for Theorem using Theorem According to this theorem, A
has at most three main eigenvalues. Since P(Z,,,,) is not a regular graph, P(Zy,,,) has more
than one main eigenvalue by Theorem [2.2] But there is no power graph with exactly two main
eigenvalues, because if there is a graph I' with exactly two main eigenvalues, we can choose
two vertices v and u from two different classes of our desire equitable partition and see that a
and b in Theorem are not unique which is a contradiction, too. So P(Zy,p,) has exactly
three main eigenvalues.

Now, let W be a walk matrix of P(Z,),/7 with columns j, Aj, A%j, ..., A%"j. We rename the

entries of these columns as follows

bl,l b2,1 b2r,1
b1,2 b2 2 bay o
. 2. 2
Aj=| bz | AG=| bz |,.., ATj=| b3
b1,2r+1 b2 2,41 by 2r41

The following relations hold for the entries of the vector Aj.

p

(i tng) —1 j=1
(i, mi) —1 j=2
(5) b1 = (Zz LiA{r+2,0+3,...r+j—1} n;) — 1, 3<j<r+1
O ittt jrta, oy ) — 1, T+2<j<2r
(ZfTﬂ;ﬁ{z 31} ) — 1 J=2r+1

Also there are some relations between the entries of i-th column and the entries of ¢ — 1-th

column as follows

(1 = D)bi11 + 3 ph ket Mkbi—1.k J=1
6) b, = (2 — b1+ >4 12 Mbi- 1k j=2
(nj — b1+ 4ty g (r 42,43, =1} D=1k 3<y=sr+l
| (n2r + 1= 1Dbiror41 + SR ko1 {231y MhbicLE G =20+ 1

By using Theorem 4] we can see that,

2r+1
(7) det(W) = (=1)" ] nadet(V7),
=2
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where
1 1—=br241 1—=Dbrop1+b22041 .. 1—=b12.41+0b22r41+ ... +b2r2ry1
I 1-=bip42 1=bipi2+borya .. 1—=Dbrpyro+borio+ ...+ bopyo
I 1-bip43 1—=brpp3+boprrs .. 1—=bipi3+boprz+...+bopis

V! — I 1- bl,rJrr 1— bl,r+r + b2,r+r 1- bl,r+r + b27r+r + ...+ b2r,r+r

1 — )

1 1-bi3 1—-b13+0b23 1—0b13+0by3+ ...+ ba3
1 1-bia 1—0b1a+0bas 1—b1a+bog+...+baya
1 1- bl,r+1 1— bl,r+1 + b2,7«+1 1— bl,r—i—l + b27r_|_1 + ...+ bZT,T_A'_l
1 1-bip 1—=0b12+bap 1—b12+byo+ ...+ bapo |

by Gaussian elimination and some factorizations. After r times doing the same on V; we have,

2r+1 2r 2r—1 r—42
det(W) = H N4, H iy H Mg ... H n;, det(V,.),
11=2 i2=2,’i2757‘+1 i3=i3757‘+1 tr=r—1

If r # 2 is an even number, then the columns of » x r matrix V,. are

V11 V21 V31 Url
V12 V92 V32 U2
V13 V23 V33 Ur3
Vi= |via|, Vo= |voa|, V3= |v3al|, -, Ve = |Vpa],
V15 V25 U35 Urs
U1r Vor U3r Upr
where
and if r =2
—n3 + N5 n3(1 - b173) - n5(1 — b175)

‘/;, pu—
ngng — NaNny —n3n4(1 — b174) + n2n5(1 — b172)

Now, we have the following theorem:

Theorem 4.7. Let n = pipa, where p1 and p2 are distinct prime divisors of n. Then the

power graph P(Z,) has exactly 2r + 1 main eigenvalues.
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v r+1 2r
1 - n; + n; + Mar4q
Zz Zr‘+2
V12 Np4qlar — Rallapyy
13 — Mg Moptly + Maflopy 1 Mpas
iy N1 NopMypNap— 1 Np— 1 Nap—aNp—z o Mygpae1) — Mallop41 M2 Mallp3Mg oo Nip 241y
sy rt+l Ir
E , M (1—by) — E L (1—by) —nappa(l — brops1)
.
vy —Mypypp (1 — by ) + o050, (1 — by3)
Vaz Mpyy Mgy (1 — by ) — Mangryynygo(l — bypya)
Var Mg 1M MMzt M1 M2 Mz e yzpa 1) (1 — Digarjzen))
+ NaNgps 1 Mg aNaesatly w24 (1 — Digrjasn))
vy ri+l r
- E , (1—by; +byy) + E L (1 —by; + byy) + napys (1 — by + bazpsy)
-
V3 Mgy fop(1 — by + boop ) —momgeg (1 — byp + byg)
V33 —Mypfg (1 — by +Bop )+ nongpggnyga(l —bypyo + bopya)
Vzr M1 Map My Mlap—1 Mp—1MNap—2My—2 ---ﬂ(argzﬂ:n(l —bi@rsz+y + b2[3r,.-'2+li}
— NNy g1 MpsoNallysatly e Naeny (1= Bigmary) + Dapraen)
Vpy r+1 2r
.
E (1= —bp_y;) — E (L= = brygy) = Mopyg (1 — = brmyary)
3 r+2
Vy2 —Mypsg Mg (1 — = by g ) Fgng gy (1= — b g550)
Vyg Mppafgp (1 — - — by ggp) = MRy o (1 — - — by gpy0)
Uy M1 M2y M M2y 1 My 1 Moy 21—z ---ﬂ(3r3-2+1:{1 - br—1(3r;2+u}
L L e L e - L ﬂ['r',-'2+13(1 - br—ll’r,-‘2+l:|}

FIGURE 4. The values of vy, for 1 <p,q <r

29

Proof. We begin the proof with the case of » = 2. Using the Theorems |4.5| and , it is enough

to show that det(V7) # 0. By simple calculations we can see that,

(8)

det(V,) = n3na(br s — b1a) + nina(by s — b12)

+ ngnans(br 2 — b13) + ngnans(brs — b1 4).

On the other side, by

det(V,) = ng(ng — Ny — N3ns + 2nans — ngng — ngng + ng)
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But N = n% — ng — ngns + 2nons — ngng — ngng + ng > 0, since

N =n2 —ny — ngns + 2nans — (ng + n3)n? +nd
> nz(ng — ns) + no(2ns — 1) — n + nd
> ng(ng — ns) + n3(2ns — 1)
=ng(ns +ng —1)

> 0.

Now, let r # 2. By considering the elements in the first top row and the respective minors
Ay, A1, ... and A,_1 we have

r+1 2r—1
det(V, Z nit+ > mi+nge]A
r+2
r+1 2r—1
Z niby; + Z niby; + nary1b12r11] A1
r+2
r+1 2r—1
Z niba; + Z niba; + nory1b2.2,11) A2
r+2
r+1 2r—1
an r—1,i + Z br 1,3 + n2r+lbr 1 2r+l]Ar 1-
r+2

Assume that for every i = 3,...,2r + 1, byp; = 1. Then for every 0 <r <1, we have,

r+1 2r—1

- Z nzb] i+ Z nzb] i+ n2r+1b] 241 > 0.
r+2
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On the other hand, for every permutation ¢ = (¢(1),0(2),...,0(r)) in the symetric group S,

and every Ag, (0 < s <r —1), the following holds

r/2—2 r+1 2r r/2—1 r+1 2r
As= I II »u II me IT  II = I ma
im0 iy=r—i  ig=2r—i J=0 ji=r—j+l  ja=2r—j
r/2 r/2—1
+
> 0" T bozm-120—h—1) [] Poitn)—1,0—
oc€Syr,o(l)=s+1 k=1 =1
r/2—1r/2—-2 r+4+1 2r r/2—1 r+1 2r
+ > I II »a II » II II » II »ae
k1=0 =0 dij=r—i  ip=2r—i  j=0,j#£ki j1=r—j+1  ja=2r—j
r,/2 r/2—1
> 0TI beem-12—t-1) [] Po@it1)-1r—tbo@y+1)—1,0 +2
c€Sy,o(l)=s+1 k=1,k#k1+1 =1
r/2—-2 r/2-2 r+1 2r r/2—1 r+1 2r k1+2 k1+7r+2
+ > II II »a II 7 IT 1T n II mae I mer IT meumersa
k1=0 i=0,iky iy=r—i  ig=2r—i =0 ji=r—j+l  jo=2r—j  ai;=2 Bi=r42
r/2 r/2—1
+
> D" ] boem-120—h—1) L] Po@it1)—1r—tbo@ihy+1)—1,k1 +2
oc€Syr,o(l)=s+1 k=1 1=1,l#k1+1
+ ...
r/2-2 42 itr2 r/2—1 j+2 Jtr42
- 2
+ I I rer IT mGeri)™®™ JI I1 nee JI me(reri)™”
=0 «a1=2 Br1=r+2 7j=0 ag=2 Bo=r+2
r/2 r/2—1
+
> 0" [ boiy—1041 [ bo@irn)—1rsi40).
oceSyr,o(l)=s+1 k=1 =1

By using of @, and in the above relations, we can see that for every even number s,

A, has a positive value and for every odd number s, As has a negative value. This shows that

we always have det(V,) > 0. By the same way we can show that if r is an odd number then

det(V;) > 0. So the proof is complete and P(Zyrp,) has exactly 2r + 1 main eigenvalues.

Conjecture. Every power graph P(Z,) has exactly

k k k k
r= E n—i—Hm—i— E Tiy Tig + oo + E Ty Ty,
=1 =1 11,02=1,11 <12 11,0t =1,11<...<ip

main eigenvalues, where n = pi'ph?p5...p.~.

5. ACKNOWLEDGMENTS

The research of the second author was supported by the University of Kashan (Grant

No.159021/16).



32 Alg. Struc. Appl. Vol. 4 No. 1 (2017) 19-32.
REFERENCES

[1] P.J. Cameron and Sh. Ghosh, The power graph of a finite group, Discrete Math., Vol. 311 Issue 13 (2011),
pp. 1220-1222.

[2] I. Chakrabarty, Sh. Ghosh and M. K. Sen, Undirected power graphs of semigroups, Semigroup Forum, Vol.
78 Issue 3 (2009), pp. 410-426.

[3] D. Cvetkovié, The main part of the spectrum, divisors and switching of graphs, Publ. Inst. Math. (Beograd)
(N.S.), Vol. 37 (1978), pp. 31-38.

[4] D. Cvetkovi¢, P. Rowlinson and S. Simié, Eigenspaces of graphs, Encyclopedia of Mathematics and its
Applications, 66. Cambridge University Press, Cambridge, (1997).

[5] E. Hagos, Some results on graph spectra, Linear Algebra Appl., Vol 356 (2002), pp. 103-111.

[6] V. Nikiforov, Walks and the spectral radius of graphs, Linear Algebra Appl., Vol. 418 Issue 1 (2006), pp.
257-268.

[7] G. R. Pourgholi, H. Yousefi-Azari and A. R. Ashrafi, The undirected power graph of a finite group, Bull.
Malays. Math. Sci. Soc., Vol.38 Issue 4 (2015), pp. 1517-1525.

[8] P. Rowlinson, The main eigenvalues of a graph: a survey, Appl. Anal. Discrete Math., Vol. 1 No. 2 (2007),
pp. 445-471.

[9] Y. Teranishi, Main eigenvalues of a graph, Linear and Multilinear Algebra, Vol. 49 Issue 4 (2001), pp.
289-303.

Mehrnoosh Javarsineh

Department of Pure Mathematics, Faculty of Mathematical Sciences,
University of Kashan,

Kashan 87317-53153, Iran.

mehrnooshjavar@gmail.com

Gholam Hossein Fath-Tabar

Department of Pure Mathematics, Faculty of Mathematical Sciences,
University of Kashan,

Kashan 87317-53153, Iran.

fathtabar@kashanu.ac.ir



	1. Introduction
	2. Preliminaries
	3. the power graph of Zn
	4. Main theorems
	5. Acknowledgments
	References

